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Abstract: We consider the interacting Bose gas in the thermodynamic limit in a large
box in Rd at positive temperature 1/β ∈ (0,∞) with particle density ∼ ρ ∈ (0,∞). We
follow a path-integral approach and adopt from [ACK11] a description of the free energy
in terms of the Brownian loop soup, a Poisson point process consisting of Brownian
bridges, also called loops or cycles. It is the objective of this paper to derive, for any
values of β and ρ, a formula for the limiting free energy with explicit control on the
particle numbers in the short and in the long loops. The latter are presumed to play
the role of the condensate, according to Feynman’s [Fe53] famous, vague suggestion,
and they turn into random interlacements (bi-infinite, locally finite random processes
in Rd) in our formula. In [ACK11] there was no concept that could describe the long
loops; only small ρ could be handled successfully.

In the present paper we represent the limiting free energy in terms of a variational
formula, ranging over the set of all stationary point processes with loops and with
interlacements, having each a given particle density, and minimizing the sum of the in-
teraction energy and a characteristic entropy term. The latter is a new kind of a specific
relative entropy density with respect to the reference process of loops (the Brownian
loop soup), together with an independent Markov kernel describing collections of path
shreds in large boxes. In d ≥ 3, the latter can be seen as a projection of the Brownian
interlacement Poisson point process with β-spacing. Our proof tool box comes from
large-deviation theory, both for the derivation of the formula for the free energy and
for the proof of the existence of the specific relative entropy.

The limiting variational formula has good compactness properties and may serve as
a starting point to future deeper investigations, as it describes the interacting Bose
gas in much smoother and more well-behaved terms. We give various approximations
of that formula, in particular we show that it is equal to a version without interlace-
ments. A brief discussion about the conjectured relation to the famous Bose–Einstein
condensation phenomenon is given as well.
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1. Introduction

1.1. Background, ansatz and purpose. In this paper, we study the interacting Bose gas in the
thermodynamic limit, a well-known quantum model from statistical physics that is of particularly high
interest since decades because of the conjectured phase transition called Bose–Einstein condensation
(BEC). Its introduction is in terms of the symmetrised trace of the exponential of an interacting
Hamilton operator, and its crucial properties are formulated in terms of spectral properties of the
convolution operator formed out of the corresponding one-particle density matrix. Notably, the usual
notion of a phase transition as the existence of a non-analyticity of the free energy as a function of tem-
perature (or of the particle density) is not the core of the definition of BEC, but a much finer property
called off-diagonal long-range order (ODLRO) of the mentioned symmetrised operator. The validity
or non-validity of ODLRO is a widely open problem of mathematical physics, and one is currently far
from an understanding, in spite of many phenomenological ansatzes. The main conjecture, which is
also in good coincidence with the famous experiments from 1995, is that ODLRO (and therefore BEC)
is valid in dimensions d ≥ 3 at sufficiently small temperature but not at other temperatures and not
in other dimensions. In this paper, we are not going to study ODLRO and refer the reader for this
question to the vast literature (e.g., a concise literature survey in Section 1.7 of [KVZ25]). Observe
that the free (i.e., non-interacting) case is much simpler and has been thoroughly understood, since all
spatial properties easily wash out, and the model drastically simplifies. Furthermore several rescaled
regimes have been successfully worked out as well [FKSS20a]. However, the interacting case in the
thermodynamic limit is still widely open, and this is that we concentrate on here.

Even though the phenomenon of ODLRO cannot be decided by looking at the limiting free energy
alone, a comprehensive understanding of the free energy is obviously likely to contribute a lot to the
understanding of BEC. Therefore we concentrate in the present paper on understanding the limiting
free energy in a comprehensive and detailed way. We are doing this from the view point of a random
loop ensemble using a path-integral analysis. Random-loop presentations of the interacting Bose gas
are known at least since the 1950s and were first considered a mathematical tool only, but Feynman
[Fe53] raised the, by now famous, vague advice to think about the loop length distribution as an
order parameter that might have some physical relevance. This idea was phenomenologically taken up
occasionally by mathematical physicists with strong probability background, and it inspired several
investigations of related models without any physical relevance, but triggered also phenomenological
discussions about possible relations between BEC and the loop length statistics. See Section 3.3 for
a thorough survey on the literature on path-integral approaches to the Bose gas. In short words,
the rough idea was coined that BEC should have much to do (if not even being equivalent to) with
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the occurrence of a macroscopic part of the particles in long loops. In several simplified models this
conjecture was confirmed, but there were also counter-examples found. For the most important case
of an interacting Bose gas in the thermodynamic limit, the question of the relation between BEC and
macroscopic occupation of long loops has not been settled at all, even more, there is currently no
mathematical tool box that might be able to attack this question.

The present paper changes this situation. We introduce a mathematical path-integral framework
for describing all loops, distinguishing long and short ones, in the interacting random loop ensemble
in the thermodynamic limit. The starting point is, as in [ACK11], a representation in terms of a
Poisson point process (PPP) on loops, a version of the Brownian loop soup. In this paper, we carry
out a mesoscopic decomposition procedure of the macrobox into smaller subboxes, a large-deviation
ansatz, and arrive at a variational description of the limiting free energy, which is our main result. The
state spaces that arise along this way are spaces of point processes with marks, which comprehensively
describe the entire configuration of loops. However, in order to describe also long loops in the limit,
we need to enlarge the point process space. One innovative aspect (a novelty with respect to [ACK11])
is that the long loops are described in term of point processes of interlacements, which are bi-infinite
and locally finite functions R → Rd. Observe that such processes cannot be seen as marked point
processes in Rd. This extended probability space is difficult to handle, since it consists of very non-
local quantities, which induce far-reaching correlations. The variational description is in terms of the
minimization of energy (pair interaction between all the legs) plus entropy (negative exponential rate
of probabilities) for point processes of loops and interlacements with fixed given particle density in
loops and in interlacements, respectively. The interlacement-part of the entropy, which also a novelty
of the present paper, is relative with respect to an explicit reference point process kernel. Interestingly,
this kernel is, in d ≥ 3, reminiscent of a local version of Sznitman’s Brownian interlacement PPP, see
the Appendix.

The arising variational description has good compactness properties, and the minimizing point pro-
cess of loops and interlacements has the interpretation of the typical, the ‘optimal’, spatial distribution
of all the particles of the Bose gas, organised in local and in global structures. Decisive is then the
question for what values of the particle density the minimizer has a non-trivial interlacement-part.
This is obviously a mathematically sound formulation of the distinction between the occurrence and
non-occurrence of long Feynman-cycles. We conjecture that the interlacement particles directly relate
(if they are not even equal) to the particles in the condensate. Conjecturally, the occurrence of inter-
lacements will in future work turn out to be equivalent to the occurrence of BEC (i.e., ODLRO) and,
in dimension d ≥ 3, it will turn out occur for all large particle densities only. In the present paper,
we leave both questions open, but we believe that the mathematical framework that we develop offers
good chances to answer them in future work.

We introduce the interacting Bose gas in Section 1.2, present the starting point of our investigations
(a rewrite in terms of the Brownian loop soup) in Section 1.3 and explain our ansatz in Section 1.4.
A quick survey on the remainder of the paper is at the end of Section 1.4.

1.2. The interacting Bose gas. We consider an interacting bosonic many-body system in a large box
in Rd at positive temperature 1/β ∈ (0,∞) with fixed particle density ρ ∈ (0,∞) in the thermodynamic
limit. To start with, denote by

H(Λ,bc)

N = −
N∑
i=1

∆i +
∑

1≤i<j≤N
v(xi − xj), x1, . . . , xN ∈ Λ, (1.1)

the N -particle operator in a box Λ ⊂ Rd with some boundary condition ‘bc’ (later we will consider
periodic and Dirichlet zero boundary conditions) with kinetic energy and pair interaction given by a
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measurable interaction functional v : Rd → [0,∞]; see Assumption (V) in Section 2.3 for more specific
assumptions.

As we are interested in bosons, we project the operator H(Λ,bc)

N on the set of symmetric, i.e., permu-
tation invariant, wave functions. Furthermore, we consider the particle system at positive temperature
1/β ∈ (0,∞). The main object of the study of this paper is the partition function of the system, that

is, the trace of the operator e−βH
(Λ,bc)
N in Λ with symmetrisation:

Z(bc)

N (β,Λ) = Tr(Λ,bc)+ (e−βH
(Λ,bc)
N ), (1.2)

where the index + denotes this symmetrisation, i.e., the projection on the set of permutation invariant
wave functions. We will introduce the particle density ρ ∈ (0,∞) (the number of particles per unit
volume), fix a centred box ΛN of volume ∼ N/ρ, and study the limiting free energy per unit volume
in the thermodynamic limit,

f(β, ρ) = − 1

β
lim
N→∞

1

|ΛN |
logZ(bc)

N (β,ΛN ). (1.3)

Under suitable conditions on the interaction potential, the existence of this limit is well-known (see,
e.g., [Rue69, Thm. 3.58]) for many decades and also the fact that it does not depend on the boundary
condition (at least for periodic and Dirichlet zero conditions). However, an explicit or even inter-
pretable formula is still lacking (with the exception of [ACK11, Cor. 1.3] for small values of ρ; see
Section 3.3). It is the main purpose of this paper to provide some. It will be of the form (see
Corollary 2.7)

f(β, ρ) =
1

β
inf{FU (P ) + h(L,S)(P ) : P ∈ M(s)

1 (L × S),N(ℓ)

U (P ) = ρ},

where M(s)

1 (L × S) is the set of stationary point processes of loops and interlacements in Rd, FU
is the interaction energy in the unit box U = [−1

2 ,
1
2 ]
d, h(L,S) is an entropy functional introduced

in Theorem 2.3, and N(ℓ)

U registers the particle density. Our actual main result, Theorem 2.5, in
combination with Corollary 2.6, even makes the distinction between short and long loops rigorously
visible; actually we will show that the short loops lead to the L-part and the long loops give rise to
the S-part. This gives a mathematically rigorous meaning to what is often called the Feynman cycles.
Our proof is flexible enough to express several other characteristic quantities of the interacting Bose
gas, like the density of loops having a given length or with various other properties.

It is the goal of this line of research to employ that formula as a platform for deeper analysis of the
interacting Bose gas in view of the famous Bose–Einstein phase transition. A natural next step would
be to derive a proof for the conjecture that, in dimension d ≥ 3, for every large particle density, the
minimising point process cannot contain loops only but must have a non-trivial interlacement part.
We are not going to do that in this paper and devote future work to that. See Section 2.4 for more
about that.

We will keep the inverse temperature β ∈ (0,∞) fixed for the entire paper and therefore omit it in
most of the notation.

1.3. Rewrite in terms of the Brownian loop soup. It is known since decades that the partition
function Z(bc)

N (β,Λ) can be written in terms of the famous Feynman–Kac formula in terms of an
ensemble of a random number of Brownian bridges (cycles) in Λ with total sum of lengths equal to
N and a pair-interaction between any two legs of the cycles. Such presentation is the starting point
of our analysis, and we are going to introduce a version of it that was found in [ACK11], based on
the classical text [G70]. This formula is in terms of a marked interacting Poisson point process of
Brownian cycles, sometimes called the Brownian loop soup. We need to introduce some notation,
which will be crucial for the entire paper.



6 WOLFGANG KÖNIG

For k ∈ N, let Ck denote the space of continuous functions f : [0, kβ] → Rd, and C :=
⋃
k∈N Ck the

union of all these spaces. Let us write C(⟲)

k = {f ∈ Ck : f(kβ) = f(0)} for the set of loops in Ck,
and C(⟲) =

⋃
k∈N C(⟲)

k for their union. The length of f ∈ Ck is ℓ(f) := k. We call all the k sites
f(0), f(β), f(2β), . . . , f((ℓ(f)− 1)β) the particles of f , hence ℓ(f) is the number of particles of f . On
Rd×C(⟲) we are going to introduce our crucial reference measure, a Poisson point process (PPP) with
a certain intensity measure. This process and variants thereof are often called the Brownian loop soup.
The canonical Brownian bridge measure from x to y in time kβ in the box Λ with boundary condition
‘bc’ is defined by

µ(k,Λ,bc)
x,y (A) =

P(k,Λ,bc)
x (B ∈ A;Bkβ ∈ dy)

dy
, A ⊂ C(⟲)

k measurable. (1.4)

Here, B = (Bt)t∈[0,kβ] is a Brownian motion in Rd with generator ∆(Λ,bc), starting from x under P(k,Λ,bc)
x ;

the latter is the Brownian motion in Λ on the time interval [0, kβ] with this boundary condition. We
will be considering periodic boundary condition or Dirichlet zero boundary condition and will consider
boxes Λ only.

We now introduce a variant of Dirichlet zero boundary conditions for the bridge measure that will
later make the analysis less cumbersome, but does not come from any generator with any boundary
condition. We require that every particle is in Λ, i.e., we restrict to the event {Blβ ∈ Λ ∀l ∈
{0, 1, 2, . . . , k}}. This can be seen as Dirichlet zero boundary condition for the Gaussian random walk
(B(0), B(β), B(2β), . . . , B(kβ)) plus interpolation with a free Brownian bridge between the times
0, β, 2β, . . . , kβ. It will turn out to be a useful condition, since it perfectly harmonises with the
crucial operator Π(L)

Λ that we will introduce in Section 4.1. We refer to this condition as particle-
boundary condition, and we will write ‘per’, ‘0’ and ‘par’, respectively, for each of these three boundary
conditions. For each of these conditions, µ(k,Λ,bc)

x,y is a regular Borel measure on C(⟲)

k with total mass
equal to

µ(k,Λ,bc)
x,y (C(⟲)

k ) = g(Λ,bc)

kβ (x, y) =
P(k,Λ,bc)
x (Bkβ ∈ dy)

dy
. (1.5)

If we do not have any boundary condition (and no set Λ), then we write µ(k)
x,y for the canonical Brownian

bridge measure from x to y in the time interval [0, kβ].

We denote byMN0(X ) the set of simple point measures on a Polish space X . By L = MN0(Rd×C(⟲))
we denote the set of simple point measures ω =

∑
x∈ζ δ(x,fx) with fx(0) = x on Rd × C(⟲), which we

also see as the set of all marked point processes in Rd with marks in C(⟲). We introduce a reference
probability measure on L, which is a Poisson point process in Rd × C(⟲):

Definition 1.1 (The reference loop Poisson point process). For any Λ ⋐ Rd and any boundary
condition bc ∈ {per, 0, par}, we write Q(Λ,bc) for the distribution of the Poisson point process (PPP)
ωP on Λ× C(⟲) with intensity measure

ν(bc)

Λ (dx, df) :=
∑
k∈N

1

k
dx⊗ µ(k,Λ,bc)

x,x (df) x ∈ Λ, f ∈ C(⟲). (1.6)

For Λ replaced by Rd, we write Q for the PPP on Rd × C(⟲) with intensity measure ν(dx,df) =∑
k∈N

1
kdx⊗ µ(k)

x,x(df).

The process in Definition 1.1 was introduced to the study of the Bose gas in [ACK11]. A close cousin
of it was already used for the study of other phenomena in statistical mechanics (e.g., conformal
invariance in dimension two) in [LW04] under the name Brownian loop soup. Here we rely on the
recent adaptation in [KVZ25] and refer proofs to Appendix A there. The projection on the loop part,
i.e., {fx : x ∈ ζ}, is what is called sometimes the Brownian loop soup in the inner sense.
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Denote by

NΛ(ω) = |ζ ∩ Λ| and N(ℓ)

Λ (ω) =
∑
x∈ζ∩Λ

ℓ(fx), Λ ⊂ Rd, (1.7)

the number of points of ω in Λ (i.e., the number of loops that start in Λ), and the total number of
particles of ω attached to points in Λ, respectively.

We introduce a functional on L that expresses the interaction between any two particles of loops

that start within Λ. For ω ∈ L and Λ, Λ̃ ⋐ Rd, we define Φ
Λ,Λ̃

: L → [0,∞] by

Φ
Λ,Λ̃

(ω) =
∑

x∈ζ∩Λ,y∈ζ∩Λ̃

V(fx, fy), ω ∈ L, (1.8)

where

V(fx, fy) =
1

2

ℓ(fx)∑
i=1

ℓ(fy)∑
j=1

1l{(x,i)̸=(y,j)}V (fx,i, fy,j), (1.9)

and

V (f, g) =

∫ β

0
v(f(s)− g(s)) ds, (1.10)

and fi(·) = f((i− 1)β + ·)|[0,β] is the i-th leg of a function f ∈ C.

We write µ(f) =
∫
f(ω)µ(dω) = ⟨µ, f⟩ = ⟨f, µ⟩ for the integral of a function f with respect to a

measure µ whenever this makes sense. The following is Proposition 1.1 in [ACK11].

Proposition 1.2 (The Bose gas in terms of the marked Poisson point process). Fix β ∈ (0,∞). Let
v : [0,∞) → (−∞,∞] be measurable and bounded from below, and let Λ ⊂ Rd be measurable with
finite volume (assumed to be a torus for periodic boundary condition). Then, for any N ∈ N, and
bc ∈ {per, 0},

Z(bc)

N (Λ) = eν
(bc)
Λ (Λ×C(⟲))Q(Λ,bc)

[
e−ΦΛ,Λ1l{N(ℓ)

Λ = N}
]
. (1.11)

That is, up the non-random term ν(bc)

Λ (Λ× C(⟲)), the partition function is equal to the expectation

over the Boltzmann factor e−Φ of a marked Poisson point process in Λ, restricted to a fixed total
number of particles. See Figure 1 for an illustration.

From [ACK11, Lemma 3.12] we already know that the first term on the right-hand side of (1.11)
satisfies, for any ρ ∈ (0,∞),

lim
N→∞

1

|ΛN |
ν(bc)

ΛN
(ΛN × C(⟲)) = (4πβ)−d/2

∑
k∈N

k−1−d/2 =: q, (1.12)

where ΛN is the centred box with volume ∼ N/ρ (it was shown there for periodic and Dirichlet
boundary condition only, but it is easy to see that it holds also for particle boundary condition).
Hence, it appears natural to formulate all our main assertions about the interacting Bose gas in terms
of the transformed probability measure

dQ̂(Λ,bc) =
e−ΦΛ,Λ

Ẑ(bc)(Λ)
dQ(Λ,bc), where Ẑ(bc)(Λ) = Q(Λ,bc)[e−ΦΛ,Λ ], (1.13)

and we do that for all three boundary conditions (periodic, zero, particle). Note that Q̂(Λ,bc) is a
probability measure on the set of configurations with an arbitrary number of particles; there is no
condition on NΛ(ℓ).
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Figure 1. Illustration (taken from [CJK23]) of a realisation of the Bose gas with 14
particles (grey and black bullets), organised in three Brownian bridges, attached to
three Poisson points (black bullets). The red cycle has six particles, the blue and green
ones each four.

1.4. Purpose of this paper. The main purpose of the present paper is to identify, in the ther-
modynamic limit, the limiting free energy with distinction between long and short loops. The most
immediate such distinction would be to call all particles in loops with lengths > L the L-condensate,
and to register its cardinality and to quantify its contribution to the partition function in the limit as
N → ∞, followed by L→ ∞. See Figure 2 for an illustration of a configuration with one long loop.

However, we are going to rely on a slightly different distinction, which distinguishes the loops
according to space criteria rather than length criteria, which will come in handy in our proofs and
is also dictated by the presence of interactions, which are spatially defined. Furthermore, this new
concept of distinction between short and long loops opens up the possibility of suitable methods to cut
the long loops into pieces (“shreds”) and to embed these pieces later into infinitely long trajectories.

Fix ρ ∈ (0,∞) and a centred box ΛN in Rd with volume |ΛN | ∼ N/ρ. Fix R ∈ N and write
W = [−R,R]d and Wz = z +W for z ∈ 2RZd. We assume N and R to be such that for suitable
ZN,R ⊂ 2RZd we have that ΛN =

⋃
z∈ZN,RWz is the (up to boundaries, disjoint) union of the subboxes

Wz with z ∈ ZN,R. (Here, R may depend on N and converges to R as N → ∞; we will sometimes
not indicate this dependence in the notation.) We will consider N particles in ΛN .

We will call a loop R-crossing if it has particles in at least two different ones of these subboxes.
Now we consider the number

N(ℓ,R)

Λ (ω) =
∑
x∈ζ∩Λ

ℓ(fx)1l{fx is R-crossing}, ω =
∑
x∈ζ

δ(x,fx), (1.14)

of particles in R-crossing loops and take this as a substitute of the number of particles in long loops.
We call the particles in R-crossings the R-condensate, and 1

|ΛN |N
(ℓ,R)

Λ (ω) the R-condensate density.
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Figure 2. Illustration (taken from [CJK23]) of two realisations of a Bose gas: left with
low density with only short loops, and right with higher density with one additional
long loop (red).

The number of all the other particles is denoted by

N(ℓ,¬R)

Λ (ω) =
∑
x∈ζ∩Λ

ℓ(fx)1l{fx is not R-crossing}, (1.15)

i.e., the number of particles in loops whose particles are entirely contained in one of the subboxes
z +W . Note that N(ℓ,R)

Λ +N(ℓ,¬R)

Λ = N(ℓ)

Λ .

The main object of interest is the pair (N(ℓ,R)

ΛN
,N(ℓ,¬R)

ΛN
) in the limit N → ∞, followed by R → ∞.

We will formulate our main findings in Theorem 2.5 in terms of a large-deviation principle for this
pair (properly normalised) under the measure Q̂(Λ,bc) defined in (1.13).

See Section 3.1 for an explanation that this concept of R-crossing loops is equivalent to the more
familiar concept of long loops.

Here is a survey of the remainder of the paper: In Section 2 we present our main results, in Section 3
we make various comments about the impact and background of our results and the history of the
problem, and we survey our proof strategy, in Section 4 we begin our proof by introducing the necessary
framework for point processes, introducing our main tool, a crucial empirical measure of the loop-shred
configurations in subboxes of a fixed radius R, and rewriting the free energy in terms of it. In Section 5,
we examine the distribution of a crucial part of our empirical measure, the configurations of the entry-
exit sites of the shreds into the subboxes. The necessary large-deviation setting is developed and
applied in Section 6. For making the limit as R→ ∞ afterwards, we introduce in Section 8 the crucial
specific relative entropy density. Finally, we finish the proof of our main theorem (the description of
the free energy in terms of a variational formula) in Section 9. As preparations, some crucial, but
technical properties of the formula are proved in Section 7. In the Appendix, Section A, we explain
the connection of our description with the Brownian interlacement Poisson point process by Sznitman.

2. Main results

In this section we describe our main results. In Section 2.3 we formulate our result on the identification
of the constrained free energy with full control on the number of particles in R-crossing loops and
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in the others (i.e., in long and short loops). This formula will be a variational formula that plays
in the world of stationary processes of points with loops as marks, superposed with a point process
of interlacements, i.e., infinitely long double-sided locally finite trajectories. In the formula, such
processes minimise the sum of an energy term plus an entropy term, subject to a fixed particle density
in loops and in interlacements, respectively. The underlying loop space was already introduced in
Section 1.3, but we also need to introduce the interlacement space, which we do in Section 2.1.
The crucial and novel specific relative entropy density term is introduced in Section 2.2. Then we
formulate our main result on the free energy in Section 2.3. The arising characteristic variational
formula contains a lot of information about the limiting behaviour of the interacting Bose gas; this is
presented in Section 2.4.

2.1. The interlacement space and the shred spaces. We are going to introduce the space on
which we will describe the long loops and their particles in the limit as N → ∞. Define

C∞ =
{
g ∈ C(R → Rd) : {g(kβ) : k ∈ Z} is locally finite

}
, (2.1)

where by C(R → Rd) we denote the space of continuous functions from R to Rd. We will always tacitly
identify functions in C∞ as equal if one of them is the time-shift of the other by an integer multiple of
β; hence strictly speaking we are dealing with equivalence classes modulo time shifts in βZ.

Remark 2.1 (Interlacements) The term ‘interlacements’ (in plural) is often used for the range⋃
g∈ΓB

g(R) of a certain Poisson point process ϖ(B) =
∑

g∈ΓB
δg of bi-infinite Brownian motions in

Rd with d ≥ 3 (see Remark 2.2), but this set will play no role in this paper, as we will have to work
always with the entire trajectories g. Therefore, we will take the freedom to call every element of C∞
an interlacement. ♢

We call the sites g(kβ) the particles of the interlacement g ∈ C∞ and the pieces gk = g|[βk,β(k+1)]

the legs of g. We consider the space

S =
{
ϖ =

∑
g∈Γ

δg : Γ ⊂ C∞, ϖ is simple, {g(kβ) : k ∈ Z, g ∈ Γ} is locally finite
}

(2.2)

of all simple locally finite point processes with points in C∞. The set {g(kβ) : k ∈ Z, g ∈ Γ} is the set
of all particles of ϖ. For W ⋐ Rd,

N(ℓ)

W (ϖ) =
∑
g∈Γ

ℓW (g), where ℓW (g) =
∑
k∈Z

1lW (g(kβ)), (2.3)

is the number of particles that ϖ has in W . The maximal pieces g|[βk1,βk2] with k1, k2 ∈ Z and
g(βk1), g(β(k1+1)), g(β(k1+2)), . . . , g(β(k2−1)) ∈W (and hence g(β(k1)−1)) /∈W and g(βk2) /∈W )
are theW -shreds of g; see Section 4.2, in particular (4.9). Then CW denotes the set of allW -shreds, and
SW = MN0(CW ) denotes the set of locally finite point measures of all theW -shreds. On S we consider
the topology that is generated by a family of certain projection (‘shredding’) operators Π(S)

W : S → SW
with W ⋐ Rd, which we spell out in (2.10). Let us already mention that these shredding operators cut
the interlacements g ∈ C∞ into a point process of all the W -shreds, but never cut legs. Let M(s)

1 (S)
denote the set of shift-invariant probability measures on S. On this set we consider the weak topology
that is generated by the shredding operators. For details, see Section 4.2.

We now introduce a crucial Brownian reference measure on the set SW . Let B = (Bt)t∈[0,∞) be a

standard Brownian motion in Rd that starts from x ∈ Rd under Px. We denote by

q(W,l)x,y (dg) = Px
(
(Bt)t∈[0,βl] ∈ dg | Bβ, B2β, . . . , B(l−1)β ∈W,Blβ = y

)
∈ M1(CW ) (2.4)
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the distribution of a Brownian shred from x ∈W to y ∈W c with l ∈ N particles, and by

KW (µ, dϖ) =
⊗
i∈I

q(W,li)xi,yi (dgi) ∈ M1(SW ), µ =
∑
i∈I

δ(xi,li,yi), ϖ =
∑
i∈I

δgi , (2.5)

the conditional distribution of a Brownian W -shred configuration given the point process µ ∈
MN0(W × N ×W c) of their entry and exit sites and their lengths (certainly under the assumption
that gi(0) = xi and gi(liβ) = yi and gi ∈ Cli for all i ∈ I, and I is a finite index set).

Remark 2.2 (Brownian interlacements PPP) In dimension d ≥ 3, the kernel KW appears as a regular
version of the conditional distribution of a variant of the well-known Brownian interlacement Poisson
point process; see Section A. More precisely, given that the entry and exit sites and lengths of all the
W -shreds of this PPP are given as µ, KW (µ, ·) is the conditional distribution of the point process of
the W -shreds in this PPP, see Lemma A.4. This works only in d ≥ 3 because of the transience; in
d ≤ 2, this PPP would be uninteresting; it would not even be locally finite. ♢

2.2. Our first result: A new specific relative entropy density. In our description of the free
energy of the interacting Bose gas in Theorem 2.5 below, a crucial ingredient will be a new specific
relative entropy density with respect to the superposition of the reference measure introduced in
Definition 1.1 and the family of kernels defined in (2.5). Here we introduce it as our first main result.
By H(µ | ν) we denote the relative entropy of a finite measure µ with respect to another one, ν, on a
Polish space X , defined by

H(µ | ν) = ν(X )− µ(X ) +

∫
X
µ(dx) log

dµ

dν
(x), (2.6)

if µ ≪ ν, and otherwise H(µ | ν) = ∞. A characterisation that is often helpful if µ and ν are
probability measures is the formula

H(µ | ν) = sup
f

(
⟨f, µ⟩ − log⟨ef , ν⟩

)
, µ, ν ∈ M1(X ), (2.7)

where the supremum is on measurable and bounded functions f : X → R (the supremum is approxi-

mately attained in f = log dµ
dν ).

It is well-known, see [G11, Ch. 15] and [GZ93], that there is a notion of a specific relative entropy
density with respect to the loop reference process Q, defined as

h(P | Q) = lim
R→∞

1

|WR|
H
(
ΠWR

(P ) | ΠWR
(Q)

)
, P ∈ M(s)

1 (L),WR = [−R,R]d, (2.8)

for all shift-invariant probability measures P on the set L of simple marked point measures with loops
as marks; here ΠW denotes the usual projection to the loops with starting site in W ⋐ Rd. The
function h is introduced in the general frame of point processes with marks; and the shape or any
properties of the marks play hardly any role in this theory.

In the present paper, we are going to work on the extended space L × S, which we conceive as the
set MN0([Rd×C(⟲)]×C∞) of simple point measures on the set of loops and interlacements in Rd. Let
M(s)

1 (L×S) denote the set of all shift-invariant probability measures on L×S. We write the elements
of L as ω =

∑
x∈ζ δ(x,fx) and the elements of S as ϖ =

∑
g∈Γ δg.

We make a distinction between loops whose particles are contained entirely in one of the subboxes
z +WR with z ∈ 2RZd and those whose particles are not; the latter loops are called R-crossings, see
Section 1.4. Hence, adapted notions of specific relative entropies need to be introduced. For the first
(the loops whose particles are contained in some z +W with z ∈ 2RZd), we need to introduce the
restricted projection operator of loops,

Π(L)

W (ω) =
∑

x∈ζ : fx(kβ)∈W ∀k∈[ℓ(fx)]

δ(x,fx) ∈ LW = MN0(W × C(⟲)

W ), (2.9)
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which restricts to all the loops that have all their particles inW (we used the notation [n] = {1, . . . , n}).
We wrote MN0(X ) for the set of all point measures on points in some space X and C(⟲)

W for the set of
loops with all particles in W . (See Section 4.1 for more explanations.) Note that the legs fx,i start
and end in W ; but do not have to stay in W ; they can travel arbitrarily far away from W .

For describing the second kind of loops (the R-crossing ones), we introduce the shredding operator

Π(S)

W (ω) =
∑

x∈ζ : {fx(kβ) : k∈[ℓ(fx)]}̸⊂W

∑
g∈ΓW (fx)

δg ∈ SW = MN0(CW ), (2.10)

where ΓW (fx) is the set of W -shreds of the loop fx, and CW is the set of all W -shreds. (See Sec-
tion 4.2 for more details and explanations.) Analogously, the operator Π(S)

W (ϖ) is defined also for point
measures ϖ =

∑
g∈Γ δg of interlacements. By ΠW (ω,ϖ) we denote the sum (i.e., the superposition)

Π(L)

W (ω) + Π(S)

W (ϖ). Another important operator is the boundary-shred operator

∂Π(S)

W (ϖ) =
∑
g∈Γ

∑
g′∈ΓW (g)

δ(g′(β),ℓ(g′),g′(ℓ(g′)β)) ∈ TW = MN0(W × N×W c), (2.11)

which registers initial and terminal sites and particle numbers of the W -shreds (g′(β), . . . , g′(ℓ(g′)β))
with g′(0) ∈W c and g′(β), . . . , g((ℓ(g′)− 1)β) ∈W and g′(ℓ(g′)β) ∈W c. For probability measures P
on loop or shred space and any of these operators Π, we denote by Π(P ) the image measure P ◦Π−1

of P under Π. Hence, for P ∈ M(s)

1 (L× S), the measure ΠW (P ) is the distribution of all the loops of
P that have all particles in W , superposed with all the W -shreds that come from interlacements or
from the other loops; a priori the W -shreds cannot be distinguished as to whether they come from a
loop or from a shred.

As it is standard in measure theory, the product of a measure µ on a measurable space X with a
kernel K from X into another measurable space Y is defined by

µ⊗K(d(x, y)) = µ(dx)K(x, dy). (2.12)

We introduce the relative entropy

JW (ξ) =
1

|W |
HLW×SW

(
ξ
∣∣Π(L)

W (Q)⊗ [∂Π(S)

W (ξ)⊗ KW ]
)
∈ [0,∞], W ⋐ Rd, ξ ∈ M1(LW × SW ).

(2.13)
In our next result, we introduce the main entropy function of this paper,

h(L,S)(P ) = lim
R→∞

JWR
(ΠWR

(P )), P ∈ M(s)

1 (L × S),with WR = [−R,R]d. (2.14)

This can be seen as a kind of specific relative entropy density with respect to the Π(L)

W -projections of
the reference loop process Q and the family of BrownianW -shred reference kernels KW defined in (2.5);
observe that the shred-part of the reference measure comes from the boundary-shred distribution of
P . This means that the loop-part reference measure has a particle density, but the shred-part inherits
it from P .

We need to introduce also some particle-counting operators. Let N(ℓ,L)

W and N(ℓ,S)

W denote the func-
tionals that count the particles in W of the loop point process and of the shred point process, respec-
tively (recall (1.7) and (2.3)):

N(ℓ,L)

W (ω,ϖ) = N(ℓ)

W (ω) =
∑

x∈ζ∩W
ℓ(fx) and N(ℓ,S)

W (ω,ϖ) = N(ℓ)

W (ϖ) =
∑
g∈Γ

ℓW (g), (2.15)

and put N(ℓ)

W (ω,ϖ) = N(ℓ,L)

W (ω,ϖ) +N(ℓ,S)

W (ω,ϖ) for the total particle number in W . Note that N(ℓ,L)

W

counts particles in all loops that start fromW (regardless whether the particle lies inW or not), while
N(ℓ,S)

W counts only particles that lie in W coming from any interlacement. (See Remark 2.11 for an
alternate way of counting particles.)
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Theorem 2.3 (Joint specific relative entropy density). If P ∈ M(s)

1 (L × S) satisfies ⟨P,N(ℓ)

U ⟩ < ∞
(with U = [−1

2 ,
1
2 ]
d the unit box), then the limit in (2.14) exists in [0,∞], and it satisfies

JWR
(ΠWR

(P )) ≤ h(L,S)(P ), R ∈ N. (2.16)

Furthermore, the map P 7→ h(L,S)(P ) is lower semi-continuous and convex, and it is also concave (i.e.,
even affine). Moreover, for any sequence (KRN )N∈N of compact sets KRN ⊂ TWRN

such that RN → ∞
as N → ∞, the restricted level set⋂

N∈N

{
P ∈ M(s)

1 (L × S) : ∂Π(S)

WRN
(P ) ∈ KRN ,h

(L,S)(P ) ≤ c, ⟨P,N(ℓ)

U ⟩ ≤ c
}

(2.17)

is compact for any c ∈ R.

The proof is in Section 8. While establishing h(P | Q) relies on superadditivity, our proof of (2.14)
relies on probabilistic arguments in connection with large-deviation estimates for a crucial empirical
measure.

We call the function h(L,S) the specific relative entropy density with respect to the superposition
of the Brownian loop soup and the family of Brownian shred kernels KW . The reference measure in
(2.14) samples with Π(L)

W (Q) the loops and then, independently, with ∂Π(S)

W (P ) the boundary shred
configuration and then with KW the shred interior configuration in W .

2.3. Our main result: an extended variational description. We are heading towards a formu-
lation of our main result. We work on the space L × S of pairs of point processes of points with
loops as marks and point processes of interlacements. Recall that we identify this set as the set of all
superpositions of point processes of loops and interlacements.

We need to introduce an interaction functional, decomposed into its different loop-interlacement

components. For this, we need notation for interactions between any two measurable sets W, W̃ ⊂ Rd.
For (ω,ϖ) = (

∑
x∈ζ δ(x,fx),

∑
g∈Γ δg) ∈ L × S we put

F (LL)

W,W̃
(ω,ϖ) =

∑
x∈ζ∩W

∑
y∈ζ∩W̃

ℓ(fx)∑
i=1

ℓ(fy)∑
j=1

1l(x,i)̸=(y,j)V (fx,i, fy,j), (2.18)

F (LS)

W,W̃
(ω,ϖ) =

∑
x∈ζ∩W

∑
g∈Γ

ℓ(fx)∑
i=1

∑
k∈Z

1l
W̃
(g(kβ))V (fx,i, gk+1), (2.19)

F (SS)

W,W̃
(ω,ϖ) =

∑
g,g′∈Γ

∑
k,k′∈Z

1l(g,k) ̸=(g′,k′)1lW (g(kβ))1l
W̃
(g′(k′β))V (gk+1, g

′
k′+1), (2.20)

where we write the legs of g here as gk(·) = g((k − 1)β + ·)|[0,β], i.e., the (k + 1)-st leg starts at the

particle g(kβ) = gk+1(0). In words, F (LL)

W,W̃
is the interaction between any two different legs of loops

that start in W and W̃ , respectively, (regardless where the leg starts), F (LS)

W,W̃
is the one between legs

of loops that start in W and legs starting in W̃ of any interlacement, and F (SS)

W,W̃
is the one between

any two legs that start in W , respectively in W̃ , of any (one of two) interlacement(s). Then we define
the total interaction within W as

FW,W =
1

2
F (LL)

W,W + F (LS)

W,W +
1

2
F (SS)

W,W , (2.21)

(since every pair of legs should appear precisely once and because of the possibility of double-counting,
we need to be a bit cautious).
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For the formulation of Theorem 2.5, we need the total interaction between the unit box U = [−1
2 ,

1
2 ]
d

and Rd:

FU =
1

2

[
F (LL)

U,U + 2F (LS)

U,U + F (SS)

U,U

]
+ F (LL)

U,Uc + F (LS)

U,Uc + F (LS)

Uc,U + F (SS)

U,Uc . (2.22)

In words, this is the interaction between all legs of loops that start in U and all the other legs plus the
interaction between all interlacement-legs that start in U and all the others (without double-counting).
See Remark 2.11 for an alternative way of counting the interaction between U and the rest.

We are going to work on the following assumption on the interaction potential:

Assumption (V). The interaction potential v : Rd → [0,∞) is bounded and continuous and has
compact support. Furthermore, there exists C > 0 such that, for any box W ⋐ Rd containing [−1, 1]d,∑

1≤i<j≤k
v(xi − xj) ≥ C

(
k2

|W |
− k

)
, k ∈ N, x1, . . . , xk ∈W. (2.23)

The last part of Assumption (V) is called superstability of v [Rue69, §3.2.9].

Remark 2.4 (Assumptions on the interaction) As far as we are aware of, there is no canonical choice
of an interaction function v from a physicist’s point of view. Details of v might be motivated by
physical or chemical properties of the matter that is to be modelled, but we have no particular choice
in mind. We tried to keep v general and put the assumptions of measurability, boundedness of v
and of the support just for convenience to keep the technicalities in the proofs low. In fact, several
lengthy technicalities in the proofs in [ACK11] are due to our decision to allow v and its support to
be unbounded there, but do not appear in the present paper. However, in our proof we need that the
effect of v is sufficiently repulsive, which motivates (2.23). ♢

The following is our main result; it identifies the limiting free energy in the thermodynamic limit
with fixed mass in the R-crossings in the limit R→ ∞. Recall the definition of the number N(ℓ,R)

Λ (ω)

of particles in R-crossing loops from (1.14) and the number N(ℓ,¬R)

ΛN
of the remaining particles from

(1.15).

Theorem 2.5 (Explicit formula for constrained free energy). Assume β, ρ ∈ (0,∞) to be fixed
and suppose that v satisfies Assumption (V). Fix a sequence of centred boxes ΛN ⊂ Rd such that
limN→∞ |ΛN |/N = 1/ρ. We partition (up to boundary elements) ΛN =

⋃
z∈ZN,RWz into the sub-

boxes Wz = z +W = z + [−R,R]d with ZN,R ⊂ 2RZd. Then, in the limit as N → ∞, followed by

R→ ∞, the pair 1
|ΛN |(N

(ℓ,R)

ΛN
,N(ℓ,¬R)

ΛN
) satisfies under the transformed measure Q̂(ΛN,bc) defined in (1.13)

a large-deviations principle on the set {(ρ1, ρ2) ∈ [0,∞)2 : ρ1 + ρ2 = ρ} with continuous and convex
rate function (ρ1, ρ2) 7→ χ(ρ1, ρ2)− χ(ρ), where χ(ρ) = infρ1+ρ2=ρ χ(ρ1, ρ2) and

χ(ρ1, ρ2) := inf
{
h(L,S)(P ) + ⟨FU , P ⟩ : P ∈ M(s)

1 (L × S), ⟨N(ℓ,L)

U , P ⟩ = ρ1, ⟨N(ℓ,S)

U , P ⟩ = ρ2

}
. (2.24)

The proof of Theorem 2.5 comes in three steps in Sections 4.5 (preparation), 6.4 (making N → ∞)
and 9.1 (making R → ∞) for the upper bound, and Sections 4.6, 6.5 and 9.2 for the lower bound. A
survey on our proof strategy is in Section 3.2. The variational formula in (2.24) has good compactness
properties. Indeed, as we formulate in Lemma 2.12 below, the infimum in (2.24) may be restricted to
some compact set, and χ is continuous.

We also obtain the same LDP for the numbers of particles in long and short loops, which are
more natural quantities from the viewpoint of Feynman’s proposal to look at loop lengths as order
parameters:
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Corollary 2.6 (LDP for particle numbers in long and short loops). In the situation of Theorem 2.5,
the pair 1

|ΛN |(N
(ℓ)

ΛN ,>L
,N(ℓ)

ΛN ,≤L) satisfies the same LDP as the pair 1
|ΛN |(N

(ℓ,R)

ΛN
,N(ℓ,¬R)

ΛN
), where N(ℓ)

ΛN ,≤L
and N(ℓ)

ΛN ,>L
are the numbers of particles in loops of length ≤ L and > L, respectively.

This follows from Lemma 3.2 below, where we show that these two pairs of counting variables are
exponentially equivalent to each other in the limit N → ∞, followed by R→ ∞, respectively L→ ∞.

For the general theory of (the probabilities of) large deviations, see [DZ10]. The way how the large-
deviations principle (LDP) of Theorem 2.5 is to be understood (and how it will be proved) is that, for
any ρ1, ρ2 ∈ [0,∞),

lim
δ→0

lim sup
R→∞

lim sup
N→∞

1

|ΛN |
log

[
Ẑ(bc)(ΛN )Q̂

(ΛN,bc)

(∣∣∣ 1

|ΛN |
N(ℓ,R)

ΛN
− ρ1

∣∣∣ ≤ δ,
∣∣∣ 1

|ΛN |
N(ℓ,¬R)

ΛN
− ρ2

∣∣∣ ≤ δ
)]

≤ −χ(ρ1, ρ2),
(2.25)

and a corresponding lower bound with lim sup twice replaced by lim inf. As a consequence, the
minimiser(s) (ρ1, ρ2) play the decisive role when further analysing the limiting Bose gas. As a first
partial result, we can identify the free energy defined in (1.3) in the following way (recall (1.12)).

Corollary 2.7 (Variational description of the free energy). In the situation of Theorem 2.5,

β f(β, ρ) = −q + inf
ρ1,ρ2≥0: ρ1+ρ2=ρ

χ(ρ1, ρ2) = −q + χ(ρ), (2.26)

where

χ(ρ) = inf
{
h(L,S)(P ) + ⟨FU , P ⟩ : P ∈ M(s)

1 (L × S), ⟨P,N(ℓ,L)

U +N(ℓ,S)

U ⟩ = ρ
}
. (2.27)

We leave the proof of this corollary to the reader. In (2.29) below it turns out that in (2.27), the
interlacements are not necessary, i.e., the value does not change if we restrict P to having only loops.

Remark 2.8 (Interpretation of Theorem 2.5) The limiting Bose gas with density parameters ρ1 and ρ2
is characterised as a random superposition of a loop point process and an interlacement point process.
The particles of the latter ones represent the condensate with condensate density ρ2 per unit volume,
and the loop part contains the remaining particles with density ρ1. This random loop-interlacement
process is stationary and has strong correlations between the loop- and the interlacement part via the
interaction. The process is characterised by minimality of the sum of energy (the interaction) and
entropy with respect to the reference PPP-process Q and the family of kernels KW under the constraint
of having these two densities. Any minimiser P in (2.27) has the interpretation of the effective spatial
distribution of all the bosons in space, organised in loops and interlacements, of the interacting Bose
gas in the thermodynamic limit with total particle density ρ. ♢

Remark 2.9 (More refined assertions) Using Lemma 3.2 below, it is also no problem to derive an
LDP for more quantities, like the joint distribution over k ∈ N of the number of particles in loops
of length k (without any reference to the decomposition of ΛN into R-subboxes) or the number of
such loops. The corresponding rate function that arises is clear; one needs to restrict the variational
problem to those P that have on an average the requested density of k-loops. Examples of proofs for
such statements in a different context can be found in [AKP21] and [AKLP23]. ♢

Remark 2.10 (Approximations of χ(ρ1, ρ2).) In the course of the proof of Theorem 2.5, we are forced
to establish some technical approximations of the minimizers P in the variational formula χ(ρ1, ρ2) in
(2.24). In particular, in Lemma 7.6, we approximate P with ergodic measures that are concentrated
on uniformly bounded loop/interlacement configurations with some nice additional properties, and in
Lemma 2.12, we compactify the set of P s on which we minimize. ♢
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Remark 2.11 (Counting particle numbers and interaction in U) Instead of counting particle numbers
in loops that start from U , one can also count particles in U in loops starting at any place. More

precisely, if we define Ñ(ℓ,L)

U (ω) =
∑

x∈ζ
∑ℓ(fx)

i=1 1l{fx((i− 1)β) ∈ U}, then one can easily see that Ñ(ℓ,L)

U

has the same expectation under any P ∈ M(s)

1 (L × S) as N(ℓ,L)

U . Indeed,

⟨P,N(ℓ,L)

U ⟩ =
∫
P (dω)

∑
x∈ζ

ℓ(fx)∑
i=1

1l{x ∈ U}
∑
z∈Zd

1l{fx((i− 1)β) ∈ z + U}

=
∑
z∈Zd

∫
P (dω)

∑
x∈ζ

ℓ(fx)∑
i=1

1l{fx((i− 1)β) ∈ U}1l{x ∈ −z + U} = ⟨P, Ñ(ℓ,L)

U ⟩.

Analogously, one can see that the expected interaction between legs whose loop starts in U and all
other legs in loops is the same as the expected interaction between legs that start in U (regardless
where the loop starts) and all other legs in loops, with an analogous statement about interaction
between loops and interlacements. More precisely, defining

F̃ (LL)

W,W̃
(ω,ϖ) =

∑
x,y∈ζ

ℓ(fx)∑
i=1

ℓ(fy)∑
j=1

1l{fx((i− 1)β)) ∈W}1l{fy((j − 1)β) ∈ W̃}1l(x,i) ̸=(y,j)V (fx,i, fy,j),

one sees in the same way that ⟨P, 12F
(LL)

U,U + F (LL)

U,Uc⟩ = ⟨P, 12 F̃
(LL)

U,U + F̃ (LL)

U,Uc⟩ for any P ∈ M(s)

1 (L × S).
Consequently, FU defined in (2.22) has the same expectation under P as the total interaction between
any leg that starts in U (regardless where its loop starts, if it is in a loop) and any other leg. ♢

2.4. The variational formula and BEC. In this section, inspired by the results of [CJK23, Section
2], we analyse the variational formula χ in (2.24) with respect to its analytic properties (existence and
properties of minimisers), depending on the parameters ρ1 and ρ2. On the technical side, it will be
nice to know that the infimum may be restricted to the set

K =
{
P ∈ M(s)

1 (L × S) : h(L,S)(P ) ≤ L, ⟨P, (N(ℓ)

U )5/4⟩ ≤ L
}
, (2.28)

with a sufficiently large L ∈ (0,∞) (recall that U = [−1
2 ,

1
2 ]
d = W1/2). This, together with the

compactness property of Theorem 2.3, makes the domain of the variational formula compact, and it
gives us a good control on the two particle densities.

Lemma 2.12 (Regularity properties of χ). Suppose that the interaction potential v satisfies Assump-
tion (V), in particular (2.23). Then the following holds.

(1) The set K in (2.28) is compact, and for any ρ1, ρ2, the infimum in the definition (2.24) of
χ(ρ1, ρ2) may be restricted to K, not changing its value for any sufficiently large L. Further-
more, the maps P 7→ ⟨P,N(ℓ,L)

U ⟩ and P 7→ ⟨P,N(ℓ,S)

U ⟩ are continuous on K.
(2) The maps [0,∞)2 ∋ (ρ1, ρ2) 7→ χ(ρ1, ρ2) and [0,∞) ∋ ρ 7→ χ(ρ) are convex. Furthermore, for

any ρ1, respectively ρ2 ∈ [0,∞), limρ2→∞ χ(ρ1, ρ2) = ∞ and limρ1→∞ χ(ρ1, ρ2) = ∞.

(3) The map ρ1 7→ χ(ρ1, 0) is continuous at ρ1 = 0 with χ(0, 0) = χ(v=0)(0, 0) = q = (4πβ)−d/2ζ(1+
d/2) and ∂ρ1χ(ρ1, 0)|ρ1=0 = −∞.

(4) For any ρ1, ρ2 ∈ [0,∞), there is at least one minimiser P in the formula for χ(ρ1, ρ2) on the
right-hand side of (2.24).

(5) For any ρ ∈ [0,∞), there is at least one minimiser P in the formula for χ(ρ) on the right-hand
side of (2.27).

The proof of Lemma 2.12 is in Section 7.1. As easy consequences of Lemma 2.12, the set of
minimising P ’s is convex and compact, and χ and χ are continuous and have minimisers (ρ1, ρ2)
respectively ρ.
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Now we prove that every value of energy plus entropy that can be achieved with loops and inter-
lacements can also be achieved with only loops, with the same total particle density. In particular, the
free energy can be expressed in terms of configurations that have no interlacements, for any arbitrarily
large particle density.

Lemma 2.13 (Interlacements are not necessary). Suppose that the interaction potential v satisfies
Assumption (V). Then χ(ρ1, ρ2) ≥ χ(ρ1 + ρ2, 0) for any ρ1, ρ2 ∈ [0,∞).

The proof of Lemma 2.13 is in Section 7.3. In particular, in the variational formula χ(ρ) describing
the free energy according to Corollary 2.7, we see now that

χ(ρ) = inf
{
h(L,S)(P ) + ⟨FU , P ⟩ : P ∈ M(s)

1 (L), ⟨P,N(ℓ,L)

U ⟩ = ρ
}
, ρ ∈ [0,∞), (2.29)

where we conceive P as an element of M(s)

1 (L × S) with empty interlacement part. Note that its
entropy h(L,S)(P ) has a shred-part that is a priori non-trivial, but Lemma 7.7 says that the expected
particle number in shreds is negligible.

Hence, on the level of the value of the free energy, it is not possible to distinguish between optimal
configuration with loops and interlacements or just with loops alone. In [ACK11], using totally different
tools, a variant of (2.29) was proved for a range of ρ’s that is bounded from above; instead of h(L), the
function h from (2.8) appeared.

Remark 2.14 (Existence of minimizers?) For the variational problem χ(ρ1, ρ2) in (2.24) there is a
relatively simple argument that it has always minimizer(s) (see Lemma 2.12(1)), which is based on
the set K and Assumption (V) and the compactness property of Theorem 2.3.

However, there is no argument like that for the formula for χ(ρ) in (2.29). Indeed, if we use the
topology on M(s)

1 (L×S) that is induced by the weak topologies defined by all the Π(L)

W and Π(S)

W with

W ⋐ Rd (as we do in the proofs), then M(s)

1 (L) is not a closed subset of M(s)

1 (L×S), since it is possible
to approach loop/interlacement configurations having non-trivial interlacement part with pure loop
configurations, which is a kind of condensation effect. On the other hand, if one is based only on the
topology defined by all the Π(L)

W with W ⋐ Rd, then the particle density in loops is not a continuous
function, since this quantity needs the shreds of the loops (see the proof of Lemma 7.1). ♢

Let us therefore introduce the critical threshold between existence and non-existence of interlace-
ments in minimizing configurations:

ρc = sup
{
ρ ∈ [0,∞) : ∃ minimiser P ∈ M(s)

1 (L × S) in (2.27) with Π(S)(P ) = 0
}

= sup
{
ρ ∈ [0,∞) : (2.29) has a minimizer

}
∈ [0,∞].

(2.30)

We conjecture the following:

• For ρ ≤ ρc, (2.29) has a minimizer, and for ρ > ρc it has not.
• ρ 7→ χ(ρ) is real-analytic in (0, ρc) and in (ρc,∞), but not in any larger interval.
• ρc <∞ for d ≥ 3, but ρc = ∞ in d ≤ 2.

Note that these statements are true in the free case (i.e., for v = 0); see Remark 2.15. Proofs of
these conjectures for some choices of v (for example, those that satisfy our Assumption (V)) may be
within reach using the new variational framework that was introduced in this work. In some technical
proofs in this paper (see the proofs of Lemmas 2.13 and 7.6 in Sections 7.3 and 7.5), we were able to
develop strategies that make it possible to compare different loop/interlacement configurations with
each other by rewiring shreds in large boxes outside the box. See the short descriptions of the two
proofs at the beginnings of Sections 7.3 and 7.5. The variational description in terms of entropy
plus energy in large boxes made it possible to show that every configuration can be approximated by
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loop-configurations, by just rewiring the interlacement-shreds outside a large box in such a way that
only loops appear.

However, variants that could lead to a proof of finiteness of ρc in d ≥ 3 seem to require much deeper
ideas. One needs to show that, if ρ is sufficiently large, any configuration that has only loops is not
optimal. One idea is to remove a non-vanishing loop part from the large box and replace it by an
interlacement part of the same particle density and to show that the entropy goes down by more than
the energy, but Lemma 7.7 says that this cannot be done just be rewiring all the shred ends; they
concern too few particles. Another idea would be to execute some few manipulations on the loop
configuration in the interior of the large box and a rewiring outside the box, such that interlacements
appear and the energy is hardly changed, but the entropy drops down significantly, but it is not clear
that such a strategy exists. Therefore more extensive manipulations have to be carried out, which we
leave to future work.

However, our conjectures extend much further: we think that ρc will turn out to be the threshold
for the occurrence of BEC, i.e., for the validity of off-diagonal long-range order (ODLRO) for the
symmetrised and normalized exponential of the Hamiltonian in (1.1), but proving this seems to require
much more work than we can currently indicate. Nevertheless, the framework introduced here is likely
to serve as a platform for attacking proofs for such a statement.

Remark 2.15 (The free gas) Let us briefly discuss BEC in the free Bose gas, where no interaction

is present, i.e., v = 0. Here it is known since long that ρc = (4πβ)−d/2ζ(d/2) with ζ the Riemann zeta
function. In this case, we easily see that a minimiser of the formula in (2.27) is given as

Pρ =

{
Q(ρ) ⊗ δ0, if ρ ≤ ρc,

Q⊗ R(uρ,β), if ρ > ρc,
(2.31)

where 0 is the empty interlacement point process, and Q(ρ) is the marked Poisson process as in Def-
inition 1.1 with qk = 1

k (4πβk)
−d/2 for k ∈ N replaced by m(ρ)

k = qke
αρk with the unique suitable

αρ ∈ (−∞, 0] such that
∑

∈N km
(ρ)

k = ρ. Furthermore, in d ≥ 3 (only in this case the second case
is not empty), R(uρ,β) is the Brownian interlacement PPP introduced in Section A, and the density
parameter uρ is picked in such a way that the expected number of particles of R(uρ,β) in U is equal to
ρ− ρc. One can write (2.31) in one line by writing Q(0) = Q and noting that αρ = 0 and m(ρ) = q for
ρ ≥ ρc, and putting R(u0,β) = δ0. Indeed, using the notation in (6.13), we see that

JW (ΠW (Pρ)) =
1

|W |
HLW×SW

(
Π(L)

W (Q(ρ))⊗Π(S)

W (R(uρ,β))
∣∣Π(L)

W (Q(ρ∧ρc))⊗Π(S)

W (R(uρ,β))
)

→ H(m(ρ) | q) as W ↑ Rd,

and can deduce that (2.27) drastically reduces to the formula

χ(v=0)(ρ) = inf
{
H(m|q) : m ∈ [0,∞)N,

∑
k∈N

kmk = ρ
}
, (2.32)

where H(m|q) =
∑

k(qk −mk +mk log
mk
qk

) is the relative entropy of the sequence m with respect to

q and to find the unique minimiser m(ρ) via a standard Lagrange minimization. See [BKM24] for a
more direct way to show that −βf(β) is equal to the right-hand side of (2.32).

In words, the limiting non-interacting Bose gas puts Brownian loops of length k independently with
density m(ρ)

k and adds, if their total particle mass has not reached ρc, additionally and independently
a Brownian interlacement process with the appropriate density. The formula in (2.32) appeared in
several earlier works on the free Bose gas, e.g., in [A08]. See also [V23] for a proof of the emergence
of the above minimiser (i.e., the one on point-process level) in the thermodynamic limit as a limit
distribution. ♢
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3. Discussion

In this section, we discuss some aspects and explain some background. In Section 3.1 we show that our
concept of R-crossing loops is equivalent to the usual idea of long loops. In Section 3.2 we concisely
describe our strategy to prove Theorem 2.5, and in Section 3.3 we give an account on the literature
on the thermodynamic limit of the Bose gas in connection with path-integral analysis.

3.1. R-crossings versus long loops. In the partition function, we want to distinguish between
condensate particles and the others. In the loop soup representation of the Bose gas, the former
should be the ones in ‘long loops’. The separation line between long and short requires an additional
parameter, L ∈ N: one can call the L-condensate all the particles in loops with lengths > L. This
requires taking another limiting procedure, namely L→ ∞, after having taken N → ∞. In our work,
we decided to stick to another definition of the condensate, namely we call the R-condensate the
totality of all the particles which form part of loops that are an R-crossing, i.e., that have particles in
more than one of the subboxes z + [−R,R]d with z ∈ 2RZd. Again, after taking the limit as N → ∞,
one needs to take the limit as R→ ∞.

In this section, we point out that these two notions are asymptotically the same under the measure
Q̂(ΛN,bc) defined in (1.13). That is, we will show that the number of particles in R-crossings and the
number of particles in loops of lengths > L are exponentially equivalent under Q̂(ΛN,bc) in the limit
N → ∞, followed by R→ ∞, respectively L→ ∞. For this purpose, let, for ω =

∑
x∈ζ δ(x,fx) ∈ L,

N(ℓ,R)

Λ,≤L(ω) =
∑
x∈ζ∩Λ

ℓ(fx)1l{fx is R-crossing}1l{ℓ(fx) ≤ L} (3.1)

denote the number of particles in loops that are R-crossing and have length ≤ L, and let

N(ℓ,¬R)

Λ,>L (ω) =
∑
x∈ζ∩Λ

ℓ(fx)1l{fx is not R-crossing}1l{ℓ(fx) > L} (3.2)

be the number of particles in loops that are not R-crossings, but longer than L. The following lemma
shows that these two particle numbers are exponentially negligible if L = L(≤)

R respectively L = L(>)

R

are chosen properly, tending to infinity as R → ∞. This implies that our notion of condensate via
R-crossings is equivalent to the usual notion via the length for the interacting Bose gas.

We remark that one half of this property (namely, the negligibility of N(ℓ,¬R)

Λ,>L (ω)) highly depends
on the interaction. Indeed, the fact that long loops that stay within one of the boxes z +WR with
z ∈ 2RZd are suppressed does not come from combinatorics of numbers of loops, but only from the
fact that their self-interaction is large, using the superstability of the potential v. Therefore, as a
pre-step, we first estimate the expectation of e−ΦΛ,Λ from above for any Brownian loop that lies in
some subbox z +WR with z ∈ ZN,R and has a large length. For this, we are going to use (2.23) in
Assumption (V) in order to obtain a good lower bound for the self-interaction of this loop. Using
this is not so immediate, since such a loop has only all its particles in WR (without loss of generality,
we put z = 0), but each leg may travel far away and evade the interaction. For future reference, we
isolate the necessary part of the statement as follows.

Lemma 3.1 (Upper bound for expected path interaction). Suppose that Assumption (V) holds. Then
there is a C ∈ (0,∞) (only depending on d, v or β) such that, for any box W of diameter R ∈ N that
is contained in the box Λ ⊂ Rd, and for any k ∈ N that is sufficiently large (depending on R),

E
[
e−ΦΛ,Λ

]
≤ e−Ck

3/2R/
√

|W |, x1, . . . , xk ∈W, (3.3)

where E =
⊗k

i=1 Pxi is with respect to k independent Brownian motions with time interval [0, β],
starting from x1, . . . , xk ∈ W and having any of the three boundary conditions in Λ, and ΦΛ,Λ is the
interaction between all the k motions.
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Proof. Without loss of generality, we put W = WR = [−R,R]d, as the boundary conditions will not
be used anyway in our proof. We use C as a generic constant that depends only on d, v or β and may
change its value from appearance to appearance.

Even though all starting sites of the k motions lie in W , we get a useful bound only for the pairs
of those legs that stay, say, in the larger box W2R, at least for some part of the time interval [0, β].
For a vector f of k legs f1, . . . , fk ∈ C1, let Lγ(f) = #{i ∈ [k] : fi([0, γ]) ⊂ W2R} denote the number
of those legs who stay for the first γ time units in W2R. We will be using (2.23) only in the way that
the self-intersection of f satisfies the lower bound∑

1≤i<j≤k

∫ β

0
v
(
|fi(s)− fj(s)|

)
ds ≥ Cγ

( m2

|WR|
−m

)
, m,R ∈ N if m = Lγ(f). (3.4)

For a vector B of k independent motions B1, . . . , Bk with starting sites x1, . . . , xk, we lower bound
e−ΦΛ,Λ against the exponential of the negative left-hand side of (3.4) with fi = Bi and hence against
the exponential of the negative right-hand side, and we split the expectation according to the values

of Lγ(B) ∈ {0, 1, . . . , k}. Note that the probability of {Lγ(B) = m} is not larger than e−(k−m)CR2/γ ,
since k −m of them travel a distance ≥ R during the time interval [0, γ]. Using (3.4) on this event,
we obtain

E
[
e−ΦΛ,Λ

]
≤

k∑
m=0

e
−Cγ( m2

|WR|−m)−(k−m)CR2/γ
= e−CkR

2/γ
k∑

m=0

eCm(γ+R2/γ)e−Cm
2γ/|WR|

≤ e−CkR
2/γ(k + 1)e

C
4
γ|WR|(1+R2/γ2)2 ,

(3.5)

where in the last step we estimated against the maximum overm, namely takingm = |WR|
2 (1+R2/γ2).

Now, assuming that k is much larger than |WR|R2, we pick γ = R
√

|WR|/k ∈ [0, β] and estimate, for
sufficiently large k, the second exponent as follows.

C

4
γ|WR|(1 +R2/γ2)2 ≤ C

3
γ |WR|

R4

γ4
=
C

3
k3/2

R√
|WR|

.

Hence, adapting the value of C and assuming that k is large enough (only depending on R) we obtain

that the right-hand side of (3.5) is not larger than exp{−Ck3/2R/
√

|WR|}. □

Now we prove that the concepts of R-crossing loops and long loops are equivalent. Recall the
definition of Q̂(ΛN,bc) in (1.13).

Lemma 3.2 (Equivalence of condensate notions). Suppose that v satisfies Assumption (V). Fix ρ ∈
(0,∞) and let ΛN be the centered box in Rd with volume |ΛN |/N → 1/ρ as N → ∞. Then there are
diverging sequences (L(>)

R )R∈N and (L(≤)

R )R∈N such that, for any ε ∈ (0, 1),

lim sup
R→∞

lim sup
N→∞

1

|ΛN |
log Q̂(ΛN,bc)

(
N(ℓ,R)

ΛN ,≤L
(≤)
R

> ε|ΛN |
)

= −∞, (3.6)

lim sup
R→∞

lim sup
N→∞

1

|ΛN |
log Q̂(ΛN,bc)

(
N(ℓ,¬R)

ΛN ,>L
(>)
R

> ε|ΛN |
)

= −∞. (3.7)

Proof. We put WR = [−R,R]d and assume that ΛN is equal to the union of z +WR over z ∈ ZN,R =

{z ∈ 2RZd : z +WR ⊂ ΛN}. Possibly we need to admit that R = RN depends on N with RN → R,
but we suppress this from notation.

We first prove (3.6). This will not use the interaction, but only combinatorics and large deviations

for the Poisson distribution. Note that N(ℓ,R)

ΛN ,≤L =
∑L

k=1 kXk where the Xk are independent and
Poisson-distributed with parameter

1

k

∫
ΛN

dxµ
(k,ΛN,bc)
x,x (τR ≤ k);
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here, τR = inf{k ∈ N : Bkβ /∈ zB0 + WR}, and zB0 ∈ 2RZd is picked such that B0 ∈ zB0 + WR.

The random variable
∑L

k=1Xk is Poisson-distributed with parameter |ΛN |aN (R), where aN (R) =
1

|ΛN |
∑L

k=1
1
k

∫
ΛN

dxµ
(k,ΛN,bc)
x,x (τR ≤ k). Hence, we can estimate, as N → ∞,

Q̂(ΛN,bc)
(
N(ℓ,R)

ΛN ,≤L > ε|ΛN |
)
≤ Q̂(ΛN,bc)

( L∑
k=1

Xk >
ε

L
|ΛN |

)
≤ 1

Ẑ(bc)

N (ΛN )
exp

(
− |ΛN |(1 + o(1))

[
aN (R)− ε

L + ε
L log ε

LaN (R)

])
,

(3.8)

according to Cramér’s theorem for the sum of ≍ |ΛN | i.i.d. Poisson-distributed random variables with
parameter aN (R) (we dropped the interaction). Let us estimate aN (R). We are going to show that
lim supN→∞ aN (R) ≤ O(1/R) as R → ∞. We are going to use C as a generic constant ∈ (0,∞),
depending only on d or on β and possibly changing its value from appearance to appearance. We
will use the estimate µ

(k,ΛN,bc)
x,x (τR ≤ k) ≤ Ck−d/2 for any x ∈ ΛN and any k ∈ N, and we use that

µ
(k,ΛN,bc)
x,x (τR ≤ k) ≤ Ce−Cm

2/k for any x ∈ ΛN that is further away from
⋃
z∈ZN,R ∂(z +WR) than m

(use that for the Brownian motion with time interval [0, kβ] it has probability≤ Ce−Cm
2/k to terminate

at distance ≥ m away from its starting site). This gives, for any choice of m1, . . . ,mL ∈ (0,∞),

aN (R) =
1

|ΛN |
∑

z∈ZN,R

L∑
k=1

1

k

∫
z+WR

dxµ
(k,ΛN,bc)
x,x (τR ≤ k)

≤ C
1

|WR|

L∑
k=1

1

k

[ ∫
WR−mk

e−Cm
2
k/k dx+ k−d/2

(
|WR| − |WR−mk |

)]

≤ C

L∑
k=1

1

k

[
e−Cm

2
k/k + k−d/2

mk

R

]
.

We pick now mk =
√

k
C log(kR) and obtain the upper bound (recall that d ≥ 3)

aN (R) ≤ C
[ 1
R

+

L∑
k=1

k−(d+1)/2

√
log(kR)

R

]
≤ C

R

√
logR.

We now put L = L(≤)

R = log logR. Substituting this in the large-deviation rate on the right-hand side
of (3.8), we see that, as R→ ∞,

aN (R)− ε
L + ε

L log ε
LaN (R) ≥ o(1) +

ε

log logR
log

( εR

(log logR)C
√
logR

)
→ ∞,

which implies (3.6).

Now we prove (3.7). Here we use the superstability of v, according to Assumption (V). Observe

that N(ℓ,¬R)

ΛN ,>L
=

∑N
k=L+1 kX̃k, where the X̃k are independent Poisson-distributed random variables

with parameter

1

k

∫
ΛN

dxµ
(k,ΛN,bc)
x,x (τR > k).

(Using the fact alone that this is ≤ 1
k |ΛN |e

−Ck/R2
for some C ∈ (0,∞) and all k,R does not help in

this proof, as one sees when trying it. Therefore, we employ the self-interaction of each such loop.)

Lemma 3.1 implies that the expected exponential interaction of each of the X̃k Brownian loops of

length k is not larger than e−CRk
3/2

for some CR, if k is large, only depending on R. Pick LR so large
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that L
1/2
R CR → ∞ as R → ∞. Therefore, for any a ∈ (0,∞) and any L ∈ N that is larger than LR,

using the exponential Chebyshev inequality,

Ẑ(bc)

N (ΛN )Q̂
(Λ,bc)

(
N(ℓ,¬R)

ΛN ,>L
> ε|ΛN |

)
≤ e−aε|ΛN |

∏
k>L

E
[
eakX̃k−CRk

3/2X̃k
]

≤ e−aε|ΛN |
∏
k>L

E
[
ekX̃k[a−CRL

1/2]
]
.

(3.9)

We pick now a = aR such that 1 ≪ aR ≪ L
1/2
R CR, then the exponent in the expectation is negative

for all large enough R, and the product is ≤ 1. This implies (3.7). □

3.2. Our strategy. We are going to describe our strategy to prove the LDP in Theorem 2.5. This
strategy is very comprehensive and in particular provides a number of results that are also vital for
the proof of Theorem 2.3. Recall that we decompose the centred box ΛN with volume ∼ N/ρ regularly
into all the subboxes Wz = z+WR with WR = [−R,R]d =W and z ∈ ZN,R ⊂ 2RZd. We have to find
the large-N exponential asymptotics of the restricted partition function

Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) = Q(ΛN,bc)

[
e−ΦΛN,ΛN 1l{| 1

|ΛN |N
(ℓ,¬R)

ΛN
− ρ1| ≤ δ}1l{| 1

|ΛN |N
(ℓ,R)

ΛN
− ρ2| ≤ δ}

]
,

followed by making R→ ∞ and then δ ↓ 0.

For each z ∈ ZN,R, we distinguish the loops that are entirely contained in Wz, and the Wz-shreds of
all the other loops (the R-crossing loops). Hence, we have a loop-shred configuration in the subboxes
Wz. We are going to neglect all the interaction between different subboxes. Therefore, with the shift-
operator θz that satisfies θz(z) = 0, we can describe the entire system in terms of the crucial empirical
measure

ΞN,R(ω) =
1

#ZN,R

∑
z∈ZN,R

δ
(θz(Π

(L)
Wz

(ω)),θz(Π
(S)
Wz

(ω)))
,

which is a probability measure on the set LW ×SW of loop-shred configurations inW ; see the notation
in Section 2.2. (We identify LW ×SW with the set LW ⊕SW of superpositions of loop configurations
and shred configurations.) Neglecting the interaction between any two different ones of the subboxes,
we will show in Section 4.5 (upper bound) and 4.6 (lower bound), respectively, that the partition
function can be roughly be written as

Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) ≈ Q(ΛN,bc)

[
e
−|ΛN | 1

|WR| ⟨FWR,WR ,ΞN,R⟩

1l{ 1
|WR|⟨N

(L,ℓ)
WR

,ΞN,R⟩ ≈ ρ1}1l{ 1
|WR|⟨N

(S,ℓ)
WR

,ΞN,R⟩ ≈ ρ2}
]
,

where FW,W is the interaction between W -loops and W -shreds as defined in (2.18) – (2.20) and (2.21).

We need to understand the large-N properties of the distribution of ΞN,R under Q(ΛN,bc). Observe
that, by the virtue of the Poisson point process, the loop part is independent of the shred part, and the
loop parts are essentially (modulo boundary effects from the boundary of the large box ΛN ) i.i.d. over
z. However, the shred parts are by far not i.i.d. But luckily, we have the following conditional
independence property: given the empirical measure of boundary configurations,

∂Ξ(S)

N,R =
1

#ZN,R

∑
z∈ZN,R

δ
(θz(∂Π

(S)
Wz

(ω)))
,

these shred configurations Π(S)

Wz
(ω), z ∈ ZN,R, are independent, and the boundary configuration con-

tains all information about their distribution that is necessary to establish an LDP for ΞN,R with an
explicit rate function (see below). In Section 5.2 we derive the lower bound

lim inf
N→∞

1

|ΛN |
log Q(ΛN,bc)(∂ΞN,R ≈ ψ) ≥ −γR(ψ), ψ ∈ TW ,
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where γR(ψ) will turn out in Section 5.3 to be small in the limit R → ∞ if ψ is picked carefully (for
the upper bound we can essentially take γR(ψ) = 0). Indeed, we will need certain ergodic properties
of ψ to derive the asymptotics and certain concentration properties of it in order to show that γR(ψ)
is small. The crucial point is that the question whether or not the event {∂ΞN,R ≈ ψ} has positive
probability for all large N or not is highly difficult to decide, since this requires knowledge about
very long-range properties of the loop configuration; the long loops have global properties; and by far
not any collection of loop-shred configurations in many subboxes can come from suitable global loop
ensembles. This tricky problem is taken care of by a clever argument involving an ergodicity property
and the ergodic theorem.

Moreover, the contribution to the large-deviation probabilities coming from {∂Ξ(S)

N,R = ψ} can in
Section 6.1 be explicitly be expressed using a large-deviation principle of the form

1

|ΛN |
log Q(ΞN,R ≈ ξ|∂ΞN,R = ψ) ≈ −J (ψ)

WR
(ξ), N → ∞.

Here J (ψ)

W is the entropy term that appears in the definition of h(L,S) with ∂Π(S)

W (ξ) replaced by ψ,

J (ψ)

W (ξ) =
1

|W |
HLW×SW

(
ξ
∣∣Π(L)

W (Q)⊗ [ψ ⊗ KW ]
)
.

For the upper bound in the proof of Theorem 2.5, we just optimize over all ψ that have the required
expected particle number in the shreds, ρ2|WR|, and for the lower bound we restrict to a ψ of the form
ψ = ∂Π(S)

WR
(ξ) for a ξ, whose properties we still can refine. Using the above large-deviation principle

and Varadhan’s lemma, we will in Sections 6.4 (upper bound) and 6.5 (lower bound) arrive at

1

|ΛN |
log Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) ≈ − inf
{
JWR

(ξ) +
1

|WR|
⟨FWR,WR

, ξ⟩ : ξ ∈ M1(LWR
× SWR

),

1
|WR|⟨N

(L,ℓ)
WR

, ξ⟩ ≈ ρ1,
1

|WR|⟨N
(L,ℓ)
WR

, ξ⟩ ≈ ρ2

}
.

On the way to this, a number of technical problems are to be handled, as is usual in large-deviation
theory. Crucial ones of these obstacles come from topological technicalities like missing compactness
and missing upper semi-continuity in the proof of the upper bound and missing openness and lower
semi-continuity in the proof of the lower bound; therefore both proofs have to separately be approached
and require many separate steps. Another general issue that renders the proof lengthy and technical is
the fact that Brownian motions are infinitely flexible with positive probability and need to be controlled
and enclosed in bounded areas in various senses, in order to gain a clear control on the various influences
on the interaction energy and particle numbers, in particular in view of the decomposition into the
boxes z +W .

The continuities of the energy functional and of the two particle number functionals is not clear a
priori and needs to be achieved by restrictions to suitable events, both for the proof of the upper and
the lower bound. In Section 6.3, using Assumption (V), we introduce two events that we need to insert
such that their complement is negligible and on these sets, the two particle numbers are continuous.
In Sections 4.6 and 5.3, we restrict to an event on which only loop and shred configurations with
several particular properties appear, namely only legs of bounded spread, only configuration with
locally bounded particle numbers everywhere and only shreds with bounded stretches. This requires
the usage of several cut-off parameters, which will be sent to ∞ at the very end of the proof. In
Section 7.4 (after a preparation in Section 7.2, where we have a closer look at the various terms in
the entropy JWR

) we control the most involved part, the entropy JWR
, when replacing an arbitrary

ξ by some measure that satisfies all these cut-off properties, and additionally the ergodicity property
mentioned above. This is used in Section 7.5 to control the value of the variational problem above
when doing this change.
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In order to carry out the limit as R → ∞ in the above variational formula, the most important
point is of course the existence of the limit of JWR

(Theorem 2.3), which we prove in Section 8, after
some preparations in the other sections. In the finish of the proof of the upper bound in Theorem 2.5,
we need to embed the above variational formula on R-subboxes into a limiting variational formula on
gobal stationary loop-interlacement configurations in the entire Rd. Here we first use some tool from
large-deviation theory (see Proposition 6.6(4)) to extend a minimizing ξ to arbitrarily large boxes
without noticeably enlarging the entropy. Afterwards, we use an extension theorem in the spirit of
Carathéodory’s theorem to extend it to a global configuration on the entire Rd; see Proposition 4.1.
In Sections 9.1 (upper bound) and 9.2 (lower bound) all these arguments are put together and the
proof of Theorem 2.5 is finished.

The proof of Theorem 2.3 in Section 8 and several crucial arguments in other sections relies on
various properties and estimations for the entropy functional JWR

, which we derive in Section 6.2.
We remark that we carry out the necessary estimates with the help of large-deviation arguments, see
Proposition 6.6. In particular, we derive a crucial estimate of the form

JWR
(ΠWR

(P )) ≤ JWmR
(ΠWmR

(P )) + omR(1), m→ ∞.

This replaces the ubiquitous super-additivity argument that is usually employed for establishing the
existence of a specific relative entropy (actually we did not succeed in proving sub-additivity and
believe that this property does not hold).

3.3. Literature survey. The study of quantum gases, in particular the Bose gas and its statistical
mechanics and condensation, is a huge fascinating subject that provides many challenging questions
and involves a lot of mathematical ansatzes and toolboxes, see [PS01, PS03] for extensive summaries.

Unlike many investigations on the interacting Bose gas in the mathematical-physics literature, the
present paper follows the ansatz of a path-integral analysis. This goes back to the vague suggestion
by Feynman in [Fe53] that Brownian bridges and the statistics of their lengths might be taken as an
order parameter. To our best knowledge, there is no result in the mathematical physics literature on
deeper properties of the free energy of the interacting Bose gas in the thermodynamic limit, hence we
will restrict here to reviewing only ansatzes with path-integral analysis.

Technical foundations where laid by Ginibre [G70]. There are not many rigorous works yet that
follow this advice, starting with phenomenological discussions in [U06] and discussions of the relation
between long loops and condensate in [Sü93, Sü02] for some simplified models, including the free Bose
gas. More recently, [FKSS20a] conceived the rescaled interaction of the Brownian loops in d = 4 as a
regularisation as the intersection local time as a possible ansatz for deriving Φ4-theories.

The Brownian-bridge ansatz is greatly strengthened by combining it with a spatial point-process
ansatz and a Poisson point process description and additionally with a large deviation approach
that is sometimes called a level-3 approach. An early version of such a Poisson point process, the
Brownian loop soup was introduced by Lawler and Werner [LW04], however with a different purpose
(not for the Bose gas), namely for making conformal invariance rigorously provable in models from
two-dimensional statistical mechanics. The idea of an LDP theory for marked point processes like
the Bose gas was implicitly present in papers by Georgii/Zessin in the 1990s [GZ93, G94], and it
was combined with the desire to find criteria for the equivalence of ensembles for interacting marked
Poisson point processes. Further works (see, e.g, [Raf09, NPZ13, Z22, BDM24]) concentrated on the
construction of such processes in the entire space Rd and to discuss them from the view point of
classical Gibbs point theory as was laid down in the famous monograph [G11].

A recent achievement in the tradition of constructing Gibbs measures of marked point processes is
[BDM24], where the interacting Bose gas is achieved as such a process with the legs as marks: nota
bene, the legs as members of C1, not the loops. The formation of an ensemble of interacting loops is
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part of the interaction term, which renders this interaction term highly complicated and discontinuous.
In [BDM24], an infinite-space Gibbs measure is constructed for any value of ρ and β; however it is
rather difficult to decide whether infinite long loops appear in this measure.

For the problem of analysing the limiting free energy of the Bose gas using Brownian bridges, the
crucial Poisson description of Proposition 1.2 was introduced in [ACK11]. It was used a number of
times in the last years for answering various partial questions. In the non-interacting case, an LDP
with identification of the phase transition in terms of the rate function was derived in [A08]. A
proof for the phase transition of Bose–Einstein condensation (that is, for off-diagonal long range order
(ODLRO), the generally acknowledged criterion for BEC) in terms of Brownian bridges was given
recently in [KVZ25], and for a (still non-interacting) mean-field version in [BKV24]. In [BKM24]
interactions only within the same loop were admitted in the gas and a related kind of condensation
phase transition was proved in connection with the famous self-avoiding walk problem.

As it comes now to interacting Bose gases, the most immediate predecessor paper is [ACK11], which
is based on the PPP-description of Proposition 1.2 and applies large-deviation arguments based on
the ansatz from [GZ93] for the empirical stationary process, RΛ(ωP) = 1

|Λ|
∫
Λ δθx(ωP) dx, a kind of

continuous variant of the main tool of the present paper, ΞN,R. A weaker variant of Corollary 2.7
was derived for all small enough particle densities ρ, but without any attempt to describe long loops,
since the topological difficulties could not be resolved there and any kind of concept was missing
for long loops. Another important predecessor of the current work is [CJK23], which develops and
demonstrates the strategy that we use in the proof of Theorem 2.5 for a simpler model, where the
loops are replaced by boxes with random and unbounded sizes.

A different ansatz was followed in [QT23], which gives the – to the best of my knowledge, first –
proof of the existence of a loop of length ≍ N in an interacting spatial ensemble of random loops of
the type of an interacting Bose gas. More precisely, it is shown that the expectation of the length of
the loop that contains the origin is not smaller than a constant times the volume of the box. This
formidable result has been achieved by transferring the well-known reflection-positive ansatz to this
setting; indeed, it was found a way to employ some clever correlation inequalities about the behaviour
of the system under reflections. However, there are a number of caveats: the class of interactions is
restricted by some unnatural conditions that come from some steps in the Fourier setting, so far the
technique could be done only in the time- and space-discrete setting, and only for periodic boundary
condition. Removing each of these three shortcomings seems to require serious new input.

A Poisson point process of interlacements was introduced by Sznitman [Sz10] for simple random
walks and in [Sz13] for Brownian motions, however without making any connection to Bose gases. A
version of this process can be seen as lurking in the background of our description of the Bose gas
in Theorem 2.5 for d ≥ 3, see Section A. The idea of using such a process for the description of the
condensate of the Bose gas was first introduced to the literature in [AFY21], however without any
relation to any limits or interactions or free energies. There, the version for Gaussian random walks
was constructed (alternatively to what we do in Section A), and some properties were examined. Also
the independent superposition of the corresponding loop soup and the Gaussian interlacement PPP
was introduced and studied. In [V23], it is shown that the simple-random-walk loop soup converges, in
the thermodynamic limit with free boundary condition, towards the independent superposition of the
same process (with critical density) and the simple-random walk interlacement PPP, see Remark 2.15.
In an interacting Bose gas (however, with interactions only involving loop lengths, no spatial details)
in the spatially continuous setting, in [DV24] convergence of the gas towards the Brownian loop soup,
superposed with the Brownian interlacement PPP, was proved.

Remark 3.3 (LDP for empirical processes) As we explained, an important ingredient of the proof
in the present paper is a kind of large-deviation principle for the (discrete version of the) empirical
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stationary field of the Poisson loop process. This is remarkably close to the main object of [Sz23], but
has also decisive differences. Let us comment on that here.

Indeed, [Sz23] studies the stationary empirical field LΛ(ϖB) = 1
|Λ|

∫
Λ dx δθx(ϖB) of the Brownian

interlacement PPP introduced in [Sz13], more precisely, the probability of large deviations of certain
linear test functions ⟨F,LΛ(ϖB)⟩. This process LΛ is the interlacement counterpart of RΛ above and
it is the continuous version of the shred part of our empirical process ΞN,R (which can be analogously
defined for interlacements in place of R-crossing loops). Under certain conditions on the test function
F , [Sz23] proves the upper bound of the large-N exponential rate of the probabilities of upward
deviations of ⟨F,LΛ(ϖB)⟩ in terms of an explicit variational formula that shows some reminiscences of
the famous Donsker–Varadhan LDP rate function. (See [CN23] for the corresponding lower bound.)
In principle, this kind of result seems to be close to what is also needed for the description of the Bose
gas (if we neglect the fact that Sznitman’s process is based on the interlacement process rather than
the long-loop part of the Brownian loop soup). But however, the precise assumptions made in [Sz23]
make it impossible to apply the results of [Sz23] to the interacting Bose gas.

The surprise is that the LDP in [Sz23] is on capacity scale |ΛN |1−
2
d rather than on volume scale

|ΛN |, the scale on which we are working in this paper. This seems to be due to the fact that the
description of the most likely behaviour of the interlacements to meet the event {⟨F,LΛ(ϖB)⟩ > C}
for some large C comes from an upscaling of an event in a box of a diverging radius (i.e., from some
mesoscopic scale), while we have to describe all the details of the interaction on the microscopic scale.
Equivalently, one can say that the description of the Bose gas needs a finer scale of details and is
therefore adequately described on volume scale. ♢

4. Scanning the configuration with finite windows

In this section we introduce a framework for describing the loop configuration in the box ΛN in terms
of an empirical mixture of the local loop and shred configurations that we see in all the shifts of the
window [−R,R]d that scans ΛN in regular steps of size 2R.

In Sections 4.1 and 4.2 we introduce the loop space consisting of marked point processes, and the
shred space consisting of point measures on shreds. In Section 4.3 we combine the two spaces and give a
Carathéodory-like result on the existence of stationary probability measures on the space of loops and
interlacements with given marginals on projections on boxes. Our main tool, the mentioned empirical
measure ΞN,R of the loop and shred configurations in the subboxes, is introduced in Section 4.4.
In Sections 4.5 and 4.6 we rewrite the constrained partition function in terms of ΞN,R and derive
preliminary upper and lower bounds towards a proof of Theorem 2.5.

Let us recall and introduce some basic notation. We denote by Ck the set of all continuous functions
[0, βk] → Rd and write C =

⋃
k∈N Ck. Each Ck is equipped with the topology induced by the supremum

norm. On C we use the topology within each Ck, i.e., a sequence (fn)n∈N in C converges towards some
f ∈ C if there is some k such that f ∈ Ck and fn ∈ Ck for all n large enough, and fn → f in the
supremum norm on Ck. Hence, we do not assign a distance to function pairs with different lengths.
We introduce the loop space

C(⟲) =
⋃
k∈N

C(⟲)

k , where C(⟲)

k = {f ∈ Ck : f(0) = f(kβ)}. (4.1)

Since loops are cyclic, two elements of C(⟲) are considered equal if they are time-shifts by a time in βZ
of each other; hence we conceive C(⟲)

k actually as a quotient space. By default, if nothing else is said,

we write an f ∈ C(⟲)

k as f : [0, kβ] → Rd. We call the pieces f |[jβ,(j+1)β] with j ∈ N0 the legs of f and
the sites f(0), f(β), f(2β), . . . , f((k − 1)β) the particles of f . The number of particles of f is denoted
by ℓ(f) = k. Furthermore, we denote by C∞ the set of all continuous functions f : R → Rd satisfying
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limt→−∞ |f(t)| = limt→∞ |f(t)| = ∞. Such functions have only finitely many particles in W for any
compact set W ⊂ Rd.

4.1. Point processes with loops as marks. We introduce notation for point processes in Rd with
marks in C(⟲) and provide some remarks on their topologies.

We consider the space L = MN0(Rd×C(⟲)) of simple point processes on Rd×C(⟲), more precisely, the
set of marked point processes in Rd with marks in C(⟲). That is, an element ω ∈ L can be represented
in terms of a point process ζ on Rd as

ω =
∑
x∈ζ

δ(x,fx), where fx ∈ C(⟲) with fx(0) = fx(βℓ(fx)) = x, (4.2)

and such that ω(A × C(⟲)) < +∞, for any bounded measurable A ⊂ Rd. We see L as the set of
superpositions

∑
k∈N

∑
x∈ζk δ(x,fx), where ζk = {x ∈ ζ : ℓ(fx) = k}. We equip L with the usual

evaluation σ-algebra, i.e., the one that is generated by all the maps ω 7→ ΠW (ω) =
∑

x∈ζ∩W δ(x,fx)
with W ⋐ Rd. Let M1(L) denote the set of probability measures on L, and M(s)

1 (L) the subset of
shift-invariant probability measures on L, i.e., the set of those P ∈ M1(L) such that P ◦ θ−1

x = P for
any x ∈ Rd; by θx we denote the shift operator by x ∈ Rd satisfying θx(x) = 0, acting on vectors,
subsets of Rd, functions in Rd, measures on Rd and on point processes in Rd with and without marks.

For anyW ⋐ Rd, consider the projection on all the loops that start inW and have all their particles
in W :

Π(L)

W (ω) =
∑

x∈ζ∩W
δ(x,fx)1l{fx(kβ) ∈W ∀k ∈ [ℓ(f)]}. (4.3)

We denote by LW the image of L under this projection, i.e., the set LW = MN0(W ×C(⟲)

W ) of all point

measures in Rd with marks that are in the set

C(⟲)

W =
⋃
k∈N

{
f ∈ C(⟲)

k : f(iβ) ∈W ∀i ∈ [k]
}

(4.4)

of loops whose particles are entirely contained in W . Observe the difference to the usual projection
ΠW , which restricts to all loops that start in W but may have particles outside W . Furthermore,
observe that the loops in C(⟲)

W may also leave W on the way from particle to particle. It is clear that

Π(L)

W is indeed a projection, that is, Π(L)

W̃
◦ Π(L)

W = Π(L)

W ◦ Π(L)

W̃
= Π(L)

W if W ⊂ W̃ ⋐ Rd. A significant

difference to ΠW is that, for two disjoint sets W, W̃ ⋐ Rd, the image L
W∪W̃ consists of three parts:

LW , L
W̃

and the set of simple point measures with loops that have particles both in W and in W̃ ,
but nowhere elsek.

The topology on LW that we use is the w#-topology, which is induced by test integrals against
continuous and bounded functions MN0(W × C(⟲)

W ) → R that vanish outside some ball. Here we

define a ball of radius r around some (x, fx) ∈ W × C(⟲)

k as the set of (y, g) ∈ W × C(⟲)

k such that
|x − y| + ∥fx − g∥∞ < r and g(0) = x, and a ball around some configuration

∑
x∈ζ δ(x,fx) is the

union of these balls around the points of the configuration. This turns LW itself into a Polish space,
according to [DVJ08, Prop. 9.1.IV]. According to [DVJ08, Exercise 11.1.7], convergence of point
measures

∑
x∈ζn∩W δ

(x,f
(n)
x )

towards a point measure
∑

x∈ζ∩W δ(x,fx) as n→ ∞ is equivalent to having

#ξn = #ξ for all large n and pointwise convergence of the points (x, f (n)) of ξn in W × C(⟲) towards
the ones of ξ as n→ ∞ in some assignment. We denote this topology on LW by G(L)

W and the induced

topology on L by F (L)

W = (Π(L)

W )−1(G(L)

W ).

On the set M1(LW ) of probability measures on LW , we will be using the weak topology, i.e., the
one that is induced by test integral against bounded and continuous functions LW → R. According to
[DVJ08, Theorem 11.1.VII], for probability measures ξ, ξ1, ξ2, . . . on LW , the weak convergence ξn =⇒
ξ is true if and only if the finite-dimensional distributions of ξn converge towards the one of ξ, i.e., if
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for any k ∈ N and any bounded measurable sets A1, . . . , Ak ⊂ LW , we have that (ξn(A1), . . . , ξn(Ak))
converges weakly towards (ξ(A1), . . . , ξ(Ak)).

We write f(P ) for the image measure P ◦ f−1. On M1(L), we will consider the weak topology
induced by all the projections Π(L)

W with W ⋐ Rd, i.e., Pn =⇒ P if and only if Π(L)

W (Pn) =⇒ Π(L)

W (P )

for any W ⋐ Rd.
Let us also mention that the weak topology on the set M(X ) of all finite measures on a Polish space

X is induced by the Prokhorov metric

d(µ, ν) = inf
{
ε ≥ 0: µ(F ) ≤ ν(F ε), ν(F ) ≤ µ(F ε) for all closed F ⊂ X

}
, ν, µ ∈ M(X ), (4.5)

where F ε = {y ∈ X : d(y, F ) < ε} denotes the open ε-neighbourhood of F [DVJ03, Sect. A.2.5]. This
turns M(X ) into a Polish space as well [DVJ03, A2.5.III].

4.2. Shredding paths. This section is the heart of our ansatz that we introduce in this paper. It
is a chopping procedure on path level, which cuts, for each compact set W ⊂ Rd, any loop that has
not all its particles in W or any infinitely long path into the pieces that run within W and collects all
these pieces in terms of a point measure. In this way, we introduce a kind of projection operator Π(S)

W

that has many properties similarly to ΠW or to Π(L)

W and can be used to induce a natural topological
structure on the set S of point measures on C∞.

For any f ∈ C(⟲), we introduce the stopping times

τW (f) = inf{k ∈ N0 : f(kβ) ∈W} ∈ N0 ∪ {∞}, (4.6)

σW (f) = inf{k ∈ N : k > τW (f), f(kβ) ∈W c}. (4.7)

An analogous definition is used for f ∈ C∞. For f ∈ C(⟲)

k or f ∈ C∞, we write the times of the
successive entries of (f(iβ))i∈{0,1,...,k}, respectively (f(iβ))i∈Z to W and exits from W as

−∞ < τ (1)

W (f) < σ(1)

W (f) < τ (2)

W (f) < σ(2)

W (f) < ... <∞;

a more formal definition of these stopping times may be given in terms of appropriate time-shifts
of τW (f) and σW (f). Then each restriction f |

[(τ
(i)
W −1)β,σ

(i)
W β]

, shifted in time to obtain a function

f (i) : [0, (σ(i)

W − τ (i)

W )β] → Rd, is called a W -shred of f ; it is a member of the W -shred space

CW =
⋃
k∈N

{
g ∈ Ck : g(0), g(β), g(2β), . . . , g((k − 1)β) ∈W, g(kβ) ∈W c

}
. (4.8)

(We ignore at this point the fact that part of the characterisation of g ∈ CW is that g(−β) ∈W c.) We
denote by MN0(X ) the set of all simple point measures in a measurable set X . Then we define

SW = MN0(CW ) and Π(S)

W : C(⟲) ∪ C∞ → SW , Π(S)

W (f) =
∑
i

δf (i) . (4.9)

All topological assertions that we spelled out in Section 4.1 for LW hold also for SW analogously.
In particular, a sequence (Γn)n∈N of point measures in SW converges to some Γ ∈ SW if and only
if, for all sufficiently large n, |Γn| = |Γ|, and the W -shreds of Γn converge to the ones of Γ in some
assignment. If G(S)

W denotes the corresponding Borel σ-field, then (SW ,G(S)

W ) is a measurable space.

Introduce ℓW (g) =
∑

i 1lW (g((i − 1)β)), the number of particles of g ∈ C(⟲) ∪ C∞ in W . Observe

that g ∈ C∞ is characterised by the requirement that ℓW (g) < ∞ for any compact W ⊂ Rd. We also
introduce the space

S =
{
ϖ =

∑
g∈Γ

δg ∈ MN0(C∞) :
∑
g∈Γ

ℓW (g) <∞ for all compact W ⊂ Rd
}

(4.10)

of simple point measures of doubly-infinite continuous functions, such that the cloud has only finitely
many particles in any compact subset of Rd.
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We also use the symbol Π(S)

W for the shredding operation on point process level: for W , W̃ compact

such that W ⊂ W̃ , define the point process of W -shreds derived from ω by

Π(S)

W : S ∪ S
W̃

→ SW , Π(S)

W (ω) =
∑
f∈ω

∑
i

δf (i) , where f (i) are the W -shreds of f. (4.11)

We sometimes write Π(S)

W̃→W
: S

W̃
→ SW for this map in order to indicate the domain. It is easy to

see that the shredding operators are consistent in the sense that

W ⊂ W̃ =⇒ Π(S)

W ◦Π(S)

W̃
= Π(S)

W . (4.12)

On the set S, we introduce a measurable structure by taking F (S) as the σ-field such that all the
shredding operators Π(S)

W are measurable, i.e.,

F (S) = σ
(
F (S)

W : W ⊂ Rd compact
)
, where F (S)

W = (Π(S)

W )−1(G(S)

W ).

On the set M1(S) we introduce the weak topology induced by all the Π(S)

W with W ⋐ Rd: A sequence

(Pn)n∈N of probability measures on S converges towards some P ∈ M1(S) if and only if Π(S)

W (Pn)

(which is by definition equal to the image measure Pn ◦ (Π(S)

W )−1) converges weakly to Π(S)

W (P ) for any

W ⋐ Rd. Then (S,F) is also a Polish space with metric

d(Γ1,Γ2) =
∑
R∈N

2−R
dWR

(
Π(S)

WR
(Γ1),Π

(S)

WR
(Γ2)

)
1 + dWR

(
Π(S)

WR
(Γ1),Π

(S)

WR
(Γ2)

) , WR = [−R,R]d, (4.13)

where we lifted Π(S)

WR
to S by putting Π(S)

WR
(Γ) =

∑
g∈ΓΠ

(S)

WR
(g). (Here dW denotes some metric on SW

that induces the topology on SW .)

Now we introduce a kind of boundary-shredding operation as follows. Define the operator that
maps each W -shred g satisfying g(0), g(β), g(2β), . . . , g((k − 1)β) ∈ W and g(kβ) ∈ W c on the triple
of its initial and terminal condition and its length:

∂Π(S)

W : CW →W × N×W c, ∂Π(S)

W (g) = (g(0), l, g(kβ)). (4.14)

We write

TW = MN0(W × N×W c)

=
{
µ =

∑
i∈I

δ(xi,li,yi) : I finite, (xi, li, yi) ∈W × N×W c pairwise distinct ∀i ∈ I
}

for the set of all finite simple counting measures on W × N ×W c. We use the same symbol for the
projection operation on shred configurations:

∂Π(S)

W : SW → TW , ∂Π(S)

W

(∑
g

δg

)
=

∑
g

δ
∂Π

(S)
W (g)

, (4.15)

and we extend the domain of this operator to S
W̃

∪ S by putting ∂Π(S)

W (ϖ) = ∂Π(S)

W (Π(S)

W (ϖ)) for

ϖ ∈ S
W̃

∪ S for compact sets W ⊂ W̃ ⊂ Rd. Again, all topological assertions of Section 4.1 about
LW hold analogously for TW .

Note that µ = ∂Π(S)

W (ϖ) contains all information about the number of particles of the shred config-
uration ϖ =

∑
g∈Γ δg in W , when we define

N(ℓ,S)

∂W (µ) =
∑
i∈I

li for µ =
∑
i∈I

δ(xi,li,yi); (4.16)

then N(ℓ,S)

W (ϖ) = N(ℓ,S)

∂W (µ) and ⟨ξ,N(ℓ,S)

W ⟩ = ⟨ψ,N(ℓ,S)

∂W ⟩ for ξ ∈ M1(SW ) and ψ = ∂Π(S)

W (ξ) ∈ M1(TW ).

Let us also mention the following tightness criterion [DVJ08, Proposition 11.1.VI]: A subset K of
M1(TW ) is tight if for any ball B ⊂ W × N × W c and for any ε > 0, there is M > 0 such that
ψ({µ ∈ TW : µ(B) > M}) < ε for any ψ ∈ K. In particular, the set {ψ ∈ M1(TW ) : ⟨ψ,N(ℓ,S)

∂W ⟩ ≤ ρ2}
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is relative compact for any ρ2 ∈ (0,∞), since µ(B) ≤ |I| ≤
∑

i∈I li = N(ℓ,S)

∂W (µ). (However, closedness

of this set does not follow, since the map ψ 7→ ⟨ψ,N(ℓ,S)

∂W ⟩ is a priori not continuous.)

4.3. An extension result for loop-interlacement configurations. We need to introduce also
some specifics of the space of the joint loop-shred configurations in boxes, respectively loop-
interlacement configurations in Rd. In Proposition 4.1 we prove an existence theorem in the spirit of
Kolmogorov’s theorem in this setting.

We conceive the loop-interlacement configuration space

L × S = MN0

(
(Rd × C(⟲)) ∪ C∞

)
(4.17)

as the superposition point measure space with loops and interlacements. We conceive the shredding
operator Π(S)

W defined in (4.9) as an operator Π(S)

W : L×S → SW and the loop-restriction operator Π(L)

W

defined in (4.3) as an operator Π(L)

W : L× S → LW . Note that Π(L)

W can produce something non-trivial

only from L (not from shreds or from interlacements), while Π(S)

W can cut both loops and shreds into
shreds. Then the operator

ΠW : L × S → LW × SW , defined by ΠW (ω,ϖ) = Π(L)

W (ω) + Π(S)

W (ϖ), (4.18)

is the superposition operator of Π(S)

W and Π(L)

W , when we conceive LW ×SW as MN0((W ×C(⟲)

W )∪CW ).

On SW and LW , respectively, we have the natural sigma fields G(S)

W and G(L)

W , respectively, that are
generated by the vague topology. On L×S we consider the sigma field F that is generated by FW =
σ((Π(S)

W )−1(G(S)

W ) ∪ (Π(L)

W )−1(G(L)

W )) with W = WR = [−R,R]d for all R ∈ N, i.e., F = σ(
⋃
R∈NFWR

).

The definition of the projection operator Π
W̃→W

: L
W̃

× S
W̃

→ LW × SW for W ⊂ W̃ ⋐ Rd is clear.

The following proposition will be enormously helpful in the proof of properties of the specific relative
entropy density in the proof of Theorem 2.3 and in the proof of the upper bound for the free energy of
the interacting Bose gas (Theorem 2.5). It is an extension theorem for consistent families of probability
measures on loop/shred configurations in boxes. It is in the spirit of the famous extension theorem by
Kolmogorov, but this theorem seems not applicable, since we are not working with product spaces,
and the objects on which the extension is a measure (interlacements) are global and have a long
range. Hence, we need to redo its proof (actually, the proof of Ionescu-Tulcea’s theorem, the ‘discrete’
variant) with the help of Carathéodory’s theorem.

Proposition 4.1 (Loop-interlacements point process extension). Let (ξ(WR))R∈N be a family of prob-
ability measures ξ(WR) ∈ M1(LWR

×SWR
), such that ΠWR+1→WR

(ξ(WR+1)) = ξ(WR) for any R ∈ N, i.e.,
(ξ(WR))R∈N is consistent. Then there exists a unique P ∈ M1(L × S) such that ΠWR

(P ) = ξ(WR) for
all R ∈ N.

Proof. We want to apply Carathéodory’s theorem to the algebra F (0) =
⋃
R∈NFWR

and to the map
P0 : F (0) → [0, 1] that is defined by

P0(A) = ξ(WR)(B), A ∈ Π−1
WR

(GWR
), (4.19)

where B ∈ GWR
is the unique set such that A = Π−1

WR
(B). The fact that P0 : F (0) → [0, 1] is well-

defined follows from the consistency in the same way as in the proof of Ionescu-Tulcea’s theorem. It
is also not difficult to show that P0 is a content, that is, finitely additive and satisfies P0(∅) = 0. It
also obviously satisfies ΠW (P0) = ξ(W ) for any W ⋐ Rd.

We would like to extend P0 from F (0) to a measure P on F , which finishes the proof. According
to the uniqueness part of Carathéodory’s theorem, this P is unique, and according to its existence
part, for showing the existence it is sufficient to show that P0 is continuous in the empty set. Hence,
assume that (Am)m∈N is a sequence in F (0) that decreases, as m → ∞, to A =

⋂
m∈NAm ∈ F (0). We

assume that lim infm→∞ P0(Am) > 0 and need to show that A is not empty.
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Without loss of generality, we can assume that Am = Π−1
Wm

(Bm) for some Bm ∈ GWm .

We can easily extend the consistency relation ΠWR+1→WR
(ξ(WR+1)) = ξ(WR) for all R ∈ N to the

consistency relation ΠWn+m→Wn(ξ
(Wn+m)) = ξ(Wn) for any n ∈ N and m ∈ N0. For W ⊂ W̃ ⋐ Rd, we

can write L
W̃

× S
W̃

= (LW × SW )× (L × S)
W̃\W , where(

L × S
)
W̃\W = MN0

([
(W̃ × C(⟲)

W̃
) ∪ C

W̃

]
\
[
(W × C(⟲)

W ) ∪ CW
])
.

Since M1(LW×SW ) is a Polish space for anyW ⋐ Rd, there are Markov kernels Kn,m from LWn×SWn

into (L × S)Wn+m\Wn
such that ξ(Wn+m) = ξ(Wn) ⊗Kn,m (with Kn,0 = 1lBn).

We are going to construct now (ω(m), ϖ(m)) ∈ Bm for m ∈ N such that (ω(m−1), ϖ(m−1)) =
ΠWm→Wm−1(ω

(m), ϖ(m)). For this, define hn,m : LWn × SWn → [0, 1] by putting

hn,m(ωWn , ϖWn) = Kn,m

(
(ωWn , ϖWn), (Bn+m)

(1)

(ωWn ,ϖWn )

)
,

where
(Bn+m)

(1)

(ωWn ,ϖWn )
=

{
(ω(n)

Wn+m
, ϖ(n)

Wn+m
) ∈ (L × S)Wn+m\Wn

:

(ωWn + ω(n)

Wn+m
, ϖWn +ϖ(n)

Wn+m
) ∈ Bn+m

}
is the Wn-cut of Bn+m. It is relatively easy to show that, for any n ∈ N and any (ωWn , ϖWn),
the sequence (hn,m(ωWn , ϖWn))m∈N0 is non-increasing, since Bm ⊂ Π−1

Wm→Wm−1
(Bm−1) and hence

(Bn+m+1)
(1)

(ωWn ,ϖWn )
⊂ (Bn+m)

(1)

(ωWn ,ϖWn )
.

We construct now recursively a sequence of pairs (ωWn , ϖWn) ∈ Bn ⊂ LWn × SWn such that
limm→∞ hn,m(ωWn , ϖWn) > 0. Because of monotonicity in m and hn,0 = 1lBn , this finishes the
proof of the existence of a sequence (ω(m), ϖ(m)) ∈ Bm for m ∈ N such that (ω(m−1), ϖ(m−1)) =
ΠWm→Wm−1(ω

(m), ϖ(m)).

First, we consider n = 1. For m ∈ N0, we have∫
h1,m(ωW1 , ϖW1) ξ

(W1)(d(ωW1 , ϖW1)) = ξ(Wm)(Bm) = P0(Am).

By our assumption that P0(Am) has a non-zero limit, there is a (ωW1 , ϖW1) ∈ B1. Now we make the
induction step from n to n+ 1. A calculation shows that, for any m ∈ N0,∫

(L×S)Wn+m\Wn

hn+1,m

(
(ωWn , ϖWn), (ω

(n)

Wn+m
, ϖ(n)

Wn+m
)
)
Kn,1

(
(ωWn , ϖWn), d(ω

(n)

Wn+m
, ϖ(n)

Wn+m
)
)

= hn,m+1(ωWn , ϖWn).

Hence, the sequence (hn+1,m((ωWn , ϖWn), (ω
(n)

Wn+m
, ϖ(n)

Wn+m
))m∈N is a non-increasing sequence of func-

tions in the second argument that does not vanish as m → ∞. Therefore, there is (ωWn+1 , ϖWn+1) ∈
Bn+1 whose projection on Wn is equal to (ωWn , ϖWn).

Now that we have a sequence of (ω(n), ϖ(n)) ∈ Bn ⊂ LWn × SWn such that (ω(n−1), ϖ(n−1)) =
ΠWn→Wn−1(ω

(n), ϖ(n)) for any n ∈ N; hence we can construct an element (ω,ϖ) ∈ L × S such that
ΠWn(ω,ϖ) = (ω(n), ϖ(n)) for any n ∈ N. Therefore, (ω,ϖ) ∈ An for any n, i.e., it lies in A, which ends
the proof. First we construct ω̃ by simply extending all the ω(n) from point measures in Wn × C(⟲)

Wn
to

point measures in Rd × C(⟲). The construction of ϖ and of ω − ω̃ goes as follows. Start with some of
the points, f1 ∈ CW1 of ϖ(1) with some time interval [T−

1 β, T
+
1 β] and integers T−

1 , T
+
1 . In ϖ(2), there

must be a point f2 ∈ (W2 × C(⟲)

W2
) ∪ CW2 that extends f1 (possibly also involving some other points of

ϖ(1)) to a continuous function with time interval [T−
2 β, T

+
2 β]. If f2 ∈W2×C(⟲)

W2
, then we add δ(f2(0),f2)

to ω̃. Otherwise we keep f2 as aW2-shred and proceed. Recall that f1 satisfies f1(T
−
1 β) ∈W c

1 , since it

is a W1-shred. Inductively, one can go on and find, for any m ∈ N, either a Wm-loop fm ∈Wm×C(⟲)

Wm
,

which we add to ω̃, or a Wm-shred fm ∈ CWm in ϖ(m) that extends fm−1 and has a time interval



32 WOLFGANG KÖNIG

[T−
mβ, T

+
mβ] with integers T−

m , T
+
m , and T−

m ≤ T−
m−1 and T+

m ≥ T+
m−1 and fm((T

−
m − 1)β) ∈ W c

m and

fm(T
+
mβ) ∈ W c

m. Since limm→∞ T−
m = −∞ and limm→∞ T+

m = ∞ and limm→∞ fm((T
−
m − 1)β) = ∞

and limm→∞ fm(T
+
mβ) = ∞, we have constructed a continuous function f ∈ C∞, the extension of all

the fm that are Wm-shreds. This we take as a point of ϖ. Repeat the same procedure with all the
other points of ϖ(1) (if there are some left), otherwise with ϖ(2) and so on. The sum of all the delta
measures on Wm loops that we obtained during the entire procedure is defined as ω − ω̃, and this
defines ω. □

4.4. The empirical measure of the loop/shred configurations. We now introduce the main
tool in our proof of Theorem 2.5 and explain the first steps of our strategy. The main object is the
empirical measure of all the loop/shred configurations in all the R-subboxes within the macrobox ΛN .
We are in the situation of Section 1.4: we fix R ∈ N and write W = [−R,R]d and Wz = z +W for
z ∈ 2RZd and fix ρ ∈ (0,∞) and a centered box ΛN with volume ∼ N/ρ as N → ∞. We decompose
ΛN =

⋃
z∈ZN,RWz for some suitable ZN,R ⊂ 2RZd (possibly R = RN depends on N and converges to

R; we suppress this in the notation). Note that #ZN,R ∼ |ΛN |/|WR| ∼ N
ρ(2R)d

as N → ∞.

We introduce now our main tool in the proof of Theorem 2.5: for any ω ∈ L, we define

Ξ(ω)

N,R =
1

#ZN,R

∑
z∈ZN,R

δ
(θz(Π

(L)
Wz

(ω)),θz(Π
(S)
Wz

(ω))
∈ M1(LW × SW ), (4.20)

where θz is the shift-operator such that θz(Wz) = W . (Recall the operators Π(L)

W and Π(S)

W from (4.3)
and (4.11).) This is the empirical measure of all the loop/shred configurations of ω in the subboxes,
shifted to the origin.

Let us briefly recall our plan from Section 3.2 to prove Theorem 2.5: for ω = ωP, the marked
reference PPP of Definition 1.1,

(1) rewrite the partition function ẐN in terms of an integral over Ξ
(ωP)

N,R,

(2) find a large deviation principle for Ξ
(ωP)

N,R as N → ∞,

(3) use Varadhan’s lemma to express the large-N exponential rate of the partition function as a
variational formula on the space M1(LW × SW ) with W = [−R,R]d,

(4) make R→ ∞ in that formula to arrive at χ defined in (2.24).

For making the first step, we will present upper and lower bounds in Sections 4.5 and 4.6, respec-
tively. The second step will be done in Section 6.1, and the third in Sections 6.4 and 6.5. In the fourth
step in Section 9, we are employing a new relative entropy density that we introduce in Section 8. For
various reasons, the proof of the upper and the lower bound will have substantial differences.

It will be convenient to distinguish the the loop part and the shred part of ΞN,R,

Ξ
(ωP,L)

N,R = Π(L)

W (Ξ
(ωP)

N,R) =
1

#ZN,R

∑
z∈ZN,R

δ
θz(Π

(L)
Wz

(ωP))
∈ M1(LW ), (4.21)

Ξ
(ωP,S)

N,R = Π(S)

W (Ξ
(ωP)

N,R) =
1

#ZN,R

∑
z∈ZN,R

δ
θz(Π

(S)
Wz

(ωP))
∈ M1(SW ). (4.22)

These two are independent under the reference PPP, since the first one comes from the part of the PPP
that has no R-crossings, and the second from the R-crossing part of the PPP, which are independent.
The second observation is that the loop part is an empirical measure of independent objects, whose
distributions are basically identical, modulo the boundary conditions, whose influence will be shown
to vanish in the limit as N → ∞.

Now, as for the shred part, it is obvious that the subconfigurations in the R-subboxes are very
far from independent, which presents a major obstacle in the analysis of its distribution. However,
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the third observation is that the configurations of the shreds in the subboxes are independent if the
statistics of their starting sites, lengths and terminal sites are fixed, i.e., conditional on the boundary-
shred empirical measure

∂Ξ
(ωP,S)

N,R = ∂Π(S)

W (Ξ
(ωP)

N,R) =
1

#ZN,R

∑
z∈ZN,R

δ
θz(∂Π

(S)
Wz

(ωP))
∈ M1(TW ). (4.23)

4.5. Upper bound. We are going to derive an upper bound for the partition function in terms of a
expectation with respect to the empirical measure ΞN,R. We need to estimate it in such a way that it
is decomposed into a product of the contributions over all the disjoint subboxes. For this, we restrict
the interaction to the sum of (slightly modified) interactions within the subboxes. In the proof of the
upper bound, since the interaction potential v is nonnegative, we are in the lucky situation that we can
simply drop all the interaction between different subboxes and that we can drop also the probabilistic
cost of the behaviour of the boundary configurations of the shreds.

Assume the situation and notation described in Section 4.4. As one sees from (2.25), we want to
find an upper bound for

Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) = Q(ΛN,bc)
[
e−ΦΛN,ΛN 1l{| 1

|ΛN |N
(ℓ,¬R)

ΛN
− ρ1| ≤ δ}1l{| 1

|ΛN |N
(ℓ,R)

ΛN
− ρ2| ≤ δ}

]
. (4.24)

The main result of this section is the following.

Lemma 4.2 (Upper bound). For any N,R ∈ N, δ ∈ (0, 1), ρ1, ρ2 ∈ [0,∞),

Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) ≤ Q(ΛN,bc)

[
exp

{
−NR|W |

〈
Ξ

(ωP)

N,R,
1

|W |FW,W
〉}

× 1l
{
⟨Ξ(ωP)

N,R,
1

|W |N
(ℓ,L)

W ⟩ ∈ B2δ(ρ1)
}
1l
{
⟨∂Ξ(ωP,S)

N,R , 1
|W |N

(ℓ,S)

∂W ⟩ ∈ B2δ(ρ2)
}]
,

(4.25)

where NR = #ZN,R, and FW,W is defined in (2.21), and the particle-counting operators are defined in
(2.15).

Proof. We are going to express Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) in terms of the subconfigurations

ωWz = Π(L)

Wz
(ω) =

∑
x∈Wz : fx(iβ)∈Wz∀i

δ(x,fx) and ϖWz = Π(S)

Wz
(ω) =

∑
g∈Γz

δg with z ∈ ZN,R,

(4.26)
where we wrote Γz = Γz(ω) for the set of Wz-shreds of ω. Recall that we write g : [0, ℓ(g)β] → Rd
for a W -shred g with g(0), g(β), g(2β), . . . , g((ℓ(g)− 1)β) ∈ W and g(ℓ(g)β) ∈ W c, and its i-th leg is
gi = g|[(i−1)β,iβ] for i ∈ [ℓ(g)]. Then we estimate, for all sufficiently large N ,

1l{| 1
|ΛN |N

(ℓ,¬R)

ΛN
− ρ1| ≤ δ}1l{| 1

|ΛN |N
(ℓ,R)

ΛN
− ρ2| ≤ δ}

≤ 1l
{ 1

NR

∑
z∈ZN,R

1

|W |
N(ℓ,L)

Wz
(ωWz) ∈ B2δ(ρ1)

}
1l
{ 1

NR

∑
z∈ZN,R

1

|W |
N(ℓ,S)

Wz
(ϖWz) ∈ B2δ(ρ2)

}
,

(4.27)
where we write Bδ(x) = (x− δ, x+ δ) and Bδ(x) for its closure, for any x ∈ R and δ > 0.

Recall the interaction defined in (1.8). We drop all interactions between subboxes Wz and Wz̃ for
different z, z̃ ∈ ZN,R and obtain a lower bound for the entire interaction. Recall the notation from
(1.10) and from (2.18)–(2.20). We extend (2.19) and (2.20) from ϖ ∈ S to ϖW =

∑
g∈Γ δg ∈ SW , i.e.,

from Γ ⊂ C∞ to Γ ⊂ CW , in an obvious way. Then we estimate

ΦΛN ,ΛN (ω) ≥
∑

z∈ZN,R

FW,W (θz(ωWz), θz(ϖWz)), (4.28)

where FW,W (ωW , ϖW ) = 1
2F

(LL)

W,W (ωW ) + F (LS)

W,W (ωW , ϖW ) + 1
2F

(SS)

W,W (ϖW ).
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This implies the following for all sufficiently large N :

Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) ≤ Q(ΛN,bc)

[
1l
{ 1

NR

∑
z∈ZN,R

1

|W |
N(ℓ,L)

Wz
∈ B2δ(ρ1)

}
× 1l

{ 1

NR

∑
z∈ZN,R

1

|W |
N(ℓ,S)

Wz
∈ B2δ(ρ2)

} ∏
z∈ZN,R

e−FW,W (θz(ωWz ),θz(ϖWz ))
]
.

(4.29)

We now write the right-hand side of (4.29) in terms of the empirical measure Ξ
(ωP)

N,R from (4.20) and

its boundary-shred projection ∂Ξ
(ωP,S)

N,R from (4.23) as follows. Recall (4.16) for writing the particle

number in shreds as a functional of ∂Ξ
(ωP,S)

N,R . From this, the assertion follows. □

For later developments in Section 6, when we will take the limit as N → ∞, it will be convenient to
work exclusively with particle boundary condition, which was introduced below (1.4). Therefore, let
us further estimate from above, until we arrive at a similar expectation with bc = par. For ‘bc’ being
Dirichlet zero boundary conditions, this is trivial, since zero boundary conditions in particular satisfy
particle boundary conditions. For periodic boundary conditions, however, we have to work harder for
this point; this will be done in Sections 5 and at the beginning of Section 6.1.

At the beginning of Section 6.1 we will make some technical preparations for applying a suitable
large-deviation principle in the limit as N → ∞ to the right-hand side of (4.25). A suitable formulation
of this LDP will be in Corollary 6.5. After inserting in Section 6.3 some events that induce some
necessary compactness and control on the particle number and interaction, we will apply the LDP in
Section 6.4, resulting in an R- and δ-depending variational formula. This will be used in Section 9.1
to make R→ ∞ and δ ↓ 0, and to finish the proof of the upper bound in Theorem 2.5.

4.6. Lower bound. We are going to derive a lower bound for Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) defined in (4.24) for

any sufficiently large N . The main result of this section is Lemma 4.3 below. Our lower bound there
will be analogous to the upper bound in Lemma 4.2, but will require much more restrictions in the
integration area.

In general, we assume the situation and notation described in Section 4.4. We will have to neglect
all the interactions between loops and shreds in different subboxes Wz, such that the contributions
will be independent over the subboxes. For this, we need to restrict the amount of particles in the
boundary area of Wz for any z ∈ ZN,R. We will do that in a much more comprehensive way than
what is needed here, in order to prepare for future steps in Section 6.5, where we will take the limit
as N → ∞. That is, we will impose here that, in each subbox Wz, all the legs (of loops and of
shreds) have a spread ∥f∥sp = maxt∈[0,β] |f(t)− f(0)| that is < M , and in each ball of radius r (to be
introduced), the particle number is ≤ T for some large M,T . Furthermore, we need to restrict the
global configuration close to the boundary of ΛN in order to achieve particle boundary condition.

We are going to use C ∈ (0,∞) as a generic constant that depends only on d, β or v (which we
neglect) and may change its value from appearance to appearance. If it may depend on additional
parameters, then these are appended as indices.

We need to restrict to configurations in

L(M) =
{∑
x∈ζ

δ(x,fx) ∈ L : ∥fx,i∥sp < M ∀x ∈ ζ,∀i
}
, M ∈ (1,∞), (4.30)

where we recall that fi is the i-th leg of the loop f . We will write L(M)

W = LW ∩L(M). We will make a
change of measure from the original PPP Q (see Definition 1.1) to the PPP QM with intensity measure

ν(par)

ΛN ,M
(dx,df) =

∑
k∈N

1

k
dx⊗ µ

(k,M,ΛN,par)
x,x (df), (4.31)
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where µ
(k,M,ΛN,par)
x,x is the restriction of µ

(k,ΛN,par)
x,x to the set of loops of length k whose legs have spread

< M . The WR-shred-configurations under QM lie in the set

S(M) =
{∑
g∈Γ

δg ∈ S : ∥gi∥sp < M ∀g ∈ Γ, i ∈ Z
}
. (4.32)

We also need a notation for the number of all particles in W ⋐ Rd, regardless where their loop or
shred comes from:

Ñ(ℓ)

W (ω,ϖ) =
∑
x∈ζ

∑
i

1l{fx,i(0) ∈W}+
∑
g∈Γ

∑
i

1l{gi(0) ∈W}, ω ∈ L, ϖ ∈ S. (4.33)

With a parameter r ∈ (0, 1), we decompose (up to the boundaries) W into the boxes z +Wr with
z ∈W ∩ 2rZd. With positive parameters L,K, T , define the events

A(L)

W ;M,L,K =
⋂

z∈W∩2rZd

{
ω ∈ L(M,≤L)

W : ∀l ∈ [L] : |ζz,l| ≤ K
}
, (4.34)

A(S)

W ;M,r,T =
⋂

z∈W∩2rZd

{
ϖ ∈ S(M)

W : Ñ(ℓ)

z+Wr
(ϖ) ≤ T

}
, (4.35)

where ζz,l is the set of initial points of l-length loops of ω in z +Wr. That is, the loop configurations

in A(L)

W ;M,L,K have only legs with spread < M , only loop lengths ≤ L, and there are, in any of the

subboxes z+Wr, no more l-length loops than K, while in A(S)

W ;M,r,T we impose a uniform upper bound
for the number of particles in any of the subboxes z +Wr.

We will later restrict the integration with respect to the PPP ωP to the event

AW ;Θ = A(L)

W ;M,L,K ×A(S)

W ;M,r,T , with Θ = (M,L,K, r, T ). (4.36)

More precisely, we will restrict to the event
⋂
z∈Z◦

N,R
{(ωWz , ϖWz) ∈ AWz ;Θ}, where we introduce the

slightly smaller (than ΛN ) box Λ′
N =

⋃
z∈Z◦

N,R
Wz, and Z

◦
N,R is the set of all z ∈ ZN,R that have no

neighbour in Zc
N,R (where we adopt the usual neighbourhood relation in Zd, upscaled by a factor of

2R). Let us introduce the conditional version of Q
(Λ′
N,par)

M [ · |∂Ξ(◦,ω,S)

N,R = ψ] given this event, i.e., given

that (ωWz , ϖWz) ∈ AWz ;Θ for all z ∈ Z◦
N,R, which we denote by Q

(Λ′
N,par)

W ;Θ [ · |∂Ξ(◦,ω,S)

N,R = ψ]. The slightly
modified empirical measure is denoted

Ξ(◦,ω)
N,R =

1

#Z◦
N,R

∑
z∈Z◦

N,R

δ(
θz(ω

(L)
Wz

),θz(ϖ
(S)
Wz

)
) ∈ M1(LW × SW ) (4.37)

and ∂Ξ(◦,ω,S)

N,R is the boundary-shred projection of Ξ(◦,ω)
N,R analogously to (4.23). We also need the function

pW ;M,r,T (µ) = KW
(
µ;A(S)

W ;M,r,T

)
, µ ∈ TW . (4.38)

As usual, we write W =WR = [−R,R]d for short.

Lemma 4.3 (Lower bound). Fix δ ∈ (0, 1) and ρ1, ρ2 ∈ [0,∞). Then, for any M,L,K, T, r ∈ (0,∞),
there are constants cM ∈ (0, 1) satisfying limM→∞ cM = 1 and CM,L,K,T ∈ (0,∞) (depending only
on M respectively only on M,L,K, T ) such that, for any N,R ∈ N such that R > M , and for any
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ψ ∈ M1(TW ) (possibly depending on N) such that the following conditional expectation is well-defined,

Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) ≥ e−
1
R
CM,L,K,T |ΛN |e−o(|ΛN |)c

|ΛN |
M

[
Π(L)

W (Q)(A(L)

W ;M,L,K)
]|Λ′

N |/|W |
e

|Λ′
N |

|W | ⟨log pW ;M,r,T ,ψ⟩

× Q
(Λ′
N,par)

M

(
∂Ξ(◦,ω,S)

N,R = ψ
)

× Q
(Λ′
N,par)

W ;Θ

[
exp

{
− |Λ′

N |
〈
Ξ

(◦,ωP)

N,R , 1
|W |FW,W

〉}
× 1l

{
⟨Ξ(◦,ωP)

N,R , 1
|W |N

(ℓ,L)

W ⟩ ∈ Bδ/3(ρ1)
}
1l
{
⟨ψ, 1

|W |N
(ℓ,S)

∂W ⟩ ∈ Bδ/3(ρ2)
}∣∣∣∂Ξ(◦,ω,S)

N,R = ψ
]
.

(4.39)

Proof. In the expectation in (4.24) that defines Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) we insert the indicator on the event

that the configuration lies in L(M). Furthermore, we now require that the configuration ωΛN has no
particle in the boundary area ΛN \ Λ′

N . This implies that the restricted configuration ωΛ′
N

satisfies

particle-boundary conditions in Λ′
N (which was introduced below (1.4)), since no loop reaches ∂ΛN

(because of M < R) and this holds for both, Dirichlet zero and periodic boundary condition in ΛN .
The event of having no particles in ΛN \Λ′

N is the intersection of the two independent events that no

loops start in ΛN \Λ′
N (whose probability is ≥ e−o(|ΛN |), since the volume of ΛN \Λ′

N is o(|ΛN |)) and
the event that no shred terminates in ΛN \ Λ′

N , which is absorbed in the expectation with respect to
particle-boundary conditions in Λ′

N . Hence, we will restrict to an expectation on configurations in Λ′
N

instead of ΛN , which will be asymptotically lead to no changes in the limit as N → ∞.

Note that

lim
N→∞

1

|ΛN |
(
[ν(par)

ΛN
− ν(par)

ΛN ,M
](ΛN × C(⟲))

)
=

∑
k∈N

1

k
µ(k)

0,0(C
(⟲)

k \ C(⟲)

k,M ) → 0 as M → ∞,

where C(⟲)

k,M denotes the set of loops of length k whose legs have spread < M . Furthermore, the number

of loops in the event in (4.24) is ≤ O(|ΛN |); hence the change of measure from Q(Λ′
N,par) to Q

(Λ′
N,par)

M

yields, as a lower bound a factor of c
|ΛN |
M with some cM ∈ (0, 1) satisfying cM → 1 as M → ∞.

Summarizing, this transition to the M -restricted configurations in Λ′
N instead of ΛN leads to the

bound

Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) ≥ eo(|ΛN |)c
|ΛN |
M Q

(Λ′
N,par)

M

[
e
−ΦΛ′

N
,Λ′
N 1l{| 1

|Λ′
N |N

(ℓ,¬R)

Λ′
N

− ρ1| ≤ δ
2}1l{|

1
|Λ′
N |N

(ℓ,R)

Λ′
N

− ρ2| ≤ δ
2}
]
.

(4.40)

Our next step is to restrict to the event {∂Ξ(◦,ω,S)

N,R = ψ} for some (later particularly chosen) ψ ∈
M1(TW ), where Ξ(◦,ω)

N,R is defined in (4.37).

Here we will pick ψ (possibly depending on N) such that this event has positive probability, and
hence we write (4.40) as

ẐN,R,δ
(bc)(ΛN , ρ1, ρ2) ≥ eo(|ΛN |)c

|ΛN |
M Q

(Λ′
N,par)

M

(
∂Ξ(◦,ω,S)

N,R = ψ
)

× Q
(Λ′
N,par)

M

[
e
−ΦΛ′

N
,Λ′
N 1l{| 1

|Λ′
N |N

(ℓ,¬R)

Λ′
N

− ρ1| < δ
2}1l{|

1
|Λ′
N |N

(ℓ,R)

Λ′
N

− ρ2| < δ
2}

∣∣∣ ∂Ξ(◦,ω,S)

N,R = ψ
]
.
(4.41)

Our next task is to write the expectation in the second line of (4.41) as an expectation with respect

to Ξ
(◦,ωP)

N,R , which is not able to express interaction between any two subboxes z +W and z′ +W with

distinct z.z′ ∈ 2RZd. For this, we need to split all the interaction into the sum of the interactions in
all the subboxes z +WR with z ∈ 2RZd, and we need to upper estimate the interaction between any
two of such subboxes. This will be based on the following estimate of the interaction in terms of an
integral of the square of particle numbers. Recall the notation from (1.10) and from (2.18)–(2.20) and

(4.26) and that FW,W = 1
2F

(LL)

W,W + F (LS)

W,W + 1
2F

(SS)

W,W . For two (not necessarily disjoint) subboxes W, W̃ ,
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we write F
W,W̃

((ωW , ϖW ), (ω
W̃
, ϖ

W̃
)) for all the interaction of loops and shreds between W and W̃

(i.e., the loops with all their particles in W respectively in W̃ ).

Lemma 4.4 (Estimating interaction). Assume that the interaction potential v satisfies Assumption
(V). Then, for any M ∈ (0,∞), with r(v)M =M + sup supp(v), for any configuration ω ∈ L(M), and for

any R ∈ (1,∞) and any z, z′ ∈ 2RZd,

FWz ,Wz′

(
(ωWz , ϖWz), (ωWz′ , ϖWz′ )

)
≤ β∥v∥∞

(∫
B
r
(v)
M

(Wz∩Wz′ )
dx Ñ(ℓ)

B
r
(v)
M

(x)(ωWz , ϖWz)
2
)1/2

×
(∫

B
r
(v)
M

(Wz∩Wz′ )
dx Ñ(ℓ)

B
r
(v)
M

(x)(ωWz′ , ϖWz′ )
2
)1/2

,

(4.42)

where Br(A) denotes the r-ball around a compact set A.

Proof. We write r instead of r(v)M . The main observation is that any leg of ω in W (i.e., any leg
that starts from a particle in W ) stays in the M -neighbourhood of W and has therefore interaction
only in the r-neighbourhood of W . Hence, any ω ∈ L(M) has the property that, for any two legs
g, g′ of a loop or shred in Wz and of a loop or shred in Wz′ (meaning that the initial site lies in
Wz respectively in Wz′), respectively, that have a non-vanishing interaction with each other, there
is a site x ∈ Br(Wz ∩Wz′) such that |g(0) − x| ≤ r and |g′(0) − x| ≤ r. Denote by L(ωW , ϖW ) =
{fx,i : x ∈ ζ ∩W, i ∈ [ℓ(fx)]} ∪ {gi : i ∈ ΓW (g), g ∈ ϖW } the set of all the legs of loops or of shreds of
ωW =

∑
x∈ζ δ(x,fx) or of ϖW . (Recall that all particles of all the loops of ωW are in W , according to

(4.26).) Then, for any z, z′ ∈ 2RZd,

FWz ,Wz′

(
(ωWz , ϖWz), (ωWz′ , ϖWz′ )

)
=

∑
g∈L(ωWz ,ϖWz )

∑
g′∈L(ωWz′ ,ϖWz′ )

V (g, g′)

≤ β∥v∥∞
∑
g,g′

∫
Br(Wz∩Wz′ )

dx 1l{|g(0)− x| ≤ r}1l{|g′(0)− x| ≤ r}

≤ β∥v∥∞
∫
Br(Wz∩Wz′ )

dx Ñ(ℓ)

Br(x)
(ωWz , ϖWz)Ñ

(ℓ)

Br(x)
(ωWz′ , ϖWz′ )

≤ β∥v∥∞
(∫

Br(Wz∩Wz′ )
dx Ñ(ℓ)

Br(x)
(ωWz , ϖWz)

2
)1/2(∫

Br(Wz∩Wz′ )
dx Ñ(ℓ)

Br(x)
(ωWz′ , ϖWz′ )

2
)1/2

.

□

In words, this estimates the amount of cross-interaction between two neighbouring subboxes against
the product of the integrals over x in a neighbourhood of the intersection of the subboxes over the
square of particle numbers in a certain box around x, and the amount of interaction within one of
such subboxes in terms of the integral of the squares of the particle numbers in a neighbourhood of
the subbox.

Let us proceed with the proof of Lemma 4.3, restarting from (4.41) and showing what Lemma 4.4
gives us for the interaction. We will, as usual, always write ω =

∑
x∈ζ δ(x,fx) for any ω ∈ L. We

write L(M,≤L)

W = {ω ∈ L(M)

W : ℓ(fx) ≤ L∀x ∈ ζ}. We pick now an arbitrary r ∈ (0,∞). Without loss of

generality, we assume that the boxes z+Wr with z ∈W ∩ 2rZd cover W , i.e., W =
⋃
z∈W∩2rZd z+Wr.

Recall from Remark 2.11 that Ñ(ℓ)

V counts particles only within V for any V ⊂W ; hence for (ω,ϖ) ∈
LW × SW , we have that Ñ(ℓ)

W (ω,ϖ) =
∑

z∈W∩2rZd Ñ
(ℓ)

z+Wr
(ω,ϖ).
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For ω ∈ A(L)

W ;M,L,K we easily see that Ñ(ℓ)

B
r
(v)
M

(x)(ω) ≤ CM,L,K for every x ∈ Br(W ) with some CM,L,K

that depends only on M,L, and K. Analogously, for ϖ ∈ A(S)

W ;M,r,T we easily see that Ñ(ℓ)

B
r
(v)
M

(x)(ϖ) ≤

CMT for every x ∈ Br(W ) with some CM ∈ (0,∞) that depends only on M .

On the event AW ;Θ defined in (4.36), since R is much larger than M , for each z ∈ Z(◦)
N,R, the

number of z′ ̸= z such that there is some interaction between Wz and Wz′ is not larger than 3d.
Furthermore, the volume of Br(∂Wz) is not larger than CMRd−1. Hence, we can estimate, with the
help of Lemma 4.4,

ΦΛ′
N ,Λ

′
N
(ω) =

∑
z,z′∈Z(◦)

N,R

FWz ,Wz′

(
(ωWz , ϖWz), (ωWz′ , ϖWz′ )

)
≤

∑
z∈Z(◦)

N,R

(
FWz ,Wz(ωWz , ϖWz) + CM,L,K,TR

d−1
)
≤ |ΛN |

|W |
⟨FW,W ,Ξ(◦,ω)

N,R ⟩+
CM,L,K,T

R
|ΛN |,

(4.43)
with some CM,L,K,T ∈ (0,∞) that does not depend on R nor on ω nor on N . (We choose the event
AW ;Θ much smaller than what is needed for (4.43); this will come in handy in our further developments
in Section 6.5.)

So far, we have argued that we may estimate, for any sufficiently large N ,

e
−ΦΛ′

N
,Λ′
N 1l{| 1

|Λ′
N |N

(ℓ,¬R)

Λ′
N

− ρ1| ≤ δ
2}1l{|

1
|Λ′
N |N

(ℓ,R)

Λ′
N

− ρ2| ≤ δ
2}

≥ e
−|ΛN | 1

|W | ⟨FW,W ,Ξ
(◦)
N,R⟩e−

CM,L,K,T
R

|ΛN |
∏

z∈Z(◦)
N,R

1lAWz ;Θ(ωWz , ϖWz)

× 1l
{ 1

NR

∑
z∈Z(◦)

N,R

1

|W |
N(ℓ,L)

Wz
∈ Bδ/2(ρ1)

}
1l
{ 1

NR

∑
z∈Z(◦)

N,R

1

|W |
N(ℓ,S)

Wz
∈ Bδ/2(ρ2)

}
.

(4.44)

Under Q
(Λ′
N,par)

M [ · |∂Ξ(◦,ω,S)

N,R = ψ], the indicators 1lAWz ;Θ(ωWz , ϖWz) are independent over z ∈ Z(◦)
N,R

and their product has the probability[
Π(L)

W (Q)(A(L)

W ;M,L,K)
]|Z◦

N,R|e|Z
◦
N,R|⟨log pW ;M,r,T ,ψ⟩,

where pW ;M,r,T is defined in (4.38). Using the notation for the conditional measure

Q
(Λ′
N,par)

W ;Θ [ · |∂Ξ(◦,ω,S)

N,R = ψ] given just before the lemma, we obtain the assertion of the lemma, by

substituting (4.44) into (4.41). □

This lower bound is analogous to the upper bound in (4.25) with ZN,R replaced by Z◦
N,R and the

corresponding amendments and with B2δ(ρi) replaced by Bδ/3(ρi) and with additional auxiliary terms
whose exponential rates turn out to be small when we later make R,M, T, L→ ∞. Note that we have
now particle boundary condition in the (slightly smaller) box Λ′

N . Therefore, all the θz(ωWz) with
z ∈ Z◦

N,R have now the same distribution; in particular the θz(ωWz) are i.i.d.

In Lemma 5.3 below, we are going to take ψ ∈ M1(TW ) in a particular way and derive a suitable
large-deviation lower bound for the term in the second line in Section 5.2. In Corollary 6.5 in Section 6.1
we explain abstractly how to find the large-N exponential rate of the expectation in the last two lines,
and in Section 6.5 we proceed with making N → ∞ in (4.39). In Section 9.2 we put everything
together and finish the proof of the lower bound in Theorem 2.5.
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5. The empirical measure of boundary-shred configurations

In this section we provide crucial information about the distribution of the empirical measure of
the boundary-shred configuration, ∂Ξ

(ωP,S)

N,R , defined in (4.23), for the reference marked PPP ωP under

Q(ΛN,bc). The main result of this section will be a lower bound for the large-N deviations in Lemma 5.3.
This will be crucial for handling the term in the second line of (4.39). Finally, this term should and
will turn out to be negligible in the limit R→ ∞ since it is “only” a boundary term after all, but the
way to proving this will be long. A step towards this is done in Lemma 5.5, where the lower bound of
Lemma 5.3 is further lower bounded for particular configurations. More work in Section 7.5 will show
that a general configuration can be approximated with such particular ones. In contrast, for proving
the upper bound, we will just drop the influence coming from ∂Ξ

(ωP,S)

N,R , i.e., we estimate probabilities
involving this just by one, which is of course much easier.

In Lemma 5.3 and its proof we make a connection between long loops and interlacements; we need
to construct large-loop configurations with a given empirical measure ψ of boundary-shred configu-
rations. By far not every ψ admits the existence of loop-configurations in arbitrarily large boxes ΛN
that is consistent with ψ, the criterion for this property is rather subtle and has a global character.
In Lemma 5.3 we first circumvent this problem by coining the term “admissible” for ψ’s having this
extension property and prove the lemma under this assumption. But in Lemma 5.4 we show that
the requirement of ergodicity of shift-invariant random interlacement configurations implies admis-
sibility; this is the reason that in Section 7.5 we need to approximate arbitrary loop-interlacement
configurations with ergodic ones.

As a preparation, in Section 5.1 we look at theW -shreds emanating from a single loop and describe,
given the boundary-shred configuration, the distribution of the resulting shred configuration via the
strong Markov property of the Brownian motion. This is used in Section 5.2 in Lemma 5.3 for deriving
the crucial LDP lower bound for the probability of the event {∂Ξ(ωP,S)

N,R ≈ ψ} for any admissible ψ.
In Section 5.3 we derive further estimates for this lower bound for particular shred distributions.
Furthermore, as an application and also for independent interest and further use later, we show that
the expected number of shreds in a large box is negligible with respect to the volume of the box for
any shift-invariant interlacement configuration measure with bounded entropy and bounded expected
particle density; a property that is very suggesting, but surprisingly difficult to prove.

In the entire section, assume that the situation and the notation described in Section 1.4 is given.
That is, the box ΛN with volume ∼ N/ρ is decomposed into NR ∼ |ΛN |/|WR| regular boxes Wz =
z +W of diameter 2R, where R may depend on N and converges to a given R ∈ N.

5.1. The shreds of one loop. In this section, we are examining the joint distribution of all the
W -shreds of a given Brownian loop in a large box Λ containing the box W . Using the strong Markov
property, we will collect all the pieces between entries and exits to and fromW and drop the remaining
pieces. That is, we will consider one W -shred g ∈ Ck as in (4.8), ignoring the last particle before g(0),
which is in W c. Recall that P(Λ,bc)

x denotes the distribution of a Brownian motion B = (Bt)t∈[0,∞) in
Λ with boundary condition ‘bc’ starting from x. We assume that ‘bc’ is one of the three boundary
conditions ‘per’, ‘0’ or ‘par’.

Define

p(W,Λ,bc)x (l, y) = P(Λ,bc)
x (τ = l, Bτβ ∈ dy)/dy, (x, l, y) ∈ Λ× N× Λ, (5.1)

where

τ = τW = inf{l ∈ N : Blβ /∈W (B0)} (5.2)

is the first of the times in βN at which the motion changes the box, where we write W (x) = Wzx

with x ∈ Wzx for that subbox that contains x. Then px is a sub-probability density (with respect
to the counting measure on N times the Lebesgue measure) on N × (W (x))c (for periodic boundary



40 WOLFGANG KÖNIG

condition even a probability density). Furthermore, for a loop B ∈ C(⟲), we define τ1 = τ and
τj+1 = inf{l > τj : l ∈ N, Blβ /∈ W (Bτj )} (the (j + 1)-st time that the motion B changes the box at
some time in βZ) for j ∈ N. Since B is a cycle, there is a unique smallest mR = mR(B) ∈ N such that
BτmR+1β = Bτ1β. The number mR(B) is the number of times that B changes the subbox at times in
βN.
In order to describe the pieces of the loop between the changes between the subboxes (i.e., the

shreds), we introduce the following probability measure on Cl: by

q(l,W,Λ,bc)x,y (df) =
P(l,Λ,bc)
x (τ = l, B ∈ df,Bτβ ∈ dy)

p(W,Λ,bc)x (l, y) dy
= P(l,Λ,bc)

x

(
(Bs)s∈[0,lβ] ∈ df | τ = l, Blβ = y

)
(5.3)

we denote the distribution of a Brownian W -shred with l legs from x ∈W to y ∈W c.

We also need the restricted versions of px and qx,y for shreds whose legs have spreads < M for some
M ∈ (0,∞). For this, we denote

C(M)

1 = {f ∈ C1 : ∥f∥sp < M}, where ∥f∥sp = max
t∈[0,β]

|f(t)− f(0)|. (5.4)

Denote

p(W,M)
x (l, y) = Px

(
τ = l,∀j ∈ [l] : Bj ∈ C(M)

1 , Bτβ ∈ dy
)
/dy, (x, l, y) ∈W × N×W c, (5.5)

and

q(l,W,M)
x,y (df) =

Px(τ = l,∀j ∈ [l] : Bj ∈ C(M)

1 , B ∈ df,B(τβ) ∈ dy)

p(W,M)
x (l, y) dy

= Px
(
B ∈ df | τ = l, B(lβ) = y,∀j ∈ [l] : Bj ∈ C(M)

1

)
.

(5.6)

Note that B does not leave the M -neighbourhood of the subbox in which it started. Hence, if this
box is in the interior of Λ, then it satisfies particle-boundary condition in Λ.

We are going to identify the distribution of the lengths of the time lags between subsequent exit
times from subboxes and the location of the Brownian cycle at these times.

For k ∈ N we consider the (non-normalised) measure

P̂(k,Λ,bc)(·) =
∫
Λ
dxµ(k,Λ,bc)

x,x ({mR ≥ 1} ∩ ·). (5.7)

Recall the decomposition of ΛN into the subboxes z +W with z ∈ ZN,R and the smaller box Λ′
N ,

which is the union of the z +W over z ∈ Z◦
N,R, the (discrete) interior of ZN,R, as introduced before

Lemma 4.3.

Lemma 5.1 (Distribution of boundary shred configuration of one loop). Fix R ∈ (0,∞) and W =
WR = [−R,R]d and M ∈ (0, R). Assume that Λ is a large centred box.

(1) Fix m ∈ N and l1, l2, . . . , lm ∈ N such that
∑m

j=1 lj = k. Fix w1, . . . , wm ∈W and z1, . . . , zm ∈
ZN,R such that zj ̸= zj−1 for any j, where z0 = zm. Then

P̂(k,Λ,bc)

(
m(B) = m,∀j = 1, . . . ,m : τj − τj−1 = lj , Bljβ ∈ d(zj + wj)

)
=

m⊗
j=1

p(W,Λ,bc)zj−1+wj−1
(li, zj + wj) dwj , z0 = zm, w0 = wm.

(5.8)

Furthermore, under conditioning on the event

Am
(
(lj , wj)j∈[m]

)
= {mR(B) = m,∀j = 1, . . . ,m : τj+1 − τj = lj , Bljβ = zj + wj}, (5.9)

the shreds (Bs+τjβ)s∈[0,ljβ] are independent over j ∈ {1, . . . ,m} and have distribution

q
(lj ,W,Λ,bc)

zj−1+wj−1,zj+wj
.
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(2) For bc = par and P̂(k,Λ,par) restricted to all the legs of B lying in C(M)

1 , we can replace p(W,Λ,par)

by p(W,M) and q(lj ,W,Λ,par) by q(lj ,W,M) in these two statements.
(3) For any z ∈ Z◦

N,R such that all legs start start in Wz have spread < M and for any j satisfying

zj−1 = z, we may replace p(W,Λ,per)zj−1+wj−1
by p(W,M)

zj−1+wj−1
and q

(lj ,W,Λ,per)

zj−1+wj−1,zj+wj
by q

(lj ,W,M)

zj−1+wj−1,zj+wj
in

these statements.

Proof. (1) For any m ∈ N and l̃1, l2, . . . , lm ∈ N such that l̃1 +
∑m−1

j=2 lj ≤ k, and z1, . . . , zm ∈ ZN,R
satisfying zj ̸= zj−1 for all j and w1, . . . , wm ∈W , we have, with τ0 = 0,

P̂(k,Λ,bc)
(
τ1 = l̃1, Bl̃1β ∈ d(z1 + w1), ∀j = 1, . . . ,m− 1: τj − τj−1 = lj , Bljβ ∈ d

(
zj + wj

))
=

∫
Λ
dx0 p

(W,Λ,bc)
x0

(
l̃1,d(z1 + w1)

)[ m∏
j=2

p(W,Λ,bc)zj−1+wj−1

(
lj , d(zj + wj)

)]
P(Λ,bc)

zm+wm

(
τ > k − l̃1 −

m∑
j=2

lj , B(k−l̃1−
∑m
j=2 lj)β

∈ dx0

)
=

m∏
j=1

p(W,Λ,bc)zj−1+wj−1

(
lj , zj + wj

)
dwj , l1 = k −

m∑
j=2

lj , z0 = zm, w0 = wm,

(5.10)

where we used the Markov property in the second step to concatenate the last piece of the Brownian
cycle from the last change of a subbox at time τmβ until the end of the time interval, kβ.

The additional assertion stems also directly from the strong Markov property, applied successively
at the times τjβ.

(2) follows from the definition of p(W,M), and (3) from the fact that, by M < R, the legs in such
subboxes to not reach the boundary of Λ but their particles stay in the subbox, and hence periodic
boundary condition in Λ can be replaced by particle boundary condition in W . □

5.2. Large-deviation lower bound for the boundary-shred configurations. In this section we
show how to lower bound the term in the second line on the right-hand side of (4.39). That is, we
now use Lemma 5.1 to derive a large-deviations lower bound for the distribution of the boundary
configuration ∂Ξ

(ωP,S)

N,R defined in (4.23) of all the W -shreds, i.e., their lengths and initial and starting
sites, for shreds coming from the R-crossing part of marked Poisson process ωP.

The distribution of ∂Ξ(S)

N,R is not easy to describe. As it concerns large-deviation upper bounds,

we will in Section 9.1 be satisfied with estimating the probability of ∂Ξ(S)

N,R being in a compact set
simply against one. However, for the lower bound we have to work. Because of our preparations in
Lemma 4.3, we need the lower bound only for particle boundary conditions. We will be consent with a
large-deviation lower bound for the probability of the event {∂Ξ(S)

N,R = ψ} for some given ψ ∈ M1(TW )

(possibly N -dependent) with certain properties. For a general ψ, it is not a priori clear whether or
not this event has positive probability at all under any loop configuration measure in a large box ΛN ,
i.e., whether or not it is possible to find a loop configuration in ΛN such that the empirical measure of
its boundary-shred triples is close to the given ψ. For the time being we are therefore working under
the following assumption on ψ.

Definition 5.2 (Admissible boundary-shred configurations). Fix R > 0 and W = WR = [−R,R]d.
We call ψ ∈ M1(TW ) admissible (more precisely, W -admissible) if, for any open neighbourhood B of
ψ, for any sufficiently large N , there is a loop-configuration ω ∈ LΛN such that ∂Ξ(ω,S)

N,R ∈ B.

Actually, we will later need to apply the lower bound only to ψ’s of the form ∂Π(S)

W (P ) with P ∈
M(s)

1 (L × S). An important ingredient will then be Lemma 5.4, which says that such a ψ is W -
admissible if P is W -ergodic.
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Recall the particle-number operator N(ℓ,S)

∂W from (4.16) and observe that the expected shred particle

number of a configuration ξ ∈ M1(LW × SW ) may be written, if ψ = ∂Π(S)

W (ξ),

⟨N(ℓ,S)

W , ξ⟩ = ⟨N(ℓ,S)

∂W , ψ⟩ =
∫
ψ(dµ)

∑
i∈I

li, µ =
∑
i∈I

δ(xi,li,yi).

By Bδ(x) we always denote the open δ-ball around x for any x in a metric space. If x = ψ ∈ M1(TW ),
then we use the Prokhorov metric defined in (4.5), which induces the weak topology.

The following lemma will later be applied for Λ′
N and Z◦

N,R instead of ΛN and ZN,R. Recall that

Q
(ΛN,par)

M is the PPP with intensity measure given in (4.31), i.e., with all leg spreads < M . Analogously,

µ(k,M)
x,x is the canonical Brownian loop measure starting at x with k particles and all leg spreads < M .

We recall from Section 5.1 that mR(B) is the number of times that the loop B changes the subbox of
radius R. By CM we denote some constant ∈ (0,∞) that depends only on M ( and possibly on d and
β).

Lemma 5.3 (Lower LDP bound for boundary shred configurations). Assume the situation and the
notation described in Section 1.4. That is, ΛN is a centred box with volume |ΛN | ∼ N/ρ for some
ρ ∈ (0,∞), and is decomposed into the subboxes z +WR = z + [−R,R]d for some R ∈ (0,∞) with
z ∈ 2RZd∩ΛN . We consider particle boundary condition and indicate it by ‘par’. Fix a large parameter
M ∈ (0, R/2) and fix ξ ∈ M1(L(M)

W ×S(M)

W ) such that ⟨N(ℓ,S)

∂W , ψ⟩ <∞, where ψ = ∂Π(S)

W (ξ) ∈ M1(TW ),
and assume that ψ is W -admissible. Then, for any sufficiently large R, there is ψN ∈ M1(TW ) that
converges to ψ as N → ∞ such that

lim inf
N→∞

1

|ΛN |
log Q

(ΛN,par)

M

(
∂Ξ(S)

N,R = ψN

)
≥ − CM

Rd/2
+

1

|W |
⟨ψ, pW,M ⟩, (5.11)

where we recall (5.5) and introduce

pW,M (µ) =
∑
i∈I

log p(W,M)
xi (li, yi), µ =

∑
i∈I

δ(xi,li,yi). (5.12)

This lower bound is no surprise, since ⟨ψ, pW,M ⟩ is nothing but the rate of the product of all
the probability densities for the shreds, given they start from some xi ∈ W , having length li and
terminating at yi ∈ W c. The W -admissibility of ψ guarantees that there is at least one way to

arrange the shred-triple configurations in all the subboxes (each configuration µ appears in ≈ |ΛN |
|W | ψ(µ)

subboxes) in such a way that a global loop configuration arises. A similar upper bound is generally
suggesting, but here one would have to upper bound the number of such arrangements, which appears
a very difficult task. Since ⟨ψ, pW,M ⟩ should be roughly of W -surface order and therefore negligible in
the limit R→ ∞, we decided to control only the lower bound so explicitly. Lemma 5.5 in Section 5.3
is devoted to deriving a lower bound for the last term on the right-hand side of (5.11).

Proof of Lemma 5.3. Note that the admissibility of ψ guarantees the existence of some ψN → ψ such
that {∂Ξ(S)

N,R = ψN} is not empty for all sufficiently large N . Picking M large enough (not depending

on N), we also have that this event has a positive probability under Q
(ΛN,par)

M , and we assume that
N is so large. We are going to carefully decompose this event and to identify a lower bound for its
probability.

We are considering only the shred-configuration part of ΞN,R under the PPP in ΛN , that is, we
neglect all loops that have particles only in one of the subboxes. In other words, we can assume
that the intensity measure is equal to

∑
k∈N

1
k

∫
ΛN

dxµ
(k,M,ΛN,par)
x,x ({mR ≥ 1} ∩ ·), where µ(k,M,ΛN,par)

x,x is

the Brownian loop measure for k-particle loops starting at x and having all leg spreads < M with
particle-boundary condition in ΛN .
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From now on we drop the superscript S at ΞN,R and write Ξ(B)

N,R for the empirical shred configuration

measure coming from just one single path B ∈ C, then ΞN,R =
∑

k∈N
∑rk

i=1 Ξ
(B(i,k))

N,R if B(i,k) ∈ Ck is
the i-th Brownian loop of length k, and rk is the number of loops of length k in the Brownian loop
soup. We are going to use that the PPP is realised by a bunch of rk independent Brownian loops
B(k)

1 , . . . , B(k)
rk with k ∈ N and normalised distribution, where the rk are picked as Poisson-distributed

random variables with parameter 1
k

∫
Λ dxµ

(k,M,ΛN,par)
x,x (mR ≥ 1). This gives the formula

Q
(ΛN,par)

M

(
∂ΞN,R = ψN

)
= e−

∑
k

1
k

∫
Λ dxµ

(k,M,ΛN,par)
x,x (mR≥1)

∑
(rk)k∈N∈NN

0

(∏
k

k−rk

rk!

)(⊗
k

(
P̂(k,ΛN,par)

M

)⊗rk)(∑
k∈N

rk∑
i=1

∂Ξ(B(i,k))

N,R = ψN

)
,

(5.13)

where P̂(k,ΛN,par) is defined in (5.7) (note that the Poisson parameter 1
k

∫
ΛN

dxµ
(k,M,ΛN,par)
x,x (mR ≥ 1) is,

up to the factor of 1
k , equal to its total mass) and P̂(k,ΛN,par)

M is its restriction to
⋂
z∈ZN,R{ϖ

(S)

Wz
∈ S(M)

Wz
}.

The sum on (rk)k may be restricted to those that satisfy | 1
|ΛN |

∑
k krk − ρ2| ≤ Cδ for some C (where

ρ2 =
1

|W |⟨ψ,N
(ℓ)

∂W ⟩), but this restriction is implicit in the event {
∑

k∈N
∑rk

i=1 ∂Ξ
(B(i,k))

N,R ∈ Uδ}.

It is easy to prove that

lim
N→∞

1

|ΛN |
∑
k∈N

1

k

∫
ΛN

dxµ
(k,M,ΛN,par)
x,x (mR ≥ 1) =

∑
k∈N

1

k
µ(k,M)

0,0 (mR ≥ 1).

Observe that ∑
k∈N

1

k
µ(k,M)

0,0 (mR ≥ 1) ≤ CM
Rd/2

, M,R ∈ (1,∞), (5.14)

for some CM ∈ (0,∞), only depending on M (and on d and β). Indeed, from the definition of mR in
Section 5.1 and the one of µ(k,M)

0,0 in (1.4) we see that the event {mR ≥ 1} is empty if k ≤ R/M , since

the spreads |Biβ −B(i−1)β| are ≤M under µ(k,M)

0,0 and hence only the sum on k > R/M remains, and

the total mass of µ(k,M)

0,0 is ≤ Ck−d/2; we leave the details to the reader. This explains the first term

on the right-hand side of (5.11).

Since R > 2M , every step from a box z +W with size ≤ M can terminate only in that box or its
⊞-neighbouring boxes. By ⊞-neighbours of the origin we mean the members of the set {−1, 0, 1}d\{0};
analogously we talk of ⊞-neighbouring boxes in the sense of an 2R-upscaling of this notion.

Each B(i,k) contributes to ∂ΞN,R a vector of triples (x(i,k)

j , l(i,k)j , y(i,k)

j ) ∈W×N×W c, j ∈ [m(i,k)], with

a distribution given by the product measure of the p(k,M,Λ,par)xj (l(i,k)j ,dyj), where the positive integers

l(i,k)j sum up over j to k, and xj = z(i,k)

j−1 + w(i,k)

j−1 and yj = z(i,k)

j + w(i,k)

j = z(i,k)

j−1 + w̃(i,k)

j , and w̃(i,k)

j =

e(i,k)j + w(i,k)

j ∈ W c and e(i,k)j = z(i,k)

j − z(i,k)

j−1 . We have to sum over all m(i,k) ∈ N (since mR ≥ 1)

and all z(i,k)

1 , . . . , z(i,k)

m(i,k) ∈ ZN,R and integrate over all w(i,k)

1 , . . . , w(i,k)

m(i,k) ∈ W such that the event

{∂ΞN,R = ψN} is met. Each (z(i,k)

0 , z(i,k)

1 , . . . , z(i,k)

m(i,k)) is a cycle, i.e., z(i,k)

0 = z(i,k)

m(i,k) . We may and shall

assume that all the w(i,k)

j are distinct. For any j such that z(i,k)

j−1 ∈ ZN,R, we know that e(i,k)j is a

⊞-neighbour of the origin; more precisely z(i,k)

j and z(i,k)

j−1 are ⊞-neighbours. Each w(i,k)

j has a distance
≤M to the boundary of W c.

Without loss of generality (see [B07, Example 8.1.6(i)]), we may and shall restrict to a ψ ∈ M1(TW )
(the limit point of the ψN ) that consists of finitely many atoms only, i.e., it is of the form ψ =∑

α∈I sαδµα with I a finite set and
∑

α sα = 1 and sα > 0 for all α ∈ I, and µα =
∑

γ∈Jα δ(x(α)γ ,l
(α)
γ ,y

(α)
γ )

∈
TW a simple point measure. We may assume that all the x(α)

γ with α ∈ I and γ ∈ Jα are distinct; the

same for the y(α)
γ .
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Let us identify ∂Ξ(B(i,k))

N,R for one single loop B(i,k). For z ∈ ZN,R, we see that θz(ΠWz(δB(i,k))) =∑
j∈[m(i,k)] : z

(i,k)
j−1 =z

δ
(l
(i,k)
j ,w

(i,k)
j−1 ,w̃

(i,k)
j )

is equal to the shred configuration that B(i,k) induces in the subbox

Wz. Hence, writing w = (w(i,k)

j )k,i,j and z = (z(i,k)

j )k,i,j and l = (l(i,k)j )k,i,j , the superposition

Cz(z,w, l) =
∑
k∈N

∑
i∈[rk]

∑
j∈[m(i,k)] : z

(i,k)
j−1 =z

δ
(l
(i,k)
j ,z+w

(i,k)
j−1 ,z+w̃

(i,k)
j )

∈ TWz

is the configuration that all the loops B(i,k) induce in the subbox Wz. Then

∂ΞN,R =
∑
k,i

∂Ξ(B(i,k))

N,R =
1

#ZN,R

∑
z∈ZN,R

δθz(Cz(z,w,l)) ∈ M1(TW ).

We call every such collection

(µz)z∈ZN,R = (Cz(z,w, l))z∈ZN,R ∈ ×
z∈ZN,R

TWz (5.15)

admissible. In other words, a collection (µz)z∈ZN,R ∈×z∈ZN,R TWz of configurations is called admissible

if the arrangement of all these µz connects up precisely at all the boundaries of all theWz and produces
a bunch of continuous loops inside ΛN . With this notion, we can write the probability term on the
right-hand side of (5.13) as follows.

(⊗
k

(
P̂(k,Λ,par)

M

)⊗rk)(∑
k∈N

rk∑
i=1

∂Ξ(B(i,k))

N,R = ψN

)
=

∫
×z∈ZN,R TWz

1l
{
(µz)z∈ZN,R admissible

}
1l
{ 1

NR

∑
z∈ZN,R

δθz(µz) = ψN

}(⊗
k

(
P̂(k,Λ,par)

M

)⊗rk)(d((µz)z∈ZN,R)). (5.16)

Strictly speaking, the indicator on admissibility is superfluous, since the probability measure is con-
centrated on collections of µz that admit only global configurations of continuous paths. But we are
going to calculate now the probability by means of a product measure over z ∈ ZN,R, which ignores
admissibility. Only under admissibility, it gives a proper lower bound. For a upper bound, we have to
upper estimate the number of admissible collections (µz)z; the remainder is the same. For the lower
bound, we rely here on the assumption of admissibility of ψN , which guarantees the existence of at
least one admissible (µz)z.

Let us express what ∆ = ψN means, where ∆ = 1
NR

∑
z∈ZN,R δθz(µz). Since ψN → ψ, and ψ is a

simple point measure at the µα’s, this means that, for any small δ ∈ (0, 1) and all sufficiently large N
and all α ∈ I, we have ∆(Bδ(µα)) = ψN (Bδ(µα)), and the latter is equal to some s(N)

α that converges
to sα as N → ∞. We pick δ so small that all the δ-balls around the x(α)

γ ’s and the δ-balls around the

y(α)
γ ’s are pairwise disjoint. Now observe that, for any α,

NR∆(Bδ(µα)) = #{z : θz(µz) ∈ Bδ(µα)}

= #{z : ∀γ ∈ Jα∃(k, i, j) : z(i,k)

j−1 = z, w(i,k)

j−1 ∈ Bδ(x(α)
γ ), l(i,k)j = l(α)γ , w̃(i,k)

j ∈ Bδ(y(α)
γ )}.

Note that, for any α ∈ I and γ ∈ Jα and all (k, i), the index j in the description of the set is unique.
We denote the set of all (z, l,w) having the property on the right-hand side by A.

Recall the notation for certain densities px(l, ·) from (5.1) and (5.5) (with various super-indices).
Now using Lemma 5.1 and the independence of all the B(i,k), we can write (conceiving px(l, ·) as a
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measure instead of a density)(⊗
k

(
P̂(k,Λ,par)

M

)⊗rk)( 1

NR

∑
z∈ZN,R

δµz = ψN

∣∣∣ (µz)z∈ZN,R admissible
)

=
∑
z,l

∫
dw1lA(z, l,w)

∏
z∈ZN,R

∏
k∈N

∏
i∈[rk]

∏
j∈[m(i,k)] : z=z

(i,k)
j−1

p
(W,M,ΛN,par)

z+w
(i,k)
j−1

(l(i,k)j , d(z + w̃(i,k)

j )).
(5.17)

We may replace the p-term by p(W,M)

w
(i,k)
j−1

(l(i,k)j , dw̃(i,k)

j ), since every leg that starts fromWz has spread ≤M

and hence this term is invariant under shift by z. For these z, we obtain a lower bound by estimating

p(W,M)

w
(i,k)
j−1

(l(i,k)j ,dw̃(i,k)

j )) = p(W,M)

w
(i,k)
j−1

(l(α)γ ,d(e(i,k)j + w(i,k)

j )) ≥ inf
x∈Bδ(x

(α)
γ )

p(W,M)
x (l(α)γ , d(e(i,k)j + w(i,k)

j )), (5.18)

if (k, i, j) is such that w(i,k)

j−1 ∈ Bδ(x(α)
γ ), l(i,k)j = l(α)γ , w(i,k)

j ∈ Bδ(y(α)
γ ).

We further have

l.h.s. of (5.17) =
∑
z,l

∫
dw1lA(z, l,w)

∏
k∈N

∏
i∈[rk]

∏
j∈[m(i,k)]

p(W,M)

w
(i,k)
j−1

(l(i,k)j , dw̃(i,k)

j )

≥
∏
α∈I

( ∏
γ∈Jα

inf
x∈Bδ(x

(α)
γ )

p(W,M)
x (l(α)γ ,Bδ(y(α)

γ ))
)s(N)

α NR

= e−NRO(δ) exp
(
NR

∫
ψ(dµ) logP(∂W,M)

inf (Bδ(µ))
)
,

(5.19)

where P(∂W,M)

inf is defined by

P(∂W,M)

inf (Bδ(µ)) =
∏
i∈I

inf
x∈Bδ(xi)

p(W,M)
x (li,Bδ(yi)), Bδ(µ) =×

i∈I

[
Bδ(xi)× {li} × Bδ(yi)

]
, (5.20)

where µ =
∑

i∈I δ(xi,li,yi) and Bδ(z) is the ball with radius δ around z ∈ Rd.
Note that this lower bound does not depend on (rk)k. For the lower bound, one can pick one choice

of (rk)k∈N and lower estimate the sum over (rk)k against this single summand. This implies, for some
C ∈ (0,∞),

lim inf
N→∞

1

|ΛN |
log Q

(ΛN,par)

M

(
∂Ξ(S)

N,R = ψN
)
≥ − CM

Rd/2
− Cδ

|W |
+

1

|W |

∫
ψ(dµ) logP(∂W,M)

inf (Bδ(µ)).

Since the left-hand side does not depend on δ, we can make δ ↓ 0 on the right-hand side and obtain
the assertion in (5.11). □

We now give an existence assertion for admissible boundary-shred configurations ψ in a setting that
will be relevant in Section 9 when we finish the proof of the lower bound in Theorem 2.5. We keep using
the notation that we reminded on at the beginning of Section 5. We call a measure P ∈ M1(L × S)
ergodic with respect to WR or simply WR-ergodic, if it is WR-shift invariant (i.e., θx(P ) = P for
x ∈ 2RZd) and ergodic under shifts by vectors in 2RZd.

Lemma 5.4 (WR-admissible ψ’s). Fix R ∈ (0,∞) and putW =WR = [−R,R]d. Pick P ∈ M1(L×S)
and assume that P is W -ergodic. Then ψ = ∂Π(S)

W (P ) is W -admissible.

Proof. Put ξ = ΠW (P ) ∈ M1(LW )×SW ). Extending the definition (4.20) to loops and interlacements,
we conceive ΞN,R = Ξ(ω,ϖ)

N,R as the empirical measure coming from loops and interlacements in ΛN
(and ω ∈ L is the loop configuration and ϖ ∈ S the interlacement configuration). Indeed, it is an
empirical measure (discrete mixture) ofW -shifted copies of ΠW (ω,ϖ), which have distribution ξ under
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P (d(ω,ϖ)). Here we use the shift-invariance of P , more precisely only the invariance under shifts by
vectors ∈ 2RZd.
According to the ergodic theorem for P , for any open neighbourhood U(ξ) ⊂ M1(LW × SW ) of ξ,

lim
N→∞

P (ΞN,R ∈ U(ξ)) = 1.

In particular, the event {(ω,ϖ) ∈ L×S : Ξ(ω,ϖ)

N,R ∈ U(ξ)} is non-empty for all sufficiently large N . This

implies that, for any N , there is a configuration (ωN , ϖN ) ∈ LΛN × SΛN (namely ωN = Π(L)

ΛN
(ω +ϖ)

and ϖN = Π(S)

ΛN
(ω +ϖ)) such that Ξ

(ωN ,ϖN )

N,R (which is equal to Ξ(ω,ϖ)

N,R ) lies in U(ξ). From (ωN , ϖN ),

we can construct a loop configuration ω̃N ∈ LΛN as follows. We keep the loop configuration ωN
unchanged and modify all the shreds in ϖN by concatenating all ΛN -shreds to a loop by removing the
last leg (the only one that leaves ΛN ) and adding a piece from its termination site in ΛN to its initial
site in ΛN that runs within ΛN . It is easily seen that the above modification can be done in such a
way that the distance between Ξ

(ωN ,ϖN )

N,R and Ξ
(ω̃N )

Ñ,R
vanishes as N → ∞, so Ξ

(ω̃N )

Ñ,R
lies also in U(ξ) for

all large N .

Now let B(ψ) be some open neighbourhood of ψ, and pick the neighbourhood B(ξ) in such a way

that {∂Π(S)

W (ξ′) : ξ′ ∈ B(ξ)} ⊂ B(ψ). Therefore, for any large N , ∂Ξ
(ω̃N ,S)

Ñ,R
lies in B(ψ). Hence ψ is

admissible. □

5.3. Estimating the LDP lower bound. In this section, we give in Lemma 5.5 a further lower
bound for the LDP lower bound of Lemma 5.3, which shows that it is negligible for all the (approx-
imations of) ψ’s that we will later apply it to. Furthermore, we use this in order to prove that the
expected shred number in a large box under a shift-invariant interlacement-configuration distribution
is negligible with respect to the volume of the box, see Corollary 5.8, which needs the preparation in
Lemma 5.7.

The idea in the proof of Lemma 5.5 is that we will be able to control ⟨ψ, pW,M ⟩ (see (5.12)) only
for ψ’s that are concentrated on shred configurations in WR with legs that have a bounded spread,
whose shreds have a bounded spread-out behaviour on longer scales, and that produce a bounded
number of particles in any subbox of a given size. More precisely, with large parameters M ∈ (1,∞)
and ϑ, S ∈ N, introduce the set of configurations of shreds whose legs have a spread < M and which
satisfy an upper bound for subpieces of length S,

S(M,ϑ,S) =
{∑
g∈Γ

δg ∈ S : ∀g ∈ Γ, ∀i ∈ [ℓ(g)], ∥gi∥sp < M,

∀g ∈ Γ,∀j ∈ [⌊ 1
S ℓ(g)⌋], g(((jS) ∧ ℓ(g))β)− g((j − 1)Sβ)| ≤ ϑ

√
S
}
,

(5.21)

where we remind that g ∈ Cℓ(g) is a shred of length ℓ(g). Write S(M,ϑ,S)

W = Π(S)

W (S(M,ϑ,S)) and A(S)

W ;Θ =

A(S)

W ;M,r,T ∩ S(M,ϑ,S)

W , where Θ = (M, r, T, ϑ, S), then we will assume that ψ is concentrated on A(S)

W ;Θ.

Lemma 5.5 (Lower estimates for expectations of pW,M ). For any R,M ∈ (1,∞), fix a shred config-

uration measure ξ ∈ M1(S(M)

WR
).

(1) There is a CM (only depending on M , d and β) such that, for any R,M ∈ (1,∞) and any
shred configuration measure ξ ∈ M1(S(M)

WR
),

−⟨∂Π(S)

WR
(ξ), pW,M ⟩ ≤ CM ⟨ξ,N(ℓ,S)

WR
⟩. (5.22)

(2) There are constants CM,r,T (only depending on M, r, T and d, β) and C (depending only on d
and β) such that, for any R,M, r, T, ϑ ∈ (0,∞) and S ∈ N and for any ξ ∈ M1(SWR

) that is
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concentrated on A(S)

WR;Θ
, where Θ = (M, r, T, ϑ, S),

−⟨∂Π(S)

WR
(ξ), pW,M ⟩ ≤

[CM,r,T

R
+
Cϑ2

S

]
⟨ξ,N(ℓ,S)

WR
⟩. (5.23)

Proof. Let us first derive the lower bound in (5.24) for p(W,M)
x (l, i), also using that |x − y| ≤ lM and

that y ∈ WR+M \WR and x ∈ WR \WR−M for any (x, l, y) in the support of any µ =
∑

i∈I δ(xi,li,yi)
in the support of ∂Π(S)

WR
(ξ).

Recall that τβ ∈ βN is the first time ∈ βN at which the shred leaves W . The steps of the
underlying random walk (Bkβ)k∈N0 are Gaussian, conditioned on being < M , and have therefore a
density that is bounded from below (by some M -depending constant). Therefore, for any (x, l, y) ∈
(WR \WR−M )× N× (WR+M \WR), using the Markov property at time β(l − 1), writing gM for the
Gaussian density restricted to BM (0),

p(W,M)
x (l, y) ≥

∫
W∩BM (y)

P(M)
x (τ > l − 1, Bβ(l−1) ∈ dw)gM (w − y)

≥ CMP(M)
x (τ > l − 1, Bβ(l−1) ∈W ∩BM (y)).

Now we distinguish the cases where l ≫ R2 (where the long stay of the walk in W is a late-escape
deviation), ε|x − y|2 ≤ l ≤ CR2 (where the walk has so much time to arrive in W ∩ BM (y) that the

CLT can be applied) and |x−y|
M ≤ l ≪ |x− y|2 (where the sprint to W ∩BM (y) is a large or moderate

deviation, since it makes very long steps).

Indeed, if l ≥ CR2 for some C ∈ (0,∞), then we can estimate P(M)
x (τ > l−1, Bβ(l−1) ∈W ∩BM (y))

from below against e−cl/R
2
CMR

1−d since the probability for a long path to stay in a given box decays
exponentially in the length of the path divided by the square of the radius of the box, according
to Brownian scaling; and since the endpoint of such a path has a positive density in WR \WR−M ,
which has volume ≥ CMR

d−1. (This asymptotics may be made much more precise with the help
of the principal eigenvalue of the Laplace operator in WR, which is ∼ C/R2, and the corresponding
eigenfunction, but this would be cumbersome.)

Second, if ε|x − y|2 ≤ l ≤ CR2 for some small ε ∈ (0, 1), then, on the event {τ > l − 1}, the path
(Bβk)k∈{0,1,...,l−1} behaves like a Brownian motion with diffusive constant ≍ l and arrives in BM (y)

with probability ≥ e−c|x−y|
2/lCM , according to Donsker’s invariance principle, where the factor CM

expresses the volume of BM (y). (Another explanation of the term e−c|x−y|
2/l is that the Brownian

motion path can be divided into l steps of length ≈ |x− y|/l each.)

Furthermore, if we consider the case |x−y|
M ≤ l ≤ ε|x−y|2, then we estimate P(M)

x (τ > l−1, Bβ(l−1) ∈
W ∩ BM (y)) ≥ e−c|x−y|

2/l, according to a large-deviation principle (if l ≍ |x − y|), respectively a
moderate-deviation principle (if |x − y| ≪ l ≤ ε|x − y|2). Indeed, the walk has to make ≍ l steps of

sizes ≍ |x−y|
l , and the probability for making such large steps is approximately Gaussian.

Summarizing the second and third case, we obtain

log p(W,M)
x (l, y) ≥

{
−c l

R2 + log(CMR
1−d), if l ≥ CR2,

−c |x−y|
2

l − CM , if |x−y|
M ≤ l ≤ CR2.

(5.24)

For an arbitrary ξ ∈ M1(S(M)

WR
), abbreviate ψ = ∂Π(S)

WR
(ξ). Then the left-hand side of (5.22) or

(5.23) is an integral with respect to ψ(dµ), where µ =
∑

i∈I δ(xi,li,yi). Hence, it can be estimated from
above against∫

ψ(dµ)
∑
i∈I

[(
c li
R2 − log(CMR

1−d)
)
1l{l ≥ CR2}+

(
c |xi−yi|

2

li
+ CM

)
1l{ |xi−yi|

M ≤ li ≤ CR2}
]
. (5.25)
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Estimating c li
R2 1l{l ≥ CR2} ≤ c li

R2 and using in the next term that 1l{l ≥ CR2} ≤ l
CR2 , the first part

can be estimated, for any large R, against

CM
R

∫
ψ(dµ)

∑
i∈I

li =
CM
R

⟨ξ,N(ℓ,S)

WR
⟩.

Furthermore, we can simply estimate the second part against CM li and obtain the bound in (5.22).

Now assume that ξ is concentrated on A(S)

W ;Θ. We recall that
∑

i∈I
|xi−yi|2

li
is indeed integrated with

respect to ξ, under which |fi(jSβ) − fi((j + 1)Sβ)| ≤ ϑ
√
S holds for any j ∈ Z and for any i ∈ I,

where we recall that we wrote fi ∈ Cli for the i-th shred (with fi(0) = xi and fi(ℓ(fi)β) = yi), such

that we can estimate |xi − yi| ≤
∑⌈li/S⌉

j=1 |fi(jSβ) − fi((j − 1)Sβ)| ≤ ϑli√
S
. Therefore, the second part

is upper bounded against∫
ξ(dϖ)

∑
i∈I

[
c
|xi − yi|2

li
+ CM

]
≤

∫
ξ(dϖ)

∑
i∈I

[
C
ϑ2li
S

+ CM

]
=
Cϑ2

S
⟨ξ,N(ℓ,S)

WR
⟩+ CM

∫
ξ(dϖ) |I|.

Recall that ξ is concentrated on A(S)

WR;Θ
, which in particular means that in any of the boxes z+Wr there

are no more than T particles in the shreds and each leg has spread < M with ξ-probability one. This
implies that, with ξ-probability one, there are no more than of surface order (i.e., O(Rd−1)) of shreds,
and the proportionality factor depends on M, r and T . This shows that CM

∫
ξ(dϖ) |I| ≤ CM,r,TR

d−1

for some constant that depends only on M , r, and T (and on d and on β). Finally, we absorb the CM
from above in CM,r,T , which finishes the proof of (5.23). □

Remark 5.6 (Simpler estimates for Brownian bridges) It is clear that, under shred-configuration
measures ξ whose shreds are independent Brownian bridges (for example Π(S)

W (Q)), there are much
simpler upper bounds for −⟨ξ, pWR,M ⟩, but the main point in Lemma 5.5 is that we need to control
expectations under pretty arbitrary ξs and therefore need to put the condition that all of them lie
in S(M,ϑ,S)

W under ξ. Indeed, if all the shreds under ξ are Brownian bridges, then the only term in

the above proof that needs and offers a simpler argument is
∫
ξ(dϖ)

∑
i∈I

|xi−yi|2
li

, which is easily

estimated by estimating |xi−yi|2
li

≤ M
∑li/S

j=1 |fi(jSβ) − fi((j + 1)Sβ)|, which gives, by the Gaussian

nature of fi(jSβ)− fi((j + 1)Sβ),∫
ξ(dϖ)

∑
i∈I

|xi − yi|2

li
≤MC

√
S

∫
ξ(dϖ)

∑
i∈I

li
S

≤ CM√
S
⟨ξ,N(ℓ,S)

WR
⟩.

♢

Let us append now some useful estimate for the expected number of interlacement-shreds of shift-
invariant interlacement configuration measures in a large box. Together with Lemma 5.5, it will lead
to a flexible and useful bound in Corollary 5.8 below.

Lemma 5.7 (Estimating the expected number of interlacement-shreds). There is a C ∈ (0,∞) such
that, for any P ∈ M(s)

1 (S), and for any R ∈ N,∫
∂Π(S)

WR
(P )(dµ) |µ| ≤ C|WR|

R

(
JWR

(ΠWR
(P )) + ⟨P,N(ℓ)

U ⟩ − 1

|WR|
⟨∂Π(S)

WR
(P ), pWR

⟩
)
, (5.26)

where we recall the definition of p from (5.12) (with M = ∞) and (5.5).

Additionally, if P ∈ M(s)

1 (S(M)) for some M ∈ (1,∞), then (5.26) holds with pWR
replaced by

pWR,M .
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Proof. We write W instead of WR. We claim that there is a constant C ∈ (0,∞) such that∫
∂Π(S)

W (P )(dµ) |µ| ≤ C

R

∫
S
P (dϖ)

∑
g

1l{g(0) ∈W}|g(β)− g(0)|, R ∈ N, (5.27)

where
∑

g is the sum on all legs in the entire interlacement configuration (there are no loops). In other

words, the expected number of W -shreds under ΠW (P ) is not larger than C/R times the expected
sum of all jump lengths of all the legs with starting sites in W . Indeed, our argument for this is as
follows. Fix one of the 2d hyperplanes that define the boundaries of W , say H = {x ∈ Rd : x1 = R}.
Consider all the W -shreds that make a final jump over this hyperplane (i.e., with a starting site with
first index ∈ [−R,R) and a target site with first index in (R,∞)). Put Ix = [x, x+1)× [−R,R]d−1 and
call M(x, y) the number of jumps of any leg in the configuration from Ix into Iy. For z ∈ Z, consider
Mz =

∑z−1
x=z−R

∑∞
y=zM(x, y), then the the number of shreds with final jump over H is not larger

than MR. By shift-invariance of P , the expectation of Mz does not depend on z. Hence, the expected
number of W -shreds that make a final jump over H is not larger than C/R times the expectation of

R∑
z=−R

Mz =
∑

x,y,z∈Z : −R≤x≤z≤y,z≤R
M(x, y) ≤

R∑
x=−R

∑
y≥x

|y − x|M(x, y) ≤
∑
g

1l{g(0) ∈W}|g(β)− g(0)|,

where
∑

g is the sum over all legs ∈ C1 in the entire configuration. Note that the expectation of

Mz (i.e., the one of MR) is not smaller than the left-hand side of (5.27). Summing over all the 2d
hyperplanes, our argument implies (5.27).

Now we estimate the expectation on the right-hand side of (5.27) by using (2.7). We write the
sum over the legs as

∑
i,k 1l{fi((k − 1)β) ∈ W}|fi(kβ) − fi((k − 1)β)|, where ϖ =

∑
i∈I δfi is the

shred configuration in W . We abbreviate the kernel (ΠW (P ))TW→SW (µ, ·) by P (µ, ·) and see (by first
considering a cut-off version of

∑
i,k |fi(kβ)− fi((k − 1)β)|) that∫

Π(S)

W (P )(dϖ)
∑
i,k

1l{fi((k − 1)β) ∈W}|fi(kβ)− fi((k − 1)β)|

=

∫
TW

∂Π(S)

W (P )(dµ)

∫
SW

P (µ, dϖ)
∑
i,k

|fi(kβ)− fi((k − 1)β)|

≤
∫
∂Π(S)

W (P )(dµ)
[
HSW (P (µ, ·) | KW (µ, ·)) + log

∫
KW (µ, dϖ)

(∏
i,k

e|fi(kβ)−fi((k−1)β)|
)]

≤ |W |JW (ΠW (P )) +

∫
∂Π(S)

W (P )(dµ)
∑
i

log

∫
q(W,li)xi,yi (df)

li∏
k=1

e|f(kβ)−f((k−1)β)|,

(5.28)

where we recall the definition of KW in (2.5), and we wrote µ =
∑

i δ(xi,li,yi), as usual. Recalling

the definition of p(W )
x (l, y) from (5.5) and (5.6) (both with M = ∞) and writing gβ for the Gaussian

density with variance 2β, we further estimate∫
q(W,li)xi,yi (df)

li∏
k=1

e|f(kβ)−f((k−1)β)| =
1

p(W )
xi (li, yi)

∫
W li−1

dw1 . . . dwli−1

li−1∏
k=1

[
e|wk−wk−1|gβ(wk − wk−1)

]
≤ 1

p(W )
xi (li, yi)

C li−1C ′,

with C = logE0[e
|Bβ |] and C ′ = supx∈Rd [e

|x|gβ(x)], and we wrote w0 = xi and wli = yi. We estimate

the C-terms against C li (using our convention that C is a generic constant) and see that the last term on
the right-hand side of (5.28) is not larger than

∫
∂Π(S)

W (P )(dµ)
∑

i[Cli−log p(W )
xi (li, yi)] = C⟨P,N(ℓ,S)

W ⟩−
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∂Π(S)

W (P )(dµ)
∑

i∈I log p
(W )
xi (li, yi). Now use the shift-invariance of P to see that 1

|WR|⟨P,N
(ℓ,S)

W ⟩ =

⟨P,N(ℓ,S)

U ⟩, which finishes the proof (recalling (5.12) for the second term). □

As a consequence, here is an upper bound for the expected number of interlacement-shreds in a
large box WR that vanishes as R → ∞ for every shift-invariant measure P that has finite particle
density and finite entropy h(L,S)(P ) (thanks to (2.16)).

Corollary 5.8 (Estimating the expected number of interlacement-shreds). For any M ∈ (1,∞), there
is a CM ∈ (1,∞) such that, for any P ∈ M(s)

1 (S(M)) and any sufficiently large R,

1

|WR|

∫
∂Π(S)

WR
(P )(dµ) |µ| ≤ 1

R

(
JWR

(ΠWR
(P )) + CM ⟨P,N(S,ℓ)

U ⟩
)
.

Proof. In (5.26) for M < ∞, use (5.22) with ξ = ΠWR
(P ) for estimating the last term and use the

shift-invariance of P . □

6. Large deviation analysis: making N → ∞

In this section, we derive the necessary LDP-framework for the thermodynamic limit as N → ∞
for the empirical measure Ξ

(ωP)

N,R defined at the beginning of Section 4.4, where ωP is the marked

PPP under Q(ΛN,bc). In Section 6.1 we give first some technical preparation and then the basic large
deviation principle that we need (see Corollary 6.5) and in Section 6.2 some crucial properties of the
rate function, JW , which will be important for the proofs of the main results, Theorems 2.5 and (2.3).
In order to apply later the upper bound of that LDP, we need to derive some crucial assertions about
compactness, which we do in Section 6.3. In Section 6.4 we apply it to derive an upper bound for the
limit superior as N → ∞ of 1

|ΛN | times the logarithm of the right-hand side of (4.25); in Section 6.5 we

give a lower bound for the limit inferior of 1
|ΛN | times the logarithm of the right-hand side of (4.39).

As always, we assume that the situation of Section 1.4 is given, i.e., the regular decomposition of
the centred box ΛN into subboxes of radius R, which possibly depends on N and converges to a given
R ∈ N. Recall the notion of a relative entropy from (2.6).

6.1. The conditional large-deviation principle. The empirical measure Ξ
(ωP)

N,R defined in (4.20) is

a mixture over z ∈ ZN,R of the LW × SW -valued random variable pairs (θz(ω
(L)

Wz
), θz(ω

(S)

Wz
)) defined

in (4.26), and we consider the distribution under the PPP Q(ΛN,bc). The first member of these pairs
comes from those loops that are entirely contained in some of these subboxes, while the second one, the
shred part, comes from those loops that are R-crossing. If these pairs would be i.i.d. over z and their
distribution would not depend on N , then Sanov’s theorem (see [DZ10, Section ]) would immediately
give the validity of the LDP with an explicit rate function. But the shred-parts are far from being
i.i.d., and the distribution of the pairs depends on N (namely via the boundary condition).

Hence, we need to take care of these two obstacles. The second one is only technical: because of the
boundary condition (periodic or particle) in ΛN , the distribution in the subboxes depend slightly on N
and on z. We will handle this problem with the help of the concept of exponential equivalence (which
says that two exponentially equivalent sequences satisfy the same LDP, if any, see [DZ10, Section
4.2.2]) and will be using the following technical lemma, whose proof is straight-forward and is left to
the reader.

Lemma 6.1 (Perturbed empirical measures are exponentially equivalent). On a Polish space X ,
assume that an i.i.d. sequence (Xz)z∈[N ] is given and another sequence (X(N)

z )z∈[N ] that satisfies

lim
N→∞

1

N

N∑
z=1

logE
[
ef(X

(N)
z )

]
= logE[ef(X1)], f ∈ Cb(X ). (6.1)
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Then the empirical measures 1
N

∑N
z=1 δX(N)

z
and 1

N

∑N
z=1 δXz are exponentially equivalent.

In order to apply this, we need to prove that the distributions of the pairs satisfy the criterion in (6.1).

Recall the Brownian kernel KW defined in (2.5) and introduce also the version K
(ΛN,bc)

W (µ, ·) ∈ M1(SW ),
where q(li,W ) is replaced by q(li,W,ΛN,bc); see (5.3). This measure is concentrated on the set of those
collections (fi)i of W -shreds such that fi is a length-li shred with fi(0) = xi and fi(liβ) = yi for any
i ∈ I.

For any ξ ∈ M1(SW ) and any W ⋐ Rd, we denote by ξTW→SW the kernel from TW into SW that is

defined by letting ξTW→SW (µ, ·) be a regular conditional version of ξ given ∂Π(S)

W (ξ) = µ for µ ∈ TW .

Then ξ is equal to ∂Π(S)

W (ξ)⊗ ξTW→SW .

Lemma 6.2 (The shred-configuration kernel). We consider either periodic or particle boundary con-
dition.

(1) For any N ∈ N and any z ∈ ZN,R, the map TWz × G(S)

Wz
∋ (µ,dξ) 7→ K

(ΛN,bc)

Wz
(µ, dξ) is equal to

the kernel Π(S)

Wz
(Q(ΛN,bc))TWz→SWz , where we recall that Wz = z +W .

(2) The empirical measure of the kernels from (1) converges to the kernel KW in the following
sense. Assume that 1

#ZN,R

∑
z∈ZN,R δµz → δµ in M1(TW ) as N → ∞, then

lim
N→∞

1

#ZN,R

∑
z∈ZN,R

logEµz
[
ef(θz(Π

(S)
Wz

))] = log KW

(
µ, ef(Π

(S)
W )

)
, f ∈ Cb(SW ), (6.2)

where Eµz [·] = Q(ΛN,bc)[· | θz(∂Π(S)

Wz
) = µz].

(3) Both under Q(ΛN,par) and Q(ΛN,per), under the assumption that 1
#ZN,R

∑
z∈ZN,R δµz → δµ in

M1(TW ) as N → ∞, the pairs (θz(ω
(L)

Wz
), θz(ω

(S)

Wz
)), z ∈ ZN,R satisfy (6.1).

Proof. (1) Lemma 5.1(1) implies that Q(ΛN,bc), conditional on the family (µz)z∈ZN,R =

(θz(∂Π
(S)

Wz
(ωP)))z∈ZN,R of the boundary shred configurations, the shred-configuration family

(θz(Π
(S)

Wz
(ωP)))z∈ZN,R has the distribution

⊗
z∈ZN,R K

(ΛN,bc)

Wz
(µz, ·). By superposition of all the inde-

pendent loops of the loop soup, it implies also that, for any z, the conditional distribution of the
family of shred configurations in Wz given the boundary shred configuration µz is given by the prod-
uct measure of the q

(li,Wz,ΛN,bc)
xi,yi .

(2) For ‘bc’ equal to particle boundary condition, according to Lemma 5.1(2), the boundary condi-
tion has no effect, since all particles involved in the definition of q lie inW anyway, i.e., q(W,ΛN,bc) = q(W ).
Hence, by Assertion (1), (6.2) is trivially true without taking the limit. However, for periodic bound-

ary condition, one needs to prove that K
(ΛN,bc)

W (µ, ·) is close to KW (µ, ·), i.e., q(li,W,ΛN,bc)xi,yi is close to q
(li,W )
xi,yi

in the sense of (6.2). We leave this to the reader, see the hints in the proof of (3).

(3) Observe that, since the empirical measures of the µz are given and converge, the loop part and
the shred part are independent, and the necessary assertion for the shred part is in (2). The proof for
the corresponding loop part is similar, hence we restrict ourselves to giving just some hints and leave
the details to the reader.

Note that we can estimate, for some C ∈ (0,∞), only depending on R (and on β and on d), for any
sufficiently large N ,

p
(W,ΛN,per)
x (l, y) ≤ p(W )

x (l, y)
[
1 + e−CN

2/d/l
]
, x ∈W, l ∈ N, y ∈W c. (6.3)

The reason for this is the following. According to [BR97, Theorem 6.3.8], there are, for anyK ∈ (0,∞),
constants C1, C2, C3 such that the solution g(Λ,per)

t (x, y) to the heat equation with the Laplace operator
with periodic boundary condition in the box Λ satisfies

0 ≤ g(Λ,per)

t (x, y)− gt(x, y) ≤ C1gt/C2
(x, y) e−C3dist(y,∂Λ)2/t, x, y ∈ Λ, t ∈ (0,K], (6.4)
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where gt denotes the free fundamental solution, i.e., the standard Gaussian kernel with variance 2t.
We leave the remainder of the details to the reader. □

Let us turn to the first of the two obstacles. This is more serious. Indeed, the first members
of the pairs are independent over z and (ignoring the small dependence on z and N) also identically
distributed. But the second ones are not at all, since neighbouring subboxes have a strong dependence,
and this dependence has very long correlations. Nevertheless, there is a way out of that, and this
is a conditioning on the boundary configurations. The idea is that, under this conditioning, the
configurations inside the boxes are independent with a distribution that depends only on the boundary
configuration (by the virtue of the Markov property of the Brownian motion). More precisely, we
condition on the boundary empirical measure of ΞN,R, namely

∂Ξ(S)

N,R = ∂Π(S)

W

(
ΞN,R

)
=

1

#ZN,R

∑
z∈ZN,R

δ
∂Π

(S)
W (θzϖ

(S)
Wz

)
∈ M1(TW ) (6.5)

and obtain that ΞN,R is indeed an empirical measure of independent random variables, and we also
have sufficient information about their distributions.

In order to catch the large deviation behaviour of the conditional distribution of ΞN,R, we need to
employ an LDP of the following type. The following LDP is taken from [PRV13, Thm. 17]; it goes
back to an unpublished manuscript by C. Léonard; see [ADPZ11, Thm. 1] for a conditional version of
this LDP.

Lemma 6.3 (Sanov-type LDP for type-dependent independent random variables). Let X ,Y be two
Polish spaces and pick ρ ∈ M1(X ) and let (x(n)

i )i∈N be a sequence in X such that 1
n

∑n
i=1 δx(n)i

con-

verges weakly towards ρ as n → ∞. Let ζ : X × σ(Y) → [0, 1] be a continuous Markov kernel from X
to Y, where σ(Y) denotes the Borel sigma field on Y. Furthermore, let (Y (n)

i )i∈[n] have the distribu-

tion
⊗

i∈[n] ζ(x
(n)

i , ·). Then the empirical pair measure 1
n

∑n
i=1 δ(x(n)i ,Y

(n)
i )

satisfies an LDP with rate

function

M1(X × Y) ∋ q 7→

{
HX×Y(q | ρ⊗ ζ) if π1(q) = ρ,

+∞ otherwise,
(6.6)

where π1 is the canonical projection X × Y → X , and π1(q) is the corresponding image measure.

We recall that ρ⊗ ζ is defined by ρ⊗ ζ(d(x, y)) = ρ(dx)ζ(x,dy).

Based on Lemma 6.3, we can give a conditional LDP for ΞN,R for a fixed box W =WR = [−R,R]d.
We need to take care of a consistency property (or marginal property) that ΞN,R asymptotically has:
the rate function is equal to ∞ in any configuration measures ξ ∈ M1(LW × SW ) that cannot be
extended to the larger box 3kW for some k ∈ N such that the extension is W -shift invariant (meaning
that projection of the extension to any subbox Wz = z +W of 3kW , z ∈ 2RZd, is equal to ξ after
shifting back to W . (This property is analogous to the marginal property of the rate function for

the empirical measures 1
N

∑N
k=1 δ(Mk−1,Mk) of a Markov chain (Mn)n∈N, whose two marginal measures

are equal in the limit N → ∞, and therefore the rate function is equal to ∞ if this property is not
satisfied; see [DZ10, Section 3.1.3].) Here is a precise definition. We introduce the set R3k,W of

rectangles ⊂ 3kW of the form
⋃
z∈2RZ z +W for some Z ⊂ Zd. Then we introduce the set of W -shift

invariant configurations in 3kW ,

M̃(k)

1 =
{
ξ(k) ∈ M1(L3kW × S3kW ) : ∀W̃ ∈ R3k,W∀z ∈ 2RZd :

z + W̃ ∈ R3k,W =⇒ θz(Πz+W̃ (ξ(k))) = Π
W̃
(ξ(k))

} (6.7)
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and the set

M(k)

1 (LW × SW ) =
{
ξ ∈ M1(LW × SW ) : ∃ξ(k) ∈ M̃(k)

1 : Π3kW→W (ξ(k)) = ξ
}
= Π3kW→W (M̃(k)

1 ),

(6.8)
where we remind that Π3kW→W : M1(L3kW × S3kW ) → M1(LW × SW ) is the well-known projection
operator from (4.18), here with domain M1(L3kW × S3kW ).

Lemma 6.4 (LDP for ΞN,R, conditional on ∂Π(S)

W (ΞN,R)). Fix a window W = [−R,R]d and any

ψ ∈ M1(TW ). Then, under Q(ΛN,bc) conditioned on {∂Π(S)

W (ΞN,R) = ψN} for some ψN → ψ, the
sequence (ΞN,R)N∈N satisfies an LDP on M1(LW × SW ) with speed |ΛN | with rate function

J (ψ)

W (ξ) =

{
1

|W |HLW×SW
(
ξ
∣∣Π(L)

W (Q)⊗ [ψ ⊗ KW ]
)

if ∂Π(S)

W (ξ) = ψ and ξ ∈
⋂
k∈NM(k)

1 (LW × SW ),

+∞ otherwise.

(6.9)

Proof. First we show that the rate function is ∞ outside M(k)

1 (LW × SW ), for any k ∈ N. Clearly,

M(k)

1 (LW ×SW ) is closed, since all the projection operators appearing in the definition of M(k)

1 (LW ×
SW ) are continuous.

Consider the measure

Ξ(k)

N,R(ω) =
1

#ZN,R

∑
z∈ZN,R

δθz(Πz+3kW
(ω)) ∈ M1(L3kW × S3kW ), ω ∈ L × S. (6.10)

This is the empirical measure of the loop/shred configuration in the boxes z + 3kW with z ∈ ZN,R =

{z ∈ 2RZd : z +W ⊂ ΛN} (these boxes overlap each other significantly by disjoint unions of shifted
copies of W ), shifted to the origin by z. (It is of no importance for this proof if we replace ZN,R by

{z ∈ 2RZd : z + 3kW ⊂ ΛN} or not, since we only rely on the limit as N → ∞.)

Up to boundary effects, its Π3kW→W -projection is equal to ΞN,R(ω), by which we mean that

sup
ω

dTV

(
Π3kW→W (Ξ(k)

N,R(ω)),ΞN,R(ω)
)
→ 0, N → ∞, (6.11)

where dTV denotes the total-variation distance on M1(LW × SW ). Similarly,

sup
ω

dTV

(
θz(Πz+W̃ (Ξ(k)

N,R(ω))),ΠW̃ (Ξ(k)

N,R(ω))
)
→ 0, N → ∞, z ∈ Zd, W̃ , z + W̃ ∈ R3k,W . (6.12)

This means that the distance between Ξ(k)

N,R and M̃(k)

1 vanishes as N → ∞, uniformly in ω. By

continuity of Π3kW→W , also the distance between Π3kW→W (Ξ(k)

N,R) and Π3kW→W (M̃(k)

1 ) vanishes as

N → ∞. Combining with (6.11), we see that the distance between ΞN,W and Π3kW→W (M̃(k)

1 ) vanishes
as N → ∞, uniformly in ω.

As a consequence, for any open set U ⊂ M1(LW × SW ) that entirely lies in the complement of

M(k)

1 (LW × SW ) = Π3kW→W (M̃(k)

1 ) and has a positive distance to it, the probability of {ΞN,R ∈
U} under Q(ΛN,bc) is zero for all large N , since the event is empty. Indeed, the distance of U to

Π3kW→W (M̃(k)

1 ) is positive, but ΞN,R comes arbitrarily close to it. This implies that the rate function

is equal to +∞ outside M(k)

1 (LW × SW ) for any k ∈ N.
Now we use Lemma 6.3 to prove the LDP and to identify the rate function. We conceive the state

space LW ×SW as the product TW × (LW ×SW ), which is meant as the set of those pairs (µ, (ω,ϖ))
that are compatible in the sense that ∂Π(S)

W (ω,ϖ) = µ. That is, the L-part of ξ does not depend on
µ, and µ is the configuration of all the triples of initial sites, lengths and terminal sites of the shreds
of ϖ. Hence, in Lemma 6.3, X = TW and Y = LW × SW , and the projection π1 there is called ∂Π(S)

W

in our situation.
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Now consider ω ∈ LΛN , distributed under Π(L)

W (Q(ΛN,bc)). Conditionally given (θz(∂Π
(S)

Wz
(ω)))z∈ZN,R ,

the family of pairs (θz(ω
(L)

Wz
), θz(ω

(S)

Wz
))z∈ZN,R has the distribution

⊗
z∈ZN,R ζz(∂Π

(S)

W (ω), ·), where

ζz(µ, ·) is, for general µ, the product measure of the distribution Π(L)

W (Q(ΛN,bc)) (not depending on

µ) and P(Wz,ΛN,bc)
µ (see Lemma 6.2(3)). We are under the assumption that the empirical measure

of the θz(∂Π
(S)

Wz
(ω)) (namely ∂Ξ(ω)

N,R) converges towards ψ. If ζz(∂Π
(S)

W (ω), ·) would not depend on

z nor on N (it does through our boundary condition in Π(L)

W (Q(ΛN,bc))), i.e., if it would be just

equal to ζ(µ,d(ω,ϖ)) = Π(L)

W (Q)(dω)KW (µ, dϖ) (see (2.5)), then Lemma 6.3 would be directly ap-

plicable, and we would obtain that the empirical measure of these pairs (and this is Ξ(ω)

N,R) sat-

isfies an LDP with the rate function in (6.9). Indeed, the reference measure in (6.9) is equal to
ψ ⊗ ζ(dµ, d(ω,ϖ)) = ψ(dµ)Π(L)

W (Q)(dω)KW (µ, dϖ) = Π(L)

W (Q) ⊗ [ψ ⊗ KW ](d(ω,ϖ)). Now apply Lem-
mas 6.2 and 6.3 to finish the proof. □

Hence, it is natural to restrict to the set of ξ’s and ψ’s to those that satisfy ∂Π(S)

W (ξ) = ψ and to
use only the rate function

JW (ξ) = J
(∂Π

(S)
W

(ξ))

W (ξ) =
1

|W |
HLW×SW

(
ξ
∣∣Π(L)

W (Q)⊗ [∂Π(S)

W (ξ)⊗ KW ]
)
, ξ ∈

⋂
k∈N

M(k)

1 (LW × SW ).

(6.13)
Note that ΠW (P ) lies automatically in

⋂
k∈NM(k)

1 (LW×SW ) for P ∈ M(s)

1 (L×S), hence for considering
JW (ΠW (P )) later we will not need to take extra care of the restriction.

Let us formulate Lemma 6.4 in a way in which we will actually apply it later. For the lower bound,
because of our approach in Lemmas 4.3 and (5.5), we need to condition the integration to the event
{Ξ(◦)

N,R(AW ;Θ) = 1}, where we collect all the cutting parameters in the tuple Θ = (M,L,K, r, T, S, ϑ)

and summarize the definitions in (4.34), (4.35) and (4.36) and (5.21) by putting AW ;Θ = A(L)

W ;M,r,K,L,T×
(A(S)

W ;M,r,T∩S(M,ϑ,S)). By Q
(ΛN,par)

W ;Θ we denote probability with respect to the PPP with intensity measure

ν(par)

ΛN ,W ;Θ, which is defined as the restriction of ν(par)

ΛN
defined in (1.6) to the event

⋂
z∈ZN,R{(ωWz , ϖWz) ∈

AWz ;Θ}.

Corollary 6.5 (Upper and lower LDP bounds for ΞN,R). Fix R ∈ N and W =WR = [−R,R]d and a
function F : M1(LW × SW ) → R and a measurable set B ⊂ M1(LW × SW ).

(1) If F is lower semi-continuous and bounded from below and B closed and B′ ⊂ M1(TW )
compact, then

lim sup
N→∞

1

|ΛN |
log Q(ΛN,bc)

[
e−|ΛN |F (ΞN,R)1l{ΞN,R ∈ B}{∂Ξ(S)

N,R ∈ B′}
]

≤ − inf
ξ∈B∩

⋂
k∈N M(k)

1 (LW×SW ) : ∂Π
(S)
W (ξ)∈B′

(
F (ξ) + JW (ξ)

)
.

(2) Fix all the parameters M,L,K, r, T, ϑ, S ∈ (0,∞] and put Θ = (M,L,K, r, T, ϑ, S).
Then, for any W -admissible ψ ∈ M1(TW ) and for any sequence ψN → ψ such that

Q
(ΛN,bc)

W ;Θ (∂Π(S)

W (ΞN,R) = ψN ) > 0 for any N , if F is upper semi-continuous and B is subset
of and open in AW ;Θ,

lim inf
N→∞

1

|ΛN |
log Q

(ΛN,bc)

W ;Θ

[
e−|ΛN |F (ΞN,R)1l{ΞN,R ∈ B}

∣∣∣ ∂Π(S)

W (ΞN,R) = ψN

]
≥ − inf

ξ∈B : ∂Π
(S)
W (ξ)=ψ

(
F (ξ) + JW ;Θ(ξ)

)
,

where

JW ;Θ(ξ) =
1

|W |
HLW×SW

(
ξ
∣∣Π(L)

W (QM )L,K ⊗ [∂Π(S)

W (ξ)⊗ K
(M,r,T,ϑ,S)

W ]
)
, ξ ∈ M1(LW × SW ), (6.14)
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where Π(L)

W (QM )L,K is the conditional version of Π(L)

W (QM ) given A(L)

W ;M,L,K , and K
(M,r,T,ϑ,S)

W (µ, ·)
is the conditional version of KW (µ, ·) given A(S)

W ;M,r,T ∩ S(M,ϑ,S)

W . (In particular, JW ;Θ(ξ) = ∞
if ξ(AW ;Θ) < 1.)

The upper bound also motivates the following Section 6.3: we will need good compactness criteria on
M1(TW ). The lower bound will later be applied for ψ = ∂Π(S)

WR
(P ) with an ergodic P ∈ M(s)

1 (L×S),
evoking Lemma 5.4.

Proof. (1) follows, by the virtue of the arguments in the proof of Varadhan’s lemma (see [DZ10, Section
4.3]) from Lemma 6.4 by dropping all probability terms that concern ∂Π(S)

W (ΞN,R). However, for the
application of Varadhan’s lemma, we need to ensure that the rate function JW has compact level sets,
and this is not true since its reference measure has no autonomous M1(TW )-part. But, by the proof
of Lemma 6.8(1), the intersection of the level set with {ξ : ∂Π(S)

W (ξ) ∈ B′} is compact, which suffices
for the upper-bound part of Varadhan’s lemma.

To prove (2), again by the virtue of the arguments in the proof of Varadhan’s lemma, we only need

to observe that the proof of Lemma 6.4 applies also for the restricted and conditional version Q
(ΛN,bc)

W ;Θ

instead of Q(ΛN,bc) and that JW ;Θ(ξ) = ∞ if ∂Π(S)

W (ξ) ̸= ψ. □

6.2. Properties of JW . We are going to collect some crucial properties of JW defined in (6.13),
in particular of JWR

(ΠWR
(P )) for shift-invariant distributions P of loops and interlacements. These

properties will be essential for all the future developments. Our main result here is Proposition 6.6;
it has four assertions.

In the first two assertions, we show that the J-value in a box mW (with m ∈ N) of a given
configuration measure ξ is not smaller than the J-value in W of a kind of convex combination of
parts of ξ. This will be used in the proof of Theorem 2.3 when we show that the limit inferior of
JWR

(ΠWR
(P )) as R → ∞ is large enough for any P ∈ M1(L × S). The third assertion is a technical

help here in form of a certain lower-semicontinuity property. The fourth assertion is in a sense dual
to the first one, as it solves the question how to construct from a configuration measure ξ in a box
W a configuration measure ξ(k) in the box 3kW (in fact, an extension of ξ) such that its J-values
do not significantly increase if k gets large. (This will be crucial in the proof of the upper bound in
Theorem 2.5, when we have to make a connection from the variational problem in WR to the Rd-
version of it, χ(ρ1, ρ2).) Here we construct rather comfortable extensions ξ(k) of ξ which lie in the

nice set M̃(k)

1 of W -shift invariant measures defined in (6.7); in particular they are extensions of each
other.

The main body of our arguments relies on LDP-arguments instead of the explicit entropy formula in
(6.13). One of the biggest difficulties comes from the fact that extensions of point measures on shreds
are much more complicated than extensions of point measures of loops, and also the latter is not at
all clear in our setting, since our W -loops have all their particles in W : an extension to a larger box

W̃ should also produce loops that have particles both in W and W̃ . Our LDP-arguments guarantee
also that.

For m ∈ N, denote by Zm,R the set of those y ∈ 2RZd such that WmR = mWR is equal to the
pairwise disjoint (up to boundaries) union of all the y +WR with y ∈ Zm,R. Furthermore, consider
the map

fm,R : M1(LWmR
× SWmR

) → M1(LWR
× SWR

), fm(ξ) =
1

#Zm,R

∑
z∈Zm,R

θz(ΠWmR→z+WR
(ξ)).

(6.15)
Recall the notion of admissibility from Definition 5.2 and the definitions of L(M) and S(M) from (4.30)

and (4.32), respectively. Recall the definition of the set M̃(k)

1 from (6.7).
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Proposition 6.6 (Estimates for JW ). Fix M,R ∈ (1,∞) and any odd m ∈ N. Recall pWR,M defined
in (5.5). The constants C and CM,r,T stem from Lemma 5.5, while CM appears first in Lemma 5.3.
Then the following hold.

(1) For any ξ ∈ M1(L(M)

WmR
× S(M)

WmR
) such that ψ = ∂Π(S)

WmR
(ξ) is WmR-admissible,

JWR;M (fm,R(ξ)) ≤ JWmR;M (ξ) +
CM

(mR)d/2
− 1

|WmR|
⟨ψ, pWmR,M ⟩, (6.16)

and, for any x ∈ Rd such that x+WR ⊂WmR,

JWR;M (θx(Πx+WR
(ξ))) ≤ JWmR;M (ξ) +

CM
(mR)d/2

− 1

|WmR|
⟨ψ, pWmR,M ⟩. (6.17)

where JW ;M is defined in (6.14) with all other parameters K,L, T, ϑ equal to ∞.

(2) For any P ∈ M(s)

1 (L(M) × S(M)) such that P is WmR-ergodic and Π(S)

WR
(P ) is concentrated on

A(S)

WR;M,r,T ∩ S(ϑ,S)

WR
,

JWR;M (ΠWR
(P )) ≤ JWmR;M (ΠWmR

(P )) +
CM

(mR)d/2
+
[CM,r,T

mR
+
Cϑ2

S

]
⟨P,N(ℓ)

U ⟩. (6.18)

(3) For any P, P1, P2, · · · ∈ M(s)

1 (L × S) such that Pn converges weakly to P , we have
JWR

(ΠWR
(P )) ≤ lim infn→∞ JWRn

(ΠWRn
(Pn)) for any sequence Rn ↓ R.

(4) For any ξ ∈ M1(L(M)

WR
× S(M)

WR
) such that ψ = ∂Π(S)

WR
(ξ) is WR-admissible, and for any k ∈ N,

JWR;M (ξ) ≥ inf
{
J3kWR;M

(ξ(k)) : ξ(k) ∈ M̃(k)

1 ,Π3kWR→WR
(ξ(k)) = ξ

}
− CM

Rd/2
+

1

|WR|
⟨ψ, pWR,M ⟩.

(6.19)

Proof. Recall that Q
(ΛN,par)

M denotes the PPP with intensity measure given in (4.31). All asymptotic
assertions as N → ∞ in the following are meant under this measure.

(1) Note that fm,R(ΞN,mR) = ΞN,R for any large N ∈ N that is an odd multiple of mR. Hence, for
any δ-neighbourhood Bδ of ξ, there is an δ′-neighbourhood B′

δ′ of fm,R(ξ) such that

Q
(ΛN,par)

M

(
ΞN,mR ∈ Bδ

)
≤ Q

(ΛN,par)

M

(
ΞN,R ∈ B′

δ′
)
. (6.20)

We take Bδ such that Ũ = ∂Π(S)

WR
(B′

δ′) = {∂Π(S)

WR
(ξ′) ∈ M1(TW ) : ξ′ ∈ B′

δ′} is compact. Then,

according to Lemma 6.4 (or Corollary 6.5(1)), the right-hand side can be further estimated as follows.

lim sup
N→∞

1

|ΛN |
log Q

(ΛN,par)

M

(
ΞN,R ∈ B′

δ′
)
≤ − inf

ψ∈Ũ
inf

ξ′∈B′
δ′
J (ψ)

WR;M
(ξ′) = − inf

ξ′∈B′
δ′
JWR;M (ξ′),

where the last step derives from the fact that J (ψ)

WR;M
(ξ′) = ∞ if ψ ̸= ∂Π(S)

WR
(ξ′). Because of the lower

semicontinuity of JWR;M , we can estimate − inf
ξ′∈B′

δ′
JWR;M (ξ′) ≤ −JWR;M (fm,R(ξ)) + Cδ for some

Cδ that vanishes as δ ↓ 0; here we use that B′
δ′ is an δ

′-neighbourhood of fm,R(ξ), and δ
′ vanishes as

δ ↓ 0.

The left-hand side of (6.20) is lower estimated using a similar strategy to what we will present in
Section 6.5. Indeed, we can lower bound

Q
(ΛN,par)

M

(
ΞN,mR ∈ Bδ

)
≥ Q

(ΛN,par)

M

(
ΞN,mR ∈ B′

δ′
∣∣ ∂Ξ(S)

N,mR = ψN
)
Q
(ΛN,par)

M

(
∂ΞN,mR = ψN ),
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where ψN ∈ M1(TWR
) are picked such that they converge towards ψ as N → ∞. Now Lemma 5.3

and Corollary 6.5(2) give that

lim inf
N→∞

1

|ΛN |
log Q

(ΛN,par)

M

(
ΞN,mR ∈ Bδ

)
≥ − inf

ξ̃∈B′
δ′ : ∂Π

(S)
WmR

(ξ̃)=ψ

JWmR;M (ξ̃)

− CM
(mR)d/2

+
1

|WmR|
⟨ψ, pWmR,M ⟩,

recalling that ψ = ∂Π(S)

WmR
(fm,R(ξ)) is WmR-admissible. Clearly, the infimum on the right-hand side

is not larger than JWmR;M (ξ). This yields

−JWR;M (fm,R(ξ)) + Cδ ≥ −JWmR;M (ξ)− CM
(mR)d/2

+
1

|WmR|
⟨ψ, pWmR,M ⟩. (6.21)

Making δ ↓ 0, this implies (6.16).

For proving (6.17), fix x ∈ Rd such that x+WR ⊂WmR and an odd m ∈ N \ {1} and define

f (x) : M1(LWmR
× SWmR

) → M1(LWR
× SWR

), f (x)(ξ(m)) = θx
(
Πx+WR

(ξ(m))
)
. (6.22)

Then f (x)(ΞN,mR(ω)) = Ξ(x)

N,mR(ω) =
1

#ZN,mR

∑
z∈ZN,mR δθz+x(Πz+x+WR (ω)). We proceed now as above

with fm,R replaced by f (x). Indeed, for any δ-neighbourhood Bδ of ΠWmR
(P ), there is an δ′-

neighbourhood B′
δ′ of f

(x)(ΠWmR
(P )) = θx(Πx+WR

(P )) such that

Q
(ΛN,par)

M

(
ΞN,mR ∈ Bδ

)
≤ Q

(ΛN,par)

M

(
Ξ(x)

N,mR ∈ B′
δ′
)
. (6.23)

For further estimating the right-hand side, observe that Lemma 6.4 applies to Ξ(x)

N,mR when con-

ditioned on {∂Ξ(x)

N,mR = ψN} for some ψN → ψ ∈ M1(TWR
), where we define ∂Ξ(x)

N,mR =
1

#ZN,mR

∑
z∈ZN,mR δθz+x(∂Π(S)

z+x+WR
(ω))

, since both QM and the kernel KW are shift-invariant and can

be equally applied in x+WR as in WR. Therefore, as above, we arrive at (6.17).

(2) We apply (1) to ξ = ΠWmR
(P ) and note that fm,R(ΠWmR

(P )) = ΠWR
(P ) by stationarity of P .

Note that ∂Π(S)

WmR
(P ) is WmR-admissible by Lemma 5.4. Use Lemma 5.5 for mR instead of R in order

to estimate the right-hand side of (6.16).

(3) Fix R ∈ (0,∞) and a sequence (Rn)n∈N that tends to R from above. Using (2.7), we see that,
for any bounded measurable function f : LWRn

× SWRn
→ R,

|WRn |JWRn
(ΠWRn

(P )) ≥ ⟨ΠWRn
(P ), f⟩ − log

[
Π(L)

WRn
(Q)⊗ [∂Π(S)

WRn
(P )⊗ KWRn

]
(ef ).

We use this for a function f that depends only on LWR
×SWR

, i.e., for an f of the form f = g◦ΠWR
with

some bounded measurable g : LWR
× SWR

→ R. Using that R ≤ Rn and hence ΠWR
◦ ΠWRn

= ΠWR
,

we see that

⟨ΠWRn
(P ), f⟩ = ⟨P, f ◦ΠWRn

⟩ = ⟨P, g ◦ΠWR
⟩ = ⟨ΠWR

(P ), g⟩.

On the other hand, for such an f , the integral of ef with respect to Π(L)

WRn
(Q) is equal to the integral

of eg with respect to Π(L)

WR
(Q), and the integral of eg with respect to ∂Π(S)

Wn
(Pn)⊗ KWRn

is asymptotic

to its integral with respect to ∂Π(S)

WR
(P )⊗ KWR

as n→ ∞, since the Pn-probability that a WRn-shred
is not a WR-shred vanishes. Picking g such that the supremum over all bounded measurable functions
LWR

×SWR
→ R is approached in the formula (2.7) for |WR|JWR

(ΠWR
(P )), we arrive at the assertion.

(4) Recall the empirical process Ξ(k)

N,R defined in (6.10) and recall from (6.11) that ΞN,R and

ΠW (Ξ(k)

N,R) have a vanishing total-variation distance as N → ∞, where we abbreviate here and in
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the rest of the proof ΠW = Π3kW→W and W =WR. We also note that

Ξ(k)

N,R =
1

#(3kW ∩ Zd)
∑

y∈3kW∩Zd
Ξ(k,y)

N,R, where Ξ(k,y)

N,R =
1

#ZN,3kR

∑
z∈Z

N,3kR

δθy+z(Πy+z+3kW
(ω)),

(6.24)
and note, for any y ∈ 3kW ∩ Zd, that (Ξ(k,y)

N,R)N∈N can be shown to be exponentially equivalent

to (Ξ(k,0)

N,R)N∈N = (ΞN,3kR)N∈N, since they are only a fixed shift of each other, which corresponds

to replacing ΛN by ΛN + y. In particular, every (Ξ(k,y)

N,R)N∈N satisfies, according to (a variant of)
Corollary 6.5, the LDP upper bound with rate function J3kW ;M .

We introduce the projection πy : M1(L3kW × S3kW )3
kW∩Zd on the y-th factor. We first show that

((Ξ(k,y)

N,R)y)N∈N satisfies the LDP upper bound with rate function (ξy)y 7→ maxy J3kW (ξy). Indeed, for

any closed set U in M1(L3kW × S3kW )3
kW∩Zd , we can easily estimate, for any y,

Q
(ΛN,par)

M

(
(Ξ(k,y)

N,R)y ∈ U
)
≤ Q

(ΛN,par)

M

(
Ξ(k,y)

N,R ∈ πy(U)
)
≤ exp

{
− (1 + o(1))|ΛN | inf

πy(U)
J3kW,M

}
.

We abbreviate G((ξy)y∈3kW∩Zd) =
1

#(3kW∩Zd)
∑

y ξy, then Ξ(k)

N,R = G((Ξ(k,y)

N,R)y) satisfies, according to

the (upper-bound half of the) contraction principle from the theory of large deviations (see [DZ10,
Section 4.2.1]) the upper-bound half of the LDP with rate function M1(L3kW × S3kW ) ∋ ξ(k) 7→
inf{maxy J3kW,M ◦ πy((ξy)y) : G((ξy)y) = ξ(k)}. Since Ξ(k)

N,R has a vanishing distance to the set M̃(k)

1 ,

the rate function is = ∞ in points ξ(k) ∈ (M̃(k)

1 )c. Note that this rate function is not smaller than
J3kW,M (ξ(k)), since, by convexity, maxy J3kW,M ◦ πy((ξy′)y′) ≥ G((J3kW,M (ξy)y) ≥ J3kW,M (G((ξy))y) =

J3kW,M (ξ(k)). Hence, Ξ(k)

N,R satisfies the upper-bound half of the LDP with rate function ξ(k) 7→
J3kW,M (ξ(k)) if ξ(k) ∈ M̃(k)

1 and 7→ ∞ otherwise. Now recall that ΞN,R (and therefore ΠW (Ξ(k)

N,R),

since they have vanishing total-variation distance) satisfies the LDP lower bound with rate function

ξ 7→ JW,M (ξ) + CM
Rd/2

− 1
|W |⟨ψ, pW,M ⟩ (for a proof, adapt the arguments of the proof of (1)). Again

using the contraction principle for the function ΠW , we see that (6.19) is satisfied. □

6.3. Compactnesses. In Section 6.4 we will apply the LDP of Corollary 6.5(1) to the right-hand
side of (4.25). For this, it is necessary to generate compactness in the integration area beforehand.
Furthermore, we need to introduce a condition that makes the two particle densities that appear
in (4.25) continuous functions of ΞN,R, since it is crucial for our purposes to keep control on the
condensate density and the total density of particles. The purpose of this section is to introduce this
condition and to show how it can be incorporated in (4.25).

Part of our solution to this problem is to prove the compactness of the sub-level sets of JW , which
will be also used in the proof of Theorem 2.3. But we will also need to explicitly control the expected
particle number of the boundary-shred configuration ∂Π(S)

W (ξ), since this is not controlled in the sub-
level sets.

More explicitly, we will apply the (upper bound of the) LDP on the event {Ξ(L)

N,R ∈ K(L)}∩{∂Ξ(S)

N,R ∈
K(S)}, where K(L) and K(S) are sets that need to satisfy three crucial properties:

(1) they are closed, and K(S) induces compactness for the M1(TW )-part on the sub-level sets of
JW ,

(2) the probability of Ξ(L)

N,R, respectively ∂Ξ
(S)

N,R, being in their complement is extremely small on
the exponential scale,

(3) on these sets, the number of particles is a continuous function of Ξ(L)

N,R respectively ∂Ξ(S)

N,R.

The problem with (3) is that, a priori, the maps ξ 7→ ⟨ξ,N(ℓ,L)

W ⟩, respectively ψ 7→ ⟨ψ,N(ℓ,S)

∂W ⟩, are not
continuous in the weak topology since neither N(ℓ,L)

W nor N(ℓ,S)

∂W are bounded. Therefore, we make use
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of Assumption (V), in particular (2.23), which gives an efficient bound on having an extraordinarily
high number of particles in the subboxes. Hence, (2) will be handled in terms of the transformed
probability measure Q̂(ΛN,bc) defined in (1.13).

6.3.1. Loop part. Following Remark 2.11, we decided to work (instead with the number N(ℓ,L)

WR
of

particles in all loops in WR; see (2.15)) with the number Ñ(ℓ,L)

y+U (ω) of particles in y + U (recall

that U = [−1
2 ,

1
2 ]
d = W1/2) coming from any of the loops of ω ∈ LW starting in W . Note that∑

y∈ZR,1/2 Ñ
(ℓ,L)

y+U (ω) = Ñ(ℓ,L)

W (ω) = N(ℓ,L)

W (ω), where ZR,1/2 (in a small abuse of notation) is the set of

those y ∈ 1
2Z

d such that y + U ⊂WR (which implies |ZR,1/2| ≤ |WR|). Then we consider the set

K(L)

R (L) =
{
ξ ∈ M1(LWR

) :
∑

y∈ZR,1/2

〈
ξ,
(
Ñ(ℓ,L)

y+U

)5/4〉 ≤ L|WR|
}
, L ∈ (0,∞). (6.25)

In words, under any ξ ∈ K(L)

R (L), the number of particles in any shift of U in WR is not extremely
unevenly distributed, uniformly over the subbox and over ξ.

The set K(L)

R (L) turns out to possess the mentioned three properties:

Lemma 6.7 (Restriction of the loop-part). Suppose that Assumption (V) holds, then the following
assertions hold.

(1) For any L ∈ (0,∞) and for any R ∈ N, the set K(L)

R (L) is closed in the weak topology.
(2)

lim
L→∞

sup
R∈N

lim sup
N→∞

1

|ΛN |
log Q̂(ΛN,par)

(
Ξ(L)

N,R ∈
(
K(L)

R (L)
)c)

= −∞. (6.26)

(3) For any L ∈ (0,∞) and for any R ∈ N, the map ξ 7→ ⟨ξ, Ñ(ℓ,L)

W ⟩ is continuous on the set

K(L)

R (L).

Proof. We drop the super-indices ‘L’, and we abbreviate W =WR.

(1) Since the map ξ 7→ ⟨ξ, Ñ(ℓ)

U 1l{Ñ(ℓ)

U > Lk}⟩ is lower semi-continuous for any k ∈ N, KR(L) is
closed.

(2) Now we show (6.26). We adapt and extend the proof of Lemma 3.2 and will also employ
Lemma 3.1 (which uses (2.23) from Assumption (V)). As always, we assume that ΛN is equal to the
(up to boundaries) disjoint union of the boxes Wz = z +W with z ∈ ZN,R (and R may depend on
N). We use that #ZN,R ∼ |ΛN |/|W | as N → ∞.

First note that, for any y ∈ ZR,1/2, in the limit as N → ∞,〈
ΞN,R(ωP),

(
Ñ(ℓ)

y+U

)5/4〉 ∼ |W |
|ΛN |

∑
z∈ZN,R

(
Ñ(ℓ)

z+y+U (ωP)
)5/4

.

Hence, for any L ∈ (0,∞), recalling the notation in (4.26),

Q̂(ΛN,par)
(
ΞN,R ∈ (KR(L))

c
)
≤ Q̂(ΛN,par)

( ∑
z∈ZN,R

∑
y∈ZR,1/2

(
Ñ(ℓ)

z+y+U (ωWz)
)5/4

> L|ΛN |
)

≤ e−L|ΛN |Q̂(ΛN,par)

(
e
∑
z∈ZN,R

∑
y∈ZR,1/2

(
Ñ

(ℓ)
z+y+U (ωWz )

)5/4)
≤ e−L|ΛN |

Ẑ(bc)

N (ΛN )

∏
z∈ZN,R

Q(ΛN,par)

(
e
∑
y∈ZR,1/2

(
Ñ

(ℓ)
z+y+U (ωWz )

)5/4
e
−

∑
y∈ZR,1/2

Φz+y+U,z+y+U (ωWz )
)
,

(6.27)
where we used that, under particle boundary condition, the configurations in the subboxes Wz are
i.i.d. over z, and we estimated the total interaction ΦΛn,ΛN in ΛN from below against the sum of the
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interactions within the z + y+U (i.e., the interactions between any pair of different legs that start in
z + y + U).

We apply Lemma 3.1 for any z and y to the expectation of e−Φz+y+U,z+y+U over all the legs starting in
z+y+U , conditioned on their starting sites, which are the particles. Hence, there is some C ∈ (0,∞)

such that this conditional expectation is upper bounded by e−C(Ñ
(ℓ)
z+y+U )

3/21l{Ñ(ℓ)
z+y+U≥C}. Abbreviate

f(m) = m5/4−Cm3/21l{m ≥ C}. Hence, when carrying out the expectation over all the (independent!)
legs in the configuration in each subbox z + y + U , we obtain from (6.27) the following upper bound:

Q̂(ΛN,par)
(
ΞN,R ∈ (KR(L))

c
)
≤ e−L|ΛN |

Ẑ(bc)

N (ΛN )

∏
z∈ZN,R

Q(ΛN,par)

[
e
∑
y∈ZR,1/2

f(Ñ
(ℓ)
z+y+U (ωWz ))

]
. (6.28)

Since f is bounded from above (here is the point where we need the decomposition into the sum over
y of the 5/4-moments of the particle numbers in the unit boxes in the definition of K(L)

R (L) instead
of directly bounding only the 5/4-moment of the particle number in W ), and since the number of
summands (z, y) does not depend on R and is ∼ |ΛN |, and noting that the normalization constant

Ẑ(bc)

N (ΛN ) has a positive exponential rate, this shows that (6.26) holds.

(3) First note that the map ξ 7→ ⟨ξ, Ñ(ℓ)

W ⟩ is lower semicontinuous on K(L)

R (L), since Ñ(ℓ)

W can be
monotonously approached from below with nonnegative bounded continuous functions. Furthermore,
the upper semicontinuity can be easily be derived, since on K(L)

R (L) there is a uniform upper bound for

a higher moment of Ñ(ℓ)

W . More precisely, for any sequence (ξn)n in K(L)

R (L), tending weakly towards

some ξ ∈ KR(L), we use that Ñ
(ℓ)

W =
∑

y∈ZR,1/2 Ñ
(ℓ)

y+U and estimate, for any n ∈ N and any T ∈ (0,∞),∣∣⟨ξn − ξ,Ñ(ℓ)

W ⟩
∣∣ ≤ ∑

y∈ZR,1/2

(∣∣⟨ξn − ξ, Ñ(ℓ)

y+U1l{Ñ
(ℓ)

y+U ≤ T}⟩
∣∣+ T−1/4⟨ξn + ξ, (Ñ(ℓ)

y+U )
5/4⟩

)
≤

∑
y∈ZR,1/2

∣∣⟨ξn − ξ, Ñ(ℓ)

y+U1l{Ñ
(ℓ)

y+U ≤ T}⟩
∣∣+ T−1/4L|W |.

The latter term can be made arbitrarily small by picking T large, and then the former sum can be
made arbitrarily small by picking n large. □

6.3.2. Compactness for shred part. Analogously to the loop part, we present now a strategy to com-
pactify the boundary-shred-part in the variational formula in (4.25) such that the number of particles
in the shreds, i.e., the map ψ 7→ ⟨ψ,N(ℓ,S)

∂WR
⟩, becomes continuous, where we recall from (4.16) that

N(ℓ,S)

∂WR
(µ) =

∑
i∈I li denotes the number of particles in the configuration µ =

∑
i∈I δ(xi,li,yi). We also

denote by N(ℓ,S)

y+U (ϖ) the number of particles in y + U from all the shreds in ϖ ∈ SW (compare to

(2.15)).

Then we consider the set

K(S)

R (L) =
{
ξ ∈ M1(SWR

) :
∑

y∈ZR,1/2

〈
ξ,
(
N(ℓ,S)

y+U

)5/4〉 ≤ L|WR|
}
, L ∈ (0,∞). (6.29)

The set K(S)

R turns out to possess the mentioned three properties:

Lemma 6.8 (Compactification of the shred-part). Suppose that Assumption (V) holds. Then the
following holds.

(1) For any R,L ∈ N, the set K(S)

R (L) is closed in the weak topology. Furthermore, the set{
ξ ∈ M1(LWR

× SWR
) : Π(S)

WR
(ξ) ∈ K(S)

R (L), ⟨∂Π(S)

WR
(ξ),N(S)

∂WR
⟩ = ρ2, JWR

(ξ) ≤ C
}

(6.30)

is compact for any ρ2, C ∈ (0,∞).



THE FREE ENERGY OF THE INTERACTING BOSE GAS, LOOPS AND INTERLACEMENTS 61

(2)

lim
L→∞

sup
R∈N

lim sup
N→∞

1

|ΛN |
log Q̂(ΛN,par)

(
Ξ(S)

N,R ∈
(
K(S)

R (L)
)c)

= −∞. (6.31)

(3) For any R,L ∈ N, the map ψ 7→
∫
ψ(dµ)

∑
i∈I li is continuous on K(S)

R (L).

Proof. Much of this proof is analogous to the one of Lemma 6.7, and we leave the details to the reader.
Indeed, the closedness of K(S)

R (L) is analogous, the proof of (2) and the one of (3) as well. However,
the compactness of the set in (6.30) needs to be shown. Here we can restrict to showing the relative
compactness of the set of ξ such that JWR

(ξ) ≤ C and ⟨∂Π(S)

WR
(ξ),N(S)

∂WR
⟩ ≤ ρ2, since the continuity of

the map ξ 7→ ⟨∂Π(S)

WR
(ξ),N(S)

∂WR
⟩ follows from assertion (3).

First recall from the end of Section 4.2 that the set Kρ2 of all ψ ∈ M1(TWR
) such that ⟨ψ,N(ℓ,S)

∂WR
⟩ ≤

ρ2 is relatively compact. Hence, we only need to show that its intersection with the sub-level set of
JWR

(more precisely, the set of ξ such that ∂Π(S)

WR
(ξ) is in that set and JWR

(ξ) ≤ C) is relative compact

in M1(LWR
× SWR

).

Pick a sequence (ξn)n∈N in that set. Using the standard Lemma 8.2 below we see that its loop-
part, i.e., the sequence (HLW (Π(L)

WR
(ξn) | Π(L)

WR
(Q)))n∈N, is bounded. Therefore, as it is proved in the

large-deviations literature as part of the proof of Sanov’s theorem, (Π(L)

WR
(ξn))n∈N is tight. Therefore,

we only need to show that the shred-part (Π(S)

WR
(ξn))n∈N is also tight. Then (ΠWR

(ξn))n∈N is also

tight, since, for any compact sets K(L) ⊂ LW and K(S) ⊂ SW , also K(L) ×K(S) is compact, and its
complement is contained in [(K(L))c × SW ] ∪ [LW × (K(S))c].

Let us show tightness of the sequence (Π(S)

WR
(ξn))n∈N. Again from (2.16) and Lemma 8.2 we see that

it lies in the set

AR =
{
ξ ∈ M1(SWR

) : ∂Π(S)

WR
(ξ) ∈ Kρ2 , HSWR (ξ | ∂Π

(S)

WR
(ξ)⊗ KWR

) ≤ CR
}
, (6.32)

for some CR ∈ R.
We show now that this set is compact. The following is an adaptation of the standard proof of

compactness of level sets of entropies, as it can be found in the literature on Sanov’s theorem (see
[DZ10, Section 6.2]). Indeed, let a small δ ∈ (0, 1) be given. Since Kρ2 is compact, there is a compact
set L1 ⊂ TWR

such that ψ(Lc
1) ≤ δ for any ψ ∈ KR. Note that there is an α ∈ N such that, for any

µ =
∑

i δ(xi,yi,li) ∈ L1, we have |yi| ≤ α, li ≤ α and |µ| ≤ α. Additionally, let a small ε ∈ (0, 1) be
given. Then, for any µ ∈ TWR

, there is a compact set L2(µ) ⊂ SWR
such that KWR

(µ,L2(µ)
c) ≤ ε.

Then the set L =
⋃
µ∈L1

{µ} × L2(µ) is compact.

We denote a regular version of the conditional distribution of ξ given ∂Π(S)

WR
(ξ) by ξ(µ, ·) (in earlier

notation ξTWR→SWR (µ, ·)). Using the characterisation of the entropy from (2.7), we see by taking

f = 1lL2(µ)c logM for any large M that, for any ξ ∈ M1(SWR
),

HSWR (ξ(µ, ·) | KWR
(µ, ·)) ≥ ξ(µ,L2(µ)

c) logM − log
(
1− KWR

(µ,L2(µ)
c) +MKWR

(µ,L2(µ)
c)
)
,

and hence

ξ(µ,L2(µ)
c) ≤ 1

logM

[
HSWR (ξ(µ, ·) | KWR

(µ, ·)) + log(1 + (M − 1)ε)
]
.

Now we assume that ξ ∈ AR and integrate over ∂Π(S)

WR
(ξ)(dµ) to obtain

ξ
( ⋃
µ∈TWR

{µ} × L2(µ)
c
)
=

∫
∂Π(S)

WR
(ξ)(dµ) ξ(µ,L2(µ)

c)

≤ 1

logM
HSWR (ξ | ∂Π

(S)

WR
(ξ)⊗ KWR

) +
log(1 + (M − 1)ε)

logM

≤ c|WR|+ log(1 + (M − 1)ε)

logM
.
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Now picking M = 1 + 1
ε and making ε small, we can press the right-hand side under the given small

number δ ∈ (0, 1). Now we want to argue that ξ(Lc) ≤ 2δ for any ξ ∈ AR.

Indeed, split Lc into the union of {µ} × L2(µ)
c with µ ∈ L1 and the union of {µ} × L2(µ) with

µ ∈ Lc
1 to see that the ξ-measure of the complement of the former is below δ by the choice of L1 and

the one of the latter is below δ by the preceding argument. This finishes the proof of tightness of AR
and therefore the proof of the entire lemma. □

6.4. Upper large deviations bound. In this section we derive an upper bound for the large-N

exponential rate of Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) defined in (4.24), on the base of the upper bound of Lemma 4.2

in (4.25). Recall that we fixed ρ1, ρ2 ∈ (0,∞) with ρ = ρ1 + ρ2. Furthermore, as always, we fix R ∈ N
and decompose the box ΛN into the subboxes z+W with z ∈ ZN,R, where R might depend on N and
converges then to R. Furthermore, we fix a small δ ∈ (0, 1).

We want to apply Corollary 6.5(1) to the right-hand side of (4.25). For this, we insert the indicator
on {Ξ(L)

N,R ∈ K(L)

R (L)}∩{Ξ(S)

N,R ∈ K(S)

R (L)}, plus the one on its complement, and we note that the second

part (the one with the indicator on the complement) is negligible on the exponential scale in the limit
N → ∞ by Lemmas 6.7 and 6.8, if L is taken large enough (not depending on R, according to assertion
(2) there). On the first event, the map ξ 7→ ⟨ξ, 1

|W |FW,W ⟩ is lower semicontinuous, and the two maps

ξ 7→ ⟨ξ,N(ℓ,L)

W ⟩ and ψ 7→ ⟨ψ,N(ℓ,S)

∂W ⟩ are continuous; hence the two indicators on the right-hand side
of (4.25) are on closed sets, and the M1(TW )-part is even continuous. Applying Corollary 6.5(1), we
arrive at

lim sup
N→∞

1

|ΛN |
log Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2)

≤ − inf
{ 1

|W |
⟨ξ, FW,W ⟩+ JW (ξ) : ξ ∈

⋂
k∈N

M(k)

1 (LW × SW ),

Π(L)

W (ξ) ∈ K(L)

R (L),Π(S)

W (ξ) ∈ K(S)

R (L),

⟨ξ, 1
|W |N

(ℓ,L)

W ⟩ ∈ B2δ(ρ1), ⟨ξ, 1
|W |N

(ℓ,S)

W ⟩ ∈ B2δ(ρ2)
}
.

(6.33)

In Section 8 we show how to handle the limit as R → ∞ for the crucial entropy term JW (ξ) if
ξ = ΠW (P ) for some P ∈ M(s)

1 (L × S). The finish of the proof of the upper bound in Theorem 2.5
will be carried out in Section 9.1.

6.5. Lower large deviations bound. Now we apply the large deviations assertions of Corol-
lary 6.5(2) to our preliminary lower bound in Lemma 4.3 in (4.39) to obtain a lower bound for the
limiting free energy. We keep R ∈ N fixed and putW = [−R,R]d. Furthermore, we fix also all the aux-
iliary parameters r,M,K,L, T ∈ (0,∞) and recall the events in (4.34), (4.35) and (4.36). We also recall
that Λ′

N is the ‘interior’ of ΛN , i.e., the union of theWz with z ∈ Z◦
N,R. Recall also other notation from

Section 4.6, in particular that we write ∥f∥sp = maxt∈[0,β] |f(t)− f(0)| for the spread of a leg f ∈ C1.
We pick any admissible ψ∗ ∈ M1(TW ) (see Definition 5.2). We assume that ⟨ψ∗, 1

|W |N
(ℓ,S)

∂W ⟩ ∈ Bδ/3(ρ2).
For some small δ ∈ (0, 1), we insert the indicator on the event {∂Ξ(◦,ωP,S)

N,R ∈ Bδ(ψ∗)} into the expecta-

tion on the right-hand side of (4.39), where Bδ(ψ∗) is a δ-neighbourhood of ψ∗. Recall the kernel KW
from (2.5). We are going to use C ∈ (0,∞) as a generic constant that depends only on d, β, ρ1, ρ2 or
v and may change its value from appearance to appearance.

In view of an application of Corollary 6.5(2) we switched already in (4.39) in Section 4.6 to
the integration with respect the conditional version given an event, namely

⋂
z∈Z◦

N,R
{(ωWz , ϖWz) ∈

AWz ;M,L,K,T }, on which the particle numbers in loops and in shreds, respectively, and the interaction
are continuous functionals of ΞN,R. This is necessary in order that the event

B =
{
ξ ∈ M1(AW ;r,M,K,L,T ) : ⟨ξ, 1

|W |N
(ℓ,L)

W ⟩ ∈ Bδ/3(ρ1) and ⟨ξ, 1
|W |N

(ℓ,S)

W ⟩ ∈ Bδ/3(ρ2)
}
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is open in M1(AW ;r,M,K,L,T ) and the map ξ 7→ ⟨FW,W , ξ⟩ is continuous. Indeed the functionals N(ℓ,L)

W ,

N(ℓ,S)

W and FW,W need to be bounded and continuous on our restriction, since we are working in
the weak topology. Note that their continuity is not a problem, since (see Section 4.1) convergence
of loop-shred configurations is defined leg-wise, and V defined in (1.10) is continuous. Indeed, on
AW ;r,M,L,K,T , the three functions N(ℓ,L)

W , N(ℓ,S)

W and FW,W are bounded. This is clear for the first two,
and for FW,W this follows from Lemma 4.4 with z = z′. Hence, we are in the setting of our crucial
LDP-tool, Corollary 6.5(2).

Now taking the limit N → ∞ in (4.39) gives, according to Lemma 5.3 and Corollary 6.5(2),

lim inf
N→∞

1

|ΛN |
log Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) ≥ −
CM,L,K,T

R
− CM
Rd/2

+ ⟨ψ∗, pWR,M ⟩

− inf
{ 1

|W |
⟨ξ, FW,W ⟩+ JW ;r,M,L,K,T (ξ)− ⟨log pW ;r,M,L,K,T , ψ

∗⟩ :

ξ ∈ M1(AW ;r,M,L,K,T ), ∂Π
(S)

W (ξ) = ψ∗, ⟨ξ, 1
|W |N

(ℓ,L)

W ⟩ ∈ Bδ/3(ρ1)
}
,

(6.34)

where JW ;r,M,L,K,T is defined in (6.14) with ϑ = ∞. Note that, for ξ ∈ M1(LW × SW ) that is

concentrated on AW ;r,M,L,K,T with ∂Π(S)

W (ξ) = ψ∗, we have

JW ;r,M,L,K,T (ξ)− ⟨log pW ;r,M,L,K,T , ψ
∗⟩ =

∫
AW ;r,M,L,K,T

ξ(d(ω,ϖ)) log
dξ

d[Π(L)

W (Q)⊗ [ψ∗ ⊗ KW ]]
(ω,ϖ)

= JW (ξ),

since the integral on Ac
W ;r,M,L,K,T does not contribute. We take ψ∗ of this form.

In order to apply Lemma 5.5 to the third term on the right-hand side of (6.34), we additionally
require that ξ is concentrated on LW ×S(M,ϑ,S)

W where S(M,ϑ,S) is defined in (5.21). We further confine

the infimum to those ξ’s of the form ξ = ΠW (P ) with an ergodic measure P ∈ M(s)

1 (L×S). Then ψ∗ =

∂Π(S)

W (P ) is admissible according to Lemma 5.4. This implies that, for any R,M,L,K, T, ϑ, S, δ, δ′ ∈
(0,∞),

lim inf
N→∞

1

|ΛN |
log Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) ≥ −
CM,L,K,T

R
− CM

Rd/2
−
[CM,ϑ,S

R
+
Cϑ2

S

]
(ρ2 + δ′)

− inf
{ 1

|W |
⟨ΠW (P ), FW,W ⟩+ JW (ΠW (P )) : P ∈ M(s)

1 (L × S) ergodic,

ΠW (P )(AW ;r,M,L,K,T ) = 1 = Π(S)

W (P )(S(M,ϑ,S)

W ), ⟨P,N(ℓ,L)

U ⟩ ∈ Bδ/3(ρ1), ⟨P,N
(ℓ,S)

U ⟩ ∈ Bδ′(ρ2)
}
.

(6.35)

In Lemma 7.6 we will show how to get rid of the two restrictions of P being ergodic and ΠW (P )
being concentrated on AW ;r,M,L,K,T . In Section 9.2, we put this all together, make R → ∞ and
afterwards M,T → ∞ and then L,K → ∞ and finish the proof of the lower bound in Theorem 2.5.

7. Analysis of the variational formula

This section is devoted to proofs of a number of results that evolve around the variational formula
χ(ρ1, ρ2) in (2.24). In Section 7.1 we give the proof of Lemma 2.12 from Section 2.4, the regularity prop-
erties of χ(ρ1, ρ2). The other sections give a number of technical preparations for some crucial points
in the proofs of Theorems 2.3 and 2.5. That is, in Section 7.2 we explicitly decompose the entropies
for loop point processes and for interlacement point processes according to the various parts of these
point processes. In Section 7.3 we use this to prove Lemma 2.13, i.e., that every loop/interlacement
configuration can be approximated with a pure loop-configuration. In Section 7.4 we show that
entropies of loop-shred configuration measures that are concentrated on uniformly bounded configu-
rations approximate the entropy of arbitrary loop-shred configurations if the bound diverges. Using
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this and a similar technique as in Section 7.3, in Section 7.5 we carry out an ergodic approximation
in our main variational formula, i.e., we prove that the minimizers can be approximated by ergodic
loop/interlacements configurations that are additionally uniformly bounded in various senses.

7.1. Proof of Lemma 2.12. In this section, we prove Lemma 2.12. As a preparation, we give
a crucial lower bound on the expected energy FU defined in (2.22), which will be important for

obtaining compactness properties. By Ñ(ℓ)

W (ω,ϖ) we denote the number of particles in W in the
loop/interlacement configuration (ω,ϖ), regardless where the loop starts in which is the particle

is contained (if any). In Remark 2.11, we argued that Ñ(ℓ)

W has the same expectation under any

P ∈ M(s)

1 (L × S) as N(ℓ)

W defined in and below (2.15).

Lemma 7.1 (Lower bound for expected interaction). Suppose that v satisfies Assumption (V). Then,
for any ergodic P ∈ M(s)

1 (L × S),

⟨P, FU ⟩ ≥
Cβ

2

〈
P,

(
Ñ(ℓ)

U

)2〉− 5Cβ

4
, (7.1)

where C is introduced in (2.23). Moreover, the maps M(s)

1 (L×S) ∋ P 7→ ⟨P, Ñ(ℓ,L)

U ⟩ and M(s)

1 (L×S) ∋
P 7→ ⟨P, Ñ(ℓ,S)

U ⟩ are continuous on the set {P : ⟨P, (Ñ(ℓ)

U )2⟩ ≤ L} for any L ∈ (0,∞).

Proof. According to Remark 2.11, we can replace ⟨P, FU ⟩ by the expectation of F̃U (ω,ϖ), the amount
of interaction in the loop/interlacement configuration between any leg that starts in U (regardless,

whether it is in a loop or in an interlacement) and any other leg. Define F̃W in the same way with U
replaced byW = [−R,R]d. Define L(ω,ϖ) as the set of all legs of ω or of ϖ. Then, by shift-invariance,
for R ∈ N, we can estimate

⟨P, FU ⟩ =
1

|W |
⟨P, F̃W ⟩ ≥ 1

|W |

∫ β

0
ds

∫
P (d(ω,ϖ))

∑
g,g′∈L(ω,ϖ) : g(s),g′(s)∈W

1l{g ̸= g′}v(g(s)− g′(s))

≥ C

|W |

∫ β

0
ds

∫
P (d(ω,ϖ))

(ÑW (s)2

|W |
− ÑW (s)

)
,

where we denote ÑW (s) = #{g ∈ L(ω,ϖ) : g(s) ∈ W}, and we used the assumption (2.23) of super-
stability in Assumption (V). Jensen’s inequality gives

⟨P, FU ⟩ ≥
Cβ

|W |

∫
dP

(G2
W

|W |
−GW

)
= Cβ

∫
dP

((GW

|W |

)2
− GW

|W |

)
,

where GW = 1
β

∫ β
0 ds ÑW (s) denotes 1

β times the total local time in W of all the legs in the

loop/interlacements configuration. We estimate x2 − x ≥ 1
2x

2 for x ≥ 2 and x2 − x ≥ −1
4 for

x ≤ 2; hence

⟨P, FU ⟩ ≥ −Cβ
4

+
Cβ

2

∫
dP

(GW

|W |

)2
1l{GW ≥ 2|W |}.

Denote by Ñ(ℓ,M)

W̃
the number of particles in the entire configuration that lie in W̃ (regardless where

its loop starts, if it is contained in a loop) and have spread ≤ M . If R > M , then GW ≥ Ñ(ℓ,M)

WR−M
,

since all legs that start in WR−M and have spread ≤ M are entirely contained in W = WR. Using
this, we estimate

⟨P, FU ⟩ ≥ −Cβ
4

+
Cβ

2

∫
dP

(Ñ(ℓ,M)

WR−M

|W |

)2
1l{Ñ(ℓ,M)

WR−M
≥ 2|W |}.
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Making R → ∞ (recalling that W = WR) and using the spatial ergodic theorem, and making after-
wards M → ∞, we see that

⟨P, FU ⟩ ≥ −Cβ
4

+
Cβ

2

∫
dP

(
Ñ(ℓ)

U

)2
1l{Ñ(ℓ)

U ≥ 2} ≥ Cβ

2

〈
P,

(
Ñ(ℓ)

U

)2〉− 5Cβ

4
.

More precisely, by ergodicity, Ñ(ℓ,M)

WR−M
/|W | converges P -almost surely to Ñ(ℓ,M)

U as R→ ∞, and we can

use Lebesgue’s theorem after lower estimating the integrand against (Ñ(ℓ,M)

WR−M
/|W |)2 ∧K1l{Ñ(ℓ,M)

WR−M
≥

2|W |} for some K. Afterwards, we make K → ∞ and M → ∞, using the monotone convergence
theorem.

Now about the continuities. Recall that we are working with the topology on M(s)

1 (L × S) that

is defined by the weak topologies induced by all the projections Π(L)

W and Π(S)

W with W ⋐ Rd. Since
the counting functionals are nonnegative, the lower semi-continuity is clear (for example via Fatou’s
lemma). As it concerns the shred-part, the upper semi-continuity follows from the estimate, for any
K ∈ (0,∞),

Ñ(ℓ,S)

U ≤ Ñ(ℓ,S)

U 1l{Ñ(ℓ,S)

U ≤ K}+ 1

K

(
Ñ(ℓ,S)

U

)2
,

since the P -integral of the last term vanishes uniformly in P in that set as K → ∞, and the first one
is a bounded and continuous function of Π(S)

U . For the loop-part, we need to distinguish particles in

loops that are entirely contained in U and in the other loops. The first ones are functionals of Π(L)

U , the

latter ones are functionals of Π(S)

U . More precisely, writing fx ⊂ W if fx,k(0) ∈ W for all k ∈ [ℓ(fx)],
and using the notation NU (f) =

∑
k∈[ℓ(f)] 1lU (fk(0)) for f ∈ C(⟲), we have

Ñ(ℓ,L)

U (ω) ≤
( ∑
x∈ζ∩U : fx⊂U

NU (fx)
)
1l
{ ∑
x∈ζ∩U : fx⊂U

NU (fx) ≤ K
}
+

1

K

( ∑
x∈ζ∩U : fx⊂U

NU (fx)
)2

+
( ∑
x∈ζ : fx ̸⊂U

NU (fx)
)
1l
{ ∑
x∈ζ : fx ̸⊂U

NU (fx) ≤ K
}
+

1

K

( ∑
x∈ζ : fx ̸⊂U

NU (fx)
)2
.

The first term on the right is a bounded and continuous function of Π(L)

U (ω), the third is a bounded

and continuous function of Π(S)

U (ω), and each of the two other terms are not bigger than 1
K Ñ(ℓ)

U (ω,ϖ)2,

whose integral with respect to P from that set is ≤ L
K . This shows the upper semi-continuity of

P 7→ ⟨P, Ñ(ℓ,L)

U ⟩ on the set of P ∈ M(s)

1 (L × S) satisfying ⟨P, (Ñ(ℓ)

U )2⟩ ≤ L. □

Now we proceed with the proof of Lemma 2.12.

Proof of (1): The compactness of K follows from Theorem 2.3, noting that, for any P ∈ K and any
R ∈ N,

⟨∂Π(S)

WR
(P ), (N(ℓ)

∂WR
)2⟩ = ⟨Π(S)

WR
(P ), (N(ℓ)

WR
)2⟩ ≤ |WR|

∑
y∈ZR,1/2

⟨Π(S)

y+U (P ), (N
(ℓ)

y+U )
2⟩ ≤ |WR|2L,

using that the distribution of N(ℓ)

∂WR
(under ∂Π(S)

WR
(P )) and of N(ℓ)

WR
(under Π(S)

WR
(P )) are identical.

Hence, K is contained in a set of the form (2.17) and is therefore compact, according to Theorem 2.3.

Furthermore, the maps P 7→ ⟨P,N(ℓ,L)

U ⟩ and P 7→ ⟨P,N(ℓ,S)

U ⟩ are continuous on K, which can be
proved similarly to Lemma 7.1.

From Lemma 7.1 it directly follows that the value of the variational formula on the right-hand side
of (2.24) with restriction to ergodic P s does not depend on the L in the definition of the set K, if the
variational problem in (2.24) is restricted to K and L is large enough. According to Lemma 7.6, for
every P ∈ M(s)

1 (L×S) with finite entropy and energy and particle density there is an ergodic measure

∈ M(s)

1 (L× S) with hardly differing values of all these quantities, therefore the statement is also true
for (2.24) without restrictions.
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Proof of (2): Proving the convexities of χ and χ̃ are elementary exercises, which we leave to the
reader; they rely on the convexity of the maps P 7→ ⟨P, FU ⟩ and P 7→ h(L,S)(P ). Continuity of χ
and of χ(ρ1, ·) and χ(·, ρ2) in (0,∞) for fixed ρ1, respectively ρ2, follows from convexity. The limiting
statements as ρ1 → ∞ and ρ2 → ∞ follow directly from Lemma 7.1 after using Jensen’s inequality.

Proof of (3): For ρ1 = 0 = ρ2, only the empty measure (the shift-invariant distribution of loops
and interlacements that has none of them) is admissible in the variational problem. When examining
its value in h(L,S)(·), we first see that the interlacement part is zero, since also the reference measure
∂Π(S)

W is empty. Furthermore, the Q-part is equal to the entropy H(0 | (qk)k∈N) (see (2.6)) of the zero

sequence m = (mk)k∈N = (0)k = 0 with respect to (qk)k = ( 1k4πβk)
−d/2)k∈N, and this entropy is

equal to q =
∑

k∈N qk = (4πβ)−d/2ζ(1 + d
2) with ζ the Riemann zeta function (recall (1.12)). That is,

χ(0, 0) = q. For proving the second assertion, we need to upper bound 1
ρ1
(χ(ρ1, 0)−χ(0, 0)) and make

ρ1 ↓ 0. We get an upper bound for χ(ρ1, 0) by inserting the marked Poisson point process Q(m), defined
as the reference process Q, but with (qk)k∈N replaced by m = (mk)k∈N = ρ1δ1 = (ρ1, 0, 0, . . . ), which
is admissible in the variational formula. Since the interaction potential v is bounded, the expected
interaction of Q(m) is not larger than Cρ21 for some C ∈ (0,∞) and all sufficiently small ρ1. Its relative
entropy density with respect to Q is equal to H(m | (qk)k) =

∑
k∈N qk − ρ1 + ρ1 log

ρ1
q1
. Hence,

1

ρ1
(χ(ρ1, 0)− χ(0, 0)) ≤ 1

ρ1

(
Cρ21 − ρ1 + ρ1 log

ρ1
q1

)
≤ log

ρ1
q1
,

which tends to −∞ as ρ1 ↓ 0. By noting that χ(ρ1, 0) ≥ χ(v=0)(ρ1, 0), which tends to χ(0, 0) as ρ1 ↓ 0,
we also see that χ(ρ1, 0) is continuous in ρ1 = 0.

Proof of (4) and (5): The two assertions (4) and (5) rely on the same standard arguments, which
are based on the assertions in (1) and the lower semi-continuity of the two maps P 7→ ⟨P, FU ⟩ and
P 7→ h(L,S)(P ), the latter according to Theorem 2.3. We leave the details to the reader.

7.2. Preparation: entropy decomposition. Let us have a general look at the entropy terms that
appear in the definition (6.13) of JW (ξ) with respect to the reference measures, and decompose them
into its pieces, first for loops. The next two lemmas will be jointly used in later sections for loop-
interlacement distributions ξ ∈ M1(LW × SW ) according to the formula

|W |JW (ξ) = HLW×SW
(
ξ
∣∣Π(L)

W (Q)⊗ [∂Π(S)

W (ξ)⊗ KW ]
)

= HLW
(
Π(L)

W (ξ) | Π(L)

W (Q)
)
+

∫
LW

Π(L)

W (ξ)(dω)HSW
(
ξ(S)
ω

∣∣ ∂Π(S)

W (ξ)⊗ KW
)
,

(7.2)

writing ξ(S)
ω for the kernel ξLW→SW (ω, ·).

The entropy of a random loop configuration with respect to the Poisson loop reference measure (the
Brownian loop soup) in a set W is decomposed into the following partial entropies according to the
random mechanisms:

(1) the expected number of k-length loops in W as a sequence in k ∈ N,
(2) the number of k-length loops in W for any k,
(3) the locations of the starting sites of all these loops, and finally
(4) the loops themselves.

We write ω =
∑

k∈N
∑

x∈ζk δ(x,fx) for loop configurations, with ζk = {x ∈ ζ : ℓ(fx) = k}. Further-

more, NW (ω) denotes the number of loops in W and N
(δk)

W (ω) the number of loops of length k in W .

Let mW,k(ξ) =
1

|W |
∫
ξ(dω)N

(δk)

W (ω) denote the normalized expected number of loops of length k in W
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under ξ ∈ M1(LW ). The Poisson parameter for Π(L)

W,k(Q), the projection of the PPP Q on the set of

k-length loops with all particles in W , is equal to

qW,k =
1

k

∫
W

dxµ(W,k,par)
x,x (C(⟲)

k ) =
1

k

∫
W

dxµ(k)
x,x(τW > k), (7.3)

where we recall that µ(W,k,par)
x,y is the (not normalized) Brownian bridge measure from x to y with

all the particles in W , and we recall from (5.2) that βτW denotes the first time ∈ βN of an exit
from W . We write L(k)

W for the set of k-length loop configurations in W . Introduce the projection
Πk : L → L(k) defined by Πk(ω) =

∑
x∈ζ 1l{ℓ(fx) = k}δ(x,fx) =

∑
x∈ζk δ(x,fx). By ν = ν/ν(X ) we define

the normalised version of a positive and finite measure ν on a Polish space X .

Lemma 7.2 (Entropy of loop distributions). For any box W ⋐ Rd and any ξ ∈ M1(LW ),

HLW
(
ξ | Π(L)

W (Q)
)

= |W |H
(
(mk)k

∣∣ 1
|W |(qk)k

)
+HLW

(
ξ
∣∣∣ ⊗k∈NΠk(ξ)

)
+

∑
k∈N

HN0(Πk(ξ) ◦N−1
W | Poimk|W |)

+
∑
k∈N

∑
n∈N

Πk(ξ)(NW = n)H
(
Π(n)

k (ξ) ◦ (ζk ∩W )−1 | Leb⊗nW
)

+
∑
k∈N

∑
n∈N0

∫
Π(n)

k (ξ)(ζk ∩W ∈ dA)
[
H
(
Π(A)

k (ξ)
∣∣∣ ⊗
x∈A

Π(A)

k,x(ξ)
)
+

∑
x∈A

H
(
Π(A)

k,x(ξ) | µ
(W,k,par)
x,x

)]
,

(7.4)
where we abbreviate mk = mW,k(ξ) and qk = mW,k(Π

(L)

W (Q)) and denote by Πk,Π
(n)

k ,Π(A)

k ,Π(A)

k,x : LW →
L(k)

W the projections on the set of loops of length k, respectively on the set of configurations in W with
precisely n loops of length k and no loops else, respectively on the set of configurations of loops of
length k with set of initial sites equal to A ⊂W .

Proof. We write Π(L)

W,k = Π(L)

W ◦Πk = Πk ◦Π(L)

W . In the following we drop the super-index L. Note that

ΠW (Q) is equal to the convolution of the measures ΠW,k(Q) over k ∈ N. Then one sees elementarily
that

HLW (ξ | ΠW (Q)) =
∑
k∈N

HL(k)
W

(Πk(ξ) | ΠW,k(Q)) +HLW

(
ξ
∣∣∣ ⊗
k∈N

Πk(ξ)
)
. (7.5)

Let us further decompose HL(k)
W

(Πk(ξ) | ΠW,k(Q)). We write a configuration in L(k)

W as ωk =∑
x∈ζk∩W δ(x,fx). Note that |ζk ∩ W | has the distribution PoiqW,k under ΠW,k(Q), where we recall

(1.4). By the properties of a Poisson point process, ΠW,k(Q) can be decomposed as

ΠW,k(Q)(dωk) = PoiqW,k(n) Leb
⊗n
W (dA)

⊗
x∈A

µ(k,W )
x,x (dfx), n = NW (ωk) = |A|, A = ζk ∩W. (7.6)

We now write Πk(ξ) in an analogous manner. We abbreviate Π(n)

k (ξ) for the conditional distribution

under Πk(ξ) given that |ζk ∩W | = n and Π(A)

k (ξ) for the conditional distribution under Πk(ξ) given

that ζk∩W = A, and Π(A)

k,x(ξ) for the distribution of any fx under Π(A)

k (ξ). Write mk =
1

|W |Πk(ξ)(N
(ℓ)

W )

for the normalised expected particle number in the configuration under Πk(ξ) in W . Then we can
write, with the same notation as above,

Πk(ξ)(dωk) = Poimk|W |(n)
dΠk(ξ) ◦N−1

W

dPoimk|W |
(n) Leb

⊗n
W (dA)

dΠ(n)

k (ξ) ◦ (ζk ∩W )−1

dLeb
⊗n
W

(A)

×
dΠ(A)

k (ξ)

d
⊗

x∈AΠ(A)

k,x(ξ)

(
(fx)x∈A

)⊗
x∈A

dΠ(A)

k,x(ξ)

dµ(W,k,par)
x,x

(fx)
⊗
x∈A

µ(W,k,par)
x,x (dfx).
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Hence, we see that the density is given by

dΠk(ξ)

dΠW,k(Q)
(ωk) =

dPoimk|W |(n)

dPoiqW,k(n)

dΠk(ξ) ◦N−1
W

dPoimk|W |
(n)

dΠ(n)

k (ξ) ◦ (ζk ∩W )−1

dLeb
⊗n
W

(A)

×
dΠ(A)

k (ξ)

d
⊗

x∈AΠ(A)

k,x(ξ)

(
(fx)x∈A

) ∏
x∈A

dΠ(A)

k,x(ξ)

dµ(k,W )
x,x

(fx).

Now take the logarithm and integrate with respect to Πk(ξ)(dωk) and use (7.5), to obtain the assertion
in (7.4). □

Now we do the same for the shreds. We write ξW for the kernel ξTW→SW . We also recall the notation

q(n,W )
x,y (df) = Px(B ∈ df | τW = n,Bτβ = y), n ∈ N, x ∈W, y ∈W c, (7.7)

for the distribution of an n-leg W -shred from x to y (which appears in the definition (2.5) of KW ).

Lemma 7.3 (Entropy of shred distributions). For any box W ⋐ Rd and any ξ ∈ M1(SW ),

HSW
(
ξ
∣∣ ∂Π(S)

W (ξ)⊗ KW
)
=

∫
TW

∂Π(S)

W (ξ)(dµ)HSW

(
ξ(µ, ·)

∣∣∣ ⊗
i∈I

Πi(ξ(µ, ·))
)

+

∫
TW

∂Π(S)

W (ξ)(dµ)
∑
i∈I

HCli

(
Πi(ξ(µ, ·))

∣∣ q(li,W )
xi,yi

)
,

(7.8)

where we wrote µ =
∑

i∈I δ(xi,li,yi) and Πi : CI → C for the canonical projection on the i-th factor and
ξ(µ, ·) for the kernel (ξ)TW→SW (µ, ·).

Proof. We drop all super-indices S. Then we see that

HSW
(
ξ
∣∣ ∂ΠW (ξ)⊗ KW

)
=

∫
TW

∂ΠW (ξ)(dµ)HSW
(
ξ(µ, ·)

∣∣ KW (µ, ·)
)

=

∫
TW

∂ΠW (ξ)(dµ)
[
HSW

(
ξ(µ, ·)

∣∣∣ ⊗
i∈I

Πi(ξ(µ, ·))
)
+
∑
i∈I

HCli

(
Πi(ξ(µ, ·))

∣∣ q(li,W )
xi,yi

)]
.

□

7.3. Proof of Lemma 2.13. In this section, we prove Lemma 2.13, which says that χ(ρ1 + ρ2, 0) ≤
χ(ρ1, ρ2) for any ρ1, ρ2 ∈ [0,∞). For this, we will replace an arbitrary loop-interlacements configuration
by a loop configuration without changing much the number of particles per volume and without
increasing the energy nor the entropy terms. We do this by rewiring the ends of all the shreds at the
boundary of a large box W =WR in such a way that all the shreds of interlacements are turned into
the shreds of one long loop just outside that box, i.e., in WR+M \WR. The new configuration has only
loops in WR+M and no shreds. Our manipulation does not change anything inside WR, which is the
main part, and the changes in WR+M \WR have only a vanishing influence in the limit as R→ ∞, as
it concerns the three main quantities: entropy, expected interaction energy per volume and particle
densities. Finally, we put independent copies of the new configuration into the boxes z + WR+M ,
z ∈ 2(R +M)Zd, and mix the configuration in Rd over x ∈ WR+M and control the entropy of this
configuration.

We need some more notation. We need some large parameters R,M, T ∈ (1,∞). As usual, we

write W = [−R,R]d. Denote by Π̃W ;M : LW × SW → L(M)

W × S(M)

W the natural projection on loops,
respectively shreds, whose legs f ∈ C1 have throughout spread ∥f∥sp = maxt∈[0,β] |f(t) − f(0)| < M .

We denote by J̃W ;M the normalized entropy function as in (6.13), but with the reference measure

Π(L)

W (Q)⊗ [∂Π(S)

W (P )⊗ KW ] replaced by its image measure under Π̃W ;M . Note that J̃W ;M (ξ ◦ Π̃−1
W ;M ) ≤
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JW (ξ) for any ξ ∈ M1(LW ×SW ), by monotonicity of the relative entropy in the reference σ-field, see
[G11, Proposition 15.5(c)].

Furthermore, we write W̃ = WR+M = [−R − M,R + M ]d and denote by A
W̃ ;M,T

= {(ω,ϖ) ∈
L(M)

W̃
× S(M)

W̃
: Ñ(ℓ)

z+U (ω,ϖ) ≤ T ∀z ∈ W̃ ∩ Zd}, where we recall that U = [−1
2 ,

1
2 ]
d is the unit box and

Ñ(ℓ)

z+U denotes the number of particles in the loop/shred configuration in z + U , regardless where the
loop starts; see also Remark 2.11. (This event is very similar to A

W̃ ; 1
2
,M,K,L,T

defined in (4.36).)

Furthermore, let Π̃
W̃ ;M,T

: L
W̃

× S
W̃

→ A
W̃ ;M,T

be some projection onto A
W̃ ;M,T

.

Let us explain the structure of our proof. We may assume that ρ1, ρ2 ∈ (0,∞). Pick P ∈ M(s)

1 (L×S)
with ⟨P,N(ℓ,L)

U ⟩ = ρ1 and ⟨P,N(ℓ,S)

U ⟩ = ρ2. Furthermore, fix ε ∈ (0, 1). Pick M and T so large that

⟨ΠU (P ), Ñ(ℓ)

U ◦ Π̃U ;M,T ⟩ ≥ ρ1+ρ2−ε, where Ñ(ℓ)

U = Ñ(ℓ,L)

U + Ñ(ℓ,S)

U is the number of all particles in loops
and in shreds in U .

We are going to prove that, for any sufficiently large M and T , and for any sufficiently large

R ∈ (1,∞), there exists some ergodic P̃ ∈ M(s)

1 (L) such that |⟨ΠU (P̃ ), Ñ(L,ℓ)
U ◦Π̃U ;M,T ⟩−⟨ΠU (P ), Ñ(ℓ)

U ◦
Π̃U ;M,T ⟩| ≤ ε and ⟨ 1

|W̃ |
F
W̃ ,W̃

◦Π̃
W̃ ;M,T

,Π
W̃
(P̃ )⟩ ≤ ⟨ 1

|W |FW,W ◦Π̃W ;M,T ,ΠW (P )⟩+ε and J
W̃
(Π

W̃
(P̃ )) ≤

J̃W ;M (ΠW (P ) ◦ Π̃−1
W ;M ) + ε.

Indeed, this implies for any ε and all sufficiently largeM and T and for any sufficiently large R that

inf
{〈 1

|WR+M |
FWR+M ,WR+M

◦ Π̃WR+M ;M,T ,ΠWR+M
(P )

〉
+ JWR+M

(ΠWR+M
(P )) :

P ∈ M(s)

1 (L) ergodic, ⟨ΠU (P ),N(L,ℓ)
U ◦ Π̃U ;M,T ⟩ ∈ Bε(ρ1 + ρ2)

}
≤ 2ε+ inf

{〈 1

|W |
FW,W ◦ Π̃W ;M,T ,ΠW (P )

〉
+ J̃W ;M (ΠW (P ) ◦ Π̃−1

W ;M ) :

P ∈ M(s)

1 (L × S), ⟨P,N(ℓ,L)

U ⟩ = ρ1, ⟨P,N(ℓ,S)

U ⟩ = ρ2

}
.

The right-hand side is not larger than 3ε+χ(ρ1, ρ2), as we show now. Indeed, clearly FW,W ◦Π̃W ;M,T ≤
FW,W . Furthermore, splitting all the contributions to FW,W , one sees that, for any ω ∈ L and ϖ ∈ S,

FW,W (ΠW (ω,ϖ)) ≤
∑

z∈W∩Zd

[1
2
F (LL)

z+U,z+U + F (LS)

z+U,z+U +
1

2
F (SS)

z+U,z+U

+ F (LL)

z+U,z+Uc + F (LS)

z+U,z+Uc + F (LS)

z+Uc,z+U + F (SS)

z+U,z+Uc

]
(ω,ϖ).

(7.9)

Now integrate both sides with respect to P and use its shift-invariance, to see that ⟨ 1
|W |FW,W ◦

Π̃W ;M,T , P ⟩ ≤ ⟨FU , P ⟩, where we recall (2.22) for the definition of FU . Furthermore, J̃W ;M (ΠW (P ) ◦
Π̃−1
W ;M ) ≤ ε+ JW (ΠW (P )) ≤ ε+ h(L,S)(P ) by (2.16).

The left-hand side converges, as R,M, T → ∞ and ε ↓ 0 to χ(ρ1 + ρ2, 0), as we show now. Indeed,

for any ε ∈ (0, 1) and any ergodic P ∈ M(s)

1 (L) with ⟨P, Ñ(L,ℓ)
U ⟩ = ρ1 + ρ2 and finite values of

h(L)(P | Q) and ⟨FU , P ⟩, pick M and T so large that P is amenable to the formula on the left

and such that ⟨FU ◦ Π̃U ;M,T , P ⟩ ≥ ⟨FU , P ⟩ − ε. Making R → ∞ and using Theorem 2.3, we see
that JWR+M

(ΠWR+M
(P )) converges towards h(L)(P | Q). Furthermore, making R → ∞ we see that

⟨ 1
|WR+M |FWR+M ,WR+M

◦Π̃WR+M ;M,T ,ΠWR+M
(P )⟩ converges towards ⟨FU◦Π̃U ;M,T , P ⟩. Since χ(ρ1+ρ2, 0)

is the infimum over all P ∈ M(s)

1 (L) (not only the ergodic ones), we have arrived at the desired estimate,
χ(ρ1 + ρ2, 0) ≤ χ(ρ1, ρ2).

Here is our construction of P̃ . Recall

W =WR = [−R,R]d and W̃ =WR+M = [−R−M,R+M ]d and W ′ = W̃ \W.
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Consider ξR = ΠW (P ) ◦ Π̃−1
W ;M ∈ M1(L(M)

W ×S(M)

W ). Furthermore, assume that M is also so large that

dν

dν ◦ Π̃−1
W ;M

(ω,ϖ) ≤ (1 + ε)Ñ
(ℓ)
W (ω,ϖ), R > 1, (ω,ϖ) ∈ LW × SW , (7.10)

where ν = Π(L)

W (Q)⊗ [∂Π(S)

W (ξR)⊗ KW ] (this is possible since all the leg spreads are i.i.d. under ν). We

are going to construct from ξR some loop-configuration measure ξ(M)

R ∈ M1(LW̃ ) as follows. First,

we add an empty loop configuration δ0 in W ′ = W̃ \W (i.e., no loop starts in W ′). Furthermore,
we extend all the initial and terminal sites of all the W -shreds of ξR by appending independent

Brownian bridge pieces with particles only withinW ′ such that a single large loop in W̃ arises. Hence,

ΠW (ξ(M)

R ) = ΠW (ξR) = ξR, and ξ
(M)

R has no W̃ -shreds. Then we decompose Rd regularly into the boxes

z+W̃ with z ∈ 2(R+M)Zd and put into each such subbox one independent copy of a loop-configuration
with distribution θz(ξ

(M)

R ) (where θz is the shift-operator such that θz(z) = 0). Call the distribution

of this configuration P̃R,M =
⊗

z∈2(R+M)Zd θz(ξ
(M)

R ) and define PR,M = 1
|WR+M |

∫
WR+M

dx P̃R,M ◦ θ−1
x .

Then PR,M ∈ M(s)

1 (L) is obviously stationary and contains no interlacement. The proof of [G11,
Theorem 14.12] applies and shows that PR,M is ergodic.

We need to show the following:

lim
R→∞

⟨PR,M , Ñ(L,ℓ)
U ◦ Π̃U ;M,T ⟩ − ⟨P, [Ñ(ℓ,L)

U + Ñ(ℓ,S)

U ] ◦ Π̃U ;M,T ⟩ = 0, (7.11)

lim sup
R→∞

[〈 1

|W̃ |
F
W̃ ,W̃

◦ Π̃
W̃ ;M,T

, PR,M

〉
−
〈 1

|W |
FW,W ◦ Π̃W ;M,T , P

〉]
≤ 0, (7.12)

lim sup
R→∞

[J
W̃
(Π

W̃
(PR,M ))− J̃W ;M (ΠW (P ) ◦ Π̃−1

W ;M )] ≤ ε. (7.13)

Then P̃ = PR,M with sufficiently large R is suitable, and the assertion follows.

Properties (7.11) and (7.12) are easy to show and do not need details of the construction:

Proof of (7.11): Since |W̃ |/|W | → 1, it suffices to show that limR→∞
1

|W |⟨ξ
(M)

R , Ñ(ℓ)

W̃
◦ Π

W̃ ;M,T
⟩ =

limR→∞
1

|W |⟨ξR, [Ñ
(L,ℓ)
W + Ñ(L,ℓ)

W ] ◦ ΠW ;M,T ⟩. Recall that ξ(M)

R has its particles from (1) the loops of ξR
in W , (2) the shreds of ξR in W , and (3) the added shreds in W ′. Therefore, it suffices to show that
the expected amount of the particles of (3) is negligible in the limit R → ∞. But this is clear since

Ñ(ℓ,S)

W ′ ◦ΠW ′;M,T ≤ |W ′|T ≤ CMT |W |/R for some constant C that depends only on d.

Proof of (7.12): Again, we only have to show that the expected F
W ′,W̃

◦ Π
W̃ ;M,T

-interactions of

the added Brownian shreds in W ′ with itself and with any other part of the configuration in W̃ are
o(|W |) as R → ∞. But this is again clear, since F

W ′,W̃
◦ Π

W̃ ;M,T
≤ CM,T |W |/R for some constant

CM,T that depends only on M and T (and possibly on β, d and v); see Lemma 4.4.

Now let us show that property (7.13) is satisfied.

Let us first make a connection between J
W̃
(Π

W̃
(PR,M )) and J

W̃
(Π

W̃
(P̃R,M )) (the latter is J

W̃
(ξ(M)

R )).

By convexity of J
W̃

and by (6.17) in Proposition 6.6(1) with m = 3 (it is clear that P̃R,M is W̃ -ergodic

and hence 3W̃ -ergodic), we have, for all R sufficiently large,

J
W̃
(Π

W̃
(PR,M )) ≤ 1

|W̃ |

∫
W̃

dxJ
W̃
(Π

W̃
(P̃R,M ◦ θ−1

x )) =
1

|W̃ |

∫
W̃

dxJ
W̃
(θx(Πx+W̃ (P̃R,M )))

≤ JW3(R+M)
(ΠW3(R+M)

(P̃R,M )) + ε,

(7.14)

where we used that, by construction, P̃R,M has no shred-part and therefore has ψ = 0 for ψ =

∂Π(S)

W3(R+M)
(P̃R,M ).
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Since, by construction, ΠW3(R+M)
(P̃R,M ) and also the reference measure in the entropy JW3(R+M)

,

decomposes into the product of 3d shifted copies of Π
W̃
(P̃R,M ) (recall that it has no loops in z +W ′

for all the z ∈ 2(R+M)Zd and therefore an empty boundary-shred part at the boundaries of all these

subboxes z+W̃ ), the right-hand side is not larger than J
W̃
(Π

W̃
(P̃R,M ))+ε. Hence, it will be sufficient

to prove (7.13) with J
W̃
(Π

W̃
(P̃R,M )) = J

W̃
(ξ(M)

R ) instead of J
W̃
(Π

W̃
(PR,M )). More explicitly, we need

to show that lim supR→∞[J
W̃
(ξ(M)

R )−J̃W ;M (ξR)] ≤ 0. Recall that the reference measure for the entropy

of ξ(M)

R is Π(L)

W̃
(Q), while the one for ξR is equal to [Π(L)

W (Q)⊗ [∂Π(S)

W (ξR)⊗ KW ]] ◦ Π̃−1
W ;M .

However, proving property (7.13) needs the details of the construction of ξ(M)

R from ξR, which we

are going to describe now. Fix a configuration (ω,ϖ) ∈ L(M)

W × S(M)

W . Write ϖ =
∑

i∈I δfi and

µ = ∂Π(S)

W (ϖ) =
∑

i∈I δ(xi,li,yi) with li = ℓ(fi) and fi(0) = xi and fi(βli) = yi. Then xi ∈ W and
yi ∈ W ′ for any i ∈ I, since each leg of a loop in ϖ has spread ≤ M (we consider ϖ under the
distribution ξR, which has this property almost surely). With some bijection σ : I → I that has only
one cycle, we sample, conditionally given µ, a collection of random lengths (Li)i∈I with distribution⊗

i∈I p
(W ′)
yi,xσ(i) , where we define

p(W
′)

y,x (n) = Py(τW ′ = n | BτW ′β = x), y ∈W ′, x ∈ (W ′)c, n ∈ N, (7.15)

(compare to (5.5)). Then we append, for i ∈ I, an Li-length Brownian bridge Bi with particles only

in W ′ at yi terminating at xσ(i). In other words, each Bi has distribution p
(W ′)
yi,xσ(i) ⊗ q(·,W

′)
yi,xσ(i) , where

q(n,W
′)

y,x (df) = Py
(
(Bs)s∈[0,nβ] ∈ df | τW ′ = n,Bnβ = x

)
, y ∈W ′, x ∈ (W ′)c, n ∈ N, f ∈ Cn, (7.16)

(compare to (5.3), τW ′ was defined in (5.2)), and (Bi)i∈I is independent.

In this way, all shreds of ξR are turned into a single loop f ∈ C(⟲) in W̃ with length ℓ(f) = n =∑
i(li + Li). By default, we take the starting site as xi∗ ∈ W , where i∗ is uniformly distributed over

I. This loop runs subsequently through the functions fi∗ , gi∗ , fσ(i∗), gσ(i∗), fσ2(i∗), gσ2(i∗) and so on,
more precisely, it is the concatenation of these functions in this order. The change from one fi to
some gi happens at the stopping times where the next particle ∈ W ′ appears, and the changes from
gj to fσ(j) happen at the stopping times when the next particle ∈W appears. Finally, we define ξ(M)

R

as the distribution of ω + δf ∈ L
W̃

under δ0 ⊗ ξR(d(ω,ϖ))⊗
⊗

i∈I [p
(W ′)
yi,xσ(i) ⊗ q(·,W

′)
yi,xσ(i) ].

Let us first identify the reference measure Π(L)

W̃
(Q) explicitly. Recall from Section 4.1 that L

W̃
=

LW∪W ′ consists of the three parts LW , LW ′ and the set LW,W ′ of loops in W̃ = W ∪W ′ that have

particles both in W and in W ′, but nowhere else. The reference measure Π(L)

W̃
(Q) is equal to the

convolution of Π(L)

W (Q), Π(L)

W ′(Q) and Π(L)

W,W ′(Q). Observe that Π(L)

W,W ′(Q)(dδf ), having just one loop with

starting site at xi∗ with length n, can be decomposed, according to the Markov property. Therefore,
using also (7.3) and

qW,W ′,k =
1

k

∫
W

dxµ(k,W∪W ′,par)
x,x (mW,W ′ ≥ 1), (7.17)

where we recall that mW,W ′ is the number of times that the Brownian loop changes between W and
W ′, and abbreviating

Aσ
(
dµ

)
=

⊗
i∈I

[
Pxi(τW = li, B(τWβ) ∈ dyi)Pyσ−1(i)

(B(τW ′β) ∈ dxi)
]
, (7.18)

we can write

Π(L)

W̃
(Q)

(
d(ω + 0 + δf )

)
= Π(L)

W (Q)(dω) e−
∑
k∈N qW ′,k e−

∑
k∈N[qW,W ′,k+qW ′,W,k]qW,W ′,nBn

⊗Aσ(dµ)⊗
⊗
i∈I

(
q(li,W )
xi,yi (dfi)⊗ q(Li,W

′)
yi,xσ(i)

(dgi)
)
, with Bn =

1

|I|
∑
i∈I

1

µ(n,W∪W ′,par)
xi,xi (mW,W ′ ≥ 1)

.

(7.19)
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Indeed, the exponential terms in the first line are the probability that no W ′-loop exists and that
one n-loop in W ∪W ′ with particles both in W and in W ′ exists and no loop else; the product of
the measures over i is the probability distribution of the W -shreds and the W ′-shreds of the loop f
(because of the cyclic structure and the uniform choice of the starting site, one does not see here the
starting site explicitly); and B(n) is the normalization for a length-n loop inW ∪W ′ that has particles
both in W and in W ′ and starts from some point that is uniformly distributed over {xi : i ∈ I}.
Accordingly, also ξ(M)

R splits into these three parts, observing also the dependences on ω and δf and
recalling that we added no loop that starts in W ′:

ξ(M)

R

(
d(ω + 0 + δf )

)
= ξR

(
d(ω,ϖ)

)
e−

∑
k∈N[qW ′,k+qW ′,W,k]

⊗
i∈I

[
p(W

′)
yi,xσ(i)

(Li) q
(Li,W

′)
yi,xσ(i)

(dgi)
]

= Π(L)

W (ξR)(dω) e
−

∑
k∈N[qW ′,k+qW ′,W,k] (ξR)LW→SW (ω,dϖ)⊗

⊗
i∈I

[
p(W

′)
yi,xσ(i)

(Li) q
(Li,W

′)
yi,xσ(i)

(dgi)
]
,

(7.20)
where we recall that ϖ =

∑
i∈I δfi and µ = ∂Π(S)

W (ϖ) =
∑

i∈I δ(xi,li,yi). Then, writing ∂Π(L,T )

W for the
projection on LW × TW ,

HL
W̃
(ξ(M)

R | Π(L)

W̃
(Q)) = HLW (Π(L)

W (ξR) | Π(L)

W (Q))

+

∫
∂Π(L,T )

W (ξR)(d(ω, µ))HSW
(
(ξR)(LW×TW )→SW (ω, µ, ·)

∣∣ KW (µ, ·)
)

+
∑
k∈N

qW,W ′,k −
∫
ξ(M)

R (dϖ) log
(
qW,W ′,nB(n)

)
+

∫
Π(L)

W (ξR)(dω)HTW
(
(ξR)LW→TW (ω, ·)

∣∣Aσ)
= HLW×SW

(
ξR

∣∣Π(L)

W (Q)⊗ [∂Π(S)

W (ξR)⊗ KW ]
)

+
∑
k∈N

qW,W ′,k −
∫
ξ(M)

R )(dϖ) log
(
qW,W ′,nB(n)

)
+

∫
Π(L)

W (ξR)(dω)HTW
(
(ξR)LW→TW (ω, ·)

∣∣Aσ),
(7.21)

as one sees from (7.2), together with a comparison with Lemma 7.3. Now divide this by |WR+M | and
make R → ∞ and observe that |WR+M |/|WR| → 1. For the entropy of ξR, we need to switch from

the reference measure Π(L)

W (Q) ⊗ [∂Π(S)

W (ξR) ⊗ KW ] to its image measure under Π̃W ;M . This gives for
the first term on the right-hand side of (7.21), using (7.10),

1

|W |
HLW×SW

(
ξR

∣∣Π(L)

W (Q)⊗ [∂Π(S)

W (ξR)⊗ KW ]
)

= J̃W ;M (ξR) +
1

|W |

∫
ξR(d(ω,ϖ)) log

dΠ(L)

W (Q)⊗ [∂Π(S)

W (ξR)⊗ KW ]

dΠ(L)

W (Q)⊗ [∂Π(S)

W (ξR)⊗ KW ] ◦ Π̃−1
W ;M

(ω,ϖ)

≤ J̃W ;M (ξR) +
1

|W |

∫
ΠW (P )(d(ω,ϖ)) Ñ(ℓ)

W (ω,ϖ) log(1 + ε) ≤ J̃W ;M (ξR) + Cε,

where C depends only on ρ1 + ρ2.

We have to show that all other terms on the right-hand side of (7.21) vanish (i.e., have a vanishing
upper bound) with a prefactor of 1/|W | as R→ ∞. We leave the proof of limR→∞

1
|WR|

∑
k∈N qW,W ′,k =

0 to the reader.

Let us turn to the next term. Recall that n =
∑

i∈I(li + Li) is random. A lower bound for Bn
is easy to get by estimating the µ-term against the free Gaussian kernel with parameter βn, i.e.,

µ(n,W∪W ′,par)
xi,xi (mW,W ′ ≥ 1) ≤ (4πβn)−d/2, such that it is clear that lim infR→∞

1
|WR|

∫
ξ(M)

R (dϖ) logBn ≥
0. Concerning the other part of that term, we claim that we may estimate qW,W ′,n ≥ e−nC/R

2
for any

large R and n. Indeed, lower bound the event {mW,W ′ ≥ 1}∩{B0 = xi = Bnβ}∩{Bkβ ∈W ∪W ′ ∀k ∈
[n]} by the event that the Brownian motion on the time interval [0, βn], starting from and terminating
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at xi, runs entirely withinW ∪W ′ and visits bothW andW ′. Then, for large n, the probability of this
event has a logarithmic asymptotics in n with a parameter equal to the principal Dirichlet eigenvalue
of the Laplace operator in W ∪W ′. This eigenvalue is, as R→ ∞, asymptotic to some constant times
1/(R+M)2 ∼ 1/R2. This implies that

− 1

|W |

∫
ξ(M)

R (dϖ) log qW,W ′,n ≤ C

R2

1

|W |

∫
ξ(M)

R (dϖR)
∑
i∈I

(li + Li)

≤ C

R2

1

|W |

(
⟨Π(S)

W (ξR),N
(ℓ)

W ⟩+
∫
∂Π(S)

W (ξR)(dµ)
∑
i∈I

∑
m∈N

mp(W
′)

yi,xσ(i)
(m)

)
≤ C

R2
+

C

R2

1

|W |

∫
∂Π(S)

W (ξR)(dµ)
∑
i∈I

|xσ(i) − yi|,

using the following Lemma 7.4. We now estimate simply |xσ(i) − yi| ≤ CR and |I| ≤
∑

i∈I li =

N(ℓ,S)

W (ϖ), to see that the last summand is of order O(1/R) and that the right-hand side vanishes as
R→ ∞.

Lemma 7.4 (Expected length of Brownian bridge in W ′). For any M ∈ (0,∞), there is a constant
CM ∈ (0,∞) (depending on d, β and M) such that, for any R ∈ N,∑

n∈N
np(W

′)
y,x (n) ≤ CM |x− y|, y ∈W ′, x ∈ (W ′)c. (7.22)

Proof. For the proof, it suffices to replaceW ′ by [−R−M,R+M ]d−1× [0,M ] (which we will still write
as W ′ in this proof), since WR+M \WR is a finite union of such sets, modulo shifts and orthogonal
transformations. We write x = (x, x(d)) with x ∈ [−R−M,R+M ]d−1 and x(d) ∈ [0,M ]. The assertion
needs to be proved only for large R and large |x− y|. The intuitive reason for (7.22) is that τW ′ has

exponential tails as R → ∞ under Py(· | B(τW ′β) = x), uniformly in x ∈ WR and y ∈ W ′, since the
d-th component of the Brownian bridge lies in [0,M ]. This implies that the conditioned Gaussian
random walk (Bnβ)n∈N is forced to assume a drift into the direction w(x − y) for some w ∈ (0,∞)
that asymptotically depends only on M .

Let us come to the details. The vector (Bnβ)n∈N of the first d−1 components and the d-th component

(B(d)

nβ)n∈N of the Gaussian random walk are independent, and the stopping time τW ′ depends only on

the latter; indeed, we write it as the exit time τ[0,M ] from [0,M ] for the d-th component. Let us
denote the one-step distribution density of the Gaussian walk by g and its (d− 1)-dimensional version
by g and with d-th component version g(d) (these are nothing but the usual Gaussian densities with
variance parameter 2β in the respective dimensions). We now integrate over Bnβ to get, in the limit
as R→ ∞, uniformly in large n and in y ∈W ′ and x ∈ (W ′)c for |x− y| → ∞,

Py(BτW ′β ∈ dx)

dx
p(W

′)
y,x (n+ 1) =

∫
W ′

Py(τW ′ > n,Bnβ ∈ dz)g(z − x)

∼ Ey
[
g(Bnβ − x)

]
Ey(d)

[
1l{τ[0,M ] > n}g(d)(B(d)

nβ − x(d))
]

= e−|x−y|2/4β(n+1) e−nCM eo(n),

where the first term on the right-hand side comes out of a quadratic extension in the exponent, and
the second from subadditivity (the probability of {τ[0,M ] > n} decays exponentially in n, while the g(d)-

expectation is bounded in n). Hence, the term p(W
′)

y,x (n+1) is strictly maximal for n ∼ |x−y|/
√
4βCM .

Hence, the sum of (n+ 1)p(W
′)

y,x (n+ 1) over n comes mainly from the summands around that value of
n, and hence it is asymptotic to |x− y|/

√
4βCM . This implies the assertion in (7.22).
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The right-hand side of the last display is equal to e−|y−x|(
√
CM/β+o(1)) for this n. Since the p(W

′)
y,x (n+1)

do not decay exponentially fast for n/|x − y| in a neighbourhood of
√
4βCM , but away from it and

sum up to one on n, we also see that Py(BτW ′β ∈ dx)/dx = e−|y−x|(
√
CM/β+o(1)) as |y − x| → ∞.

□

Now let us turn to the last term on the right-hand side of (7.21), where we recall the definition

of Aσ in (7.18). We are going to write the measure (ξR)LW→TW (ω, ·) = Π
(L,T )
W (ξR)(dω,·)
Π

(L)
W (ξR)(dω)

with the help

of projections of the measure ξ̃ = Π̃
W̃ ;M

(Π
W̃
(P )). This measure has a finite entropy with respect

to the reference measure in the definition of J
W̃
, hence, it has a density g̃ : L

W̃
× S

W̃
→ [0,∞)

with respect to the reference measure ν̃ = Π(L)

W̃
(Q) ⊗ [∂Π(S)

W̃
(P ) ⊗ K

W̃
]. We conceive the projections

π1 = Π(L,T )

W : L
W̃
×S

W̃
→ LW ×TW and π2 = Π(L)

W : L
W̃
×S

W̃
→ LW as projections from configurations

in W̃ to loop/boundary-shred-configurations in W , respectively to loop configurations in W . The
factorisation lemma from measure theory implies that there are measurable functions g1 : LW ×TW →
[0,∞) and g2 : LW → [0,∞) such that g̃ = g2 ◦π2 = g1 ◦π1 and g1 = g2 ◦π3, where π3 is the projection
from LW × TW on LW , that is, g1(ω, µ) = g2(ω). Therefore, they are densities of the image measures

of ξ̃ with respect to the image measures of ν̃ under π1, respectively under π2, that is,

g1(ω, µ) =
dπ1(ξ̃)

dπ1(ν̃)
(ω, µ) and g2(ω) =

dπ2(ξR)

dπ2(ν̃)
(ω), ω ∈ LW , µ ∈ TW .

Recall from (8.5) that (ξR)LW→TW (ω,dµ) =
Π

(L,T )
W (ξR)(dω,dµ)

Π
(L)
W (ξR)(dω)

and note that

Π(L,T )

W (ξR) = Π(L,T )

W (Π̃W ;M (ΠW (P ))) = Π(L,T )

W (Π̃W ;M (Π
W̃→W

(Π
W̃
(P ))))

= Π(L,T )

W (Π
W̃→W

(Π̃
W̃ ;M

(Π
W̃
(P ))) = π1(ξ̃),

since Π̃W ;M ◦Π
W̃→W

= Π
W̃→W

◦Π̃
W̃ ;M

(by Π
W̃→W

we mean ΠW with domain L
W̃
×S

W̃
). Analogously,

we see that Π(L)

W (ξR) = π2(ξ̃). Hence,

(ξR)LW→TW (ω,dµ)

Aσ(dµ)
=

π1(ξ̃)(dω,dµ)

π2(ξ̃)(dω)Aσ(dµ)
=
g1(ω, µ)

g2(ω)

dπ1(ν̃)

d[π2(ν̃)⊗Aσ]
(ω, µ) =

dπ1(ν̃)

d[π2(ν̃)⊗Aσ]
(ω, µ),

where the last step derives from g1 = g2 ◦ π3.
Note that π2(ν̃) = Π(L)

W (Π(L)

W̃
(Q)) = Π(L)

W (Q), since the remainder part of ν̃ does not create loops in

W . On the other hand, π1(ν̃) = Π(L)

W (Q) ⊗ ∂Π(S)

W (Π(L,W̃ )

W̃\W
(Q) ⊗ [∂Π(S)

W̃
(P ) ⊗ K

W̃
]), where we denote by

Π(L,W̃ )

W̃\W
the projection on all the loops that start in W̃ \W and have all the particles in W̃ . Therefore,

dπ1(ν̃)

d[π2(ν̃)⊗Aσ]
(ω, µ) =

d∂Π(S)

W (Π(L,W̃ )

W̃\W
(Q)⊗ [∂Π(S)

W̃
(P )⊗ K

W̃
])

dAσ
(µ).

The measure in the numerator is equal to Aσ′ for some random bijective σ′ : I → I whose dis-
tribution depends on ∂Π(S)

W̃
(P ). Hence, the quotient is of the form

∏
i∈I P(σ′)−1(i)(B(τW ′β) ∈

dxi)/Pσ−1(i)(B(τW ′β) ∈ dxi), which is bounded from above by C
|µ|
M for some constant CM , depending

only on M , d and β. We have to integrate its logarithm with respect to ξR, which gives logCM times
the expectation of |µ| under ∂Π(S)

W (ξR) = ∂Π(S)

W (P ), i.e., the expected number of W -shreds under P .
This is o(|W |), according to Corollary 5.8. This shows that the last term on the right-hand side of
(7.21) is o(|W |) and hence negligible.

This finishes the proof of Lemma 2.13.
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7.4. Preparation: entropy of projection image measures. Fix W and recall the events
AW ;r,M,L,K,T defined in (4.34)–(4.36) and the restricted shred-configuration set S(M,ϑ,S)

W defined in
(5.21) and the next line. In this section, we show that the entropy JW (ξ) is well approximated

with the entropy JW (ξ̃) of a measure ξ̃ that approximates ξ and is concentrated on the above re-
stricted set of configurations, if the parameters are picked large. More precisely, we estimate the
entropy JW (ξ ◦ Π−1

W ;r,M,L,K,T,ϑ,S) of some projection ΠW ;r,M,L,K,T,ϑ,S of an arbitrary measure ξ on

AW ;r,M,L,K,T ∩ S(M,ϑ,S)

W in terms of JW (ξ). We want to show that the projected entropy is not much

larger than the original entropy after taking W ↑ Rd and M,L,K and T, ϑ→ ∞, uniformly in S ∈ N.
This will be used in the proof of the ergodic approximation in Lemma 7.6, which will be used in several
further proofs.

Lemma 7.5 (Entropy of projection image). Fix a box W ⋐ Rd and r,M,L,K, T, ϑ ∈ (0,∞) and
S ∈ N. Then there is a projection Π = ΠW ;r,M,L,K,T,ϑ,S : LW × SW → AW ;r,M,L,K;T ∩ (LW × S(M,ϑ,S)

W )

and there are ε(L)

M,W,L and ε(S)

M,ϑ,S,T ∈ (0, 1) satisfying, for any S,

lim
L→∞

lim
M→∞

lim sup
W↑Rd

ε(L)

M,W,L = 0 and lim
M,ϑ,T→∞

ε(S)

M,ϑ,S,T = 0,

such that, for any ξ ∈ M1(LW × SW ) with finite expected total particle number ⟨ξ,N(ℓ)

W ⟩, and for any
S ∈ N,

JW (ξ ◦Π−1) ≤ JW (ξ) + ε(L)

M,W,L +
( 1

K
+ ε(S)

M,ϑ,S,T

) 1

|W |
⟨ξ,N(ℓ)

W ⟩. (7.23)

Proof. For the ease of notation, we write ξ(L) instead of Π(L)

W (ξ) and ξ(S) instead of Π(S)

W (ξ) and ∂ξ(S)

instead of ∂Π(S)

W (ξ). Furthermore, we write QW instead of Π(L)

W (Q). Furthermore, we drop the indicesW ,

r,M,L,K, and T, ϑ, S and write Π(L) and Π(S) for the respective projections on A(L) and A(S)∩S(M,ϑ,S)

W

(to be defined in this proof). Then we put Π = Π(L) ⊗ Π(S). We are going to use the decomposition
(7.2) of the entropies into a loop part and a shred part.

Note that, on any measurable space Ω,

H(P ◦ f−1 | Q ◦ f−1) ≤ H(P | Q), P,Q ∈ M1(Ω), f : Ω → Ω mb., (7.24)

since the left-hand side is equal to the relative entropy of P with respect to Q on the σ-field generated
by f , and relative entropies are increasing in the σ-field [G11, Prop. 15.5(c)].

Therefore, we have

HLW×SW
(
ξ ◦Π−1 | QW ⊗ [∂(ξ ◦Π−1)⊗ KW ]

)
= HLW×SW

(
ξ ◦Π−1 | [QW ⊗ [∂ξ ⊗ KW ]] ◦Π−1

)
+

∫
dξ ◦Π−1 log

d[QW ⊗ [∂ξ ⊗ KW ]] ◦Π−1

dQW ⊗ [∂(ξ ◦Π−1)⊗ KW ]

≤ HLW×SW
(
ξ | QW ⊗ [∂ξ ⊗ KW ]

)
+

∫
LW

dξ(L) log
d[QW ◦ (Π(L))−1]

dQW
◦Π(L)

+

∫
SW

dξ(S) log
d[∂ξ ⊗ KW ] ◦ (Π(S))−1

d[∂ξ ⊗ KW ]
◦Π(S) −

∫
SW

dξ(S) log
d[∂(ξ(S) ◦ (Π(S))−1)⊗ KW ]

d∂ξ(S) ⊗ KW
◦Π(S).

(7.25)
Note that, in the last term on the right-hand side of (7.25), we can drop the KW -terms and see that
this is a relative entropy, which is nonnegative; hence we can drop it with “≤”.
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Now we handle the second term on the right-hand side of (7.25). We use the projection Π =
Π(L)

W ;r,M,L,K : LW → A(L)

W ;r,M,L,K defined, for all ω =
∑

x∈ζ δ(x,fx), by

Π(ω) = Π(L)

W ;r,M,L,K(ω) =
∑

z∈W∩2rZd

∑
l∈[L]

[
1l{|ζ(M,l)

z | ≤ K}
∑

x∈ζ(M,l)z

δ(x,fx)

+ 1l{|ζ(M,l)
z | > K} 1(|ζ(M,l)z |

K

) ∑
B⊂ζ(M,l)z : |B|=K

∑
x∈B

δ(x,fx)

]
,

where ζ(M,l)
z = {x ∈ ζ ∩ (z +Wr) : ℓ(fx) = l, fx ∈ C(M,⟲)}, where C(M,⟲) denotes the set of all loops all

of whose legs have a spread ≤M . In other words, Π first removes all loops that are longer than L or
have a leg with spread > M and then removes in each subbox z+Wr and for any l ∈ [L], if necessary,
a uniformly distributed choice of loops such that no more than K loops of length = l survive. This
algorithm can be conceived as being carried out independently in each of these subboxes.

Recall that L(M)

W denotes the set of loop configurations in LW (i.e., with all particles in W ) that
have only legs in C(M), i.e., with all the spreads ≤ M . With an additional super-index l we restrict
to configurations with all loop lengths = l, and the super-index ≤ L means the union over l ∈ [L] =
{1, . . . , L}. With the index W ; r,W ′ for W ′ ⊂ W we mean those configurations with particles in W
that have initial site in W ′. All this notation also applies to measures Q.

For ω in the image of Π, the pre-image Π−1({ω}) is equal to the set of configurations of the form∑
z∈W∩2rZd(ωz+ω

′
z+

∑
l∈[L] ω

′′
z,l), where ωz =

∑
x∈ζ∩(z+Wr)

δ(x,fx) (the projection of ω to that subbox),

and ω′
z ∈ LW ;r,z+Wr \L

(M,≤L)

W ;r,z+Wr
and ω′′

z,l = 0 (empty configuration) if |ζ(M,l)
z | < K and ω′′

z,l ∈ L(M,l)

W ;r,z+Wr

otherwise. Note that all the configurations ω′
z and ω′′

z,l are independent over z and l under QW . For

fixed z and l, we split Q(l)

W ;r,z+Wr
into the PPP Q

(M,l)

W ;r,z+Wr
on L(M,l)

W ;r,z+Wr
and L(∞,l)

W ;r,z+Wr
\L(M,l)

W ;r,z+Wr
. The

first one has an intensity measure with total mass

q(M,l)z =
1

l

∫
z+Wr

dxµ(M,l,W,par)
x,x (C(⟲)),

(recall (1.6)), where µ(M,l,W,par)
x,x is the restriction of µ(l,W,par)

x,x to loops configurations with loops in the
set C(M,⟲) = {f ∈ C(⟲) : ∀i : fx,i ∈ CM}. These two PPPs are independent. Therefore, the density f of
QW ◦Π−1 with respect to QW is the product

f(ω) =
∏

z∈W∩2rZd

[
e
∑∞
l=L+1 q

(l)
z

∏
l∈[L]

fz,l(ω
(l)
z )

]
= eν

(W,par)(C(⟲)
>L )

∏
z∈W∩2rZd

∏
l∈[L]

fz,l(ω
(l)
z ), (7.26)

with a density fz,l of Q
(l)

W ;r,z+Wr
◦Π−1

z+Wr
with respect to Q

(l)

W ;r,z+Wr
, where QW ;r,z+Wr denotes the PPP

on the set LW ;r,z+Wr of loop configurations with starting sites in z+Wr and all the particles contained
in W . The q-term expresses that, for l > L, the pre-image of the empty configuration is equal to

L(l)

W ;r,z+Wr
and the empty configuration has probability e−q

(l)
z under Q

(l)

W ;r,z+Wr
. Recall that ν(W,par)

denotes the intensity measure of the PPP on W , and we wrote C(⟲)

>L for the set of loops with lengths
> L.

Hence, the only difference between the distribution of a given ω(l)
z ∈ L(l)

W ;r,z+Wr
\ L(M,l)

W ;r,z+Wr
under

Q
(l)

W ;r,z+Wr
◦Π−1 and under Q(l)

W ;r,z+Wr
is the change of the Poisson parameter from q(M,l)z to q(l)z = q(∞,l)

z .

Therefore, for ωz with |ζ(M,l)
z | < K, we have

fz,l(ω
(l)
z ) =

dQ(M,l)

W ;r,z+Wr

dQ(l)

W ;r,z+Wr

(ω(l)
z ) = eq

(l)
z −q(M,l)z

(q(M,l)z

q(l)z

)|ζz,l|
,

where ζz,l is the set of initial sites of the loops in z +Wr with length l.
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For ω(l)
z with |ζ(M,l)

z | = K, in the pre-image there may be additional loops in L(M,l)

W ;r,z+Wr
with uniformly

and independently distributed locations, such that an additional Poisson density comes in, but also a
combinatorial term that assigns the m points to the additional loops and the other K to the existing
loop:

fz,l(ω
(l)
z ) =

dQ(M,l)

W ;r,z+Wr

dQ(l)

W ;r,z+Wr

(ω(l)
z )

∑
m∈N

Poi
q
(M,l)
z

(K +m)

Poi
q
(M,l)
z

(K)Poi
q
(M,l)
z

(m)
QW ;r,z+Wr({ω′

z : |ζz,l| = m})

= eq
(l)
z −q(M,l)z

(q(M,l)z

q(l)z

)|ζz,l|
eq

(M,l)
z = eq

(l)
z

(q(M,l)z

q(l)z

)|ζz,l|
.

Recall that we picked r such that W is the disjoint (up to boundaries) union of the subboxes z+Wr

with z ∈ W ∩ 2rZd. Therefore
∑

z

∑
l∈N q

(l)
z = ν(W,par)(C(⟲)) and

∑
z

∑
l∈N q

(M,l)
z = ν(W,par)(C(M,⟲)), the

total mass of the reference measure of the set of all loop configurations with all spreads of the legs
≤M . Therefore, we can summarize

f(ω) = eν
(W,par)(C(⟲)

>L )eν
(W,par)(C(⟲)

≤L )−ν(W,par)(C(M,⟲)
≤L )

∏
z∈W∩2rZd

∏
l∈[L]

[(q(M,l)z

q(l)z

)|ζz,l|
eq

(M,l)
z 1l{|ζz,l|=K}

]
≤ eε

(L)
M,W,L|W | exp

{ ∑
z∈W∩2rZd

∑
l∈[L]

q(M,l)z 1l{|ζz,l| = K}
}

≤ eε
(L)
M,W,L|W | exp

{ 1

K

∑
z∈W∩2rZd

∑
l∈[L]

q(M,l)z |ζz,l|
}

≤ eε
(L)
M,W,L|W |e

|ζ|
K ,

where we put ε(L)

M,W,L = 1
|W | [ν

(W,par)(C(⟲)

>L) + ν(par)(W × [C(⟲)

≤L \ C(M,⟲)

≤L ])].

Hence, the second term on the right-hand side of (7.25) can be estimated as follows.∫
dξ(L) log

(d(Q(L) ◦ (Π(L))−1)

dQ(L)
◦Π(L)

)
=

∫
dξ(L) log f(Π(L)(ω)) ≤ |W |ε(L)

M,W,L +
1

K

∫
dξ(L) |ζ|

≤ |W |ε(L)

M,W,L +
1

K
⟨ξ,N(ℓ)

W ⟩.

We leave it to the reader to prove that limL→∞ limM→∞ lim supW↑Rd ε
(L)

M,W,L = 0.

Now we turn to estimating the third term on the right-hand side of (7.25). We define Π(S) : SW →
A(S)

W ;r,M,T ∩ S(M,ϑ,S)

W by describing in words the removal procedure as follows. From a given shred

configuration ϖ =
∑

g∈Γ δg, first all shreds are removed that do not lie in

C(M,ϑ,S) =
⋃
k∈N

{
f ∈ Ck : fi ∈ C(M), |f(iβ)− f((i+ S)β)| ≤ ϑ

√
S ∀i

}
.

Then, with a fixed enumeration (z1, z2, . . . , zN ) of W ∩ 2rZd, we successively for i = 1, . . . , N remove
shreds from the configuration such that the particle number in zi+Wr is not larger than T . We write
S¬(M,ϑ,S)

W for the set of all configurations of W -shreds that do not lie in C(M,ϑ,S), i.e., the set of
∑

g∈Γ δg
with g ∈ C \ C(M,ϑ,S) for all g ∈ Γ.

For simplicity, we write Π instead of Π(S). For a given ϖ in the image of Π, the pre-image Π−1({ϖ})
is contained in the set of allW -shred configurations ϖ+ϖ′+ϖ′′ with ϖ′ ∈ S¬(M,ϑ,S)

W and ϖ′′ ∈ S(M,ϑ,S)

W

being either the empty configuration or satisfying Ñz+Wr(ϖ
′′+ϖ) > T for some z ∈W ∩2rZd. Denote

S(M,ϑ,S)
z,ϖ = {ϖ′′ ∈ S(M,ϑ,S)

W : Ñz+Wr(ϖ
′′) > T − Ñz+Wr(ϖ)}, then

Π−1({ϖ}) ⊂ {ϖ} ∪
(
{ϖ}+ (S¬(M,ϑ,S)

W \ {0}) +
⋃

z∈W∩2rZd
S(M,ϑ,S)
z,ϖ

)
.
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Then, writing ∂ξ instead of ∂Π(S)

W (ξ) and µ for ∂ϖ and K instead of KW , we have, using the product
structure of K,

(∂ξ ⊗ K) ◦Π−1(dϖ) ≤ ∂ξ(dµ)K(µ, dϖ)
[
1+∫

TW

ξ(dµ+ dµ′)

∂ξ(dµ)
1l{|µ′| ≥ 1}

∫
(S¬(M,ϑ,S)
W \{0})+

⋃
z∈W∩2rZd S(M,ϑ,S)

z,ϖ

K(µ′, dϖ′)
]
.

Hence, the third term on the right-hand side of (7.25) can be estimated as follows (using log(1+x) ≤ x):∫
SW

dξ(S) log
d[∂ξ ⊗ KW ] ◦ (Π(S))−1

d[∂ξ ⊗ KW ]
◦Π(S)

≤
∫
SW

ξ(dϖ)

∫
TW

∂ξ(dµ+ dµ′)

∂ξ(dµ)
1l{|µ′| ≥ 1}K

(
µ′, (S¬(M,ϑ,S)

W \ {0}) +
⋃

z∈W∩2rZd
S(M,ϑ,S)

z,Π(ϖ)

)
.

(7.27)
Since S¬(M,ϑ,S)

W and
⋃
z∈W∩2rZd S

(M,ϑ,S)

z,Π(ϖ) are disjoint sets of W -shreds, its elements can be written as

the sum over configurations of these two sets. Depending on these two, µ′ can be split into the sum
of µ̃ =

∑
i∈Ĩ δ(xi,li,yi) and µ′ \ µ̃ =

∑
i∈I′ δ(xi,li,yi), and the last term in the last display decomposes

into the according product of K(µ̃,S¬(M,ϑ,S)

W \ {0}) and K(µ′ \ µ̃,
⋃
z∈W∩2rZd S

(M,ϑ,S)

z,Π(ϖ) ). We estimate the

second term as follows.

K
(
µ′ \ µ̃,

⋃
z∈W∩2rZd

S(M,ϑ,S)

z,Π(ϖ) (Π(ϖ))
)
≤ K

(
µ′ \ µ̃,

⋃
z∈W∩2rZd

{ϖ′ : Ñz+Wr(ϖ
′) > T − Ñz+Wr(Π(ϖ))}

)
≤ 1

T

∑
z∈W∩2rZd

∫
SW

K(µ′ \ µ̃, dϖ′) Ñz+Wr(ϖ
′ +Π(ϖ))

≤ 1

T

[
N(ℓ,S)

W (ϖ) +
∑
i∈I′\Ĩ

li

]
,

where in the last step we used that Π(ϖ) ≤ ϖ and that W is the (disjoint, up to boundaries) union
of the boxes z +Wr, z ∈W + 2rZd.

For estimating the other, we use that the probability of the set of singleW -shreds of length k, namely
C(M,ϑ,S)

k under K(δ(x,l,y), ·) for any (x, l, y) has a probability ≥ (1− εM )k(1− εϑ,S)
k/S for some εM and

εϑ,S that vanish if M → ∞ respectively ϑ → ∞ (both do not depend on R). The reason is that all
spreads of the legs and all the differences g(iSβ)−g((i−1)Sβ) are independent. Since theseW -shreds

are independent under K(µ̃, ·), we can estimate K(µ̃,S¬(M,ϑ,S)

W \{0}) ≤ 1−
∏
i∈Ĩ(1−εM )li(1−εϑ,S)li/S ≤

C(εM + εϑ,S)
∑

i∈Ĩ li.

We estimate now the product against the maximum of these two upper bounds (also depending on
whether µ̃ = 0 or µ′ \ µ̃ = 0) and the other one against one, and for simplicity the entire term against
the sum of the two upper bounds. Substituting this above, we see that the right-hand side of (7.27)
is not larger than∫

SW
ξ(dϖ)

∫
TW

∂ξ(dµ+ dµ′)

∂ξ(dµ)

[
C(εM + εϑ,S)

∑
i∈Ĩ

li +
1

T
N(ℓ,S)

W (ϖ) +
1

T

∑
i∈I′

li

]
≤ ε(S)

M,ϑ,S,T ⟨ξ,N
(ℓ,S)

W ⟩,

with an obvious choice of ε(S)

M,ϑ,S,T such that limM,ϑ,T→∞ ε(S)

M,ϑ,S,T = 0 for any S. □

7.5. Ergodic approximation. In the main result of this section, Lemma 7.6, we prove a technical,
but crucial approximation that will be used in several important other proofs. The main message
is that an arbitrary shift-invariant loop-interlacement distribution can be replaced by an ergodic
measure that has only loops and interlacements with additional nice properties, without changing
the crucial properties (particle densities in loops and in interlacements, interaction energy, entropy)
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much. More precisely, in the crucial variational formula χ(ρ1, ρ2) in (2.24), we show that the infimum
can be restricted, with only a small error, to the set of ergodic random configurations such that their
projection on W = [−R,R]d is concentrated on the event AW ;r,M,L,K,T defined in (4.34), (4.35) and

(4.36) and on S(M,ϑ,S)

W (defined in (5.21)) if M,L,K, T, ϑ are picked large enough, uniformly in S ∈ N.
Here we will use Lemma 7.5 to handle the entropy part of the variational formula.

Lemma 7.6 is crucial for applying several preliminary results that rely on such special properties of
the random configurations, since these imply for example that the error term in the large-deviations
lower bound in Lemma 5.5 can be controlled and that the interaction energy per unit volume is
bounded. More explicitly, Lemma 7.6 will be used in the proof of the lower bound of Theorem 2.5
in Section 9.2 (it is what we need in order to go on from (6.35)) and in the proof of Theorem 2.3 in
Section 8 and was already used in the proof of Lemma 2.12 in Section 7.1.

We follow a similar ansatz as in the proof of Lemma 2.13. Indeed, for a given loop/shred configu-
ration in a given large box, we do not change anything in the configuration in the box, but we rewire
all the ends of the shreds (the loop shreds and the interlacement shreds) in such a way that they are
now connected with certain regularly placed sites at the boundary of a slightly larger box. Doing
this independently in all these slightly larger subboxes (which decompose Rd), they connect up with
the new shreds in the neighbouring subbox. This leads to a global configuration whose crucial three
quantities (entropy, interaction energy and particle densities) are hardly changed and which has much
better independence properties, in particular, is ergodic.

Lemma 7.6 (Ergodic approximation). Fix ρ1, ρ2 ∈ (0,∞) and fix P ∈ M(s)

1 (L×S) with finite h(L,S)(P )

and finite ⟨FU , P ⟩ and ⟨P,N(ℓ,L)

U ⟩ = ρ1, ⟨P,N(ℓ,S)

U ⟩ = ρ2. Furthermore, fix ε ∈ (0, 1).

Then, for any sufficiently large ϑ,M,L,K, T,R (in this order), there is an ergodic P ′ ∈
M(s)

1 (L × S) such that ΠWR+M
(P ′)(AWR+M ;r,M,L,K,T ) = 1 = Π(S)

WR+M
(P ′)(S(M,ϑ,S)

WR+M
), ⟨P ′,N(ℓ,L)

U ⟩ ∈
Bε(ρ1), ⟨P ′,N(ℓ,S)

U ⟩ ∈ Bε(ρ2) and 1
|WR+M |⟨FWR+M ,WR+M

,ΠWR+M
(P ′)⟩ ≤ ε + ⟨FU , P ⟩ and

JWR+M
(ΠWR+M

(P ′)) ≤ ε+ JWR
(ΠWR

(P )).

Proof. Our proof is in the spirit of the one of Lemma 2.13 in Section 7.3. Again we abbreviate

W =WR = [−R,R]d and W̃ =WR+M = [−R−M,R+M ]d and put W ′ = W̃ \W.

As usual, Π
W̃

is the well-known projection on W̃ . Denote by Π̃
W̃

= Π
W̃ ;r,M,L,K,T

the projection

onto A
W̃ ;r,M,L,K,T

introduced in Lemma 7.5 under the name Π (with W̃ instead of W ). We pick

M,K,L, ϑ, T so large that the particle densities of the Π̃-projection of P are close enough to the ones

of P and the error terms in Lemma 7.5 are small enough, more precisely, |⟨N(ℓ,L)

U ◦Π̃U ,ΠU (P )⟩−ρ1| ≤ ε

and |⟨N(ℓ,S)

U ◦ Π̃U ,ΠU (P )⟩ − ρ2| ≤ ε and that limR′→∞ ε(L)

M,[−R′,R′]d,L
+ ( 1

K + ε(S)

M,ϑ,S,T )(ρ1 + ρ2 +1) ≤ ε.

Then, for any sufficiently large R we will construct an ergodic P̃ ∈ M(s)

1 (L × S) such that

1

|W̃ |
⟨F

W̃ ,W̃
◦ Π̃

W̃
,Π

W̃
(P̃ )⟩ − 1

|W |
⟨FW,W ◦ Π̃W ,ΠW (P )⟩ ≤ ε, (7.28)

1

|W̃ |
⟨[N(ℓ,L)

W̃
+N(ℓ,S)

W̃
] ◦ Π̃

W̃
,Π

W̃
(P̃ )⟩ − 1

|W |
⟨[N(ℓ,L)

W +N(ℓ,S)

W ] ◦ Π̃W ,ΠW (P )⟩| ≤ ε, (7.29)

J
W̃
(Π

W̃
(P̃ ))− JW (ΠW (P ) ◦ Π̃−1

W ) ≤ ε. (7.30)

This will end the proof of this lemma with P ′ = P̃ ◦ Π̃−1

W̃
, since 1

|W |⟨FW,W ◦ Π̃W ,ΠW (P )⟩ ≤ ⟨FU , P ⟩
and, if R is large enough, J

W̃
(Π

W̃
(P̃ ) ◦ Π̃−1

W̃
) ≤ ε + J

W̃
(Π

W̃
(P̃ )) (see Lemma 7.5 and our choice of

M,K,L;T above), and JW (ΠW (P ) ◦ Π̃−1
W ) ≤ JW (ΠW (P )) + ε again by Lemma 7.5.
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Let us now construct P̃ . This will be partially similar to the proof of Lemma 2.13. Again, we

extend the W -projection of P to a random configuration in W̃ , but here we do it in such a way that

all W -shreds are extended to the boundary of W̃ in such a way that their composition in all the boxes

z+ W̃ with z ∈ 2(R+M)Zd concatenates to interlacements; this time we are not creating new loops.
We do this for all shreds, also the loop shreds, since we will later show that the expected number of
particles in these loops is negligible in the limitW ↑ Rd; hence it will not change much in the expected
particle numbers if we turn all loops that have particles outside W into interlacements.

Decompose Rd regularly into boxes W̃z = z + W̃ with z ∈ 2(R + M)Zd and assume that R is

much larger than M . Put ξR = ΠW (P ) ◦ Π̃−1
W and ψR = ∂Π(S)

W (ξR). We will construct a loop/shred

configuration ξ(M)

R ∈ M1(LW̃ × S
W̃
) that extends ξR by appending independent Brownian W ′-shreds

in such a way that no new loop (or hardly any) is created in W̃ and all W -shreds are connected with

∂W̃ in a certain regular way. We will do this independently over z ∈ 2(R+M)Zd, such that all these
added shreds in neighbouring subboxes automatically connect up such that they are concatenated to
interlacements in Rd.

For this, pick some deterministic index set Φ with |Φ| ≍ |W |/R ≍ Rd−1 and a collection of points
(Xa)a∈Φ in W ◦

R+M \ WR+M−1 that are more than one away from the corners of WR+M , i.e., from

(R+M){−1, 1}d. Then each Xa is closest to precisely one of the 2d neighbouring subboxes z+WR+M

with z ∈ 2(R + M){−1, 1}d (i.e., there is precisely one z ∈ 2(R + M){−1, 1}d such that Xa ∈
B1(W̃∩(z+W̃ )), where B1 denotes the 1-neighbourhood). Assume that, for any z ∈ 2(R+M){−1, 1}d,
the number of a such that Xa is closest to z+W is the same. Put Y (z)

a = Xa for these z. Furthermore,

put X(z)
a = z +Xa for z ∈ 2(R+M)Zd, and define Y (z′)

a as above for any neighbour z′ of z and X(z)
a .

We conceive, for any z ∈ 2(R+M)Zd, the pair (X(z)
a , Y (z)

a ) ∈ (z+ W̃ , (z+ W̃ )c) as the entry-exit sites

of a (z+ W̃ )-shred. They lie perfectly opposite to each other close to the boundary of z+ W̃ . We put
X(0)
a = Xa and Ya = Y (0)

a .

Now let µ =
∑

i∈I δ(xi,li,yi) ∈ TW be given such that yi ∈ W̃ for all i ∈ I. We are considering µ

under ∂Π
(S)

W (ξR), i.e., we can see µ as the configuration of all the starting/terminal sites and lengths
of all the W -shreds in the configuration that is sampled under ξR. Note that ξR has, by definition as
a random configuration in the event AW ;r,M,L,K;T , with probability one, only a bounded number of

particles in any subbox of radius r around sites in 2rZd and hence not more than ≍ Rd−1 particles
close to ∂W . Therefore, we may assume that |I| ≤ O(Rd−1).

We pick an injective map I ∋ i 7→ ai ∈ Φ and connect Xai with xi and yi with Yai by means
of an independent Brownian W ′-shred, for any i ∈ I. For all other a’s, i.e., for a ∈ Φ \ IΦ with
IΦ = {ai : i ∈ I}, we connect Xa with Ya with an additional independent Brownian W ′-shred. The
distribution of the resulting configuration is called ξ(M)

R , i.e., the extension of ξR to a loop/shred

configuration in W̃ without loops in W ′.

Having constructed ξ(M)

R in this way, we take independent measures ξ(M,z)R ∈ M1(LW̃z
× S

W̃z
) with

z ∈ 2(R+M)Zd such that their shift θz(ξ
(M,z)

R ) has the same distribution as ξ(M)

R . Then we put

P̃R,M =
⊗

z∈2(R+M)Zd
ξ(M,z)R ∈ M1(LW × SW ), (7.31)

PR,M =
1

|W̃ |

∫
W̃

dx θx(P̃R,M ) ∈ M(s)

1 (L
W̃

× S
W̃
), (7.32)

the latter which is obviously stationary. The proof of [G11, Theorem 14.12] applies and shows that

PR,M is ergodic. We will show that P̃ = PR,M satisfies (7.28)–(7.30) for R large enough, which ends
the proof of the lemma.
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Note that PR,M has its interlacements only from our construction from the |Φ|-many connections of

X(z)
a with Y (z)

a (partially via xi and yi), which perfectly connect each other in the sites Y (z)
a = X(z′)

a , if

z + W̃ and z′ + W̃ are neighbouring subboxes. All the loops of PR,M are the (z +W )-loops for some

z ∈ 2(R+M)Zd.
The proofs of (7.28) and (7.29) are more or less identical to the proofs of (7.11) and (7.12) in

the proof of Lemma 2.13; we leave the details to the reader; let us only mention that here also the
following Lemma 7.7 is used, which says that our decision to turn all W -loops that have particles
also in W ′ into interlacements does not noticeably change the particle densities: For shift-invariant
loop-distributions, the expected number of particles in loops that have particles in W , but not all
their particles, is negligible:

Lemma 7.7. For any P ∈ M(s)

1 (L) with ⟨P,N(ℓ)

U ⟩ ∈ (0,∞), we have

lim
R→∞

1

|WR|
⟨Π(S)

WR
(P ),N(ℓ)

WR
⟩ = 0.

Proof. Note that Π(S)

WR
(P ) = ΠWR

(P )−Π(L)

WR
(P ). By shift-invariance, for R ∈ N,

1

|WR|
⟨ΠWR

(P ),N(ℓ)

WR
⟩ = 1

|WR|
∑

z∈WR∩Zd
⟨ΠWR

(P ),N(ℓ)

z+U ⟩ = ⟨P,N(ℓ)

U ⟩.

Furthermore, the normalized integral with respect to the second is asymptotically not smaller than

⟨P,N(ℓ)

U ⟩. Indeed, denoting by N(ℓ,≤M)

W̃
the number of particles in all the loops f that start in W̃ ⋐ Rd

and have spread maxt∈[0,βℓ(f)] |f(t)− f(0)| ≤M , we see that

1

|WR|
⟨Π(L)

WR
(P ),N(ℓ)

WR
⟩ ≥ 1

|WR|
∑

z∈WR−M∩Zd
⟨ΠWR

(P ),N(ℓ,≤M)

z+U ⟩ = |WR−M |
|WR|

⟨P,N(ℓ,≤M)

U ⟩ → ⟨P,N(ℓ,≤M)

U ⟩

as R → ∞, and the last term converges to ⟨P,N(ℓ)

U ⟩ as M → ∞, according to the monotonous
convergence theorem. □

Proof of (7.30): Analogously to the argument around (7.14), we can argue also here that it suffices
to show that J

W̃
(ξ(M)

R ) ≤ JW (ξR) + ε. Indeed, the estimate in (7.14) is analogously valid here as well,
with the difference that the second error term on the right-hand side of (6.17) is not trivial as in (7.14)

(since ψ = 0 there), but needs an argument, since ψ = ∂Π(S)

3W̃
(P̃R,M ) is non-trivial: For large R we

have

J
W̃
(Π

W̃
(PR,M )) ≤ J

3W̃
(Π

3W̃
(P̃R,M )) +

ε

2
− ⟨ψ, p

3W̃ ,M
⟩. (7.33)

In order to show that the last term is negligible, we point out that all the 3W̃ -shreds f ′i of Π3W̃
(P̃R,M )

satisfy the condition |f ′i(jSβ) − f ′i((j − 1)Sβ)/ ≤ ϑ
√
S either almost surely for those j such that

f ′i([(j−1)Sβ, jSβ]) lies in z+W for some z ∈ 2(R+M)Zd (since they come from ξR or an independent

copy of it, which is concentrated on A(S)

WR;Θ
) or in expectation, since these pieces are independent

Brownian bridges by construction (see the argument in Remark 5.6). Therefore, making S large

enough, we may assume that J
W̃
(Π

W̃
(PR,M )) ≤ J

3W̃
(Π

3W̃
(P̃R,M )) + ε.

In order to see that J
3W̃

(Π
3W̃

(P̃R,M )) = J
W̃
(Π

W̃
(P̃R,M )) = J

W̃
(ξ(M)

R ), observe that the configu-

rations in the 3d subboxes z + W̃ with z ∈ 2(R +M){−1, 0, 1}d are independent copies from each
other and that therefore the density of Π

3W̃
(P )(ω, µ, ·) with respect to K

3W̃
(µ, ·), conditional on the

boundary-shred configuration µ, decomposes into a product of the corresponding (z + W̃ )-versions
(since Π

3W̃
(P ) decomposes into i.i.d. parts by definition, and K

3W̃
decomposes by the Markov prop-

erty), and therefore the entropy of Π
3W̃

(P ) decomposes into the sum over these entropies. Because of
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the prefactor 1

|W̃ |
in the definition of J

W̃
, we obtain that the J

3W̃
-value equals the J

W̃
-value. Hence,

for proving (7.30), we only need to show that J
W̃
(ξ(M)

R ) ≤ JW (ξR) + ε.

The distribution of ξ(M)

R can be written, using the Markov property, as follows. Let (ω,ϖ) ∈ LW×SW
with ϖ =

∑
i∈I δfi and µ = ∂Π(S)

W (ϖ) =
∑

i∈I δ(xi,li,yi) ∈ TW . Recall that |I| ≤ |Φ| and that we did not

add any W̃ -loops. We can write, using the Markov property and the independence of all the Brownian
W ′-shreds,

ξ(M)

R

(
d(ω′, ϖ′)

)
= ξR

(
d(ω,ϖ)

)
e−

∑
k∈N[qW ′,k+qW ′,W,k]

⊗
⊗
i∈I

[
p(W

′)
Xai ,xi

(dmi)q
(mi,W

′)
Xai ,xi

(dgi) p
(W ′)
yi,Yai

(dm′
i)q

(m′
i,W

′)
yi,Yai

(dg′i)
]

⊗
⊗

a∈Φ\IΦ

[
p(W

′)
Xa,Ya

(dna)q
(na,W

′)
Xa,Ya

(dg′a)
]
,

(7.34)

where we remind on the definition of the p- and the q-terms in (7.15) and (7.16). We used the notation
ω′ = ω (seen as an element of L

W̃
with only W -loops) and ϖ′ =

∑
i∈I δg′i⋄fi⋄gi +

∑
a∈Φ\IΦ δg′a and

µ′ =
∑

i∈I δ(Xai ,Lai ,Yai ) +
∑

a∈Φ\IΦ δ(Xa,na,Ya) with Lai = mi + ℓ(fi) +m′
i.

Analogously, we write the distribution of the reference measure, using the above notation. Recall
from the proof of Lemma 2.13 that the reference measure Π(L)

W̃
(Q) is the convolution of Π(L)

W (Q), Π(L)

W ′(Q)

and Π(L)

W,W ′(Q) (recall that the latter measure is the restriction of Q to the set of loops that have all

particles in W ∪W ′ and have at least one in W and one in W ′). Hence, the loop part is similar to
(7.19) without the n-loop, and we have

Π(L)

W̃
(Q)⊗ [∂Π(S)

W̃
(ξ(M)

R )⊗ K
W̃
]
(
d(ω′, ϖ′)

)
= Π(L)

W (Q)(dω) e−
∑
k∈N[qW ′,k+qW ′,W,k] e−

∑
k∈N qW,W ′,k

⊗ ∂Π(S)

W (ξR)(dµ)
⊗
i∈I

[
p(W

′)
Xai ,xi

(dmi)q
(mi,W

′)
Xai ,xi

(dgi)p
(W ′)
yi,Yai

(dm′
i)q

(m′
i,W

′)
yi,Yai

(dg′i)
]

⊗
⊗

a∈Φ\IΦ

[
p(W

′)
Xa,Ya

(dna)q
(na,W

′)
Xa,Ya

(dg′a)
]
⊗ KW (µ,dϖ).

(7.35)

Summarizing,

dξ(M)

R

dΠ(L)

W̃
(Q)⊗ [∂Π(S)

W̃
(ξ(M)

R )⊗ K
W̃
]
(ω′, ϖ′) =

dξR

dΠ(L)

W (Q)⊗ [∂Π(S)

W (ξR)⊗ KW ]
(ω,ϖ)e

∑
k∈N qW,W ′,k .

Hence, we see that

J
W̃
(ξ(M)

R ) = JW (ξR) +
1

|W |
∑
k∈N

qW,W ′,k,

and as in the proof of Lemma 2.13, one sees that the last term is ≤ ε for R large enough. This ends
the proof of (7.30) and hence the proof of this lemma. □

8. Proof of Theorem 2.3: specific relative entropy density

In this section we establish a new kind of specific relative entropy per volume of ergodic
loop/interlacement configurations, namely with respect to the product of Π(L)

W (Q) and the product
of the boundary-configuration and the kernel KW defined in (2.5). In other words, we prove Theo-
rem 2.3. In particular, we identify the limit of the entropy term JW (ξ) defined in (2.13) (see also
(6.13)) appearing in the variational formula in (6.33) and (6.35) in the limit R→ ∞, i.e., in the limit
W =WR = [−R,R]d ↑ Rd. Recall that, in d ≥ 3, KW is a regular version of the distribution of Π(S)

W (R)

given ∂Π(S)

W (R) for the Brownian β-spacing interlacement PPP, R, of Section A, see Lemma A.4, but
we are not going to use this fact.
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Remark 8.1 The usual starting point of such a proof is to prove the superadditivity of the map
W 7→ HLW×SW (ΠW (P ) | Π(L)

W (Q) ⊗ [∂Π(S)

W (P ) ⊗ KW ]) on the set of all boxes W ⋐ Rd, but we did
not succeed in doing this, as it concerns the interlacement part. Instead, we will be relying on
Proposition 6.6, which needs ergodicity, combined with Lemma 7.6, which approximates arbitrary
stationary P ’s by ergodic ones that have several useful additional properties. ♢

Proof of Theorem 2.3. Let P be in M(s)

1 (L × S) with finite expected particle number in the unit box
U .

(1) We first prove that the limit in (2.14) exists and satisfies (2.16). Pick an R ∈ (0,∞) and pick
any sequence (Rn)n∈N tending to ∞. We would like to apply Proposition 6.6(2) and (3) to get a
lower bound for lim infn→∞ JWRn

(ΠWRn
(P )) that is close to JWR

(ΠWR
(P )), but we can do this only

for WR-ergodic P ’s that are concentrated on L × S(M,ϑ,S) (see (5.21)) for some M,ϑ, S. Hence, we
first need to replace ΠWRn

(P ) by some measure like that, using Lemma 7.6. Indeed, with parameters
r,M,L,K, T, ϑ, S, we apply Lemma 7.6 (see also the proof of Lemma 7.5) to see that, for any given
small ε ∈ (0, 1) and any n there is an ergodic Pn ∈ M(s)

1 (L(M) × S(M,ϑ,S)) such that Π(S)

WRn
(Pn) is

concentrated on A(S)

WRn ;M,r,T ∩ S(ϑ,S)

WRn
and satisfies |⟨Pn − P,N(S,ℓ)

WRn
⟩| ≤ ε|WRn | such that

JWRn
(ΠWRn

(P )) ≥ JWRn
(ΠWRn

(Pn))− ε,

if the parametersM,L,K, T, ϑ are picked large enough. Now we can apply Proposition 6.6(2). Indeed,
we write Rn = mnR

(mn) with mn ∈ N and mn → ∞ and R(mn) ↓ R as n→ ∞ and get

JWRn
(ΠWRn

(Pn)) ≥ JW
R(mn)

(ΠW
R(mn)

(Pn))−
CM

(mnR(mn))d/2
−
[ CM,r,T

mnR(mn)
+
Cϑ2

S

]
⟨Pn,N(S,ℓ)

U ⟩.

We can pick S = ϑ3. Now we combine the last two displays and make n → ∞ and use that |⟨Pn −
P,N(S,ℓ)

WRn
⟩| ≤ ε|WRn | and that both P and Pn are shift-invariant to get that

lim inf
n→∞

JWRn
(ΠWRn

(P )) ≥ lim inf
n→∞

JW
R(mn)

(ΠW
R(mn)

(Pn))−
C

ϑ

(
ε+ ⟨P,N(S,ℓ)

U ⟩
)
− ε. (8.1)

We can make M,K,L, T, ϑ→ ∞ to obtain

lim inf
n→∞

JWRn
(ΠWRn

(P )) ≥ lim inf
M,K,L,T,ϑ→∞

lim inf
n→∞

JW
R(mn)

(ΠW
R(mn)

(Pn))− ε

≥ JWR
(ΠWR

(P ))− ε,
(8.2)

where we used the following argument for the J-term. Indeed, we want to use Proposition 6.6(3).
Note that, from the construction of Pn for WRn in the proof of Lemma 7.6, we see that ΠWRn

(Pn) =

ΠWRn
(P ) ◦ Π̃−1

WRn
, where Π̃WRn

is the projection onto AWRn ;M,L,K,T introduced in Lemma 7.5. There-

fore, it is easy to see that Pn weakly converges (in our usual sense that all the projections ΠWR′ (Pn)
weakly converge, R′ ∈ N) towards P if all the parameters n,M,K,L, T, ϑ grow to ∞. Furthermore,

ΠW
R(mn)

(Pn) = ΠW
R(mn)

(P ) ◦ Π̃−1
W
R(mn)

. In order to see that, in this limit inferior the limit Pn =⇒ P

and the limit as R(mn) ↓ R according to Proposition 6.6(3) can be combined such that the last step

of (8.2) appears, use first (7.24) for f = Π̃W
R(mn)

and then prove that the density dνn ◦ Π̃−1
W
R(mn)

/dνn

tends to one in the limit as n,M,K,L, T, ϑ→ ∞, where νn = QW
R(mn)

⊗ [∂ΠW
R(mn)

(P )⊗ KW
R(mn)

] is

the reference measure. We leave the proof of the latter to the reader.

Now (8.2) implies that the limit inferior is not smaller than the limit superior, i.e., the limit in
(2.14) exists. Furthermore, from (8.2) we also see that (2.16) holds.

(2) Now we show that P 7→ h(L,S)(P ) is lower semicontinuous. Recall that we are using on M1(L×
S) the weak topology induced by all the ΠW , i.e., Pn converges towards P if and only if ΠW (Pn)
weakly converges towards ΠW (P ) for any W ⋐ Rd. We write LW × SW as [LW × TW ] × SW and
write (ΠW (P ))LW×TW→SW (ω, µ, ·) for the corresponding kernel (by disintegration). Also the map
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P 7→ (ΠW (P ))LW×TW→SW (ω, µ, ·) is continuous for any ω ∈ LW and µ ∈ TW . It follows from the
characterisation of the entropy in (2.7) and the fact that limits of lower semi-continuous functions are
lower semi-continuous that relative entropies are lower semi-continuous in the first argument. With
the help of writing ∂ξ = ∂Π(S)

W (P ) and ξµ(d(ω,ϖ)) = (ΠW (P ))TW→LW×SW (µ,d(ω,ϖ)) and

HW (P ) = |W |JW (ΠW (P )) =

∫
TW

∂ξ(dµ)HLW×SW
(
ξµ | Π(L)

W (Q)⊗ KW (µ, ·)
)

(8.3)

and Fatou’s lemma, the assertion follows.

(3) Next, we show the convexity of the map P 7→ JW (ΠW (P )). This follows from the convexity of
the map (µ, ν) 7→ H(µ | ν) for any relative entropy H, see [G11, Proposition 15.5(d)]. Since limit of
convex functions are convex, the convexity of h(L,S)(·) on M(s)

1 (L×S) follows. The proof of concavity
given in the proof of [G11, Proposition 15.14] applies also here, using (8.3). Indeed, if one replaces P by
sP1+(1−s)P2 for s ∈ (0, 1) and P1, P2 ∈ M(s)

1 (L×S), thenHW (sP1+(1−s)P2) can be lower estimated
(using the monotonicity of the logarithm) against sHW (P1)+(1−s)HW (P2)+s log s+(1−s) log(1−s),
and dividing by |W | and letting |W | → ∞ implies the concavity of h(L,S)(·) on the set of all ergodic
P ∈ M(s)

1 (L × S).
(4) Now we prove the compactness of the restricted level set of h(L,S)(·), given in (2.17). Assume that

c ∈ R and a sequence of compact sets KR ⊂ TWR
with R ∈ N are given (we take the sequence (RN )N∈N

as N without loss of generality). Because of lower semicontinuity of h(L,S)(·) and of P 7→ ⟨P,N(ℓ)

U ⟩,
the set in (2.17) is closed, hence we only need to prove its tightness. Pick a sequence (Pn)n∈N in
M1(L×S) in that set. Using (2.16), we see that, for any R ∈ N, the projections ΠWR

(Pn) lie for any
n in the restricted level set{

ξ ∈ M1(LWR
× SWR

) : ∂Π(S)

WR
(ξ) ∈ KR(L), JWR

(ξ) ≤ c′
}
, (8.4)

for some c′ ∈ R. According to Lemma 6.7(1), this set is compact. Therefore, (ΠWR
(Pn))n∈N is

tight. This finishes the proof, because of the following argument: We can assume that (ΠWR
(Pn))n∈N

converges towards some ξ(WR) ∈ M1(LWR
×SWR

) as n→ ∞. Using a standard diagonal argument, we
can assume that the n-subsequence works for all the R ∈ N. Since (ΠWR

(Pn))R∈N is consistent for any
n ∈ N, also (ξ(WR))R∈N is consistent. Now Proposition 4.1 yields the existence of a P ∈ M1(L × S)
such that ΠWR

(P ) = ξ(WR) for any R ∈ N. It is easy to see that Pn converges (along the chosen
subsequence) towards P . □

Let us close this section with making some comments and remarks. First, let us state the following
useful general inequality (which was already used in the proof of Theorem 2.3).

For a probability measure ν on the product of two Polish spaces X1 and X2 with projections
Πi : X1 × X2 → Xi, we write ν1→2 for the Markov kernel from X1 into M1(X2) that is defined by
the disintegration formula

ν
(
d(x1, x2)

)
= Π1(ν)(dx1)ν

(x1)

1→2(dx2). (8.5)

In other words, ν1→2 is a regular version of the conditional distribution of X2 given X1 if (X1, X2)
is a random vector with distribution ν. Let us also recall the standard measure-theoretic notation
µ ⊗K(d(x1, x2)) = µ(dx1)K(x1,dx2) and µK(dx2) =

∫
X1
µ(dx1)K(x1, dx2) for µ ∈ M1(X1) and a

kernel K from X1 into M1(X2). By H1, H2 and H we denote the relative entropies on the spaces
M1(X1),M1(X2), and M1(X1 ×X2), respectively.

Lemma 8.2 (Entropy on products). For any two Polish spaces X1 and X2 with projections Πi : X1 ×
X2 → Xi,

H(ν | ρ) ≥ H1(Π1(ν) | Π1(ρ)) +H2(Π1(ν)ν1→2 | Π1(ν)ρ1→2), ν, ρ ∈ M1(X1 ×X2). (8.6)
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Proof. We may assume that ν has a density with respect to ρ. Then

H(ν | ρ) =
∫
X1

Π1(ν)(dx1)

∫
X2

ν
(x1)

1→2(dx2) log
(d(Π1(ν))

d(Π1(ρ))
(x1)

d(ν
(x1)

1→2)

d(ρ
(x1)

1→2)
(x2)

)
= H1(Π1(ν) | Π1(ρ)) +

∫
X1

Π1(ν)(dx1)H2

(
ν

(x1)

1→2 | ρ
(x1)

1→2

)
≥ H1(Π1(ν) | Π1(ρ)) +H2

(
Π1(ν)ν1→2 | Π1(ν)ρ1→2),

(8.7)

where in the last step we used Jensen’s inequality for the convex function (ν, ρ) 7→ H2(ν | ρ); see [G11,
Proposition 15.5(d)]. □

Remark 8.3 (h ≥ h(L)) An application of (8.6) shows that h ≥ h(L), where h was defined in (2.8),
and we define h(L)(P ) as h(L,S)(P ) for any P ∈ M(s)

1 (L), where P is considered as a loop-interlacement
configuration with empty interlacement part. Indeed, for any W ⋐ Rd, observe that ΠW (L) is the
direct sum of LW = Π(L)

W (L) and the set of all simple point measures that start in W , but have not
all their particles in W . Using (8.6), we see that

HΠW (L)
(
ΠW (P )

∣∣ΠW (Q)
)
≥ HLW

(
Π(L)

W (P )
∣∣Π(L)

W (Q)
)
,

where we dropped on the right-hand side another entropy term. ♢

9. Finish of the proof of Theorem 2.5: making R→ ∞

After all the preparations, we finish the proof of Theorem 2.5 in this section: the proof of the upper
bound is finished in Section 9.1, the one of the lower bound in Section 9.2.

9.1. Upper bound. With the material from Sections 8 and 6.4, we now finish the proof of the upper
bound in Theorem 2.5, based on (6.33). Recall that W = WR = [−R,R]d and that χ was defined in
(2.24) and the set M(k)

1 (LW ×SW ) in (6.8). Starting from (6.33), it is sufficient to prove the following.

lim inf
R→∞

inf
{ 1

|WR|
⟨ξ, FWR,WR

⟩+ JWR
(ξ) : ξ ∈

⋂
k∈N

M(k)

1 (LWR
× SWR

),

Π(L)

WR
(ξ) ∈ K(L)

R (L),Π(S)

WR
(ξ) ∈ K(S)

R (L), ⟨ξ, 1
|WR|N

(ℓ,L)

WR
⟩ = ρ1, ⟨ξ, 1

|WR|N
(ℓ,S)

WR
⟩ = ρ2

}
≥ inf

{
⟨P, FU ⟩+ h(L,S)(P ) : P ∈ M(s)

1 (L × S), ⟨P,N(ℓ,L)

U ⟩ ∈ B2δ(ρ1), ⟨P,N(ℓ,S)

U ⟩ ∈ B2δ(ρ2)
}
,

(9.1)

where we recall the definition of JW (ξ) from (6.13). With the help of the continuity properties of χ
from Lemma 2.12, the limit as δ ↓ 0 of the right-hand side is easily seen to coincide with χ(ρ1, ρ2),
and the proof of (2.25) is then finished.

Recall the two sets K(L)

R (L) and K(S)

R (L) from Lemmas 6.7 and 6.8, respectively, and note that L
does not depend on R and is picked large enough such that (6.33) is true.

Now we turn to the proof of (9.1). For the ease of notation, we now writeW instead ofWR. Assume
that ξ(W ) is an approximate minimiser in the variational formula on the left-hand side of (9.1), that
is, it is amenable to that formula and approaches the infimum up to some quantity that vanishes as
R→ ∞. Put

H = lim inf
R→∞

JW (ξ(W )) and F = lim inf
R→∞

1

|W |
⟨ξ(W ), FW,W ⟩. (9.2)

Without loss of generality, H and F are finite. Let ε ∈ (0, 1) be given. We need to construct a
P ∈ M(s)

1 (L × S) that is amenable for the formula on the right-hand side of (9.1) (i.e., satisfies

⟨P,N(ℓ,L)

U ⟩ ∈ B2δ(ρ1), and ⟨P,N(ℓ,S)

U ⟩ ∈ B2δ(ρ2)) and such that h(L,S)(P ) ≤ H+ ε and ⟨P, FU ⟩ ≤ F + ε,
which will finish the proof. Let M be so large that the constant cM introduced in Lemma 4.3 satisfies
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log cM ≥ −ε/8. Let R be so large that CMR
−d/2 ≤ ε/8, where CM is from (5.14). Furthermore,

assume that R is also so large that

JW (ξ(W )) ≤ H+ ε/8 and
1

|W |
⟨ξ(W ), FW,W ⟩ ≤ F + ε/8. (9.3)

In our first step, we are going to replace ξ(W ) by loop-shred distributions in larger and larger boxes
in such a way that the entropy and energy do not really increase and the expected particle densities
in loops and in shreds does not really change. (In a later step, we will use Proposition 4.1 to further
extend this measure to an element of M1(L × S).) We want to use Proposition 6.6(4) for that and
Lemma 5.5 for estimating the error term, but need first to replace ξ(W ) by an approximation that
guarantees that we are allowed to apply Proposition 6.6(4) and that the error term is small. For this,
we need to employ Lemma 7.5 with fixed parameters r ∈ (1,∞) and S ∈ N and large parameters
R,M,K,L, T, ϑ. Put Θ = (r,M,L,K, T, ϑ, S). Pick the parameters in Θ so large that the error term
in Lemma 7.5 is ≤ ε/4 and pick ξ(W,Θ,0) ∈ M1(LW × SW ) (namely, ξ(W,Θ,0) = ξ(W ) ◦ Π−1 with the
projection Π of Lemma 7.5) that is concentrated on AW ;Θ = AW ;r,M,K,L,T ∩ (LW ×S(M,ϑ,S)

W ) such that

JW ;M (ξ(W,Θ,0)) ≤ JW (ξ(W )) +
ε

4
and

1

|W |
⟨FW,W , ξ(W,Θ,0) − ξ(W )⟩ ≤ ε

4
, (9.4)

and |⟨N(L,ℓ)
W , ξ(W,Θ,0)−ξ(W )⟩| ≤ ε

4 |W | and |⟨N(S,ℓ)
W , ξ(W,Θ,0)−ξ(W )⟩| ≤ ε

4 |W | and Π(L)

W (ξ(W,Θ,0)) ∈ K(L)

3R (L+
1
4)

and Π(S)

W (ξ(W,Θ,0)) ∈ K(S)

3R (L+ 1
4). (The fact that all these integrals w.r.t. ξ(W,Θ,0) can be made as close

to the ones w.r.t. ξ(W ) follows from monotonicity of Π in the cutting parameters M,K,L, ϑ.)

Now we apply Proposition 6.6(4) to ξ(W,Θ,0) successively for k = 1 (producing ξ(W,Θ,1), then for k = 1
and W replaced by 3W (producing ξ(W,Θ,2) and so on. We pick the parameters R,S so large that the
error term in Proposition 6.6(4) (using Lemma 5.5 for the last term) is ≤ ε

83
−k for the k-th application

of Proposition 6.6(4). In this way, we obtain a sequence of ξ(W,Θ,k) ∈ M̃(k)

1 ⊂ M1(L3kW × S3kW ) such
that the approximation error in the infimum is ≤ ε/8; more precisely,

J3kW ;M (ξ(W,Θ,k)) ≤ ε

4
+ JW ;M (ξ(W,Θ,0)) and Π3kW→3k−1W (ξ(W,Θ,k)) = ξ(W,Θ,k−1), (9.5)

and every ξ(W,Θ,k) is 3kW -shift invariant. In particular, the family (ξ(W,Θ,k))k∈N is consistent, and every
projection of any ξ(W,Θ,k) on a shift z +W with z ∈ 2RZd is (after shifting back to the origin) equal
to ξ(W,Θ,0).

Note that ξ(W,Θ,k) is concentrated on A3kW ;Θ, since its projections on any discrete shift ofW in 3kW

is equal (after shifting to the origin) to ξ(W,Θ,0). Therefore all shreds in it have all the properties of
the shreds in the configurations in AW ;Θ (namely a bounded leg spread, a bound on the extension of
all subparts, and an upper bound for the particle number in each of the boxes Wr + z). Therefore,
the expected interaction 1

|3kW |⟨F3kW,3kW , ξ
(W,Θ,k)⟩ is essentially equal to 1

|W |⟨FW,W , ξ
(W,Θ,0)⟩, up to the

interaction between any two neighbouring boxes of radius R, which can be upper bounded by some
constant (depending only on M,L,K, T, r and d, β, v) times 1/R, since it is a surface-order term. By
making R large enough, this error term is below ε/8. Therefore,

1

|3kW |
⟨F3kW,3kW , ξ

(W,Θ,k)⟩ ≤ ε

4
+

1

|W |
⟨FW,W , ξ(W,Θ,0)⟩, k ∈ N. (9.6)

By the same argument, but without error terms, the normalized expected particle numbers for loops
and shreds, 1

|W |⟨N
(ℓ,L)

W , ξ(W,Θ,0)⟩ and 1
|W |⟨N

(ℓ,S)

W , ξ(W,Θ,0)⟩, do not change when going from W to 3kW

and from ξ(W,Θ,0) to ξ(W,Θ,k). In particular, 1
|3kW |⟨N

(ℓ,L)

3kW
, ξ(W,Θ,k)⟩ ∈ B2δ(ρ1) and

1
|3kW |⟨N

(ℓ,S)

3kW
, ξ(W,Θ,k)⟩ ∈

B2δ(ρ2).

Now we use Proposition 4.1 to obtain from the consistent family (ξ(W,Θ,k))k∈N some P̃ ∈ M1(L×S)
that extends all the ξ(W,Θ,k)s. By theW -shift invariance of all the ξ(W,Θ,k)s, P is invariant under any shift
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by a vector ∈ 2RZd. Now we replace P̃ by P = 1
|W |

∫
W dx P̃ ◦ θ−1

x , which is shift-invariant, i.e., lies in

M(s)

1 (L×S). We are going to show that h(L,S)(P ) ≤ 2ε+JW (ξ(W )) and ⟨FU , P ⟩ ≤ 2ε+ 1
|W |⟨FW,W , ξ

(W )⟩
and that both the loop and the interlacement particle densities of P are close to ρ1, respectively to
ρ2. This will imply (9.1) and hence end the proof of the upper bound in Theorem 2.5.

It is relatively easy to see that the loop-particle density and the interlacement-particle densities
lie in B3δ(ρ1), respectively in B3δ(ρ2). Indeed, use that 1

|3kW |⟨N
(ℓ,L)

3kW
, ξ(W,Θ,k)⟩ ∼ 1

|3kW |⟨N
(ℓ,L)

3kW
, P ⟩ →

⟨N(ℓ,L)

U , P ⟩ as k → ∞ since ⟨N(ℓ,L)

3kW
, P ⟩ lies between ⟨N(ℓ,L)

3kW−W , P ⟩ and ⟨N(ℓ,L)

3kW+W
, P ⟩ and since, accord-

ing to Lemma 7.7, the expected number of particles in box-shreds of loops is negligible with respect
to the box volume. A similar argument applies to the expected particle density in interlacements; we
leave the details to the reader.

Now we show that J3kW ;M (Π3kW (P )) ≤ H+2ε for any k ∈ N, which implies, via Theorem 2.3, that

h(L,S)(P ) ≤ H + 2ε. Indeed, using convexity of J3kW ;M and (6.17) in Proposition 6.6(1) with m = 3,
we see that, for any k ∈ N,

J3kW ;M (Π3kW (P )) ≤ 1

|W |

∫
W

dxJ3kW ;M (θx(Πx+3kW (P̃ ))

≤ ε+ J3k+1W (Π3k+1W ;M (P̃ )) = ε+ J3k+1W ;M (ξ(W,Θ,k+1))

≤ ε+
ε

4
+ JW ;M (ξ(W,Θ,0)) ≤ 3ε

2
+ JW (ξ(W )) ≤ 2ε+H,

where we used also (9.5) and (9.4) and one of the requirements for R.

It is only left to show that ⟨FU , P ⟩ ≤ 2ε+ F , where we recall the definition of FU from (2.22). We
first point out that, according to the spatial ergodic theorem,

⟨FU , P ⟩ = lim
k→∞

1

|3kW |

〈 ∑
z∈Zd : z+U⊂3kW

Fz+U , P
〉
, (9.7)

since FU is bounded and has bounded reach almost surely on the support of P . This is seen as follows.
Recall that every ξ(W,Θ,k) is concentrated on the set A3kW ;Θ of configurations; these have a globally
bounded interaction between any box z + U and its complement (z + U)c, where ‘bounded’ is meant
in terms of spatial distance, number of interacting loops/shreds and in amount of interaction. More
precisely, we may pick some C ∈ (0,∞) (only depending on the parameters in Θ and on the length
of the support of the interaction potential v), such that Fz+U (ω,ϖ) is equal to the total interaction
between z+U and z+WC only, almost surely with respect to ξ(W,Θ,k). And if z+U ⊂ 3kW , then the
integration of Fz+U with respect to P can be replaced by the one with respect to ξ(W,Θ,k+1).

Recall from (2.21) that FW,W (ω,ϖ) = 1
2F

(LL)

W,W (ω) + F (LS)

W,W (ω,ϖ) + 1
2F

(SS)

W,W (ϖ), whose definitions we

recall from (2.18)–(2.20). Therefore, almost surely with respect to P , for any x ∈ W and any k ∈ N,
we get from splitting the interaction between 3kW and 3kW into the interactions between z + U and
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z + U c and sum on z,

F3kW,3kW ≥
∑

z∈Zd : z+U⊂3kW

[1
2
Fz+U,z+U + Fz+U,W∩(z+Uc)

]
≥

∑
z∈Zd : z+U⊂W

3k−C

[1
2
Fz+U,z+U + Fz+U,z+(WC\U)

]
=

∑
z∈Zd : z+U⊂W

3k−C

(
1
2F

(LL)

z+U,z+U + F (LS)

z+U,z+U + 1
2F

(SS)

z+U,z+U

+ F (LL)

z+U,z+(WC\U) + F (LS)

z+U,z+(WC\U) + F (LS)

z+(WC\U),z+U + F (SS)

z+U,z+(WC\U)

)
=

∑
z∈Zd : z+U⊂W

3kR−C

Fz+U ,

recalling the definition of FU from (2.22). Certainly, the sum of Fz+U on z ∈ Zd with z + U ⊂ 3kW
but z + U ̸⊂W3kR−C is negligible in (9.7), and

1

|3kW |

∣∣∣〈F3kW,3kW − 1

|W |

∫
W

dxFx+3kW,x+3kW , ξ
(W,Θ,k+1)

〉∣∣∣ → 0, k → ∞.

Therefore,

⟨FU , P ⟩ ≤ lim
k→∞

1

|3kW |
〈
F3kW,3kW , P

〉
= lim

k→∞

1

|3kW |

〈∫
W

dxFx+3kW,x+3kW , ξ
(W,Θ,k+1)

〉
= lim

k→∞

1

|3kW |

〈
F3kW,3kW , ξ

(W,Θ,k+1)

〉
.

Now using subsequently (9.6), (9.4) and (9.3), we see that ⟨FU , P ⟩ ≤ F +2ε, which finishes the proof.

9.2. Lower bound. For finishing the proof of the lower bound in Theorem 2.5, we go back to (6.35).
Applying Lemma 7.6 and (2.16), we see that, given any small ε ∈ (0, 1), we can make the parameters
ϑ,M,L,K, T and then R (in this order) so large that the variational formula on the right-hand side of
(6.35) is not larger than ε+χ(ρ1, ρ2), also using the continuity of χ(ρ1, ρ2) in (ρ2, ρ2); see Lemma 2.12.
This gives, for any δ, δ′ ∈ (0, 1),

lim inf
N→∞

1

|ΛN |
log Ẑ(bc)

N,R,δ(ΛN , ρ1, ρ2) ≥ −
CM,L,K,T

R
− CM
Rd/2

−
[CM,ϑ,S

R
+
Cϑ2

S

]
(ρ2 + δ′)

− ε− χ(ρ1, ρ2).

(9.8)

We make now first S → ∞ and then R → ∞, which makes the first three terms disappear. We have
finished the proof of the lower bound in Theorem 2.5.

Appendix A. The Brownian interlacement PPP with spacing β

In this appendix we introduce, for d ≥ 3, an interesting Poisson point process R = R(u,β) of random
interlacements that has some connection to the specific relative entropy h(L,S) defined in (2.14), or,
more directly, some connection to the kernel KW defined in (2.5). We survey its construction and
some of its properties. Processes of this type were recently recognized as being instrumental in the
description of the long loops in the Bose gas. In the present paper, such process does not appear in
our description of the free energy, since our entropy h(L,S) can be entirely characterised in terms of the
kernel KW defined in (2.5), but it admits enlightening interpretations. Because of Lemma A.4 below,
h(L,S) can be seen as a kind of specific relative entropy with respect to the reference PPP Q⊗R of loops
and interlacements, but note the crucial appearance of the boundary-particle distribution ∂Π(S)

W (P ) in
(2.13). Nevertheless, the process R is at the heart of the limiting description of the Bose gas and its
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condensate, so we decided to spend some words on it, even though it is not involved in our analysis
of the interacting Bose gas.

Here is an ad-hoc definition of this process: Let d ≥ 3 and fix β ∈ (0,∞). The Brownian inter-
lacement Poisson point process with particle spacing β, or for short Brownian interlacement process,
R ∈ M(s)

1 (S), is the distribution of the random interlacement point process ϖ(B) =
∑

g∈ΓB
δg, which

consists of independent two-sided Brownian motions g ∈ C∞ with parameter set R, identified as equal
modulo time shift by β. The only free parameter of this process is the expected total amount of
particles in the unit box U = [−1

2 ,
1
2 ]
d, which we call u ∈ (0,∞). We sometimes write R(u,β) or R(u); if

we take u = 1, then we drop this super-index.

The first construction of such a process was carried out in the seminal paper [Sz10] for simple
random walk on Zd; later the Brownian version was constructed in [Sz13]. The version that we need
in this paper is for Gaussian random walks instead, with interpolation by independent Brownian
bridges. The Gaussian interlacement PPP has been already constructed in [AFY21], but without
interpolation, and without stating the distributional properties that we will need; hence we are giving
a short account on the construction and on the properties that we need. Alternatively, we could
also refer to the Brownian version constructed in [Sz13] and furnish each interlacement g : R → Rd
independently with a determination of where βZ is in the domain R, which leads presumably to the
same process that we are going to construct now, but we prefer to derive some distributional properties
along our construction.

We are following the construction of the interlacement PPP for simple random walk on Zd given in
[Sz10, Section 1] and translate it to the Gaussian random walk in Rd. Once we have constructed this
discrete-time process, we scale it up in time by a factor of β and interpolate it between the times in
βZ with independent Brownian bridges with time-interval [0, β]. See [LP18] for general references to
the PPP theory.

Here is a slightly more explicit definition of the Gaussian interlacement PPP: It is the PPP with
a σ-finite intensity measure Υ on the set of trajectories Z → Rd that is uniquely determined by the
following property: For W ⋐ Rd, the restriction of Υ to the set of trajectories that visit W is the
(not normalised) measure that starts with a site ∈ W at time 0 that is ‘distributed’ according to
the equilibrium measure of the Gaussian random walk on W , and has two independent trajectories:
one into the negative time axis, conditioned on never entering W again, and one in the positive
time axis, being just a Gaussian random walk in Zd. (By transience, it visits W only finitely often.)
This W -dependent measure turns out to be consistent in W such that the described property fixes it
uniquely.

Let us come to the details. By Px we denote the probability measure under which a Gaussian
random walk (Xn)n∈N0 (i.e., with steps that are independent and Gaussian distributed with variance
2β) starts from x ∈ Rd. Since we are in d ≥ 3, this is a random variable with values in the set

T+ =
{
x = (xn)n∈N0 ∈ (Rd)N0 : lim

n→∞
xn = ∞

}
.

By T = {x = (xn)n∈Z ∈ (Rd)Z : limn→±∞ xn} we denote the set of two-sided trajectories that visit
any compact set only finitely often, and by T ∗ its quotient space with respect to the identification
of functions if they are time-shifts of each other, i.e., T ∗ = {{θnf : n ∈ Z} : f ∈ T }, where θn is the
time-shift by n. By π∗ : T → T ∗ we denote the canonical projection. By TW = {(xn)n∈Z ∈ T : xn ∈
W for some n ∈ Z} we denote the set of trajectories that visit W , and by T ∗

W its image under π∗.

As we now need some little theory of capacities and equilibrium measures for the Gaussian random
walk, we restrict to special compact subsets, namely boxes. For any box W ⋐ Rd, we denote by eW
the density of the equilibrium measure of the Gaussian random walk, i.e.,

eW (x) = 1lW (x)Px(H̃W = ∞), x ∈ Rd, (A.1)
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where H̃W = inf{n ∈ N : Xn ∈W} is the entry time into W . It is clear that eW (x) > 0 in the box W ,

but = 0 outside the box. By P(W )
x we denote the conditional measure Px(· | H̃W < ∞) given that the

path visits W . Now we introduce the path measure QW on T as follows:

QW
(
(X−n)n∈N0 ∈ A,X0 ∈ dx, (Xn)n∈N0 ∈ B

)
= P(W )

x (A)eW (x)Px(B) dx, x ∈ Rd, A,B ⊂ T+ mb.
(A.2)

We also need the last time LW = sup{n ∈ N0 : Xn ∈ W} of a visit to W and the set of finite-length
trajectories

TW→W = {x = (xn)n∈{0,...,N} ∈ (Rd)N+1 : N ∈ N, x0 ∈W,xN ∈W} (A.3)

that start and terminate in W .

We can now formulate and prove the existence and uniqueness of the measure Υ that we will take
as the intensity measure of our PPP.

Lemma A.1 (Existence, uniqueness and properties of Υ). (1) There is a unique σ-finite measure
Υ on T ∗ such that

1lT ∗
W
Υ = π∗ ◦QW , W ⊂ Rd a box. (A.4)

(2) Υ is invariant under time-reversal and spatial shifts.
(3) For any W ⋐ Rd and any x = (xn)n∈{0,...,N} ∈ TW→W ,

QW
(
(X−n)n∈N0 ∈ A,(Xn)n∈{0,...,LW } ∈ dx, (XLW+n)n∈N0 ∈ B

)
= P(W )

x0 (A)eW (x0)Px0((Xn)n∈{0,...,N} ∈ dx)P(W )
xN

(B), A,B ⊂ T+ mb.
(A.5)

Proof. We only give some few hints, as the proof is entirely analogous to the one of [Sz10, Theorem
1.1] (which is lengthy and technical). We leave the details to the reader.

The uniqueness in (1) follows from the fact that T ∗ is exhausted by the sets T ∗
[−R,R]d

with R ∈ N.
The proof of the existence consists of showing that the measure ΥW = π∗ ◦ QW is consistent in W

in the sense that, for any W ⊂ W̃ ⋐ Rd, we have 1lT ∗
W
Υ
W̃

= ΥW . Then Carathéodory’s extension

theorem yields (1). The proof of this is entirely analogous to the proof of the analogous assertion in
[Sz10, Theorem 1.1], with some obvious changes that come only from the continuous nature of Rd:
the fact that the equilibrium measure has a Lebesgue density and that trajectories run in Rd rather

than in Zd. The proof goes via a decomposition into paths that start and end in W̃ and run within
W in between, and it uses the Markov property of the random walk. □

Assertion (1) says that Υ can be described by the explicit formula (A.2) on the set of trajectories
that visit W , and Assertion (3) says that every path under QW can be decomposed in time in three
pieces: one piece of a Gaussian random until the first time of a visit to W (having the equilibrium
measure as the ‘distribution’ at this time), one piece until the last visit toW , and the last piece, which
is a Gaussian random walk conditioned on never visiting W anymore. These pieces are independent,
given the two locations at the first and the last time of a visit to W .

By Leb we denote the Lebesgue measure on [0,∞). Now we use the σ-finite measure Υ ⊗ Leb
on T + × [0,∞) as the intensity measure of a PPP ϖ =

∑
i δ(X∗

i ,vi)
, where we are going to use the

v-component for controlling the spatial density of the paths. More precisely, for any v ∈ (0,∞), we
can call the point process

∑
i : vi≤v δX∗

i
the Gaussian interlacement process with density parameter v.

Remark A.2 (Construction of the Gaussian interlacement PPP.) From Assertion (3) in Lemma A.1,
using the standard construction of PPPs from the intensity measure, the following construction of
the PPP

∑
i : vi≤v δX∗

i
emerges. In simple words, one can construct the PPP on the set T ∗

W of paths

that visit the box W by first sampling a Poisson-distributed variable N with parameter vcap(W ) =
v
∫
W eW (x) dx and then N random sites X(1)

0 , . . . , X(N)

0 ∈ W with distribution eW (x) dx/cap(W ).

Then one samples independently over i = 1, . . . , N a Gaussian random walk (X(i)

−n)n∈N0 conditioned
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on never visiting W , and another, independent, Gaussian random walk (X(i)
n )n∈N0 (which may return

to W never or several times, but eventually vanishes at ∞). Finally, we ‘forget’ the precise time at
which X(i) first enters W , i.e., we put X∗

i = π∗(X(i)). ♢

Now we interpolate any Gaussian random walk to a Brownian motion by inserting independent
Brownian bridges and scaling them up in time with a factor of β. For this, we will be using the
concept of K-marking with a kernel K, which is well-known in PPP-theory. Introduce the map

T+ ∋ x = (xn)n∈N0 7→ B(x) = (B(x)

t )t∈[0,∞) ∈ C, B(x)

t = B
(xn,xn+1)

t−βn if t ∈ [βn, β(n+ 1)], n ∈ N0,

(A.6)
and (B(xn,xn+1))n∈N0 is a family of independent Brownian bridges with time-interval [0, β] from xn to
xn+1. Then, if X is a Gaussian random walk with variance 2β of the steps, B(X) is a Brownian motion
with generator ∆. We can describe this interpolation operation in terms of distributions via the kernel
K from T+ to C given by

K(x,df) =
⊗
n∈N0

µ(β)
xn,xn+1

(
d(θβn(f |[βn,β(n+1)]))

)
, x = (xn)n∈N0 ∈ T+, f ∈ C, (A.7)

where we recall from (1.4) the canonical Brownian bridge measures. We use the same symbol K for
the variants of this kernel on the sets T and T ∗.

From Υ, we now proceed with theK-markingϖ(K) =
∑

i δ(X∗
i ,B

∗
i ,vi)

, where the Brownian motions B∗
i

derive from the random walks X∗
i via (A.6), independently over i. Its intensity measure is Υ⊗K⊗Leb.

Observe that X∗
i is a deterministic function of B∗

i and that the Brownian motions are uniquely
determined only up to time-shifts in βZ, in contrast to the Brownian interlacement process constructed
in [Sz13].

Finally, the measure R(u,β) that we announced is now defined as the distribution of the pro-
cess ϖ(K,u) =

∑
i : ui≤vu δB∗

i
, where vu ∈ [0,∞) is determined by the requirement that u =

E(
∑

i : ui≤vu
∑

n∈Z 1lB∗
i (nβ)∈U ) = 1, where U = [−1

2 ,
1
2 ]
d is the unit box. It is only technical to prove

that the distribution of the process ϖ(K,u) is invariant under time-reversal and spatial shifts, since
the Brownian bridge measures have the relevant properties for that. That is, the distribution R(u,β) of
ϖ(K,u) lies in M(s)

1 (S). This finishes the introduction of the Brownian β-spaced interlacement process.

Remark A.3 (Construction of the Brownian β-spaced interlacement PPP.) Referring to the construc-
tion of Remark A.2, the B∗

i may be constructed from the X(i) by interpolating them by Brownian

bridges as in (A.6), and N independent standard Brownian motions B(i) = (B(i)

t )t∈[0,∞) with gen-

erator ∆ arise, starting from B(i)

0 = X(i)

0 . Analogously, and using time-reversal properties of the
Brownian bridge measures, we interpolate also the negative-time parts and obtain Brownian mo-
tions conditioned on never hitting W at any time ∈ βN, independent of the positive-time parts,
given the starting sites B(i)

0 . Finally, we ‘forget’ the integer-part of 1
β times the time, i.e., we put

B∗
i = π∗(B(i)) = {θβn(B(i)) : n ∈ Z}. ♢

Now we finally give the connection between the interlacement process R and our analysis of the
interacting Bose gas. Recall the kernel KW from (2.5) and recall from (2.13) how crucial it is in this
connection.

Lemma A.4 (Identification of KW in terms of R). The kernel KW (µ, ·) defined in (2.5) is equal to the
kernel ΠW (R)TW→SW (µ, ·).

Proof. We refer to the construction of the Brownian β-spaced interlacement process ϖ from Re-
marks A.2 and A.3. The event {∂Π(S)

W (ϖ) = µ} on that we condition depends only on the processes

(B(i)

t )t∈[0,∞), i.e., the parts from the time of the first visit to W at a time ∈ βZ on. Introduce the sub-

sequent entry and exit times (up to the factor β) 0 = τ (i)

1 < σ(i)

1 < τ (i)

2 < σ(i)

2 < · · · < τ (i)
mi < σ(i)

mi < ∞
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of B(i), and put µ =
∑

j∈I δ(xj ,lj ,yj), then the event {∂Π(S)

W (ϖ) = µ} is equal to the disjoint union over

all bijections h : J = {(i, k) ∈ [N ]× N : k ≤ mi} → I of the event⋂
(i,k)∈J

{
B(i)

τ
(i)
k β

= xh(i,k), σ
(i)

k − τ (i)

k = lh(i,k), B
(i)

σ
(i)
k β

= yh(i,k)

}
.

On this event, Π(S)

W (ϖ) is the empirical measure of the paths (B(i)

t )
t∈[βτ (i)k ,βσ

(i)
k ]

, properly time-shifted,

with (i, k) ∈ J . According to the strong Markov property at all these stopping times, these path

pieces are conditionally independent, and their distribution is given by q
(lh(i,k),W )

xh(i,k),yh(i,k) . Hence, their joint

distribution is the product measure of these, which is KW (µ, ·). This finishes the proof. □
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[FKSS20a] J. Fröhlich, A. Knowles, B. Schlein, and V. Sohinger, A path-integral analysis of interacting Bose

gases and loop gases. J. Stat. Phys. 180:1-6, 810–831 (2020). 3, 24

[G11] H.-O. Georgii, Gibbs Measures and Phase Transitions, Second Edition, De Gruyter Studies in Mathematics

9 (2011). 11, 24, 69, 70, 75, 80, 84, 85

[GZ93] H.-O. Georgii and H. Zessin, Large deviations and the maximum entropy principle for marked point

random fields, Prob. Theory Relat. Fields 96, 177–204 (1993). 11, 24, 25

[G94] H.-O. Georgii, Large deviations and the equivalence of ensembles for Gibbsian particle systems with su-

perstable interaction, Prob. Theory Relat. Fields 99, 171–195 (1994). 24

[G70] J. Ginibre, Some Applications of Functional Integration in Statistical Mechanics, and Field Theory , C. de

Witt and R. Storaeds, Gordon and Breach, New York (1970). 5, 24

[KVZ25] W. König, Q. Vogel and A. Zass, Off-diagonal long-range order for the free Bose gas via the Feynman–Kac

formula, Ann. Appl. Probab., to appear, preprint arXiv:2312.07481, https://arxiv.org/abs/2312.07481

(2023). 3, 6, 25

[LP18] G. Last and M. Penrose, Lectures on the Poisson Process. Cambridge University Press, Cambridge (2018).

89

[LW04] G.F. Lawler and W. Werner, The Brownian loop soup, Probab. Theory Related Fields 128:4, 565-588

(2004). 6, 24

[NPZ13] B. Nehring, S. Poghosyan and H. Zessin, On the construction of point processes in statistical mechanics,

J. Math. Phys. 54 (6), 063302 (2013). 24

[PRV13] M.A. Peletier, D.R.M. Renger, and M. Veneroni, Variational formulation of the Fokker–Planck equa-

tion with decay: A particle approach. Communications in Contemporary Mathematics 15(05), 1350017

(2013). 52

[PS01] C. Pethick and H. Smith, Bose–Einstein Condensation of Dilute Gases. Cambridge University Press,

Cambridge (2001). 24

[PS03] L. Pitaevskii and S. Stringari, Bose–Einstein Condensation. Oxford Science Publications, Oxford (2003).

24

[QT23] A. Quitmann and L. Taggi, Macroscopic loops in the Bose gas, Spin O(N) and related models, Com-

mun. Math. Phys. 400, 2081–2136 (2023). 25

[Raf09] M. Rafler, Gaussian Loop- and Polya Processes: A Point Process Approach, PhD Thesis, University of

Potsdam (2009). 24

[Rue69] D. Ruelle, Statistical Mechanics: Rigorous Results, W.A. Benjamin, Inc., (1969). 5, 14
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