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Abstract: We consider the interacting Bose gas in the thermodynamic limit in a large
box in R? at positive temperature 1/3 € (0, 00) with particle density ~ p € (0, 00). We
follow a path-integral approach and adopt from [ACK11] a description of the free energy
in terms of the Brownian loop soup, a Poisson point process consisting of Brownian
bridges, also called loops or cycles. It is the objective of this paper to derive, for any
values of 5 and p, a formula for the limiting free energy with explicit control on the
particle numbers in the short and in the long loops. The latter are presumed to play
the role of the condensate, according to Feynman’s [Fe53] famous, vague suggestion,
and they turn into random interlacements (bi-infinite, locally finite random processes
in R?) in our formula. In [ACK11] there was no concept that could describe the long
loops; only small p could be handled successfully.

In the present paper we represent the limiting free energy in terms of a variational
formula, ranging over the set of all stationary point processes with loops and with
interlacements, having each a given particle density, and minimizing the sum of the in-
teraction energy and a characteristic entropy term. The latter is a new kind of a specific
relative entropy density with respect to the reference process of loops (the Brownian
loop soup), together with an independent Markov kernel describing collections of path
shreds in large boxes. In d > 3, the latter can be seen as a projection of the Brownian
interlacement Poisson point process with (-spacing. Our proof tool box comes from
large-deviation theory, both for the derivation of the formula for the free energy and
for the proof of the existence of the specific relative entropy.

The limiting variational formula has good compactness properties and may serve as
a starting point to future deeper investigations, as it describes the interacting Bose
gas in much smoother and more well-behaved terms. We give various approximations
of that formula, in particular we show that it is equal to a version without interlace-
ments. A brief discussion about the conjectured relation to the famous Bose—FEinstein
condensation phenomenon is given as well.
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1. INTRODUCTION

1.1. Background, ansatz and purpose. In this paper, we study the interacting Bose gas in the
thermodynamic limit, a well-known quantum model from statistical physics that is of particularly high
interest since decades because of the conjectured phase transition called Bose—Finstein condensation
(BEC). Tts introduction is in terms of the symmetrised trace of the exponential of an interacting
Hamilton operator, and its crucial properties are formulated in terms of spectral properties of the
convolution operator formed out of the corresponding one-particle density matrix. Notably, the usual
notion of a phase transition as the existence of a non-analyticity of the free energy as a function of tem-
perature (or of the particle density) is not the core of the definition of BEC, but a much finer property
called off-diagonal long-range order (ODLRO) of the mentioned symmetrised operator. The validity
or non-validity of ODLRO is a widely open problem of mathematical physics, and one is currently far
from an understanding, in spite of many phenomenological ansatzes. The main conjecture, which is
also in good coincidence with the famous experiments from 1995, is that ODLRO (and therefore BEC)
is valid in dimensions d > 3 at sufficiently small temperature but not at other temperatures and not
in other dimensions. In this paper, we are not going to study ODLRO and refer the reader for this
question to the vast literature (e.g., a concise literature survey in Section 1.7 of [KVZ25]). Observe
that the free (i.e., non-interacting) case is much simpler and has been thoroughly understood, since all
spatial properties easily wash out, and the model drastically simplifies. Furthermore several rescaled
regimes have been successfully worked out as well [FKSS20a]. However, the interacting case in the
thermodynamic limit is still widely open, and this is that we concentrate on here.

Even though the phenomenon of ODLRO cannot be decided by looking at the limiting free energy
alone, a comprehensive understanding of the free energy is obviously likely to contribute a lot to the
understanding of BEC. Therefore we concentrate in the present paper on understanding the limiting
free energy in a comprehensive and detailed way. We are doing this from the view point of a random
loop ensemble using a path-integral analysis. Random-loop presentations of the interacting Bose gas
are known at least since the 1950s and were first considered a mathematical tool only, but Feynman
[Feb3] raised the, by now famous, vague advice to think about the loop length distribution as an
order parameter that might have some physical relevance. This idea was phenomenologically taken up
occasionally by mathematical physicists with strong probability background, and it inspired several
investigations of related models without any physical relevance, but triggered also phenomenological
discussions about possible relations between BEC and the loop length statistics. See Section 3.3 for
a thorough survey on the literature on path-integral approaches to the Bose gas. In short words,
the rough idea was coined that BEC should have much to do (if not even being equivalent to) with
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the occurrence of a macroscopic part of the particles in long loops. In several simplified models this
conjecture was confirmed, but there were also counter-examples found. For the most important case
of an interacting Bose gas in the thermodynamic limit, the question of the relation between BEC and
macroscopic occupation of long loops has not been settled at all, even more, there is currently no
mathematical tool box that might be able to attack this question.

The present paper changes this situation. We introduce a mathematical path-integral framework
for describing all loops, distinguishing long and short ones, in the interacting random loop ensemble
in the thermodynamic limit. The starting point is, as in [ACKI11], a representation in terms of a
Poisson point process (PPP) on loops, a version of the Brownian loop soup. In this paper, we carry
out a mesoscopic decomposition procedure of the macrobox into smaller subboxes, a large-deviation
ansatz, and arrive at a variational description of the limiting free energy, which is our main result. The
state spaces that arise along this way are spaces of point processes with marks, which comprehensively
describe the entire configuration of loops. However, in order to describe also long loops in the limit,
we need to enlarge the point process space. One innovative aspect (a novelty with respect to [ACK11])
is that the long loops are described in term of point processes of interlacements, which are bi-infinite
and locally finite functions R — R?. Observe that such processes cannot be seen as marked point
processes in R?. This extended probability space is difficult to handle, since it consists of very non-
local quantities, which induce far-reaching correlations. The variational description is in terms of the
minimization of energy (pair interaction between all the legs) plus entropy (negative exponential rate
of probabilities) for point processes of loops and interlacements with fixed given particle density in
loops and in interlacements, respectively. The interlacement-part of the entropy, which also a novelty
of the present paper, is relative with respect to an explicit reference point process kernel. Interestingly,
this kernel is, in d > 3, reminiscent of a local version of Sznitman’s Brownian interlacement PPP, see
the Appendix.

The arising variational description has good compactness properties, and the minimizing point pro-
cess of loops and interlacements has the interpretation of the typical, the ‘optimal’, spatial distribution
of all the particles of the Bose gas, organised in local and in global structures. Decisive is then the
question for what values of the particle density the minimizer has a non-trivial interlacement-part.
This is obviously a mathematically sound formulation of the distinction between the occurrence and
non-occurrence of long Feynman-cycles. We conjecture that the interlacement particles directly relate
(if they are not even equal) to the particles in the condensate. Conjecturally, the occurrence of inter-
lacements will in future work turn out to be equivalent to the occurrence of BEC (i.e., ODLRO) and,
in dimension d > 3, it will turn out occur for all large particle densities only. In the present paper,
we leave both questions open, but we believe that the mathematical framework that we develop offers
good chances to answer them in future work.

We introduce the interacting Bose gas in Section 1.2, present the starting point of our investigations
(a rewrite in terms of the Brownian loop soup) in Section 1.3 and explain our ansatz in Section 1.4.
A quick survey on the remainder of the paper is at the end of Section 1.4.

1.2. The interacting Bose gas. We consider an interacting bosonic many-body system in a large box
in RY at positive temperature 1/3 € (0, 0o) with fixed particle density p € (0, 00) in the thermodynamic
limit. To start with, denote by

N
HY™ == A+ Y wl@i—ay),  w1,...,an €A, (1.1)
i=1 1<i<j<N

the N-particle operator in a box A € R? with some boundary condition ‘be’ (later we will consider
periodic and Dirichlet zero boundary conditions) with kinetic energy and pair interaction given by a
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measurable interaction functional v: R? — [0, 0o]; see Assumption (V) in Section 2.3 for more specific
assumptions.

As we are interested in bosons, we project the operator H%’bc) on the set of symmetric, i.e., permu-
tation invariant, wave functions. Furthermore, we consider the particle system at positive temperature
1/B € (0,00). The main object of the study of this paper is the partition function of the system, that

A,bc
e_BHEV )

is, the trace of the operator in A with symmetrisation:

(A,bc)
Z37(B,A) = Te( (e PN, (1.2)

where the index 4+ denotes this symmetrisation, i.e., the projection on the set of permutation invariant
wave functions. We will introduce the particle density p € (0,00) (the number of particles per unit
volume), fix a centred box Ay of volume ~ N/p, and study the limiting free energy per unit volume
in the thermodynamic limit,

1.
f(ﬁ,p) = _Bl\}gnoo ’AN‘

log Z7 (B, AN). (1.3)

Under suitable conditions on the interaction potential, the existence of this limit is well-known (see,
e.g., [Rue69, Thm. 3.58]) for many decades and also the fact that it does not depend on the boundary
condition (at least for periodic and Dirichlet zero conditions). However, an explicit or even inter-
pretable formula is still lacking (with the exception of [ACK11, Cor. 1.3] for small values of p; see
Section 3.3). It is the main purpose of this paper to provide some. It will be of the form (see
Corollary 2.7)

€8, p) = ;inf{FU(P) FHES(P): Pe MY (L x 8), MY (P) = pl,

where M<f)(£ x S) is the set of stationary point processes of loops and interlacements in R?, Fys

is the interaction energy in the unit box U = [—3,1]% h®® is an entropy functional introduced

212
in Theorem 2.3, and ‘ﬁg) registers the particle density. Our actual main result, Theorem 2.5, in
combination with Corollary 2.6, even makes the distinction between short and long loops rigorously
visible; actually we will show that the short loops lead to the L-part and the long loops give rise to
the S-part. This gives a mathematically rigorous meaning to what is often called the Feynman cycles.
Our proof is flexible enough to express several other characteristic quantities of the interacting Bose

gas, like the density of loops having a given length or with various other properties.

It is the goal of this line of research to employ that formula as a platform for deeper analysis of the
interacting Bose gas in view of the famous Bose—Einstein phase transition. A natural next step would
be to derive a proof for the conjecture that, in dimension d > 3, for every large particle density, the
minimising point process cannot contain loops only but must have a non-trivial interlacement part.
We are not going to do that in this paper and devote future work to that. See Section 2.4 for more
about that.

We will keep the inverse temperature 5 € (0,00) fixed for the entire paper and therefore omit it in
most of the notation.

1.3. Rewrite in terms of the Brownian loop soup. It is known since decades that the partition
function ZX;C) (8,A) can be written in terms of the famous Feynman-Kac formula in terms of an
ensemble of a random number of Brownian bridges (cycles) in A with total sum of lengths equal to
N and a pair-interaction between any two legs of the cycles. Such presentation is the starting point
of our analysis, and we are going to introduce a version of it that was found in [ACK11], based on
the classical text [G70]. This formula is in terms of a marked interacting Poisson point process of
Brownian cycles, sometimes called the Brownian loop soup. We need to introduce some notation,
which will be crucial for the entire paper.
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For k € N, let C;, denote the space of continuous functions f: [0, k8] — R?, and C := Uken Cr the
union of all these spaces. Let us write Ci”) = {f € Cy: f(kB) = f(0)} for the set of loops in Cy,
and C©@ = |J,nCy” for their union. The length of f € Cg is £(f) := k. We call all the k sites
FQ0), f(B), f(2B),..., f((L(f) — 1)B) the particles of f, hence £(f) is the number of particles of f. On
R? x C(©) we are going to introduce our crucial reference measure, a Poisson point process (PPP) with
a certain intensity measure. This process and variants thereof are often called the Brownian loop soup.

The canonical Brownian bridge measure from x to y in time kS in the box A with boundary condition
‘be’ is defined by

PS4 (B € A; Byg € dy)
dy ’

pi O (A) = A C €, measurable. (1.4)
Here, B = (Bt);e[o,kg) is @ Brownian motion in R? with generator A9 starting from z under P& "
the latter is the Brownian motion in A on the time interval [0, k3] with this boundary condition. We
will be considering periodic boundary condition or Dirichlet zero boundary condition and will consider
boxes A only.

We now introduce a variant of Dirichlet zero boundary conditions for the bridge measure that will
later make the analysis less cumbersome, but does not come from any generator with any boundary
condition. We require that every particle is in A, i.e., we restrict to the event {Bjg € A VI €

{0,1,2,...,k}}. This can be seen as Dirichlet zero boundary condition for the Gaussian random walk
(B(0),B(B),B(2p),...,B(kB)) plus interpolation with a free Brownian bridge between the times
0,6,268,...,k8. It will turn out to be a useful condition, since it perfectly harmonises with the

crucial operator H%) that we will introduce in Section 4.1. We refer to this condition as particle-
boundary condition, and we will write ‘per’, ‘0’ and ‘par’, respectively, for each of these three boundary

conditions. For each of these conditions, ,u““ P9 is a regular Borel measure on C,io) with total mass
equal to
c P<k’A’bc)(Bk5 € dy)
'ugcy/\ bc)(C]iO)) gl(cAﬁb )(ac, y) = x _ (1.5)

dy

If we do not have any boundary condition (and no set A), then we write u;’“; for the canonical Brownian
bridge measure from z to y in the time interval [0, k5].

We denote by My, (X) the set of simple point measures on a Polish space X. By £ = My, (R%xC®)
we denote the set of simple point measures w = > -9, r,) With fz(0) = z on R? x C©), which we
also see as the set of all marked point processes in R? with marks in C(©. We introduce a reference
probability measure on £, which is a Poisson point process in R? x C(©):

Definition 1.1 (The reference loop Poisson point process). For any A € RY and any boundary
condition be € {per,0,par}, we write Q*" for the distribution of the Poisson point process (PPP)
wp on A x C© with intensity measure

v (dz, df) - Z dz @ pdM9(df)  xz €A, fec. (1.6)
keN

For A replaced by R, we write Q for the PPP on RY x C© with intensity measure v(dz,df) =
>ken 5z @ pn(df).

The process in Definition 1.1 was introduced to the study of the Bose gas in [ACK11]. A close cousin
of it was already used for the study of other phenomena in statistical mechanics (e.g., conformal
invariance in dimension two) in [LWO04] under the name Brownian loop soup. Here we rely on the
recent adaptation in [KVZ25] and refer proofs to Appendix A there. The projection on the loop part,
ie, {fz: x € (}, is what is called sometimes the Brownian loop soup in the inner sense.
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Denote by
Mw)=|¢NA]  and  NPW)= Y Af), ACR? (1.7)
zECNA

the number of points of w in A (i.e., the number of loops that start in A), and the total number of
particles of w attached to points in A, respectively.

We introduce a functional on £ that expresses the interaction between any two particles of loops
that start within A. For w € £ and A, A € R%, we define ®, x: L —[0,00] by

O xw = > B(fefy), weL (1.8)
zECNA,yeCNA
where
| ) )
B(farfy) =5 D D WwarrwanV Feis fys), (1.9)
i=1 j=1
and
B
V(f.g9) = /0 o(£(s) — a(s)) ds, (1.10)

and f;(-) = f((i = 1)B + )|jo,g is the i-th leg of a function f € C.

We write pu(f) = [ f(w) p(dw) = (p, f) = (f, p) for the integral of a function f with respect to a
measure £ whenever this makes sense. The following is Proposition 1.1 in [ACK11].

Proposition 1.2 (The Bose gas in terms of the marked Poisson point process). Fiz 8 € (0,00). Let
v: [0,00) — (—00,00] be measurable and bounded from below, and let A C R? be measurable with
finite volume (assumed to be a torus for periodic boundary condition). Then, for any N € N, and
bc € {per, 0},

289 (A) = e/h T (ACN g [=angm® = NY]. (1.11)

That is, up the non-random term v{"”(A x C®), the partition function is equal to the expectation
over the Boltzmann factor e~® of a marked Poisson point process in A, restricted to a fixed total
number of particles. See Figure 1 for an illustration.

From [ACK11, Lemma 3.12] we already know that the first term on the right-hand side of (1.11)
satisfies, for any p € (0, 00),

1
lim VOO (AN x CO) = (AnB)~ 42N k12 = g, 1.12

where Ay is the centred box with volume ~ N/p (it was shown there for periodic and Dirichlet
boundary condition only, but it is easy to see that it holds also for particle boundary condition).
Hence, it appears natural to formulate all our main assertions about the interacting Bose gas in terms
of the transformed probability measure

e~ ®%aa

da(A,bc) =
Z®(A)

dQre), where Z(bc)(A) = QAP [G_QA’A]a (1.13)

and we do that for all three boundary conditions (periodic, zero, particle). Note that QU s a
probability measure on the set of configurations with an arbitrary number of particles; there is no
condition on Dp (o).
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AN

FIGURE 1. Tllustration (taken from [CJK23]) of a realisation of the Bose gas with 14
particles (grey and black bullets), organised in three Brownian bridges, attached to
three Poisson points (black bullets). The red cycle has six particles, the blue and green
ones each four.

1.4. Purpose of this paper. The main purpose of the present paper is to identify, in the ther-
modynamic limit, the limiting free energy with distinction between long and short loops. The most
immediate such distinction would be to call all particles in loops with lengths > L the L-condensate,
and to register its cardinality and to quantify its contribution to the partition function in the limit as
N — oo, followed by L — oo. See Figure 2 for an illustration of a configuration with one long loop.

However, we are going to rely on a slightly different distinction, which distinguishes the loops
according to space criteria rather than length criteria, which will come in handy in our proofs and
is also dictated by the presence of interactions, which are spatially defined. Furthermore, this new
concept of distinction between short and long loops opens up the possibility of suitable methods to cut
the long loops into pieces (“shreds”) and to embed these pieces later into infinitely long trajectories.

Fix p € (0,00) and a centred box Ay in R? with volume |Ay| ~ N/p. Fix R € N and write
W = [-R,R|* and W, = z + W for z € 2RZ%. We assume N and R to be such that for suitable
ZN,r C 2R7Z we have that Ay = sezy p W is the (up to boundaries, disjoint) union of the subboxes
W, with z € Zy r. (Here, R may depehd on N and converges to R as N — o0o; we will sometimes
not indicate this dependence in the notation.) We will consider N particles in Ax.

We will call a loop R-crossing if it has particles in at least two different ones of these subboxes.
Now we consider the number

NE(w) = Z 0(f2)1{ f; is R-crossing}, w= Z O(z,f2)> (1.14)

xECNA x€C

of particles in R-crossing loops and take this as a substitute of the number of particles in long loops.
We call the particles in R-crossings the R-condensate, and ﬁ‘f(%’m (w) the R-condensate density.
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FIGURE 2. Illustration (taken from [CJK23]) of two realisations of a Bose gas: left with
low density with only short loops, and right with higher density with one additional
long loop (red).

The number of all the other particles is denoted by

NG (w) = Z ((f2)1{ f. is not R-crossing}, (1.15)
zECNA

i.e., the number of particles in loops whose particles are entirely contained in one of the subboxes
z + W. Note that ‘ﬁ(z’m + ‘ﬁ“’ﬁR) = ‘ﬁ“).

The main object of interest is the pair (‘ﬁ(f %) ‘.)”t(g ﬁR)) in the limit N — oo, followed by R — oo.
We will formulate our main findings in T heorem 2.5 in terms of a large-deviation principle for this
pair (properly normalised) under the measure Q" defined in (1.13).

See Section 3.1 for an explanation that this concept of R-crossing loops is equivalent to the more
familiar concept of long loops.

Here is a survey of the remainder of the paper: In Section 2 we present our main results, in Section 3
we make various comments about the impact and background of our results and the history of the
problem, and we survey our proof strategy, in Section 4 we begin our proof by introducing the necessary
framework for point processes, introducing our main tool, a crucial empirical measure of the loop-shred
configurations in subboxes of a fixed radius R, and rewriting the free energy in terms of it. In Section 5,
we examine the distribution of a crucial part of our empirical measure, the configurations of the entry-
exit sites of the shreds into the subboxes. The necessary large-deviation setting is developed and
applied in Section 6. For making the limit as R — oo afterwards, we introduce in Section 8 the crucial
specific relative entropy density. Finally, we finish the proof of our main theorem (the description of
the free energy in terms of a variational formula) in Section 9. As preparations, some crucial, but
technical properties of the formula are proved in Section 7. In the Appendix, Section A, we explain
the connection of our description with the Brownian interlacement Poisson point process by Sznitman.

2. MAIN RESULTS

In this section we describe our main results. In Section 2.3 we formulate our result on the identification
of the constrained free energy with full control on the number of particles in R-crossing loops and
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in the others (i.e., in long and short loops). This formula will be a variational formula that plays
in the world of stationary processes of points with loops as marks, superposed with a point process
of interlacements, i.e., infinitely long double-sided locally finite trajectories. In the formula, such
processes minimise the sum of an energy term plus an entropy term, subject to a fixed particle density
in loops and in interlacements, respectively. The underlying loop space was already introduced in
Section 1.3, but we also need to introduce the interlacement space, which we do in Section 2.1.
The crucial and novel specific relative entropy density term is introduced in Section 2.2. Then we
formulate our main result on the free energy in Section 2.3. The arising characteristic variational
formula contains a lot of information about the limiting behaviour of the interacting Bose gas; this is
presented in Section 2.4.

2.1. The interlacement space and the shred spaces. We are going to introduce the space on
which we will describe the long loops and their particles in the limit as N — co. Define

Coo = {g € C(R = RY): {g(kB): k € Z} is locally finite |, (2.1)

where by C(R — R?) we denote the space of continuous functions from R to R?. We will always tacitly
identify functions in Cs as equal if one of them is the time-shift of the other by an integer multiple of
B; hence strictly speaking we are dealing with equivalence classes modulo time shifts in 8Z.

Remark 2.1 (Interlacements) The term ‘interlacements’ (in plural) is often used for the range
Ugery 9(R) of a certain Poisson point process @w® = 3 . d, of bi-infinite Brownian motions in
R? with d > 3 (see Remark 2.2), but this set will play no role in this paper, as we will have to work
always with the entire trajectories g. Therefore, we will take the freedom to call every element of Co

an interlacement. O

We call the sites g(k3) the particles of the interlacement g € Co and the pieces gr = gl(sr 8(k+1)]
the legs of g. We consider the space

S = {w = Z dg: I' C Coo, w is simple, {g(kB): k € Z,g € T'} is locally ﬁnite} (2.2)
gel

of all simple locally finite point processes with points in Co,. The set {g(kB): k € Z,g € T'} is the set
of all particles of . For W & RY,

M (@) =D Ltw(g),  where lyw(g) = Tw(g(kB)), (2.3)

gel’ kEZ

is the number of particles that @ has in W. The maximal pieces g|g, gr,] With k1,ky € Z and
9(Bk1), 9(B(k1+1)), g(B(k1+2)),...,9(B(k2—1)) € W (and hence g(8(k1)—1)) ¢ W and g(Bk2) ¢ W)
are the W-shreds of g; see Section 4.2, in particular (4.9). Then Cy denotes the set of all W-shreds, and
Sw = M, (Cw ) denotes the set of locally finite point measures of all the W-shreds. On § we consider
the topology that is generated by a family of certain projection (‘shredding’) operators H%f/) 'S — Sw
with W € R?, which we spell out in (2.10). Let us already mention that these shredding operators cut
the interlacements g € C into a point process of all the W-shreds, but never cut legs. Let ./\/l<f) (S)
denote the set of shift-invariant probability measures on S. On this set we consider the weak topology
that is generated by the shredding operators. For details, see Section 4.2.

We now introduce a crucial Brownian reference measure on the set Sy. Let B = (By)ic[,00) be a
standard Brownian motion in R? that starts from z € R% under P,. We denote by

¢ (dg) = Py ((Bi)iepo,ay € dg | Bs, Bag, - .., Bu—1)s € W, Big = y) € My1(Cw) (2.4)
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the distribution of a Brownian shred from z € W to y € W€ with [ € N particles, and by
KW Ky dw ® Qa(c‘;vgjl) dg’L € MI(SW) w= Z 5(1’i,li,yi)7 w = Z 591‘7 (25)

el el el
the conditional distribution of a Brownian W-shred configuration given the point process p €
Mpy,(W x N x W€) of their entry and exit sites and their lengths (certainly under the assumption
that ¢;(0) = x; and ¢;(;8) = y; and g; € C;, for all i € I, and I is a finite index set).

Remark 2.2 (Brownian interlacements PPP) In dimension d > 3, the kernel Ky appears as a regular
version of the conditional distribution of a variant of the well-known Brownian interlacement Poisson
point process; see Section A. More precisely, given that the entry and exit sites and lengths of all the
W-shreds of this PPP are given as p, Ky (u,-) is the conditional distribution of the point process of
the W-shreds in this PPP, see Lemma A.4. This works only in d > 3 because of the transience; in
d < 2, this PPP would be uninteresting; it would not even be locally finite. %

2.2. Our first result: A new specific relative entropy density. In our description of the free
energy of the interacting Bose gas in Theorem 2.5 below, a crucial ingredient will be a new specific
relative entropy density with respect to the superposition of the reference measure introduced in
Definition 1.1 and the family of kernels defined in (2.5). Here we introduce it as our first main result.
By H(u | v) we denote the relative entropy of a finite measure p with respect to another one, v, on a
Polish space X, defined by

H | v) = v(X) - p(X) + /X p(de) log Y (), (2.6)

if p < v, and otherwise H(p | v) = oco. A characterisation that is often helpful if p and v are
probability measures is the formula

H(ju|v) = sup () ~t0glel 1)), pv e My(a), (2.7)

where the supremum is on measurable and bounded functions f: X — R (the supremum is approxi-
. . d
mately attained in f = log G&).
It is well-known, see [G11, Ch. 15] and [GZ93], that there is a notion of a specific relative entropy
density with respect to the loop reference process Q, defined as
h(P|Q) = lim WH(HWR(P) | My, (@), P eMP(L),Wr=[-R,R]%, (2.8)
for all shift-invariant probability measures P on the set £ of simple marked point measures with loops
as marks; here IIy denotes the usual projection to the loops with starting site in W € RZ. The
function h is introduced in the general frame of point processes with marks; and the shape or any
properties of the marks play hardly any role in this theory.

In the present paper, we are going to work on the extended space £ x &, which we conceive as the
set My, ([R? x C@] x Cs) of simple point measures on the set of loops and interlacements in RY. Let
M (L x S) denote the set of all shift-invariant probability measures on £ x S. We write the elements
of Lasw =3, .0y, and the elements of S as w =} 1 dg

We make a distinction between loops whose particles are contained entirely in one of the subboxes
2z + Wg with z € 2RZ® and those whose particles are not; the latter loops are called R-crossings, see
Section 1.4. Hence, adapted notions of specific relative entropies need to be introduced. For the first
(the loops whose particles are contained in some z + W with z € 2RZ?), we need to introduce the
restricted projection operator of loops,

I (w) = > S(apn) € L = My, (W x C), (2.9)
T€EC: fz(k/B)EWVke[g(fz)]
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which restricts to all the loops that have all their particles in W (we used the notation [n] = {1,...,n}).
We wrote My, (X) for the set of all point measures on points in some space X and C{? for the set of
loops with all particles in W. (See Section 4.1 for more explanations.) Note that the legs f;; start
and end in W; but do not have to stay in W; they can travel arbitrarily far away from W.

For describing the second kind of loops (the R-crossing ones), we introduce the shredding operator

) (w) = > > 6y € Sw =My, (Cw), (2.10)
2€C: {fa(kB): kE[(fo)}EW g€l W (fr)
where Ty (f;) is the set of W-shreds of the loop f,, and Cy is the set of all W-shreds. (See Sec-
tion 4.2 for more details and explanations.) Analogously, the operator H;‘f)(w) is defined also for point
measures @ = »_ . 0g of interlacements. By Iy (w,w) we denote the sum (i.e., the superposition)
I}/ (w) + IT{/ (w). Another important operator is the boundary-shred operator

AP (@) =) > by g (t(g"8)) € Tw = My, (W x N x W¢), (2.11)

g€l g'elw (g)

which registers initial and terminal sites and particle numbers of the W-shreds (¢'(5),...,9'(¢(¢")5))
with ¢/(0) € W€ and ¢'(8),...,9((¢(¢') — 1)B8) € W and ¢'(¢(¢")3) € W°. For probability measures P
on loop or shred space and any of these operators II, we denote by II(P) the image measure P o IT~!
of P under TI. Hence, for P € M{’(L£ x S), the measure ITy(P) is the distribution of all the loops of
P that have all particles in W, superposed with all the W-shreds that come from interlacements or
from the other loops; a priori the W-shreds cannot be distinguished as to whether they come from a
loop or from a shred.

As it is standard in measure theory, the product of a measure p on a measurable space X with a
kernel K from X into another measurable space ) is defined by

1 ® K(d(z,y)) = p(de) K (x, dy). (2.12)
We introduce the relative entropy
1
T (&) = Hew s (¢ |1y (@) © [011)(€) @ Kw]) € 0.0c), W € REE € Mi(Lw x Sw).
(2.13)

In our next result, we introduce the main entropy function of this paper,

h&S(P) = Jim Jy, (T (P)), P e MY (L x S),with Wg = [-R, R]". (2.14)
— 00

This can be seen as a kind of specific relative entropy density with respect to the H%,f,)—projections of
the reference loop process Q and the family of Brownian W -shred reference kernels Ky defined in (2.5);
observe that the shred-part of the reference measure comes from the boundary-shred distribution of
P. This means that the loop-part reference measure has a particle density, but the shred-part inherits
it from P.

We need to introduce also some particle-counting operators. Let ‘ﬁ%}ﬂ) and ‘ﬁ%}‘” denote the func-
tionals that count the particles in W of the loop point process and of the shred point process, respec-
tively (recall (1.7) and (2.3)):

‘ﬁ%ﬁ}ﬁ)(w, ’(D) m(z) Z Z fz and m%}s)( ) m(f) Z EW (215)
TECNW ger

and put N (w, @) = Ny (w, @) + Ny~ (w, @) for the total particle number in W. Note that 9"
counts particles in all loops that start from W (regardless whether the particle lies in W or not), Whlle
’ﬁ%}s) counts only particles that lie in W coming from any interlacement. (See Remark 2.11 for an
alternate way of counting particles.)
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(Joint specific relative entropy density). If P € M (L x S) satisfies (P, ’ﬁ?} < 00
,%]d the unit box), then the limit in (2.14) exists in [0,00], and it satisfies

Jw, (M, (P)) <h“ES(P),  ReN. (2.16)

Theorem 2.3
(with U = [—3

Furthermore, the map P — h'*%)(P) is lower semi-continuous and convez, and it is also concave (i.e.,
even affine). Moreover, for any sequence (Kry)nen of compact sets Kr, C TWRN such that Ry — oo
as N — oo, the restricted level set

() {PeMP(CLxS): an;;;N (P) € Ky, h*(P) < ¢, (P,M)) < c} (2.17)
NeN

1s compact for any c € R.

The proof is in Section 8. While establishing h(P | Q) relies on superadditivity, our proof of (2.14)
relies on probabilistic arguments in connection with large-deviation estimates for a crucial empirical
measure.

We call the function h*) the specific relative entropy density with respect to the superposition
of the Brownian loop soup and the family of Brownian shred kernels Ky. The reference measure in
(2.14) samples with II{;(Q) the loops and then, independently, with OIIj)(P) the boundary shred
configuration and then with Ky the shred interior configuration in W.

2.3. Our main result: an extended variational description. We are heading towards a formu-
lation of our main result. We work on the space £ x S of pairs of point processes of points with
loops as marks and point processes of interlacements. Recall that we identify this set as the set of all
superpositions of point processes of loops and interlacements.

We need to introduce an interaction functional, decomposed into its different loop-interlacement
components. For this, we need notation for interactions between any two measurable sets W, W C R<.

For (w, @) = (X_,c¢ O(a,fa): 2oger 9g) € £ X S we put
(fz) £(fy)

Fé‘i%(w’w) - Z Z Z Z]I(IH)?é Y,7) fxzafy,j) (2.18)

zGCﬂWyGCnW i=1 j=1

U fz)
Feww) = > >3 > glgk®)V (foigrr1), (2.19)

TECNW geT i=1 keZ

FO (@) = Y Y Nigryaer o Iw (9(kB) U (6" (K B)V (gh41, Gho1)» (2.20)

W,W
9,9'€l k,k'€Z

where we write the legs of g here as gx(-) = g((k — 1)8 + -)[j0,9], i-e., the (k + 1)-st leg starts at the
particle g(kB) = gx+1(0). In words, F;‘f% is the interaction between any two different legs of loops
that start in W and W, respectively, (regardless where the leg starts), Fé;‘% is the one between legs
of loops that start in W and legs starting in W of any interlacement, and Fé;% is the one between

)

any two legs that start in W, respectively in W, of any (one of two) interlacement(s). Then we define
the total interaction within W as

1 1
Fivw = 55 W Fvéi)v + 2FV<{,S€{,, (2.21)

(since every pair of legs should appear precisely once and because of the possibility of double-counting,
we need to be a bit cautious).
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For the formulation of Theorem 2.5, we need the total interaction between the unit box U = [—%, %]d
and R%:
1
— (£L) (£5) (85) (£L) (£5) (£5) (85)
FU*Q[F + 2By + Fup' |+ Fge + Fyge + Feg + Fipe- (2.22)

In words, this is the interaction between all legs of loops that start in U and all the other legs plus the
interaction between all interlacement-legs that start in U and all the others (without double-counting).
See Remark 2.11 for an alternative way of counting the interaction between U and the rest.

We are going to work on the following assumption on the interaction potential:

Assumption (V). The interaction potential v: R? — [0,00) is bounded and continuous and has
compact support. Furthermore, there exists C > 0 such that, for any box W € R? containing [—1, 1],

k2
Z v(:ci—mj)z()'(‘m—k) keN,xy,...,x, € W. (2.23)
1<i<j<k

The last part of Assumption (V) is called superstability of v [Rue69, §3.2.9].

Remark 2.4 (Assumptions on the interaction) As far as we are aware of, there is no canonical choice
of an interaction function v from a physicist’s point of view. Details of v might be motivated by
physical or chemical properties of the matter that is to be modelled, but we have no particular choice
in mind. We tried to keep v general and put the assumptions of measurability, boundedness of v
and of the support just for convenience to keep the technicalities in the proofs low. In fact, several
lengthy technicalities in the proofs in [ACK11] are due to our decision to allow v and its support to
be unbounded there, but do not appear in the present paper. However, in our proof we need that the
effect of v is sufficiently repulsive, which motivates (2.23). O

The following is our main result; it identifies the limiting free energy in the thermodynamic limit
with fixed mass in the R-crossings in the limit R — co. Recall the definition of the number ‘)’I(Z B (w)
of particles in R-crossing loops from (1.14) and the number ‘ﬁ(z %) of the remaining particles from
(1.15).

Theorem 2.5 (Explicit formula for constrained free energy). Assume B,p € (0,00) to be fized
and suppose that v satisfies Assumption (V). Fiz a sequence of centred bores Ay C R? such that
imy o0 [AN|/N = 1/p. We partition (up to boundary elements) An = U,cz, . W= into the sub-

boxes W, = z + W = 2+ [-R, R]¢ with ZNR C 2RZ%. Then, in the limit as N — oo, followed by
R — oo, the pair 5 ‘(‘.Tlgfjf’), ‘ﬁ“ ") satisfies under the transformed measure QN> defined in (1.13)

a large-deviations principle on the set {(p1,p2) € [0,00)%: p1 + p2 = p} with continuous and convex
rate function (p1, p2) = X(p1, p2) — X(p), where X(p) = infy, 4 po—p X(p1, p2) and

X(p1, po) = inf {h“’&(P) + (Fy, P): P e MP(L xS), (MG, Py = py, (ML, P = pg}. (2.24)

The proof of Theorem 2.5 comes in three steps in Sections 4.5 (preparation), 6.4 (making N — 00)
and 9.1 (making R — o0) for the upper bound, and Sections 4.6, 6.5 and 9.2 for the lower bound. A
survey on our proof strategy is in Section 3.2. The variational formula in (2.24) has good compactness
properties. Indeed, as we formulate in Lemma 2.12 below, the infimum in (2.24) may be restricted to
some compact set, and x is continuous.

We also obtain the same LDP for the numbers of particles in long and short loops, which are
more natural quantities from the viewpoint of Feynman’s proposal to look at loop lengths as order
parameters:
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Corollary 2.6 (LDP for particle numbers in long and short loops). In the situation of Theorem 2.5,
the pair ﬁ(‘ﬁ%i\“>L, m%ivéL) satisfies the same LDP as the pair ﬁ(‘ﬂ%’;), ‘)"(%;R)), where ‘)"(%;’SL

and NY are the numbers of particles in loops of length < L and > L, respectively.
An,>L

This follows from Lemma 3.2 below, where we show that these two pairs of counting variables are
exponentially equivalent to each other in the limit N — oo, followed by R — oo, respectively L — oc.

For the general theory of (the probabilities of ) large deviations, see [DZ10]. The way how the large-
deviations principle (LDP) of Theorem 2.5 is to be understood (and how it will be proved) is that, for
any p1, p2 € [0,00),

1
[An]

] )

1
lim lim sup lim sup .

=0 Roo N—oo |AN]
< —x(p1, p2),

~ ~ 1
o [ a8 [ o <

(2.25)
and a corresponding lower bound with limsup twice replaced by liminf. As a consequence, the
minimiser(s) (p1, p2) play the decisive role when further analysing the limiting Bose gas. As a first
partial result, we can identify the free energy defined in (1.3) in the following way (recall (1.12)).

Corollary 2.7 (Variational description of the free energy). In the situation of Theorem 2.5,

f - —q inf =—G+X
BEB.p)=—g+  _inf  _ x(prp2) =—7+X(p), (2.26)

where

Y(p) = inf {h(ﬁ*‘”(P) + (Fy,P): P e MY (L x S), (PN + NSy = p}. (2.27)

We leave the proof of this corollary to the reader. In (2.29) below it turns out that in (2.27), the
interlacements are not necessary, i.e., the value does not change if we restrict P to having only loops.

Remark 2.8 (Interpretation of Theorem 2.5) The limiting Bose gas with density parameters p; and ps
is characterised as a random superposition of a loop point process and an interlacement point process.
The particles of the latter ones represent the condensate with condensate density ps per unit volume,
and the loop part contains the remaining particles with density p;. This random loop-interlacement
process is stationary and has strong correlations between the loop- and the interlacement part via the
interaction. The process is characterised by minimality of the sum of energy (the interaction) and
entropy with respect to the reference PPP-process Q and the family of kernels Ky under the constraint
of having these two densities. Any minimiser P in (2.27) has the interpretation of the effective spatial
distribution of all the bosons in space, organised in loops and interlacements, of the interacting Bose
gas in the thermodynamic limit with total particle density p. %

Remark 2.9 (More refined assertions) Using Lemma 3.2 below, it is also no problem to derive an
LDP for more quantities, like the joint distribution over £ € N of the number of particles in loops
of length k (without any reference to the decomposition of Ay into R-subboxes) or the number of
such loops. The corresponding rate function that arises is clear; one needs to restrict the variational
problem to those P that have on an average the requested density of k-loops. Examples of proofs for
such statements in a different context can be found in [AKP21] and [AKLP23]. O

Remark 2.10 (Approximations of x(p1,p2).) In the course of the proof of Theorem 2.5, we are forced
to establish some technical approximations of the minimizers P in the variational formula x(p1, p2) in
(2.24). In particular, in Lemma 7.6, we approximate P with ergodic measures that are concentrated
on uniformly bounded loop/interlacement configurations with some nice additional properties, and in
Lemma 2.12, we compactify the set of Ps on which we minimize. %
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Remark 2.11 (Counting particle numbers and interaction in U) Instead of counting particle numbers
in loops that start from U, one can also count particles in U in loops starting at any place. More

precisely, if we define ‘)~1<U£’L)(w) =D vec Zaf” 1{fz((i—1)8) € U}, then one can easily see that ‘)?g"”
has the same expectation under any P € M{” (L x 8) as Ny Indeed,

(P, / (dw) ZZn{er}Zn{fx i—1)8) € z+ U}

ze¢ i=1 2€Z4

_Z/ (dw) Zzﬂ{fx (i —1)8) e UYl{z € —2 + U} = (P, 7).

2€Z4 re¢ i=1

Analogously, one can see that the expected interaction between legs whose loop starts in U and all
other legs in loops is the same as the expected interaction between legs that start in U (regardless
where the loop starts) and all other legs in loops, with an analogous statement about interaction
between loops and interlacements. More precisely, defining

U(fz) U(fy)
Frnwm) =3 Z > W{F((=1)8) € WI{y((G = 1)B) € WHieiy2()V (Fris fu):
zyeC =1 j=l1
one sees in the same way that (P, 1F5 + Fé‘él) = (P, %FVL(,“) F(Uﬁél) for any P € MY (L x S).
Consequently, Fi; defined in (2.22) has the same expectation under P as the total interaction between
any leg that starts in U (regardless where its loop starts, if it is in a loop) and any other leg. O

2.4. The variational formula and BEC. In this section, inspired by the results of [CJK23, Section
2], we analyse the variational formula y in (2.24) with respect to its analytic properties (existence and
properties of minimisers), depending on the parameters p; and ps. On the technical side, it will be
nice to know that the infimum may be restricted to the set

K={PecMP(LxS): e (P)< L(P,(M)°/* < L}, (2.28)
with a sufficiently large L € (0,00) (recall that U = [—3,5]? = Wy3). This, together with the

compactness property of Theorem 2.3, makes the domain of the variational formula compact, and it
gives us a good control on the two particle densities.

Lemma 2.12 (Regularity properties of x). Suppose that the interaction potential v satisfies Assump-
tion (V), in particular (2.23). Then the following holds.

(1) The set K in (2.28) is compact, and for any p1,p2, the infimum in the definition (2.24) of
X(p1, p2) may be restricted to K, not changing its value for any sufficiently large L. Further-
more, the maps P — (P,NG) and P — (P,NGS) are continuous on K.

(2) The maps [0,00)% 3 (p1,p2) — X(p1,p2) and [0,00) > p > X(p) are convex. Furthermore, for
any pi1, respectively py € [0,00), lim,, 00 X(p1, p2) = 00 and lim,, o0 X (p1, p2) = 0.

(3) The map p1 — x(p1,0) is continuous at p; = 0 with x(0,0) = x“=2(0,0) =g = (4wB)~¥2¢(1+
d/2) and 9y, x(p1,0)|p,=0 = —00.

(4) For any p1,p2 € [0,00), there is at least one minimiser P in the formula for x(p1,p2) on the
right-hand side of (2.24).

(5) For any p € [0,00), there is at least one minimiser P in the formula for X(p) on the right-hand
side of (2.27).

The proof of Lemma 2.12 is in Section 7.1. As easy consequences of Lemma 2.12, the set of
minimising P’s is convex and compact, and y and X are continuous and have minimisers (pi, p2)
respectively p.
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Now we prove that every value of energy plus entropy that can be achieved with loops and inter-
lacements can also be achieved with only loops, with the same total particle density. In particular, the
free energy can be expressed in terms of configurations that have no interlacements, for any arbitrarily
large particle density.

Lemma 2.13 (Interlacements are not necessary). Suppose that the interaction potential v satisfies
Assumption (V). Then x(p1,p2) > Xx(p1 + p2,0) for any p1, p2 € [0,00).

The proof of Lemma 2.13 is in Section 7.3. In particular, in the variational formula X(p) describing
the free energy according to Corollary 2.7, we see now that

X(p) = inf {h(ﬁ’s)(P) + (Fy, P): P e MY (L), (P, = p}, p € [0, 00), (2.29)

where we conceive P as an element of M{’(L£ x S) with empty interlacement part. Note that its
entropy h*%)(P) has a shred-part that is a priori non-trivial, but Lemma 7.7 says that the expected
particle number in shreds is negligible.

Hence, on the level of the value of the free energy, it is not possible to distinguish between optimal
configuration with loops and interlacements or just with loops alone. In [ACK11], using totally different
tools, a variant of (2.29) was proved for a range of p’s that is bounded from above; instead of h®), the
function h from (2.8) appeared.

Remark 2.14 (Existence of minimizers?) For the variational problem x(p1, p2) in (2.24) there is a
relatively simple argument that it has always minimizer(s) (see Lemma 2.12(1)), which is based on
the set K and Assumption (V) and the compactness property of Theorem 2.3.

However, there is no argument like that for the formula for Y(p) in (2.29). Indeed, if we use the
topology on M(f) (L x 8) that is induced by the weak topologies defined by all the H%) and H%f,) with
W € R? (as we do in the proofs), then M’ (L) is not a closed subset of M’ (L x S), since it is possible
to approach loop/interlacement configurations having non-trivial interlacement part with pure loop
configurations, which is a kind of condensation effect. On the other hand, if one is based only on the
topology defined by all the H%,f,) with W & R?, then the particle density in loops is not a continuous
function, since this quantity needs the shreds of the loops (see the proof of Lemma 7.1). O

Let us therefore introduce the critical threshold between existence and non-existence of interlace-
ments in minimizing configurations:

pe = sup {p € [0,00): 3 minimiser P € M{’(L x S) in (2.27) with I*)(P) = 0}

(2.30)
= sup {p € [0,00): (2.29) has a minimizer} € [0, c0].

We conjecture the following;:

e For p < p¢, (2.29) has a minimizer, and for p > p. it has not.
e p— X(p) is real-analytic in (0, p.) and in (p¢, 00), but not in any larger interval.
e p. < oo ford>3, but po =00 in d < 2.

Note that these statements are true in the free case (i.e., for v = 0); see Remark 2.15. Proofs of
these conjectures for some choices of v (for example, those that satisfy our Assumption (V)) may be
within reach using the new variational framework that was introduced in this work. In some technical
proofs in this paper (see the proofs of Lemmas 2.13 and 7.6 in Sections 7.3 and 7.5), we were able to
develop strategies that make it possible to compare different loop/interlacement configurations with
each other by rewiring shreds in large boxes outside the box. See the short descriptions of the two
proofs at the beginnings of Sections 7.3 and 7.5. The variational description in terms of entropy
plus energy in large boxes made it possible to show that every configuration can be approximated by



18 WOLFGANG KONIG

loop-configurations, by just rewiring the interlacement-shreds outside a large box in such a way that
only loops appear.

However, variants that could lead to a proof of finiteness of p. in d > 3 seem to require much deeper
ideas. One needs to show that, if p is sufficiently large, any configuration that has only loops is not
optimal. One idea is to remove a non-vanishing loop part from the large box and replace it by an
interlacement part of the same particle density and to show that the entropy goes down by more than
the energy, but Lemma 7.7 says that this cannot be done just be rewiring all the shred ends; they
concern too few particles. Another idea would be to execute some few manipulations on the loop
configuration in the interior of the large box and a rewiring outside the box, such that interlacements
appear and the energy is hardly changed, but the entropy drops down significantly, but it is not clear
that such a strategy exists. Therefore more extensive manipulations have to be carried out, which we
leave to future work.

However, our conjectures extend much further: we think that p. will turn out to be the threshold
for the occurrence of BEC, i.e., for the validity of off-diagonal long-range order (ODLRO) for the
symmetrised and normalized exponential of the Hamiltonian in (1.1), but proving this seems to require
much more work than we can currently indicate. Nevertheless, the framework introduced here is likely
to serve as a platform for attacking proofs for such a statement.

Remark 2.15 (The free gas) Let us briefly discuss BEC in the free Bose gas, where no interaction
is present, i.e., v = 0. Here it is known since long that p. = (478)~%?((d/2) with ¢ the Riemann zeta
function. In this case, we easily see that a minimiser of the formula in (2.27) is given as

Pp = {Q(P> N 697 if p < pc,

2.31
Q®RM™ A, if p > pe, (231)

where 0 is the empty interlacement point process, and Q) is the marked Poisson process as in Def-
inition 1.1 with g = %(4775@_‘1/ 2 for k € N replaced by m;; ) = gpe®* with the unique suitable
a, € (—00,0] such that )y km{” = p. Furthermore, in d > 3 (only in this case the second case
is not empty), R®“»? is the Brownian interlacement PPP introduced in Section A, and the density
parameter u, is picked in such a way that the expected number of particles of R“»® in U is equal to
p — pe. One can write (2.31) in one line by writing Q” = Q and noting that o, = 0 and m” = ¢ for

p > pc, and putting R®“0# = §y. Indeed, using the notation in (6.13), we see that

1
Jw(Hw(Pp)) = WHEWXSW (H%)(Q@)) ® H%/f/) (R(upvﬁ)) | H%/)(Q(p/\pc)) ® H%)(R(up»ﬁ)))

— H(m" | q) as W 1 RY,

and can deduce that (2.27) drastically reduces to the formula

X~ (p) = inf {H(mlq): m € [0,00)", Y kmy, = P}, (2.32)
keN

mg

where H(mlq) = 3, (g — my + my log 2
g and to find the unique minimiser m via a standard Lagrange minimization. See [BKM24] for a
more direct way to show that —jf(5) is equal to the right-hand side of (2.32).

) is the relative entropy of the sequence m with respect to

In words, the limiting non-interacting Bose gas puts Brownian loops of length & independently with
density m}f ) and adds, if their total particle mass has not reached pe, additionally and independently
a Brownian interlacement process with the appropriate density. The formula in (2.32) appeared in
several earlier works on the free Bose gas, e.g., in [A08]. See also [V23] for a proof of the emergence
of the above minimiser (i.e., the one on point-process level) in the thermodynamic limit as a limit

distribution. O
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3. DISCUSSION

In this section, we discuss some aspects and explain some background. In Section 3.1 we show that our
concept of R-crossing loops is equivalent to the usual idea of long loops. In Section 3.2 we concisely
describe our strategy to prove Theorem 2.5, and in Section 3.3 we give an account on the literature
on the thermodynamic limit of the Bose gas in connection with path-integral analysis.

3.1. R-crossings versus long loops. In the partition function, we want to distinguish between
condensate particles and the others. In the loop soup representation of the Bose gas, the former
should be the ones in ‘long loops’. The separation line between long and short requires an additional
parameter, L € N: one can call the L-condensate all the particles in loops with lengths > L. This
requires taking another limiting procedure, namely L — oo, after having taken N — oo. In our work,
we decided to stick to another definition of the condensate, namely we call the R-condensate the
totality of all the particles which form part of loops that are an R-crossing, i.e., that have particles in
more than one of the subboxes z + [~ R, R]? with z € 2RZ¢. Again, after taking the limit as N — oo,
one needs to take the limit as R — oo.

In this section, we point out that these two notions are asymptotically the same under the measure
QNP9 defined in (1.13). That is, we will show that the number of particles in R-crossings and the
number of particles in loops of lengths > L are exponentially equivalent under Q“~ " in the limit
N — oo, followed by R — oo, respectively L — co. For this purpose, let, for w = erg Oz f0) € L,

N (W)= D U(fa)l{fs is R-crossing}1{((f,) < L} (3.1)
zeCNA

denote the number of particles in loops that are R-crossing and have length < L, and let

Ny (W) = Y €(f2)1{fs is not R-crossing}1{(f,) > L} (3.2)
zECNA
be the number of particles in loops that are not R-crossings, but longer than L. The following lemma
shows that these two particle numbers are exponentially negligible if L = LS) respectively L = Lg)
are chosen properly, tending to infinity as R — oo. This implies that our notion of condensate via
R-crossings is equivalent to the usual notion via the length for the interacting Bose gas.

We remark that one half of this property (namely, the negligibility of ‘J‘(X;}? (w)) highly depends
on the interaction. Indeed, the fact that long loops that stay within one of the boxes z + Wgr with
2z € 2R7Z4 are suppressed does not come from combinatorics of numbers of loops, but only from the
fact that their self-interaction is large, using the superstability of the potential v. Therefore, as a
pre-step, we first estimate the expectation of e~®A4 from above for any Brownian loop that lies in
some subbox z + Wg with z € Zy r and has a large length. For this, we are going to use (2.23) in
Assumption (V) in order to obtain a good lower bound for the self-interaction of this loop. Using
this is not so immediate, since such a loop has only all its particles in Wg (without loss of generality,
we put z = 0), but each leg may travel far away and evade the interaction. For future reference, we
isolate the necessary part of the statement as follows.

Lemma 3.1 (Upper bound for expected path interaction). Suppose that Assumption (V) holds. Then
there is a C' € (0,00) (only depending on d, v or B) such that, for any box W of diameter R € N that
is contained in the box A C R?, and for any k € N that is sufficiently large (depending on R),

E[e—q)A,A] < e—Ck3/2R/V ‘W‘, T1,...,25 €W, (3.3)

where E = ®§:1 Py, is with respect to k independent Brownian motions with time interval [0, 3],
starting from x1,...,xr € W and having any of the three boundary conditions in A, and ®p A is the
interaction between all the k motions.
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Proof. Without loss of generality, we put W = Wr = [~ R, R]%, as the boundary conditions will not
be used anyway in our proof. We use C' as a generic constant that depends only on d, v or § and may
change its value from appearance to appearance.

Even though all starting sites of the & motions lie in W, we get a useful bound only for the pairs
of those legs that stay, say, in the larger box Wap, at least for some part of the time interval [0, 3].
For a vector f of k legs fi,..., fr € C1, let L,(f) = #{i € [k]: fi([0,7]) C War} denote the number
of those legs who stay for the first v time units in War. We will be using (2.23) only in the way that
the self-intersection of f satisfies the lower bound

B m2
3 /0 (| fi(s) = £;(s)]) ds > Cy<|WR’ - m) m,ReNifm=L,(f).  (3.4)

1<i<j<k

For a vector B of k independent motions By, ..., By with starting sites x1,...,x;, we lower bound
e~®AA against the exponential of the negative left-hand side of (3.4) with f; = B; and hence against
the exponential of the negative right-hand side, and we split the expectation according to the values
of L, (B) € {0,1,...,k}. Note that the probability of {L.,(B) = m} is not larger than e~ (k=m)CR2/y
since k — m of them travel a distance > R during the time interval [0,7]. Using (3.4) on this event,
we obtain

k 2 k
E[e_qu] < Z efC'y(me)f(k’fm)CR% _ o CkR?/y Z oCm(y+R?[7) —Cm?y/|Wr|

(3.5)

< e CFR /(I 4 1)e TYIWRIO+R/7%)?,

where in the last step we estimated against the maximum over m, namely taking m = |W—2m(l—i—]%2 /7).
Now, assuming that k is much larger than |Wg|R2, we pick v = R+\/[Wg|/k € [0, 8] and estimate, for
sufficiently large k, the second exponent as follows.

C c RY C R
<RI + R /42 < *’Y|WR|¥ = k32

3 3 [Wr|
Hence, adapting the value of C' and assuming that k is large enough (only depending on R) we obtain
that the right-hand side of (3.5) is not larger than exp{—Ck%2R/\/|Wg|}. O

Now we prove that the concepts of R-crossing loops and long loops are equivalent. Recall the
definition of Q~-*9) in (1.13).

Lemma 3.2 (Equivalence of condensate notions). Suppose that v satisfies Assumption (V). Fiz p €
(0,00) and let A be the centered box in R? with volume |Ax|/N — 1/p as N — co. Then there are

diverging sequences (L)) pen and (L)) ren such that, for any e € (0,1),

lim sup lim sup log QAN P9 (M4F) >¢elAn|) = —oo, 3.6
R—o0 N—oo |AN| ( ANSL%) ‘ |) ( )
1 ~
lim sup lim sup log QN b9 (9147 >¢elAn|) = —oo. 3.7
R—o0 N—oo |AN| ( AN7>L§z>) ‘ |) ( )
Proof. We put Wg = [~ R, R]¢ and assume that Ay is equal to the union of z + Wx over z € ZNR =

{z € 2RZ%: 2 + Wg C Ay}. Possibly we need to admit that R = Ry depends on N with Ry — R,
but we suppress this from notation.

We first prove (3.6). This will not use the interaction, but only combinatorics and large deviations
for the Poisson distribution. Note that ‘ﬁ%;fL L= 25:1 kX; where the X are independent and
Poisson-distributed with parameter

1 : c
k/ dz N " (1 < k);
An
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here, 7 = inf{k € N: Bkg ¢ zp, + Wr}, and 25, € 2RZ? is picked such that By € zp, + Wx.
The random variable Zk 1 X is Poisson-distributed with parameter [Ay|an(R), where an(R) =
|AN| Zk 1% fA dz pi N " (7 < k). Hence, we can estimate, as N — 0o,

L
A c s A ,bc €
QU (T > el An]) < QA )< > Xy > ZMN!)
e (3.8)

——exp (= IAwl(1 + o(1) [an(B) — § + F 1o 725]),

S =< ————€
Zy (Aw)

according to Cramér’s theorem for the sum of < |Ay| i.i.d. Poisson-distributed random variables with
parameter ay(R) (we dropped the interaction). Let us estimate ay(R). We are going to show that
limsupy_o an(R) < O(1/R) as R — oco. We are going to use C' as a generic constant € (0, 00),
depending only on d or on S and possibly changing its value from appearance to appearance. We
will use the estimate Mg’f;?N*bC) (tr < k) < Ck=%2 for any z € Ay and any k € N, and we use that
p ) (7 < k) < Ce=Cm*/k for any & € Ay that is further away from U.ezy » 9(z + Wr) than m

(use that for the Brownian motion with time interval [0, k3] it has probability < Ce=Cm*/k {6 terminate

at distance > m away from its starting site). This gives, for any choice of my,...,my, € (0,00),
k, A be
)= SN e <y
ZEZN R k=1 +Wr

—Cm?/k —d/2 .
<C|WR\Z [/WR ¢ ek (Wl ’WR_m’“D}

—my,

L
c Z % [e—Cmi/k + k—d/Z%} ‘
k=1

IN

We pick now my, = g (kR) and obtain the upper bound (recall that d > 3)

\
<)
o

L T
an(R) < C’[% + Zk_(d+1)/2b§m} < %\/logR.

k=1

We now put L = Lg) = loglog R. Substituting this in the large-deviation rate on the right-hand side
of (3.8), we see that, as R — o0,

€ eR
—_ &4 Eloo—E > (1 1 ( ) )
an(R) = + 7 log Lan(R) = o(1) + loglog R °8 (loglog R) Cy/1og R -
which implies (3.6).

Now we prove (3 7). Here we use the superstability of v, according to Assumption (V). Observe
that ‘)"(X ﬁR>> L = Zk L1 k:Xk, where the Xk are independent Poisson-distributed random variables
with parameter

1
— dzplsmN " (rp > k).
kJa

(Using the fact alone that this is < %|AN|e_C”“/R2 for some C' € (0,00) and all k, R does not help in
this proof, as one sees when trying it. Therefore, we employ the self-interaction of each such loop.)

Lemma 3.1 implies that the expected exponential interaction of each of the X 1 Brownian loops of
length k is not larger than e~Crk*? for some Ch, if k is large, only depending on R. Pick Lg so large
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that Ll/QCR — 00 as R — oo. Therefore, for any a € (0,00) and any L € N that is larger than Ly
R ’ y I y g I
using the exponential Chebyshev inequality,
Sibe (A be - _ v, 3/2 %
Z](\}; )(AN)Q(A,b )(mA(/fo;)L > 5|AN|) g e ae|An]| H ]E[eak‘Xk Crk Xk:|
k>L
< e—aslAn] H E[ek)?k[a—CRLl/Q]]‘
k>L

(3.9)

We pick now a = apr such that 1 < ag <« L}fCR, then the exponent in the expectation is negative
for all large enough R, and the product is < 1. This implies (3.7). O

3.2. Our strategy. We are going to describe our strategy to prove the LDP in Theorem 2.5. This
strategy is very comprehensive and in particular provides a number of results that are also vital for
the proof of Theorem 2.3. Recall that we decompose the centred box Ay with volume ~ N/p regularly

into all the subboxes W, = z + Wx with Wz = [-R,R]* = W and z € ZN,R C 2RZ%. We have to find
the large- N exponential asymptotics of the restricted partition function

Zy (A pr pa) = Q09 [ PN AN I (0 — i < S M — ] < 3},

followed by making R — oo and then § | 0.

For each z € Zy g, we distinguish the loops that are entirely contained in W, and the W,-shreds of
all the other loops (the R-crossing loops). Hence, we have a loop-shred configuration in the subboxes
W.. We are going to neglect all the interaction between different subboxes. Therefore, with the shift-
operator 0, that satisfies 6,(z) = 0, we can describe the entire system in terms of the crucial empirical
measure

1
#ZN R

which is a probability measure on the set Ly x SW of loop-shred configurations in W; see the notation
in Section 2.2. (We identify Ly x Sy with the set Ly @ Sy of superpositions of loop configurations
and shred configurations.) Neglecting the interaction between any two different ones of the subboxes,
we will show in Section 4.5 (upper bound) and 4.6 (lower bound), respectively, that the partition
function can be roughly be written as

Z 00 (1E) (1)) 0. (1) ()"

2EZN

Enr(w) =

S(bc c —|AN|#<FW W 7EN,R>
ZJ(V,J)%,é(ANath)%Q(AN’b)[e Wal ' WRWER

W OW Enr) = o} M ey () ENR) = p2} s
where Fyyw is the interaction between W-loops and W-shreds as defined in (2.18) — (2.20) and (2.21).

We need to understand the large-N properties of the distribution of =y r under Q*~". Observe
that, by the virtue of the Poisson point process, the loop part is independent of the shred part, and the
loop parts are essentially (modulo boundary effects from the boundary of the large box Ay) i.i.d. over
z. However, the shred parts are by far not i.i.d. But luckily, we have the following conditional
independence property: given the empirical measure of boundary configurations,

=(S) _
8“NR_#ZNRZ6; O(0.0nE) @)’

these shred configurations H%f,)z (w), z € ZN R, are independent, and the boundary configuration con-
tains all information about their distribution that is necessary to establish an LDP for Zxy r with an
explicit rate function (see below) In Section 5.2 we derive the lower bound

log QN "N g &~ V) > —Yr(Y), Y€ Tw,

lim inf |AN|
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where v (1)) will turn out in Section 5.3 to be small in the limit R — oo if 1) is picked carefully (for
the upper bound we can essentially take yr(1)) = 0). Indeed, we will need certain ergodic properties
of 1 to derive the asymptotics and certain concentration properties of it in order to show that yr(1))
is small. The crucial point is that the question whether or not the event {0=xn r ~ 1} has positive
probability for all large N or not is highly difficult to decide, since this requires knowledge about
very long-range properties of the loop configuration; the long loops have global properties; and by far
not any collection of loop-shred configurations in many subboxes can come from suitable global loop
ensembles. This tricky problem is taken care of by a clever argument involving an ergodicity property
and the ergodic theorem.

Moreover, the contribution to the large-deviation probabilities coming from {GES\‘?)R = 1} can in
Section 6.1 be explicitly be expressed using a large-deviation principle of the form

1 — -
Ax| logQ(ENr ~ E|J0ENR = ¥) = =Ty (), N — oo,

Here J{,ﬁ) is the entropy term that appears in the definition of h'*%) with 61'[%;/) (&) replaced by 1,

() = o Hiy s (€] U (@) @ [0 @ Kiv]).

W]
For the upper bound in the proof of Theorem 2.5, we just optimize over all ¢ that have the required
expected particle number in the shreds, ps|Wg|, and for the lower bound we restrict to a 1) of the form
P = 81_1(;,; (&) for a &, whose properties we still can refine. Using the above large-deviation principle
and Varadhan’s lemma, we will in Sections 6.4 (upper bound) and 6.5 (lower bound) arrive at

10g /Z\](\l;,cl)%,é(ANaPLPQ) ~ — inf {JWR(g) <FWR,WR7£>: 5 € Ml(EWR X SWR)7

L
|Whr|

T (U50,€) ~ 1, g (70, €) = pa .

1
[AN|

On the way to this, a number of technical problems are to be handled, as is usual in large-deviation
theory. Crucial ones of these obstacles come from topological technicalities like missing compactness
and missing upper semi-continuity in the proof of the upper bound and missing openness and lower
semi-continuity in the proof of the lower bound; therefore both proofs have to separately be approached
and require many separate steps. Another general issue that renders the proof lengthy and technical is
the fact that Brownian motions are infinitely flexible with positive probability and need to be controlled
and enclosed in bounded areas in various senses, in order to gain a clear control on the various influences
on the interaction energy and particle numbers, in particular in view of the decomposition into the
boxes z + W.

The continuities of the energy functional and of the two particle number functionals is not clear a
priori and needs to be achieved by restrictions to suitable events, both for the proof of the upper and
the lower bound. In Section 6.3, using Assumption (V), we introduce two events that we need to insert
such that their complement is negligible and on these sets, the two particle numbers are continuous.
In Sections 4.6 and 5.3, we restrict to an event on which only loop and shred configurations with
several particular properties appear, namely only legs of bounded spread, only configuration with
locally bounded particle numbers everywhere and only shreds with bounded stretches. This requires
the usage of several cut-off parameters, which will be sent to oo at the very end of the proof. In
Section 7.4 (after a preparation in Section 7.2, where we have a closer look at the various terms in
the entropy Jw,) we control the most involved part, the entropy Jw,, when replacing an arbitrary
& by some measure that satisfies all these cut-off properties, and additionally the ergodicity property
mentioned above. This is used in Section 7.5 to control the value of the variational problem above
when doing this change.



24 WOLFGANG KONIG

In order to carry out the limit as R — oo in the above variational formula, the most important
point is of course the existence of the limit of Jy,, (Theorem 2.3), which we prove in Section 8, after
some preparations in the other sections. In the finish of the proof of the upper bound in Theorem 2.5,
we need to embed the above variational formula on R-subboxes into a limiting variational formula on
gobal stationary loop-interlacement configurations in the entire R%. Here we first use some tool from
large-deviation theory (see Proposition 6.6(4)) to extend a minimizing £ to arbitrarily large boxes
without noticeably enlarging the entropy. Afterwards, we use an extension theorem in the spirit of
Carathéodory’s theorem to extend it to a global configuration on the entire R%; see Proposition 4.1.
In Sections 9.1 (upper bound) and 9.2 (lower bound) all these arguments are put together and the
proof of Theorem 2.5 is finished.

The proof of Theorem 2.3 in Section 8 and several crucial arguments in other sections relies on
various properties and estimations for the entropy functional Jy,, which we derive in Section 6.2.
We remark that we carry out the necessary estimates with the help of large-deviation arguments, see
Proposition 6.6. In particular, we derive a crucial estimate of the form

JWR<HWR (P)) < JWmR (HWmR(P)) + OmR(l)v m — oQ.

This replaces the ubiquitous super-additivity argument that is usually employed for establishing the
existence of a specific relative entropy (actually we did not succeed in proving sub-additivity and
believe that this property does not hold).

3.3. Literature survey. The study of quantum gases, in particular the Bose gas and its statistical
mechanics and condensation, is a huge fascinating subject that provides many challenging questions
and involves a lot of mathematical ansatzes and toolboxes, see [PS01, PS03] for extensive summaries.

Unlike many investigations on the interacting Bose gas in the mathematical-physics literature, the
present paper follows the ansatz of a path-integral analysis. This goes back to the vague suggestion
by Feynman in [Fe53] that Brownian bridges and the statistics of their lengths might be taken as an
order parameter. To our best knowledge, there is no result in the mathematical physics literature on
deeper properties of the free energy of the interacting Bose gas in the thermodynamic limit, hence we
will restrict here to reviewing only ansatzes with path-integral analysis.

Technical foundations where laid by Ginibre [G70]. There are not many rigorous works yet that
follow this advice, starting with phenomenological discussions in [U06] and discussions of the relation
between long loops and condensate in [S1i93, Sii02] for some simplified models, including the free Bose
gas. More recently, [FKSS20a] conceived the rescaled interaction of the Brownian loops in d = 4 as a
regularisation as the intersection local time as a possible ansatz for deriving ®*-theories.

The Brownian-bridge ansatz is greatly strengthened by combining it with a spatial point-process
ansatz and a Poisson point process description and additionally with a large deviation approach
that is sometimes called a level-3 approach. An early version of such a Poisson point process, the
Brownian loop soup was introduced by Lawler and Werner [LW04], however with a different purpose
(not for the Bose gas), namely for making conformal invariance rigorously provable in models from
two-dimensional statistical mechanics. The idea of an LDP theory for marked point processes like
the Bose gas was implicitly present in papers by Georgii/Zessin in the 1990s [GZ93, G94], and it
was combined with the desire to find criteria for the equivalence of ensembles for interacting marked
Poisson point processes. Further works (see, e.g, [Raf09, NPZ13, Z22, BDM24]) concentrated on the
construction of such processes in the entire space R% and to discuss them from the view point of
classical Gibbs point theory as was laid down in the famous monograph [G11].

A recent achievement in the tradition of constructing Gibbs measures of marked point processes is
[BDM24], where the interacting Bose gas is achieved as such a process with the legs as marks: nota
bene, the legs as members of C1, not the loops. The formation of an ensemble of interacting loops is
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part of the interaction term, which renders this interaction term highly complicated and discontinuous.
In [BDM24], an infinite-space Gibbs measure is constructed for any value of p and J; however it is
rather difficult to decide whether infinite long loops appear in this measure.

For the problem of analysing the limiting free energy of the Bose gas using Brownian bridges, the
crucial Poisson description of Proposition 1.2 was introduced in [ACK11]. It was used a number of
times in the last years for answering various partial questions. In the non-interacting case, an LDP
with identification of the phase transition in terms of the rate function was derived in [A08]. A
proof for the phase transition of Bose—Einstein condensation (that is, for off-diagonal long range order
(ODLRO), the generally acknowledged criterion for BEC) in terms of Brownian bridges was given
recently in [KVZ25], and for a (still non-interacting) mean-field version in [BKV24]. In [BKM24]
interactions only within the same loop were admitted in the gas and a related kind of condensation
phase transition was proved in connection with the famous self-avoiding walk problem.

As it comes now to interacting Bose gases, the most immediate predecessor paper is [ACK11], which
is based on the PPP-description of Proposition 1.2 and applies large-deviation arguments based on
the ansatz from [GZ93] for the empirical stationary process, Ra(wp) = ﬁf/\ 09, (wp) dr, a kind of
continuous variant of the main tool of the present paper, Zyx r. A weaker variant of Corollary 2.7
was derived for all small enough particle densities p, but without any attempt to describe long loops,
since the topological difficulties could not be resolved there and any kind of concept was missing
for long loops. Another important predecessor of the current work is [CJK23], which develops and
demonstrates the strategy that we use in the proof of Theorem 2.5 for a simpler model, where the
loops are replaced by boxes with random and unbounded sizes.

A different ansatz was followed in [QT23], which gives the — to the best of my knowledge, first —
proof of the existence of a loop of length < N in an interacting spatial ensemble of random loops of
the type of an interacting Bose gas. More precisely, it is shown that the expectation of the length of
the loop that contains the origin is not smaller than a constant times the volume of the box. This
formidable result has been achieved by transferring the well-known reflection-positive ansatz to this
setting; indeed, it was found a way to employ some clever correlation inequalities about the behaviour
of the system under reflections. However, there are a number of caveats: the class of interactions is
restricted by some unnatural conditions that come from some steps in the Fourier setting, so far the
technique could be done only in the time- and space-discrete setting, and only for periodic boundary
condition. Removing each of these three shortcomings seems to require serious new input.

A Poisson point process of interlacements was introduced by Sznitman [Sz10] for simple random
walks and in [Sz13] for Brownian motions, however without making any connection to Bose gases. A
version of this process can be seen as lurking in the background of our description of the Bose gas
in Theorem 2.5 for d > 3, see Section A. The idea of using such a process for the description of the
condensate of the Bose gas was first introduced to the literature in [AFY21], however without any
relation to any limits or interactions or free energies. There, the version for Gaussian random walks
was constructed (alternatively to what we do in Section A), and some properties were examined. Also
the independent superposition of the corresponding loop soup and the Gaussian interlacement PPP
was introduced and studied. In [V23], it is shown that the simple-random-walk loop soup converges, in
the thermodynamic limit with free boundary condition, towards the independent superposition of the
same process (with critical density) and the simple-random walk interlacement PPP, see Remark 2.15.
In an interacting Bose gas (however, with interactions only involving loop lengths, no spatial details)
in the spatially continuous setting, in [DV24] convergence of the gas towards the Brownian loop soup,
superposed with the Brownian interlacement PPP, was proved.

Remark 3.3 (LDP for empirical processes) As we explained, an important ingredient of the proof
in the present paper is a kind of large-deviation principle for the (discrete version of the) empirical
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stationary field of the Poisson loop process. This is remarkably close to the main object of [Sz23], but
has also decisive differences. Let us comment on that here.

Indeed, [Sz23] studies the stationary empirical field L£j(wp) = ﬁ Ji Az dg, () Of the Brownian
interlacement PPP introduced in [Sz13], more precisely, the probability of large deviations of certain
linear test functions (F, La(wg)). This process £, is the interlacement counterpart of Ry above and
it is the continuous version of the shred part of our empirical process =y r (which can be analogously
defined for interlacements in place of R-crossing loops). Under certain conditions on the test function
F, [Sz23] proves the upper bound of the large-N exponential rate of the probabilities of upward
deviations of (F, L (wg)) in terms of an explicit variational formula that shows some reminiscences of
the famous Donsker—Varadhan LDP rate function. (See [CN23] for the corresponding lower bound.)
In principle, this kind of result seems to be close to what is also needed for the description of the Bose
gas (if we neglect the fact that Sznitman’s process is based on the interlacement process rather than
the long-loop part of the Brownian loop soup). But however, the precise assumptions made in [Sz23]
make it impossible to apply the results of [Sz23] to the interacting Bose gas.

The surprise is that the LDP in [Sz23] is on capacity scale |AN|1_% rather than on volume scale
|An], the scale on which we are working in this paper. This seems to be due to the fact that the
description of the most likely behaviour of the interlacements to meet the event {(F, Li(wp)) > C}
for some large C' comes from an upscaling of an event in a box of a diverging radius (i.e., from some
mesoscopic scale), while we have to describe all the details of the interaction on the microscopic scale.
Equivalently, one can say that the description of the Bose gas needs a finer scale of details and is
therefore adequately described on volume scale. %

4. SCANNING THE CONFIGURATION WITH FINITE WINDOWS

In this section we introduce a framework for describing the loop configuration in the box Ay in terms
of an empirical mixture of the local loop and shred configurations that we see in all the shifts of the
window [—R, R]? that scans Ay in regular steps of size 2R.

In Sections 4.1 and 4.2 we introduce the loop space consisting of marked point processes, and the
shred space consisting of point measures on shreds. In Section 4.3 we combine the two spaces and give a
Carathéodory-like result on the existence of stationary probability measures on the space of loops and
interlacements with given marginals on projections on boxes. OQur main tool, the mentioned empirical
measure =y, g of the loop and shred configurations in the subboxes, is introduced in Section 4.4.
In Sections 4.5 and 4.6 we rewrite the constrained partition function in terms of =y g and derive
preliminary upper and lower bounds towards a proof of Theorem 2.5.

Let us recall and introduce some basic notation. We denote by Cj, the set of all continuous functions
[0, Bk] — R? and write C = | wen Ck- Each Cy, is equipped with the topology induced by the supremum
norm. On C we use the topology within each Cg, i.e., a sequence (f,)nen in C converges towards some
f € C if there is some k such that f € Cp and f, € Ci for all n large enough, and f, — f in the
supremum norm on Ci. Hence, we do not assign a distance to function pairs with different lengths.
We introduce the loop space

cCO=[]Jc”,  where C7 ={feC: f(0)=f(kB)}. (4.1)

keN
Since loops are cyclic, two elements of C!® are considered equal if they are time-shifts by a time in 37
of each other; hence we conceive C,(CO) actually as a quotient space. By default, if nothing else is said,
we write an f € C;”) as f: [0,k3] — RY. We call the pieces fliis, i+ With j € No the legs of f and
the sites f(0), f(8), f(26),..., f((k—1)3) the particles of f. The number of particles of f is denoted
by £(f) = k. Furthermore, we denote by Cs the set of all continuous functions f: R — R? satisfying
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limy—y oo | f(t)| = im0 | f(¢)| = 00. Such functions have only finitely many particles in W for any
compact set W C R%.

4.1. Point processes with loops as marks. We introduce notation for point processes in R? with
marks in C© and provide some remarks on their topologies.

We consider the space £ = My, (R%xC®) of simple point processes on R? x C“), more precisely, the
set of marked point processes in R? with marks in C©). That is, an element w € £ can be represented
in terms of a point process ¢ on R? as

W= Oy,  where f € C with f.(0) = f.(BU(f:)) = =, (4.2)
TE(C

and such that w(A x C@) < +oo, for any bounded measurable A C R% We see £ as the set of
superpositions ), Execk O(z,f,), Where ( = {r € (: {(fz) = k}. We equip £ with the usual
evaluation o-algebra, i.e., the one that is generated by all the maps w — w(w) = > ccnw Oz, f2)
with W € R%. Let M;(L) denote the set of probability measures on £, and M{’ (L) the subset of
shift-invariant probability measures on £, i.e., the set of those P € Mj (L) such that Po ;! = P for
any = € R?% by 60, we denote the shift operator by x € R? satisfying 6,(x) = 0, acting on vectors,
subsets of R%, functions in R, measures on R? and on point processes in R? with and without marks.

For any W & R?, consider the projection on all the loops that start in W and have all their particles
in W:
Iy (W) = Y O H{fa(kB) € WYK€ [0(f)]}. (4.3)
xe¢NW
We denote by Ly the image of £ under this projection, i.e., the set Ly = My, (W x CI(/[%)) of all point
measures in R? with marks that are in the set
oy = {fec?: f(ip) e W Vi€ [k]} (4.4)
keN
of loops whose particles are entirely contained in W. Observe the difference to the usual projection
1Ty, which restricts to all loops that start in W but may have particles outside W. Furthermore,
observe that the loops in CI(;) may also leave W on the way from particle to particle. It is clear that

(L) = s : : : (£) (L) _ 178) L) _ 178 774 d f o
IT};7 is indeed a projection, that is, HW o I}y, _EW o HW =1y if W Cc W € R A significant
difference to Iy is that, for two disjoint sets W, W & R, the image Lo v

Ly, Ly and the set of simple point measures with loops that have particles both in W and in W,
but nowhere elsek.

consists of three parts:

The topology on Ly that we use is the w#-topology, which is induced by test integrals against
continuous and bounded functions My, (W x CI(;)) — R that vanish outside some ball. Here we
define a ball of radius 7 around some (z, ;) € W x Ci” as the set of (y,9) € W x C;”) such that
|z =yl + |l fo — glle < 7 and g(0) = =z, and a ball around some configuration >, -9, f,) is the
union of these balls around the points of the configuration. This turns Ly itself into a Polish space,
according to [DVJ08, Prop. 9.1.IV]. According to [DVJ08, Exercise 11.1.7], convergence of point
measures ercnﬂW 5(:c,f,(c”)) towards a point measure ZwECﬂW d(z,,) @8 M — 00 is equivalent to having

#¢&, = #¢ for all large n and pointwise convergence of the points (z, ) of &, in W x C® towards
the ones of £ as n — oo in some assignment. We denote this topology on Ly by QI(/f,) and the induced
topology on £ by i’ = (IIi7)) L (Gi/).

On the set Mj(Ly) of probability measures on Ly, we will be using the weak topology, i.e., the
one that is induced by test integral against bounded and continuous functions Ly — R. According to
[DVJ08, Theorem 11.1.VII], for probability measures &,&1, s, ... on Ly, the weak convergence §,, =
£ is true if and only if the finite-dimensional distributions of &,, converge towards the one of &, i.e., if
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for any k£ € N and any bounded measurable sets Ay, ..., Ar C Ly, we have that (§,(A1), ..., & (Ax))
converges weakly towards (£(A41),...,&(Ax)).

We write f(P) for the image measure P o f~!. On M;y(L), we will consider the weak topology
induced by all the projections II{j) with W € RY, i.e., P, = P if and only if II{j (P,) = II\;(P)
for any W € R%

Let us also mention that the weak topology on the set M(X) of all finite measures on a Polish space
X is induced by the Prokhorov metric

d(p,v) =inf {e > 0: p(F) < v(F°),v(F) < p(F*) for all closed F C X}, v,p € M(X), (4.5)

where F© = {y € X: d(y, F) < €} denotes the open e-neighbourhood of F' [DVJ03, Sect. A.2.5]. This
turns M(X) into a Polish space as well [DVJ03, A2.5.I1T].

4.2. Shredding paths. This section is the heart of our ansatz that we introduce in this paper. It
is a chopping procedure on path level, which cuts, for each compact set W C R¢, any loop that has
not all its particles in W or any infinitely long path into the pieces that run within W and collects all
these pieces in terms of a point measure. In this way, we introduce a kind of projection operator H%f/)
that has many properties similarly to Ilyy or to H%,f,) and can be used to induce a natural topological
structure on the set S of point measures on Ceo.

For any f € C®, we introduce the stopping times
wi(f) = inf{k € Ny: f(k5) € W} € Ny U {0}, (4.6)
ow(f) = inf{k € N: k> mw(f), f(kB) € W }. (4.7)
An analogous definition is used for f € C. For f € C;CO) or f € Cs, we write the times of the
successive entries of (f(if3))ieo,1,....k}, respectively (f(if))icz to W and exits from W as
—00 < Ty (f) < o (f) < 72 (f) < o (f) < ... < 003

a more formal definition of these stopping times may be given in terms of appropriate time-shifts

of 7w (f) and ow(f). Then each restriction f][( B _1y5.40) )" shifted in time to obtain a function
) i Tw —HP%w
fO:[0, (of) — 3B — RY, is called a W-shred of f; it is a member of the W-shred space
Cw = J {9 €Cr:9(0),9(8),9(28),...,9((k — 1)8) € W, g(kB) € W°}. (4.8)

keN

(We ignore at this point the fact that part of the characterisation of g € Cy is that g(—3) € W°.) We
denote by My, (&) the set of all simple point measures in a measurable set X. Then we define

Sw=Mny,(Cw) and IF:COUCe = Sw, P =D . (4.9)

All topological assertions that we spelled out in Section 4.1 for Ly hold also for Sy analogously.
In particular, a sequence (I'y),en of point measures in Sy converges to some I' € Sy if and only
if, for all sufficiently large n, |I';,| = |I'|, and the W-shreds of T',, converge to the ones of I" in some

assignment. If QI(? denotes the corresponding Borel o-field, then (Syy, g‘(};)) is a measurable space.

Introduce fy(g) = >, Iw(g9((i — 1)B)), the number of particles of g € C© UCs in W. Observe
that g € Cs is characterised by the requirement that £y (g) < oo for any compact W C R%. We also
introduce the space

S= {w = Z 0y € My, (Co): Zﬂw(g) < oo for all compact W C Rd} (4.10)
ger gel

of simple point measures of doubly-infinite continuous functions, such that the cloud has only finitely
many particles in any compact subset of R
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We also use the symbol H%f,) for the shredding operation on point process level: for W, W compact
such that W C W, define the point process of W-shreds derived from w by

H(vf,): SUSy — Sw, H<S) Z Z O (i) where f* are the W-shreds of f. (4.11)
few i
We sometimes write H;S/) W : S — Sw for this map in order to indicate the domain. It is easy to
see that the shredding operators are consistent in the sense that
Wow = I oI = I (4.12)

On the set S, we introduce a measurable structure by taking F© as the o-field such that all the
shredding operators Hi/f,) are measurable, i.e.,

F&) = 0(.7-"(5): W c R? compact), where ) = (1)~ (g“”)

On the set M1 (S) we introduce the weak topology induced by all the H(S) with W € R%: A sequence
(Pn)nen of probability measures on S converges towards some P € Ml(S) if and only if II{;(P,)

(which is by definition equal to the image measure P, o (I1{;/)~!) converges weakly to II{;(P) for any

W € R% Then (S, F) is also a Polish space with metric

-R dWR( Iy, (Fl)vﬂg/f/)a(FZ))
d(F1,F2) = Z 2 1+ dy (H(S) (F ) H(S) (F ))7
ReN P WRT

where we lifted H(S) to S by putting II}; (D) =2 ger H%,f,; (9). (Here dy denotes some metric on Sy
that induces the topology on Syy.)

Wg = [-R, R]%, (4.13)

Now we introduce a kind of boundary-shredding operation as follows. Define the operator that
maps each W-shred g satisfying ¢(0), g(53),9(28),...,9((k —1)8) € W and g(kf3) € W* on the triple
of its initial and terminal condition and its length:

OIL : Cw — W x Nx W€, 9Ly (9) = (9(0),1, g(kB)). (4.14)

We write
Tw = My,(W x N x W¢)
= {M = Z(S(%li,yi): I finite, (x4, 1;,y;) € W x N x W€ pairwise distinct Vi € I}
i€l
for the set of all finite simple counting measures on W x N x W¢. We use the same symbol for the
projection operation on shred configurations:

O Sw =T O (D28,) =D Gy, (4.15)
9 9

and we extend the domain of this operator to Si; U S by putting Oy (w) = OISy (I (w)) for

w € S US for compact sets W C W C R Again, all topological assertions of Section 4.1 about
Lw hold analogously for Ty .

Note that p = 8H<Vf,>(w) contains all information about the number of particles of the shred config-
uration @ = > . dg in W, when we define

i€l i€l
then N (@) = NG () and (€, NG™) = (1, NG for € € My (Sw) and v = 11 (§) € My (Tiw).

Let us also mention the following tightness criterion [DVJ08, Proposition 11.1.VI]: A subset K of
My (Tw) is tight if for any ball B C W x N x W¢ and for any € > 0, there is M > 0 such that
Y({p € Tw: u(B) > M}) < ¢ for any ¢ € K. In particular, the set {¢p € My (Tw): (¥, MNyy)) < p2}
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is relative compact for any ps € (0,00), since u(B) < |[I| < 3,c; L = NG (). (However, closedness

of this set does not follow, since the map ¢ — (¢, mg{% is a priori not continuous.)

4.3. An extension result for loop-interlacement configurations. We need to introduce also
some specifics of the space of the joint loop-shred configurations in boxes, respectively loop-
interlacement configurations in R%. In Proposition 4.1 we prove an existence theorem in the spirit of
Kolmogorov’s theorem in this setting.

We conceive the loop-interlacement configuration space
L xS =My, (R x C)UCx) (4.17)

as the superposition point measure space with loops and interlacements. We conceive the shredding
operator H%/f/) defined in (4.9) as an operator H%,‘[S,) : L XS — Sy and the loop-restriction operator H%,f)
defined in (4.3) as an operator H%/f/): L xS — Ly . Note that H%f/) can produce something non-trivial
only from £ (not from shreds or from interlacements), while HE/“S) can cut both loops and shreds into
shreds. Then the operator

Iy : LxS = Ly x Sw, defined by Iy (w, @) = II{ (w) + I} (), (4.18)

is the superposition operator of H%,f,) and H;f,), when we conceive Ly x Sy as My, (W x C‘(;)) UCw).
On Sy and Ly, respectively, we have the natural sigma fields QI(/{? and Q{,fj), respectively, that are
generated by the vague topology. On L x § we consider the sigma field F that is generated by Fy =
o((IL)~HGH) U (L) ~HGy)) with W = Wg = [-R,R]¢ for all R € N, i.e., F = 0(Upen FWa)-
The definition of the projection operator Iy ., : L3 X S = Lw X Sw for W C W € R? is clear.

The following proposition will be enormously helpful in the proof of properties of the specific relative
entropy density in the proof of Theorem 2.3 and in the proof of the upper bound for the free energy of
the interacting Bose gas (Theorem 2.5). It is an extension theorem for consistent families of probability
measures on loop/shred configurations in boxes. It is in the spirit of the famous extension theorem by
Kolmogorov, but this theorem seems not applicable, since we are not working with product spaces,
and the objects on which the extension is a measure (interlacements) are global and have a long
range. Hence, we need to redo its proof (actually, the proof of Ionescu-Tulcea’s theorem, the ‘discrete’
variant) with the help of Carathéodory’s theorem.

Proposition 4.1 (Loop-interlacements point process extension). Let (§MR)pen be a family of prob-
ability measures §VR) € My (Lwy, X Swy), such that Iy, w, (EVR+D) = EWR) for any R € N, i.e.,
(EWR)) pen is consistent. Then there exists a unique P € Mi(L x S) such that Iy, (P) = £&YR) for
all R € N.

Proof. We want to apply Carathéodory’s theorem to the algebra F© = (Jpcn Fwy and to the map
Py: F© — [0,1] that is defined by

Po(A) =€"P(B), A€y, (Gwp), (4.19)

where B € Gy, is the unique set such that A = H;VIR(B). The fact that Py: F© — [0,1] is well-
defined follows from the consistency in the same way as in the proof of Ionescu-Tulcea’s theorem. It
is also not difficult to show that Py is a content, that is, finitely additive and satisfies Pp(@) = 0. It
also obviously satisfies Iy (Py) = €™ for any W € R

We would like to extend Py from F© to a measure P on F, which finishes the proof. According
to the uniqueness part of Carathéodory’s theorem, this P is unique, and according to its existence
part, for showing the existence it is sufficient to show that Py is continuous in the empty set. Hence,
assume that (A, )men is a sequence in F© that decreases, as m — 00, to A = (), cy Am € F©. We
assume that liminf,, o Py(A4,,) > 0 and need to show that A is not empty.
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Without loss of generality, we can assume that A,, = Hﬁ}m (Bp,) for some By, € Gy, .

We can easily extend the consistency relation Ilyy,, , w,({"E+) = R for all R € N to the

consistency relation Iy, . w, ({"Vn+m)) = &) for any n € N and m € Ny. For W C W e R, we

can write L3 X Si; = (Lw X Sw) x (£ X ’S)W\W’ where

(£ 8) i = Mo ([(W x C2) L] \ [(W x Cf) UCr]).

W\W
Since M1 (Lw x Sw) is a Polish space for any W & R, there are Markov kernels K, ,, from Ly, x S,
into (£ x S)w,,,.\w, such that {MVntm) = W) @ K, o (with Ko = 1p,).

We are going to construct now (w™,w™) € By, for m € N such that (0™, @™ ) =
M, —w,,_, (W™, ™). For this, define hy, m: Lw, X Sw, — [0,1] by putting

hn7m (an ’ an) - Knym ((an s WWn )’ (Bn+m)E2Wn YTWp )) ’
where
1 n n
Brso oy = 8011 € (€% S

is the Wy-cut of Bjy,,. It is relatively easy to show that, for any n € N and any (ww,,ww,),
the sequence (hpm(ww,,@w, ))meN, 1S non-increasing, since B, C H;Vlm ~w,,_,(Bm—1) and hence

) & (Bn—s-m)(l)

(Bn-i-m-i-l) ) (Wwpsmwy)

(1
(ww, s T@wy,

We construct now recursively a sequence of pairs (ww,,ww,) € Bn, C Lw, X Sw, such that
limy, 00 Anm (ww,,, ww,,) > 0. Because of monotonicity in m and h,o = 1p,, this finishes the
proof of the existence of a sequence (w™,w™) € B, for m € N such that (W™, ™) =
My, S, (W™, ™).

First, we consider n = 1. For m € Ny, we have

/ Bt (@i, W) €90 (Awown , @ )) = €57 (Byn) = Po(Ap).

By our assumption that Py(A,,) has a non-zero limit, there is a (ww,,ww,) € Bi. Now we make the
induction step from n to n + 1. A calculation shows that, for any m € Ny,

/ ot (s w2, @5 ) Ko (s @, ) Al =60 )
(LXS)w,, L\ Wn,
= hpmt1 (ww,,» T, )-

Hence, the sequence (hp41,m((ww,, @ww,, ), (wl(,;zl+m, w%il+m))m€N is a non-increasing sequence of func-

tions in the second argument that does not vanish as m — oo. Therefore, there is (ww,_,,@w,,,) €
By, +1 whose projection on W), is equal to (ww,, , ww, ).

Now that we have a sequence of (w™,w™) € B, C Lw, x Sw, such that (W, V) =
M, —w, (W™, w™) for any n € N; hence we can construct an element (w,w) € £ x S such that
My, (w, @) = (W™, ™) for any n € N. Therefore, (w,w) € A, for any n, i.e., it lies in A, which ends
the proof. First we construct w by simply extending all the w™ from point measures in W,, x C‘(/‘(f;)z to
point measures in R% x C®. The construction of w and of w — & goes as follows. Start with some of
the points, f1 € Cw, of w® with some time interval [T} 3, T} B8] and integers 77 , T} . In w®, there
must be a point fo € (Wa X CI(,%) U Cw, that extends f; (possibly also involving some other points of
@) to a continuous function with time interval [T, 3, T,  B]. If fo € Wa x CI(,[L};, then we add &y, (0), 1)
to w. Otherwise we keep fa as a Wa-shred and proceed. Recall that f; satisfies fi(17 ) € WY, since it
is a Wi-shred. Inductively, one can go on and find, for any m € N, either a W,,,-loop f,, € W, X C‘(,gjn,
which we add to @, or a Wy,-shred f,, € Cy,, in @™ that extends f,,—1 and has a time interval
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(T8, T,} 8] with integers T,,,, 7.5, and T,, < T , and T,f > Tt | and f,,((T,, — 1)8) € W¢, and
I (T B) € WE. Since limy, 00 T, = —00 and limy, oo Tnt = 00 and limy,—y00 frn((T},, — 1)B) = o0
and limy, e fin (T, 3) = 0o, we have constructed a continuous function f € Co, the extension of all
the f,, that are W,,-shreds. This we take as a point of . Repeat the same procedure with all the
other points of @™ (if there are some left), otherwise with @® and so on. The sum of all the delta
measures on W,, loops that we obtained during the entire procedure is defined as w — w, and this
defines w. O

4.4. The empirical measure of the loop/shred configurations. We now introduce the main
tool in our proof of Theorem 2.5 and explain the first steps of our strategy. The main object is the
empirical measure of all the loop/shred configurations in all the R-subboxes within the macrobox Ay .
We are in the situation of Section 1.4: we fix R € N and write W = [~ R, R]¢ and W, = z + W for
z € 2R7% and fix p € (0,00) and a centered box Ay with volume ~ N/p as N — oo. We decompose
An=U 2€Zn.r W, for some suitable Zy r C 2RZ4 (possibly R = Ry depends on N and converges to

R; we suppress this in the notation). Note that #Zy r ~ |An|/|Wg| ~ 2R)d as N — oo.

We introduce now our main tool in the proof of Theorem 2.5: for any w € L, we define

1
=(w)
ENR = H7ZN R ZE; 0 0.1 ()),0. (1) (w)) € Mi(Lw x Sw), (4.20)

where 6, is the shift-operator such that 0,(W,) = W. (Recall the operators II{;) and II{;) from (4.3)
and (4.11).) This is the empirical measure of all the loop/shred configurations of w in the subboxes,
shifted to the origin.

Let us briefly recall our plan from Section 3.2 to prove Theorem 2.5: for w = wp, the marked
reference PPP of Definition 1.1,

(1) rewrite the partition function Zy in terms of an integral over _EVF}%,

(2) find a large deviation principle for = N,PI% as N — oo,

(3) use Varadhan’s lemma to express the large-N exponential rate of the partition function as a
variational formula on the space M1 (Lw x Sw) with W = [-R, R]¢,

(4) make R — oo in that formula to arrive at x defined in (2.24).

For making the first step, we will present upper and lower bounds in Sections 4.5 and 4.6, respec-
tively. The second step will be done in Section 6.1, and the third in Sections 6.4 and 6.5. In the fourth
step in Section 9, we are employing a new relative entropy density that we introduce in Section 8. For
various reasons, the proof of the upper and the lower bound will have substantial differences.

It will be convenient to distinguish the the loop part and the shred part of Sy g,

=wp,L£) (£) (=(wp) § :

—N,R I (‘—‘N R) # N.R o 5 H(C)( )) € Ml(EW)’ (421)

—(wp,S) (S) ;—\(wp)

= = 1/ (2 5 . 4.22
N,R (Enr) = #ZNR Zegng (1) (upy) € M1 (SW) (4.22)

These two are independent under the reference PPP, since the first one comes from the part of the PPP
that has no R-crossings, and the second from the R-crossing part of the PPP, which are independent.
The second observation is that the loop part is an empirical measure of independent objects, whose
distributions are basically identical, modulo the boundary conditions, whose influence will be shown
to vanish in the limit as N — oo.

Now, as for the shred part, it is obvious that the subconfigurations in the R-subboxes are very
far from independent, which presents a major obstacle in the analysis of its distribution. However,
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the third observation is that the configurations of the shreds in the subboxes are independent if the
statistics of their starting sites, lengths and terminal sites are fixed, i.e., conditional on the boundary-
shred empirical measure

=(wp,S) (8) (= (wp)
02N =0l (ENTR) =

Z B o1 oy € M1(T): (4.23)

#ZNR e

4.5. Upper bound. We are going to derive an upper bound for the partition function in terms of a
expectation with respect to the empirical measure =y g. We need to estimate it in such a way that it
is decomposed into a product of the contributions over all the disjoint subboxes. For this, we restrict
the interaction to the sum of (slightly modified) interactions within the subboxes. In the proof of the
upper bound, since the interaction potential v is nonnegative, we are in the lucky situation that we can
simply drop all the interaction between different subboxes and that we can drop also the probabilistic
cost of the behaviour of the boundary configurations of the shreds.

Assume the situation and notation described in Section 4.4. As one sees from (2.25), we want to
find an upper bound for

28 s(Ans p1, p) = QAN [em Pawaw | L0 — o] < SHI{| U0 — o] <03]. (4.24)
The main result of this section is the following.

Lemma 4.2 (Upper bound). For any N,R €N, § € (0,1), p1,p2 € [0,00),
21(\1;,61)%,5(/\1\7,01,%)2) < QWb [GXP{ NR|W\<:(NUJP1%’ |W|FWW>}

x {5, ) € Bas(on) JI{ OZR5", i) € Bas(oa) } .

where Nr = #Zn Rr, and Fyw is defined in (2.21), and the particle-counting operators are defined in
(2.15).

(4.25)

Proof. We are going to express 2}3“}% s(An, p1,p2) in terms of the subconfigurations

ww, = H%/IC/)Z (w) = Z 5(m,fz) and H(S Z (5 with z € ZN7R7
€W fz(iB)eEW. Vi gelr,
(4.26)
where we wrote I', = T',(w) for the set of W,-shreds of w. Recall that we write g: [0,4(g)3] — R?

for a W-shred g with ¢(0),9(8),9(28),...,9((¢(g) — 1)8) € W and g(£(g)B) € W€, and its i-th leg is
9i = gl[i-1)s,ig for i € [{(g)]. Then we estimate, for all sufficiently large N,

ﬂ{\‘AN‘mX;R) p1| < 5}]1{‘\ANI$R(€ U ol <6}

! - 1 1 f
<1 R (AT S 1 s

{NR Z ‘W“ﬁ (ww,) € 826(/)1)} {N E; ’W“IIWZ (ow.) € [525([,2)},
ZELNR

ZGZNﬂR
(4.27)
where we write Bs(x) = (x — §, 2 + &) and Bs(x) for its closure, for any z € R and § > 0.

Recall the interaction defined in (1.8). We drop all interactions between subboxes W, and W5 for
different 2,z € Zy r and obtain a lower bound for the entire interaction. Recall the notation from

(1.10) and from (2.18)-(2.20). We extend (2.19) and (2.20) from @ € S to ww = }_ e 6y € Sw, Le.,
from I' C Cx to I' C Cyy, in an obvious way. Then we estimate
Dayan(@) > > Fww(0z(ww.), 0:(w@w.)), (4.28)

ZEZN R

where FW7w(wW, WW) = %F&%(WW) + F&?%(WW, YDW) + %F&i%(mw)
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This implies the following for all sufficiently large N:

e )
Zinaharprpa) <00 (I 2 !W\W” € Bs(pn)}
2EZN
(4.29)
1
Xﬂ{Ni Z ’W’mu& € Bas(p2 } H o~ Fww (0= (ww )0z (@w.)) |
RZEZNyR ZEZNR

We now write the right-hand side of (4.29) in terms of the empirical measure :(Nwl}% from (4.20) and

its boundary-shred projection 8E§\7F}%‘S) from (4.23) as follows. Recall (4.16) for writing the particle
number in shreds as a functional of GZ(N“PR ). From this, the assertion follows. O

For later developments in Section 6, when we will take the limit as N — oo, it will be convenient to
work exclusively with particle boundary condition, which was introduced below (1.4). Therefore, let
us further estimate from above, until we arrive at a similar expectation with bc = par. For ‘bc¢’ being
Dirichlet zero boundary conditions, this is trivial, since zero boundary conditions in particular satisfy
particle boundary conditions. For periodic boundary conditions, however, we have to work harder for
this point; this will be done in Sections 5 and at the beginning of Section 6.1.

At the beginning of Section 6.1 we will make some technical preparations for applying a suitable
large-deviation principle in the limit as N — oo to the right-hand side of (4.25). A suitable formulation
of this LDP will be in Corollary 6.5. After inserting in Section 6.3 some events that induce some
necessary compactness and control on the particle number and interaction, we will apply the LDP in
Section 6.4, resulting in an R- and §-depending variational formula. This will be used in Section 9.1
to make R — oo and § | 0, and to finish the proof of the upper bound in Theorem 2.5.

4.6. Lower bound. We are going to derive a lower bound for 25\?3){ s(An, p1, p2) defined in (4.24) for
any sufficiently large N. The main result of this section is Lemma 4.3 below. Our lower bound there
will be analogous to the upper bound in Lemma 4.2, but will require much more restrictions in the
integration area.

In general, we assume the situation and notation described in Section 4.4. We will have to neglect
all the interactions between loops and shreds in different subboxes W, such that the contributions
will be independent over the subboxes. For this, we need to restrict the amount of particles in the
boundary area of W, for any z € Zy g. We will do that in a much more comprehensive way than
what is needed here, in order to prepare for future steps in Section 6.5, where we will take the limit
as N — oo. That is, we will impose here that, in each subbox W, all the legs (of loops and of
shreds) have a spread || f|sp = max,cpo g |f(t) — f(0)| that is < M, and in each ball of radius t (to be
introduced), the particle number is < T for some large M,T. Furthermore, we need to restrict the
global configuration close to the boundary of Ay in order to achieve particle boundary condition.

We are going to use C' € (0,00) as a generic constant that depends only on d, 5 or v (which we
neglect) and may change its value from appearance to appearance. If it may depend on additional
parameters, then these are appended as indices.

We need to restrict to configurations in
£00 = {3605y € £: I fuillp < M V2 € Vi), Me(1,00), (4.30)
€

where we recall that f; is the i-th leg of the loop f. We will write E%‘,ﬂ = Ly N LM, We will make a
change of measure from the original PPP Q (see Definition 1.1) to the PPP Qj; with intensity measure

u/f;r)M (dz,df) = Z —dz @ pan NP (A f), (4.31)
kGN
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(k M,A p,par) . (k, AN par)
where fiz, is the restriction of piz, to the set of loops of length k£ whose legs have spread
< M. The Wg-shred-configurations under Qs lie in the set

5<M>:{Z5ges: ||gi||sp<MVg€F,i6Z}. (4.32)
gel

We also need a notation for the number of all particles in W & R¢, regardless where their loop or
shred comes from:

Np(w, @) =3 Y W feil0) eWH+D D 1{g(0) eW}, weL,weS. (4.33)

re¢ i gel’ 1

With a parameter v € (0,1), we decompose (up to the boundaries) W into the boxes z + W, with
z € W N 2tZ%. With positive parameters L, K, T, define the events

A = N {we,c;fv”é“:We[L]: |gz,l|gK}, (4.34)
ZzEWN2tZ4

Aner = ) {mesy”: W@ <1}, (4.35)
2€EWN2Z4

where (. ; is the set of initial points of [-length loops of w in z 4+ W,. That is, the loop configurations
in A%,); M.LK have only legs with spread < M, only loop lengths < L, and there are, in any of the
subboxes z + W;, no more [l-length loops than K, while in A%;IS,); M We impose a uniform upper bound
for the number of particles in any of the subboxes z + W,.

We will later restrict the integration with respect to the PPP wp to the event
Awo = AWarx X AWasers  Wwith © = (M, L, K¢, T). (4.36)

More precisely, we will restrict to the event (7, 73, R{(wwz,wwz) € Aw, .0}, where we introduce the
slightly smaller (than Ax) box Ay = UzeZ;’\,,R W, and Zy, p is the set of all z € Zy g that have no

neighbour in Z§ p (where we adopt the usual neighbourhood relation in Z?, upscaled by a factor of

(AN par)[ ‘ar—‘(o w,S)

2R). Let us introduce the conditional version of Q,, ENE = 1] given this event, i.e., given

that (ww.,ww.) € Aw,,e for all z € Z§ i, which we denote by Qy, AN per) E \8H o) = 4]. The slightly
modified empirical measure is denoted

—(ow) __ 1

2 =
T # 2R

Z 5(02( (5)) 0. (= égz))) S Ml(ﬁw X SW) (437)

zGZIOV’R

—(o,w)

and 83%’,’2‘8) is the boundary-shred projection of Z}%; analogously to (4.23). We also need the function
: (1) = Kw (3 A ) cTr (4.38)
PwW M, T\ b w s WiMx,T)> 1% W - .

As usual, we write W = Wg = [ R, R]¢ for short.

Lemma 4.3 (Lower bound). Fiz § € (0,1) and p1, p2 € [0,00). Then, for any M, L, K,T,t € (0, 00),
there are constants cpr € (0,1) satisfying limpyryoo cpr = 1 and Cyrp. k7 € (0,00) (depending only
on M respectively only on M, L, K,T) such that, for any N,R € N such that R > M, and for any
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U € My(Tw) (possibly depending on N ) such that the following conditional expectation is well-defined,
/Z\](\l;f]):iyg(ANapl p2) > e_%CM,L,K,TlANle_O(‘ANI)CL@J\” [H%/)(Q)(A%iM’L’K)] |A |/|W| |W| <10ng ]\/IrTyw>
(A ar) —(o,w,
x Oy (0EN R = v)
(A ar) ,—(o wp)
Q Np [ { |A |<~NRP ,‘W‘FWW>}

X ]1{<:§§7%P)7 \W\m@ 9) € 86/3(01)} {(% ‘W“ﬁ“ V) € Bss(p2 }‘8_("“5’ = ¢].
(4.39)

Proof. In the expectation in (4.24) that defines 25\1;‘})% s(An, p1, p2) we insert the indicator on the event
that the configuration lies in £, Furthermore, we now require that the configuration wy, has no
particle in the boundary area Ay \ A’y. This implies that the restricted configuration WA satisfies
particle-boundary conditions in A’y (which was introduced below (1.4)), since no loop reaches OAy
(because of M < R) and this holds for both, Dirichlet zero and periodic boundary condition in Ay.
The event of having no particles in Ay \ A’y is the intersection of the two independent events that no
loops start in Ax \ A’y (whose probability is > e °UA~D | since the volume of Ay \ Ay is o(|Ay])) and
the event that no shred terminates in Ay \ Ay, which is absorbed in the expectation with respect to
particle-boundary conditions in A’y. Hence, we will restrict to an expectation on configurations in A’y
instead of Ay, which will be asymptotically lead to no changes in the limit as N — oo.

Note that

lim — ([ — o (A x €)= 3 . Lu e ey =0 as M - o,
keN
where C (O) denotes the set of loops of length k£ whose legs have spread < M. Furthermore, the number
of loops in the event in (4.24) is < O(|An|); hence the change of measure from QN**) to Q;&N wper)
yields, as a lower bound a factor of c‘]\//}m with some cys € (0,1) satisfying cpr — 1 as M — oo.

Summarizing, this transition to the M-restricted configurations in A’y instead of Ay leads to the
bound

A A (A'\;,par) 7‘1)/7/ 1 - 5 1 , )
ol NDClMNlQMNP [e My AN]I{||A/N|mX]/NR) —p| < §}ﬂ{||AlN|mej) —p2| < 5}}
(4.40)
Our next step is to restrict to the event {9= “és) = 9} for some (later particularly chosen) i €
Mi(Tw), where E) is defined in (4.37).

Here we will pick v (possibly depending on N) such that this event has positive probability, and
hence we write (4.40) as

Zyp s(AN, p1,p2) > e

~ . A ar —(o,w,
ZN,R,(S(b )(AN /)17,02) > e’ (IAND | N‘Q(AN " )(8~§v RS) - w)

(A ,par) l Al , DR I 1 ’ — P2 5 a_ 5

Our next task is to write the expectation in the second line of (4.41) as an expectation with respect

to Ef,’}w, which is not able to express interaction between any two subboxes z + W and 2z’ + W with

distinct 2.2’ € 2RZ®. For this, we need to split all the interaction into the sum of the interactions in
all the subboxes z + Wx with z € 2RZ?, and we need to upper estimate the interaction between any
two of such subboxes. This will be based on the following estimate of the interaction in terms of an
integral of the square of particle numbers. Recall the notation from (1.10) and from (2.18)—(2.20) and
(4.26) and that Fyyw = 1F o+ FIS{,:‘;I), + 1F‘E§‘€,€, For two (not necessarily disjoint) subboxes W, W,
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we write FW,W((WW’ ww ), (Wi, @g57)) for all the interaction of loops and shreds between W and w

(i.e., the loops with all their particles in W respectively in W)

Lemma 4.4 (Estimating interaction). Assume that the interaction potential v satisfies Assumption
(V). Then, for any M € (0,00), with ti}) = M + supsupp(v), for any configuration w € L™ and for
any R € (1,00) and any z, 7 € 2RZ?,

0 9 1/2
B, ((wwe o), (w mw,) < Bllvlloo Ao (., =w.)?)

B (o) (W=NW./) oY
M (4.42)

~ 1/2
4 2
X / dz ’ﬁ%)(v)(x) (ww,,, @w,,) ) ,
Bt(v) (WzﬂWZ/) s
M

where B.(A) denotes the r-ball around a compact set A.

Proof. We write t instead of tﬁ\’j}. The main observation is that any leg of w in W (i.e., any leg
that starts from a particle in W) stays in the M-neighbourhood of W and has therefore interaction
only in the t-neighbourhood of W. Hence, any w € L* has the property that, for any two legs
g,g of a loop or shred in W, and of a loop or shred in W, (meaning that the initial site lies in
W, respectively in W,/), respectively, that have a non-vanishing interaction with each other, there
is a site © € B(W, N W,/) such that |g(0) — x| < v and |¢/(0) — 2| < v. Denote by £(ww,ww) =
{feirxze(nNW,ie[l(f)]}U{gi:i€Tw(g),g € ww} the set of all the legs of loops or of shreds of
wy = erc O(z,f,) OF of @y . (Recall that all particles of all the loops of wy are in W, according to

(4.26).) Then, for any z, 2’ € 2RZY,

Fw.w., ((ww., mw.), (ww,,, ww.,))

- > V(g,g')

g€lww, @w;) g'€L(ww . mw )

< Bl S / dz 1{|g(0) — 2| < T} 1{|¢(0) — 2| <}
v B (WaOW,)
< el [ de TP ) (. ow. ) TG o (s o,
Be(W.NW.,/)

~ 1/2 ~ 1/2
< Blv]lo / dz MY (ww., ow.)? / dz MY (ww,,ow,)?
ol vy S T ) ( w7 T )

0

In words, this estimates the amount of cross-interaction between two neighbouring subboxes against
the product of the integrals over = in a neighbourhood of the intersection of the subboxes over the
square of particle numbers in a certain box around z, and the amount of interaction within one of
such subboxes in terms of the integral of the squares of the particle numbers in a neighbourhood of
the subbox.

Let us proceed with the proof of Lemma 4.3, restarting from (4.41) and showing what Lemma 4.4
gives us for the interaction. We will, as usual, always write w = Zz6§ O(z,f,) for any w € L. We
write Ly =" = {w € Ly} €(f,) < LVa € ¢}. We pick now an arbitrary v € (0,00). Without loss of
generality, we assume that the boxes z + W, with z € WN2tZ% cover W, i.e., W = U.ewnaezd 2 + We.
Recall from Remark 2.11 that ‘)Tg) counts particles only within V for any V' C W; hence for (w,w) €
Lw x Sy, we have that M) (w, @) = >, ciynowzd fnfjiwt (w, ™).
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For w € AW ALK We easily see that ‘)”((D (x)( w) < Ci i for every o € B.(W) with some Chy 1k

that depends only on M, L, and K. Analogously, for w € A%S/)'MtT we easily see that ‘)’I?( >(I)( w) <

CyT for every x € B.(W) with some Cys € (0,00) that depends only on M.

On the event Ay.e defined in (4.36), since R is much larger than M, for each z € Z](V)R, the

number of 2/ # z such that there is some interaction between W, and W,s is not larger than 3¢.
Furthermore, the volume of B.(0W,) is not larger than CM R?!. Hence, we can estimate, with the
help of Lemma 4.4,

Ppr oy (W) = Z Fw,w., (ww.,mw.), (ww,,, @w,,))
z,z’EZI(\?’)R
< d—1 |An| —wn | OMLET
— Z (FW21WZ(WWZ’sz)+CM7L7K7TR ) S W<FM/’W"—‘N’R>+T|AN|7
zEZI(\??R
(4.43)

with some Cyr 1 k7 € (0,00) that does not depend on R nor on w nor on N. (We choose the event
Aw .o much smaller than what is needed for (4.43); this will come in handy in our further developments
in Section 6.5.)

So far, we have argued that we may estimate, for any sufficiently large N,

—D s A -
Ny Ay ]1{||A’ ;ﬁ(zl R)—P1‘<2}]1{||A/ m(ZR)—Pz\Sg}

c
AN gy (Fw,w B ) - ALLET |
>e W] N.R g 7 |AN] H Tay, o (ww., @w,)

e, (4.44)

g T \W]m(“’eBa/z(Pl)}]l{Z\; 2 !W\WS)EB‘W(”)}

(o) (o)
GZN R ZGZM

Under Q(AN P \6:5{’,‘1”%8 = 7], the indicators 14y, o(ww,,@w,) are independent over z € ZVn
and their product has the probability

VA VA 1 .
[H%/IE/)(Q)(A%/)-M,L,K)]' N,R‘e‘ N,R|<OgPW¢1W,t,T7w>7

where pw.er is defined in (4.38). Using the mnotation for the conditional measure
Q(AN par)[ ]8:%“&& = )| given just before the lemma, we obtain the assertion of the lemma, by
substltuting (4.44) into (4.41). O

This lower bound is analogous to the upper bound in (4.25) with Zy g replaced by wa r and the

corresponding amendments and with Bas(p;) replaced by Bs /3 (pi) and with additional auxiliary terms
whose exponential rates turn out to be small when we later make R, M, T, L. — oo. Note that we have
now particle boundary condition in the (slightly smaller) box A’y. Therefore, all the 6,(wyw,) with
z € Z} g have now the same distribution; in particular the 6, (ww, ) are i.i.d.

In Lemma 5.3 below, we are going to take ¢ € M1(Ty ) in a particular way and derive a suitable
large-deviation lower bound for the term in the second line in Section 5.2. In Corollary 6.5 in Section 6.1
we explain abstractly how to find the large-IN exponential rate of the expectation in the last two lines,
and in Section 6.5 we proceed with making N — oo in (4.39). In Section 9.2 we put everything
together and finish the proof of the lower bound in Theorem 2.5.
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5. THE EMPIRICAL MEASURE OF BOUNDARY-SHRED CONFIGURATIONS

In this section we provide crucial information about the distribution of the empirical measure of
the boundary-shred configuration, 85%"}&, defined in (4.23), for the reference marked PPP wp under
Q“~-*9) The main result of this section will be a lower bound for the large- N deviations in Lemma 5.3.
This will be crucial for handling the term in the second line of (4.39). Finally, this term should and
will turn out to be negligible in the limit R — oo since it is “only” a boundary term after all, but the
way to proving this will be long. A step towards this is done in Lemma 5.5, where the lower bound of
Lemma 5.3 is further lower bounded for particular configurations. More work in Section 7.5 will show
that a general configuration can be approximated with such particular ones. In contrast, for proving
the upper bound, we will just drop the influence coming from aE(N“’;‘”, i.e., we estimate probabilities
involving this just by one, which is of course much easier.

In Lemma 5.3 and its proof we make a connection between long loops and interlacements; we need
to construct large-loop configurations with a given empirical measure ¥ of boundary-shred configu-
rations. By far not every 1 admits the existence of loop-configurations in arbitrarily large boxes Ay
that is consistent with 1, the criterion for this property is rather subtle and has a global character.
In Lemma 5.3 we first circumvent this problem by coining the term “admissible” for 1’s having this
extension property and prove the lemma under this assumption. But in Lemma 5.4 we show that
the requirement of ergodicity of shift-invariant random interlacement configurations implies admis-
sibility; this is the reason that in Section 7.5 we need to approximate arbitrary loop-interlacement
configurations with ergodic ones.

As a preparation, in Section 5.1 we look at the W-shreds emanating from a single loop and describe,
given the boundary-shred configuration, the distribution of the resulting shred configuration via the
strong Markov property of the Brownian motion. This is used in Section 5.2 in Lemma 5.3 for deriving
the crucial LDP lower bound for the probability of the event {85%"}& ~ 1} for any admissible ).
In Section 5.3 we derive further estimates for this lower bound for particular shred distributions.
Furthermore, as an application and also for independent interest and further use later, we show that
the expected number of shreds in a large box is negligible with respect to the volume of the box for
any shift-invariant interlacement configuration measure with bounded entropy and bounded expected
particle density; a property that is very suggesting, but surprisingly difficult to prove.

In the entire section, assume that the situation and the notation described in Section 1.4 is given.
That is, the box Ax with volume ~ N/p is decomposed into Nr ~ |An|/|Wr| regular boxes W, =
z + W of diameter 2R, where R may depend on N and converges to a given R € N.

5.1. The shreds of one loop. In this section, we are examining the joint distribution of all the
W-shreds of a given Brownian loop in a large box A containing the box W. Using the strong Markov
property, we will collect all the pieces between entries and exits to and from W and drop the remaining
pieces. That is, we will consider one W-shred g € Ci, as in (4.8), ignoring the last particle before ¢(0),
which is in W¢. Recall that P*"” denotes the distribution of a Brownian motion B = (Bt)te[0,00) 0
A with boundary condition ‘b¢’ starting from z. We assume that ‘bc’ is one of the three boundary
conditions ‘per’, ‘0’ or ‘par’.
Define
phP (1 y) = PO (r =1, Brg € dy)/dy, (z,1,y) € A x N x A, (5.1)
where
T =71y =inf{l € N: Bjg ¢ W0} (5.2)
is the first of the times in SN at which the motion changes the box, where we write W = W,
with € W,, for that subbox that contains x. Then p, is a sub-probability density (with respect
to the counting measure on N times the Lebesgue measure) on N x (W®)¢ (for periodic boundary
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condition even a probability density). Furthermore, for a loop B € C©, we define 3 = 7 and
7j41 = inf{l > 7;: 1 € N,Bjg ¢ W’} (the (j + 1)-st time that the motion B changes the box at
some time in SZ) for j € N. Since B is a cycle, there is a unique smallest mp = mpg(B) € N such that
B, .18 = Brg. The number mp(B) is the number of times that B changes the subbox at times in
ON.

In order to describe the pieces of the loop between the changes between the subboxes (i.e., the
shreds), we introduce the following probability measure on C;: by
Py (7 =1, B € df, Brp € dy)

(W,A,bc)

pe (L y) dy
we denote the distribution of a Brownian W-shred with [ legs from x € W to y € W°.

(L,W,A, bc)(df) —

Qoly = P09 ((Bs)sepug € Af | T=1,Big=y) (5.3)

We also need the restricted versions of p, and g, , for shreds whose legs have spreads < M for some
M € (0,00). For this, we denote

¢ ={feCu:|fllsy <M}, where | flsp = Dax, £ () = F(O)]. (5-4)

Denote
P (Ly) =Py (r=1Vj € [l]: B; € C{",B;g edy)/dy,  (2,l,y) € W x N x W°, (5.5)
and
P.(r =1,¥j € [l]: B; € C{", B € df, B(13) € dy)
P M (1L y) dy (5.6)
=P, (Bedf|r=1,B(B)=y,Vje[l]: Bj eC).
Note that B does not leave the M-neighbourhood of the subbox in which it started. Hence, if this
box is in the interior of A, then it satisfies particle-boundary condition in A.

a0 (df) =

We are going to identify the distribution of the lengths of the time lags between subsequent exit
times from subboxes and the location of the Brownian cycle at these times.

For k € N we consider the (non-normalised) measure

@(k,/\,bc)( ) = / dx N(k;,? bc)({mR >1}n>). (5.7)
A

Recall the decomposition of Ay into the subboxes z + W with z € Zy g and the smaller box Ay,
which is the union of the z + W over z € Z} 5, the (discrete) interior of Zy g, as introduced before
Lemma 4.3.

Lemma 5.1 (Distribution of boundary shred configuration of one loop). Fiz R € (0,00) and W =
Wr = [-R,R]* and M € (0,R). Assume that A is a large centred box.

(1) Fixm e N and ly,la,...,ln € N such thatzgnzllj:k. Fizwy,...,wy, € W and z1,...,2m €
ZN,r such that z; # zj_1 for any j, where zo = zp,. Then

ﬁ(k‘j\’bc) <m(B) = m,Vj = 1, e, MM Ty = Tj—1 = lj,Bljg S d(Zj + wj))
m (5.8)

B (W,A,be) . _
pz] 1tw;— (l’l’ Zj + wj) dwj7 20 = Zm, W0 = W

J=1
Furthermore, under conditioning on the event

Am((ljij)je[m]) ={mp(B)=m,Vj=1,....m: 7j41 — 7 = lJvBl 8= zj T wj}, (5.9)
the shreds (Bs+rj,6’)se[0,lj,8] are independent over j € {1, ...,m} and have distribution
(1j,W,A,be)

Zj—1twj—1,2jtw; -
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(2) For bc = par and PsA®ar) restricted to all the legs of B lying in C™ we can replace p™-A P
by pWM and gli-"Are by U WM in these two statements.
(3) For any z € 2y g such that all legs start start in W, have spread < M and for any j satisfying

I (W,A,per) b (W, M) d (15, W,A,per) (15, W,M)
Zj—1 = Z, we may repiace p,. "y OY P by OO Gyl iy i, qu7 w1,z tw; m

these statements.

Proof. (1) For any m € N and l~1,12,... I, € N such that [ —I—Z l <k,and z1,...,2m € ZNR
satisfying z; # z;—1 for all j and wy, ..., w, € W, we have, with 7 = 0,

I/P\)(k’A’bc)(Tl =1,,B 5 € d(z1 +w1),Vj=1,....m—1:7; —7j_1 =1;,B5 € d(z +wj))

/ o P (1,01 + 1) [Hpéﬁvﬁi‘iij (b Gz +0)]
A

‘ - (5.10)
S (R T le,B(kjle?:Q 1y € d20)
j=2
m m
H Q:V?iilj L lj,Zj+U}j) dwj, llzk—le,zozzm,wg:wm,

i j=2
where we used the Markov property in the second step to concatenate the last piece of the Brownian
cycle from the last change of a subbox at time 7, until the end of the time interval, k5.

The additional assertion stems also directly from the strong Markov property, applied successively
at the times 7;0.

(2) follows from the definition of p™*) and (3) from the fact that, by M < R, the legs in such
subboxes to not reach the boundary of A but their particles stay in the subbox, and hence periodic
boundary condition in A can be replaced by particle boundary condition in W. O

5.2. Large-deviation lower bound for the boundary-shred configurations. In this section we
show how to lower bound the term in the second line on the right-hand side of (4.39). That is, we
now use Lemma 5.1 to derive a large-deviations lower bound for the distribution of the boundary
configuration 8E<wa}és) defined in (4.23) of all the W-shreds, i.e., their lengths and initial and starting
sites, for shreds coming from the R-crossing part of marked Poisson process wp.

The distribution of 855\‘?)}% is not easy to describe. As it concerns large-deviation upper bounds,
we will in Section 9.1 be satisfied with estimating the probability of 8:§V)R being in a compact set
simply against one. However, for the lower bound we have to work. Because of our preparations in
Lemma 4.3, we need the lower bound only for particle boundary conditions. We will be consent with a
large-deviation lower bound for the probability of the event {Ouﬁ\‘?)R = 1} for some given 1p € My (Tw)
(possibly N-dependent) with certain properties. For a general v, it is not a priori clear whether or
not this event has positive probability at all under any loop configuration measure in a large box Ay,
i.e., whether or not it is possible to find a loop configuration in Ay such that the empirical measure of
its boundary-shred triples is close to the given 1. For the time being we are therefore working under
the following assumption on .

Definition 5.2 (Admissible boundary-shred configurations). Fiz R > 0 and W = Wg = [-R, R]%.
We call v € My (Tw) admissible (more precisely, W -admissible) if, for any open neighbourhood B of
Y, for any sufficiently large N, there is a loop-configuration w € Ly, such that 8:5\7 }‘? eB.

Actually, we will later need to apply the lower bound only to v’s of the form 8H§,‘[§,)(P) with P €
MP(L x S). An important ingredient will then be Lemma 5.4, which says that such a ¢ is W-
admissible if P is W-ergodic.
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Recall the particle-number operator mg{{;) from (4.16) and observe that the expected shred particle
number of a configuration £ € M;(Lw x Sw) may be written, if ¢ = 81'[%,‘?,) &),

(™, &) = (MG, v) = / V) Y b =D St
iel i€l
By Bs(z) we always denote the open d-ball around z for any z in a metric space. If x = ¢ € My(Tw),
then we use the Prokhorov metric defined in (4.5), which induces the weak topology.

The following lemma will later be applied for A’y and Z3 g instead of Ay and Zy g. Recall that

QE&N %) i the PPP with intensity measure given in (4.31), i.e., with all leg spreads < M. Analogously,
ugf;cM) is the canonical Brownian loop measure starting at « with k particles and all leg spreads < M.
We recall from Section 5.1 that mpg(B) is the number of times that the loop B changes the subbox of
radius R. By C); we denote some constant € (0,00) that depends only on M ( and possibly on d and

B).

Lemma 5.3 (Lower LDP bound for boundary shred configurations). Assume the situation and the
notation described in Section 1.4. That is, Ay is a centred box with volume |An| ~ N/p for some
p € (0,00), and is decomposed into the subbozes z + Wg = z + [~ R, R]? for some R € (0,00) with
2 € 2RZNAy. We consider particle boundary condition and indicate it by ‘par’. Fiz a large parameter
M € (0,R/2) and fiz & € My (LY x SG7) such that (N, ¢) < oo, where 1 = JIL) (€) € M1 (Tw),
and assume that ¢ is W-admissible. Then, for any sufficiently large R, there is ¥ € Mq(Tw) that
converges to ¢ as N — oo such that

. (A par) [ 5=(S) Cum 1
: =) _ > L
1}\1{11}1;15 AN log Q,, (8 N.R 1/1N> Z i + T (Y, pw,n)s (5.11)
where we recall (5.5) and introduce
pwa () = Zlogpévf’M)(li, Yi), p= Z O (s L i) (5.12)
el el

This lower bound is no surprise, since (¢, pw,ar) is nothing but the rate of the product of all
the probability densities for the shreds, given they start from some x; € W, having length [; and
terminating at y; € W€ The W-admissibility of ¢ guarantees that there is at least one way to
arrange the shred-triple configurations in all the subboxes (each configuration p appears in ~ %w(u)
subboxes) in such a way that a global loop configuration arises. A similar upper bound is generally
suggesting, but here one would have to upper bound the number of such arrangements, which appears
a very difficult task. Since (¢, py,as) should be roughly of W-surface order and therefore negligible in
the limit R — oo, we decided to control only the lower bound so explicitly. Lemma 5.5 in Section 5.3
is devoted to deriving a lower bound for the last term on the right-hand side of (5.11).

Proof of Lemma 5.3. Note that the admissibility of ¢ guarantees the existence of some ¥ — 1 such
that {85(]\‘?}% = 9N} is not empty for all sufficiently large N. Picking M large enough (not depending

on N), we also have that this event has a positive probability under Q%}N P and we assume that
N is so large. We are going to carefully decompose this event and to identify a lower bound for its
probability.

We are considering only the shred-configuration part of Zyx g under the PPP in Ay, that is, we
neglect all loops that have particles only in one of the subboxes. In other words, we can assume
that the intensity measure is equal to Y, £ fAN dz pin " NP (fmp > 1} N -), where piy " VP s
the Brownian loop measure for k-particle loops starting at x and having all leg spreads < M with

particle-boundary condition in Ay.
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From now on we drop the superscript S at =y, r and write EE\?)R for the empirical shred configuration

i, k
measure coming from just one single path B € C, then Exyg = ) 1o Sk :5\?( if B&R € Cy is

the i-th Brownian loop of length k, and rj is the number of loops of length & in the Brownian loop
soup. We are going to use that the PPP is realised by a bunch of r; independent Brownian loops

Bik), e Bﬁi) with £ € N and normalised distribution, where the r; are picked as Poisson-distributed
random variables with parameter % i) ek ,ugf’xM’AN par) (mp > 1). This gives the formula
ar _ (k,M,A ar)
Q(ANP )(8 NR—¢N)_€ St fydz gy NPT (mp>1)

(5.13)

LA (@E ) (2o —om).

(re)reneNy K keN i=1

where P*4n») ig defined in (5.7) (note that the Poisson parameter % fA dz pin " P (mp > 1) s,

P(k AN par) .
M

up to the factor of %, equal to its total mass) and is its restriction to ﬂzEZN R{w(s) € Swi) .

The sum on (73); may be restricted to those that satisfy | TARNT Y kri — p2| < C6 for some C (where
i,k
p2 = ‘W‘ (1, M5),)), but this restriction is implicit in the event {3, o doi%, 6:55(1{ g € Us}.
It is easy to prove that

1
lim / pEMAN ) (e > 1) = S M (e > 1),
N%OO‘AN|]§] Ax ( ) %k 0,0 ( )
Observe that
(k M) CM
Z (mp>1)<—2o,  M,Re(1,00), (5.14)
= it R4/

for some Cy; € (0,00), only depending on M (and on d and (). Indeed, from the definition of mp in
Section 5.1 and the one of Mo "' in (1.4) we see that the event {mp > 1} is empty if k < R/M, since
the spreads |B;s — B(;—1)s| are < M under u(k ") and hence only the sum on k > R/M remains, and
the total mass of Mo MM s < Ck~%2; we leave the details to the reader. This explains the first term
on the right-hand side of (5.11).

Since R > 2M, every step from a box z + W with size < M can terminate only in that box or its
M-neighbouring boxes. By B-neighbours of the origin we mean the members of the set {—1,0, 1}9\ {0};
analogously we talk of HB-neighbouring boxes in the sense of an 2R-upscaling of this notion.

Each B®" contributes to 9=, a vector of triples (; (k) l“ RS k>) € WxNxWe, j e [m""], with
a distribution given by the product measure of the p} . MAP‘"”)(Z(Z ") ,dy;), where the positive integers

1" sum up over j to k, and x; = z](l m 4 w“ * and y; = z(l 4 w(l k) = ](1 i w(’ " and w](' *) =
e;-i’m + w}l * e We and e;l R zj(-l o) z]“f). We have to sum over all m®&*® ¢ N (since mp > 1)
and all z(i’k) 2 (kz)k) € Zn,r and integrate over all wY’k), . ,w(i‘(’“z)k) € W such that the event
{02N R = ¢N} is met Each (25", 20", ..., 2" (z)k)) is a cycle, i.e., 25" = 2" (I?k) We may and shall

(i,k)

assume that all the w; ”C> (4,k)

are distinct. For any j such that z;2] € ZN,r, we know that e;
(i,k) (l k)

is a

are H- nelghbours. Each w("® has a distance

and z; j

H-neighbour of the origin; more precisely z;
< M to the boundary of W¢.

Without loss of generality (see [BO7, Example 8.1.6(i)]), we may and shall restrict to a ¢ € M (Tw)
(the limit point of the ¥y) that consists of finitely many atoms only, i.e., it is of the form ¢ =
> acr Sadu, with I afinite set and ) s, = 1and s > 0 forall o € I, and 1o = ZyeJa 5(x,(ya)’l’(ya)’y’(ya)) €

Tw a simple point measure. We may assume that all the xﬁf) with o € I and v € J, are distinct; the
same for the y,(y“).
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. . —(B(H:k) . )
Let us identify 8:5\?1% ' for one single loop B®¥. For z € Zy g, we see that 0,(Tly, (6gun)) =
Z b 26D 5“(1 9 40 50200 is equal to the shred configuration that B“* induces in the subbox
1
(@,
W

;W

)ki,j and z = (2"

Z W 1 Z Z Z 6(l§i’k),z+w§ﬁ'§>,z+w§.i’k>) S TWZ

keN i k) _
ENGE[rk] je[m(ik)]: Z§71)_Z

w'
J .
W,. Hence, writing w = (w ki and 1= (l;-“k))k’i,j, the superposition

is the configuration that all the loops B“* induce in the subbox W,. Then

; 1
Bnp =S o5& 8o tand)) € Mi(Tiv).
N,R Z N,R ~ H#Znnr Ze%}g 0=(Cz(z,w,1)) 1(Tw)

We call every such collection

(MZ)ZEZNyR = (CZ(Zy‘N?l))ZGZN,R € >< TWZ (515)

ZEZN,R

admissible. In other words, a collection (i) Znr € X,e ZIn R Tw, of configurations is called admissible
if the arrangement of all these u, connects up precisely at all the boundaries of all the W, and produces
a bunch of continuous loops inside Ay. With this notion, we can write the probability term on the

right-hand side of (5.13) as follows.

<®(P<k A par) ®m) (Z Z 3H BU Ry _ ) — / ﬂ{(ﬂz)zeZN,R admissible}

k keN i=1 XZGZN7R 7-VVz

1o 3 G =on} (@ B ™)) A(()zeznn):
k

ZGZNR

(5.16)

Strictly speaking, the indicator on admissibility is superfluous, since the probability measure is con-
centrated on collections of p, that admit only global configurations of continuous paths. But we are
going to calculate now the probability by means of a product measure over z € Zy r, which ignores
admissibility. Only under admissibility, it gives a proper lower bound. For a upper bound, we have to
upper estimate the number of admissible collections (y),; the remainder is the same. For the lower
bound, we rely here on the assumption of admissibility of v, which guarantees the existence of at
least one admissible ().

Let us express what A = 5 means, where A = NLR ZzeZN,R 09, (u.)- Since Yy — 1, and ¢ is a
simple point measure at the p,’s, this means that, for any small § € (0,1) and all sufﬁciently large N
and all o € I, we have A(Bs(ia)) = ¥n(Bs(ita)), and the latter is equal to some sy that converges
to sq as N — oco. We pick d so small that all the §-balls around the x%a)’s and the d-balls around the

y%a)’s are pairwise disjoint. Now observe that, for any «,

NRrA(Bs(pa)) = #{z: 0-(nz) € Bs(pa)}

=#{z: Vy € J3(k,i,75): J(’ N =2z, w(l * e Bs(x ), [k 1), ~(z B e Bs(y ()},

J

Note that, for any « € I and v € J, and all (k, ), the index j in the description of the set is unique.
We denote the set of all (z,1, w) having the property on the right-hand side by A.

Recall the notation for certain densities p;(l,-) from (5.1) and (5.5) (with various super-indices).
Now using Lemma 5.1 and the independence of all the B“*  we can write (conceiving p,(l,-) as a
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measure instead of a density)

(®(@§\I}A’par))®rk>( Z Op. = wN‘ (12) 2€ZN R admlss1ble)
k

z€ N,R

= Z/dWIlA z,1,w) H H H H p(z‘i‘/i:zf(jil’\é\)],par)(l;i,k)’d(Z+ﬂ)«;i,k))).
Pl

€z keN k)] e, (6K)
Z€ZN,R k€ ZE[Tk]jE[m( ,k)].z_zj71

(5.17)

(W, M)

We may replace the p-term by p' (k) (l“ k) dw M), since every leg that starts from W, has spread < M
i—1
and hence this term is invariant under shift by z. For these 2z, we obtain a lower bound by estimating

p”f/f;(z“ P dw(M)) = pW(V},j) (15, d(ef™ + wi™)) > irzf( ) P d(elP +w()),  (5.18)
— — rEBs :E,ya

if (k,i,7) is such that w(l k> € Bs(z5"), l;i’k) = l(ya),w](-i’k) € Bs(y\).
We further have

Lh.s. of (5.17) Z/dw]lA z,1,w) H H H p(ﬂ(le\:)) l(zk) d~(zk>)

kENZE[T‘k ]E[m(l k) Yi-1

> nt 0 By
o]z;[l<7]g]: 1681612( )p Y )

N)
e (5.19)

000 ey (N, [ () oS (B

where ]P’i(igv M) s defined by

PO (Bs(w) =[] inf  pf™ (1 Bs(yi),  Bs(w) = X [Bs(i) x {li} x Bs(wi)],  (5.20)

icg €8s (@) iel

where 1 =), 0(z; 1,4, and Bs(z) is the ball with radius § around z € R

Note that this lower bound does not depend on (7). For the lower bound, one can pick one choice
of (rr)ken and lower estimate the sum over (ry) against this single summand. This implies, for some

C € (0,00),

C C'

(A ,par) ( o—(S) M (OW, M)

lim inf Ay llogﬁl NPOERR = ¥N) > “ R W ywy /w dp) log Py ¢ (Bs (1))-
Since the left-hand side does not depend on §, we can make 6 | 0 on the right-hand side and obtain
the assertion in (5.11). O

We now give an existence assertion for admissible boundary-shred configurations ¢ in a setting that
will be relevant in Section 9 when we finish the proof of the lower bound in Theorem 2.5. We keep using
the notation that we reminded on at the beginning of Section 5. We call a measure P € M (L x S)
ergodic with respect to Wr or simply Wg-ergodic, if it is Wg-shift invariant (i.e., 0,(P) = P for
r € 2R7Z%) and ergodic under shifts by vectors in 2RZ.

Lemma 5.4 (Wg-admissible ¢’s). Fiz R € (0,00) and put W = Wg = [~ R, R]%. Pick P € M1(LxS)
and assume that P is W-ergodic. Then ¢ = 81‘[%,18,)(13) 1s W-admissible.

Proof. Put { = Iy (P) € M1(Lw)*xSw). Extending the definition (4.20) to loops and interlacements,
we conceive Zn g = :(N E) as the empirical measure coming from loops and interlacements in Ay
(and w € L is the loop Conﬁguration and w € S the interlacement configuration). Indeed, it is an

empirical measure (discrete mixture) of W-shifted copies of Iy (w, @), which have distribution £ under
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P(d(w,w)). Here we use the shift-invariance of P, more precisely only the invariance under shifts by
vectors € 2RZ.

According to the ergodic theorem for P, for any open neighbourhood U(§) C My (Lw X Sw) of &,

lim P(Eng e UE)) = 1.
N—o0

—=(w,™)

In particular, the event {(w,@) € LxS: Ey7 € U(£)} is non-empty for all sufficiently large N. This
implies that, for any N, there is a configuration (wy,wn) € LA, X Sa, (namely wy = H%;, (w+ @)

and wy = Hfj’v (w+ w)) such that E(Nw’]\’R’wm (which is equal to E(N“’;)) lies in U(&). From (wy,wn),
we can construct a loop configuration wy € L, as follows. We keep the loop configuration wy
unchanged and modify all the shreds in wy by concatenating all Ax-shreds to a loop by removing the
last leg (the only one that leaves Ay) and adding a piece from its termination site in Ay to its initial
site in Ay that runs within Ay. It is easily seen that the above modification can be done in such a
way that the distance between EE(;’NR’WN " and ngg vanishes as N — 0o, so 2V lies also in U(€) for

N,R
all large N.

Now let B(3) be some open neighbourhood of ¢, and pick the neighbourhood B(¢) in such a way
that {011\’ (¢'): ¢ € B(€)} € B(y). Therefore, for any large N, GE(NMA}’%’S) lies in B(v). Hence v is
admissible. ’ 0

5.3. Estimating the LDP lower bound. In this section, we give in Lemma 5.5 a further lower
bound for the LDP lower bound of Lemma 5.3, which shows that it is negligible for all the (approx-
imations of) ¢’s that we will later apply it to. Furthermore, we use this in order to prove that the
expected shred number in a large box under a shift-invariant interlacement-configuration distribution
is negligible with respect to the volume of the box, see Corollary 5.8, which needs the preparation in
Lemma 5.7.

The idea in the proof of Lemma 5.5 is that we will be able to control (¢, pw ) (see (5.12)) only
for v’s that are concentrated on shred configurations in W with legs that have a bounded spread,
whose shreds have a bounded spread-out behaviour on longer scales, and that produce a bounded
number of particles in any subbox of a given size. More precisely, with large parameters M € (1, c0)
and 9, S € N, introduce the set of configurations of shreds whose legs have a spread < M and which
satisfy an upper bound for subpieces of length S,

S8 — {ng e S:Vgel',Vie[lg), |lgillsp < M,
ger (5.21)
Vg € I, Vj € [[5(9)]], 9(((59) A (9))B) — 9((j —1)SB)| < 79\/5},

where we remind that g € Cyy) is a shred of length £(g). Write Syt = T (SM29)) and Al g =

A%,‘;),MtT N S{,y’ﬂ’s), where © = (M, ¢, T,9,5), then we will assume that 1 is concentrated on A%,f,).e.

Lemma 5.5 (Lower estimates for expectations of pyw ). For any R, M € (1,00), fix a shred config-

uration measure & € Ml(S(Wkg).

(1) There is a Cpr (only depending on M, d and B) such that, for any R,M € (1,00) and any

shred configuration measure & € /Vll(S‘%s),

— (O (&), pwar) < Cur(€, M) (5.22)

(2) There are constants Carer (only depending on M,t,T and d, 5) and C (depending only on d
and f3) such that, for any R, M,¢,T,9¥ € (0,00) and S € N and for any £ € Mi(Swy,) that is
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concentrated on A%f,;;e, where © = (M, ¢, T,9,5),

Che C¥?
(O, (€), puear) < [R5 4 =] 6, M), (5.23)

Proof. Let us first derive the lower bound in (5.24) for p¢**" (1, ), also using that |z — y| < IM and
that y € Wriy \ Wgr and o € Wg \ Wg_y for any (z,1,y) in the support of any p1 = .; 6z, 1, 4:)
in the support of 8H(S) (5)

Recall that 78 € (N is the first time € AN at which the shred leaves W. The steps of the
underlying random walk (Byg)ken, are Gaussian, conditioned on being < M, and have therefore a
density that is bounded from below (by some M-depending constant). Therefore, for any (z,l,y) €
(Wr\ Wgr_nr) X N x (Wgyam \ WR), using the Markov property at time 3(I — 1), writing gy for the
Gaussian density restricted to Bs(0),

pe"M (1 y) > / PO (1 > 1 —1,Bgg_yy € dw)gn(w — y)
WﬂB]M( )
Z CM[PECM)(T > [ — 1’Bﬁ(l—1) ewn BM(y))

Now we distinguish the cases where [ > R? (where the long stay of the walk in W is a late-escape
deviation), e|lz — y|?> <1 < CR? (where the walk has so much time to arrive in W N By (y) that the
CLT can be applied) and m—]\}y‘ <1< |r —y|? (where the sprint to W N By (y) is a large or moderate
deviation, since it makes very long steps).

Indeed, if | > C'R? for some C' € (0,00), then we can estimate PY" (7 > 1 —1, Bga—1) € WN B (y))
from below against e~/ R0 R4 since the probability for a long path to stay in a given box decays
exponentially in the length of the path divided by the square of the radius of the box, according
to Brownian scaling; and since the endpoint of such a path has a positive density in Wgr \ Wgr—_ar,
which has volume > Cj;R4!. (This asymptotics may be made much more precise with the help
of the principal eigenvalue of the Laplace operator in Wpg, which is ~ C'/R2, and the corresponding
eigenfunction, but this would be cumbersome.)

Second, if |z — y|? <1 < CR? for some small € € (0,1), then, on the event {r > [ — 1}, the path
Bgi)keo.1.. 1—1y behaves like a Brownian motion with diffusive constant < [ and arrives in By (y
Bk)ke{0,1,...,1—1}

with probability > e~clz—yl?/ LCyr, according to Donsker’s invariance principle, where the factor Cys
expresses the volume of By (y). (Another explanation of the term e~¢#=¥*/! is that the Brownian
motion path can be divided into [ steps of length ~ |z — y|/I each.)

Furthermore, if we consider the case % <1 < |z —yl|? then we estimate PY" (1 > 1—1, Bg-1) €
W N By(y)) > e~clz—yl*/l. according to a large-deviation principle (if [ < |z — y|), respectively a
moderate-deviation principle (if |z — y| < I < €|z — y|?). Indeed, the walk has to make =< [ steps of

sizes = 12— ; ] , and the probability for making such large steps is approximately Gaussian.

Summarizing the second and third case, we obtain

ez +log(CyR'™Y), if 1> CR?,

| (1) > — 5.24
og pi" M ( y)—{_cx—lylz_CM’ if vl <1 < CR2. (5.24)

For an arbitrary £ € /Vll(S‘%;), abbreviate ¢ = 81_1%2 (£). Then the left-hand side of (5.22) or
(5.23) is an integral with respect to ¥ (du), where =, 81, 1,.4:,)- Hence, it can be estimated from
above against

/ W) S [(efs —log(CuR“M)1{1 > CR*} + (278 4 o) u{len el <1, < oR%Y|. (5.25)
ze]
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Estimating c L 1{l > CR?} < ¢y 7 and using in the next term that 1{l > CR?} <
can be estlmated for any large R against

C
[ wtan St = D).

el

CRQ, the first part

Furthermore, we can simply estimate the second part against Csl; and obtain the bound in (5.22).

el
respect to &, under which |f;(jS3) — fi(( + 1)SB)| < 9¥V/S holds for any j € Z and for any i € I,
where we recall that we wrote f; € C;, for the i-th shred (with f;(0) = z; and f;(4(f;)5) = i), such
that we can estimate |z; — y;| < Z]“:l/lm |f:(788) — fi((j — 1)SB)| < m
is upper bounded against

Now assume that £ is concentrated on A(S)@ We recall that > loi— yl' is indeed integrated with

. Therefore, the second part

/g(dw) > [c‘xl /g (dw) SZ +CM] = %@,m@@? +CM/§ (dew) |1].
icl ! zeI

Recall that £ is concentrated on A%,‘[S,)R,@, which in particular means that in any of the boxes z+ W, there

are no more than 7T particles in the shreds and each leg has spread < M with &-probability one. This
implies that, with £&-probability one, there are no more than of surface order (i.e., O(R?1)) of shreds,
and the proportionality factor depends on M, and 7. This shows that Cyy [¢(dw) |I| < Cpyer R
for some constant that depends only on M, v, and T (and on d and on (3). Finally, we absorb the C),
from above in Cjs, 7, which finishes the proof of (5.23). O

Remark 5.6 (Simpler estimates for Brownian bridges) It is clear that, under shred-configuration
measures £ whose shreds are independent Brownian bridges (for example II{;/(Q)), there are much
simpler upper bounds for —(§, pw,,.a), but the main point in Lemma 5.5 is that we need to control
expectations under pretty arbitrary &s and therefore need to put the condition that all of them lie
in S‘(,I[‘,/I %5 under €. Indeed, if all the shreds under ¢ are Brownian bridges, then the only term in

|lzi—yi|?
el l;

estimated by estimating =%l yll < le i/ |f:(588) — fi((j + 1)SB)|, which gives, by the Gaussian
nature of f;(755) — fi((j + 1)55)

/‘5 Z|~Tz Yil <M0f/§dw Zs—i NE).

el

the above proof that needs and offers a simpler argument is [¢(dw) ) , which is easily

O

Let us append now some useful estimate for the expected number of interlacement-shreds of shift-
invariant interlacement configuration measures in a large box. Together with Lemma 5.5, it will lead
to a flexible and useful bound in Corollary 5.8 below.

Lemma 5.7 (Estimating the expected number of interlacement-shreds). There is a C' € (0,00) such
that, for any P € MY (S), and for any R € N,

[ o el < S (M () 4 PR — O, (P v, (520

where we recall the definition of p from (5.12) (with M = co) and (5.5).

Additionally, if P € MP(S™) for some M € (1,00), then (5.26) holds with pw, replaced by
Pwg,Mm
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Proof. We write W instead of Wx. We claim that there is a constant C' € (0, 00) such that
C
[l < G [ Pa=) S 1e0) € WHgl8) -9 ReN. G2
g

where } is the sum on all legs in the entire interlacement configuration (there are no loops). In other
words, the expected number of W-shreds under Iy (P) is not larger than C'/R times the expected
sum of all jump lengths of all the legs with starting sites in W. Indeed, our argument for this is as
follows. Fix one of the 2d hyperplanes that define the boundaries of W, say H = {z € R?*: z; = R}.
Consider all the W-shreds that make a final jump over this hyperplane (i.e., with a starting site with
first index € [~ R, R) and a target site with first index in (R, o0)). Put I, = [z,z+1) x [~ R, R}~ and
call M(z, y) the number of jumps of any leg in the configuration from I, into I,,. For z € Z, consider
M, =71 R 2yer M(z,y), then the the number of shreds with final jump over H is not larger
than Mp. By shift-invariance of P, the expectation of M, does not depend on z. Hence, the expected
number of W-shreds that make a final jump over H is not larger than C/R times the expectation of

R
S M. = 3 Z Y ly—a[M(z,y) <Z]1{g ) € W}g(B) - g(0)],
z=—R

z,y,2€%: —R<x<z<y,2<R —Ry>x

where > g 18 the sum over all legs € C; in the entire configuration. Note that the expectation of
M, (i.e., the one of Mp) is not smaller than the left-hand side of (5.27). Summing over all the 2d
hyperplanes, our argument implies (5.27).

Now we estimate the expectation on the right-hand side of (5.27) by using (2.7). We write the

sum over the legs as >, 1{fi((k — 1)3) € W}{fi(kB) — fi((k — 1)B)|, where w = > ,; 0y, is the
shred configuration in W. We abbreviate the kernel (Il (P)) 71, -y (1, ) by P(u,-) and see (by first
considering a cut-off version of »_, ; [fi(kB) — fi((k — 1)B)|) that

/ngy(p)(dw) D W fi(k—1)8) € WHfikB) — fi((k—1)B)|

i,k
= | oMy (P)d) | P(u,dW)Zlfi(kﬂ)*fi((k*1)5)|
(5.28)
< [ oM (P an) [Hs () [ K1) + o [ Kow (o) (T 00040020
i,k
< |W|JW HW /81_[(5) dM Z]Og/q;;‘jj;l) df He|f kB)—f((k— 1)B)|

where we recall the definition of Ky in (2.5), and we wrote p1 = ), 0(4, 1,,4:), @S usual. Recalling
the definition of p{"’(I,y) from (5.5) and (5.6) (both with M = oo) and writing gs for the Gaussian
density with variance 23, we further estimate

l; ;-1

1 W —w
/q;:v?jj H —f((k=1)B)| _ W/ l_ildwl"‘dwli_l H [e\ k k_ﬂgﬁ(wk_wk_l)]

k1 Pz; wii 1
< 1
pe; (i vi)
with C' = log Eg[elP8]] and C’ = sup,cpalel®lgs(x)], and we wrote wo = x; and w;, = y;. We estimate

the C-terms against C% (using our convention that C'is a generic constant) and see that the last term on
the right-hand side of (5.28) is not larger than [ 9T\ (P)(du) >_,[Cli—log ps)” (I, yi)] = C(P, M) —

CZZ' -1 Cl
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SOOI (P)(dp) >;erlogpe! (Ii,yi). Now use the shift-invariance of P to see that 1% |<P Ny™) =
(P, ), which finishes the proof (recalling (5.12) for the second term). O

As a consequence, here is an upper bound for the expected number of interlacement-shreds in a
large box Wg that vanishes as R — oo for every shift-invariant measure P that has finite particle
density and finite entropy h%(P) (thanks to (2.16)).

Corollary 5.8 (Estimating the expected number of interlacement-shreds). For any M € (1,00), there
is a Cypr € (1,00) such that, for any P € M (S™) and any sufficiently large R,

1
e | PP ] < (i T (P) + Co (PG ).

Proof. In (5.26) for M < oo, use (5.22) with { = Iy, (P) for estimating the last term and use the
shift-invariance of P. g

6. LARGE DEVIATION ANALYSIS: MAKING N — o0

In this section, we derive the necessary LDP-framework for the thermodynamic limit as N — oo
for the empirical measure _< P) defined at the beginning of Section 4.4, where wp is the marked
PPP under Q~"9, In Sect10n 6.1 we give first some technical preparation and then the basic large
deviation principle that we need (see Corollary 6.5) and in Section 6.2 some crucial properties of the
rate function, Jy, which will be important for the proofs of the main results, Theorems 2.5 and (2.3).
In order to apply later the upper bound of that LDP, we need to derive some crucial assertions about
compactness, which we do in Section 6.3. In Section 6.4 we apply it to derive an upper bound for the

limit superior as N — oo of \T1| times the logarithm of the right-hand side of (4.25); in Section 6.5 we
give a lower bound for the limit inferior of AnT ‘ times the logarithm of the right-hand side of (4.39).

As always, we assume that the situation of Section 1.4 is given, i.e., the regular decomposition of
the centred box Ay into subboxes of radius R, which possibly depends on N and converges to a given
R € N. Recall the notion of a relative entropy from (2.6).

6.1. The conditional large-deviation principle. The empirical measure :%P}% defined in (4.20) is
a mixture over z € Zy g of the Ly x Sy-valued random variable pairs (6, (w I(,f,)) 0, (w <S>)) defined
n (4.26), and we consider the distribution under the PPP Q“~*9. The first member of these pairs
comes from those loops that are entirely contained in some of these subboxes, while the second one, the
shred part, comes from those loops that are R-crossing. If these pairs would be i.i.d. over z and their
distribution would not depend on N, then Sanov’s theorem (see [DZ10, Section |) would immediately
give the validity of the LDP with an explicit rate function. But the shred-parts are far from being
i.i.d., and the distribution of the pairs depends on N (namely via the boundary condition).

Hence, we need to take care of these two obstacles. The second one is only technical: because of the
boundary condition (periodic or particle) in Ay, the distribution in the subboxes depend slightly on N
and on z. We will handle this problem with the help of the concept of exponential equivalence (which
says that two exponentially equivalent sequences satisfy the same LDP, if any, see [DZ10, Section
4.2.2]) and will be using the following technical lemma, whose proof is straight-forward and is left to
the reader.

Lemma 6.1 (Perturbed empirical measures are exponentially equivalent). On a Polish space X,
assume that an 1.i.d. sequence (XZ)ZE[N} is given and another sequence (XQN))ZE[N] that satisfies

— fX
A}gnOONZlogE )] = log E[ef(XV)], felp(X). (6.1)
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Then the empirical measures % 25:1 0 X and % 25:1 dx, are exponentially equivalent.

In order to apply this, we need to prove that the distributions of the pairs satisfy the criterion in (6.1).
Recall the Brownian kernel Ky defined in (2.5) and introduce also the version K%\,N P, ) € Mi(Sw),
where ¢ is replaced by ¢"A~N-P9): gee (5.3). This measure is concentrated on the set of those
collections (f;); of W-shreds such that f; is a length-l; shred with f;(0) = z; and f;([;8) = y; for any
1€ 1.

For any & € M1(Sy) and any W € RY, we denote by &7, s, the kernel from Ty into Sy that is
defined by letting &7, s, (14, -) be a regular conditional version of £ given 8H§,f,) (&) = p for p € Ty
Then £ is equal to 8H(Vf,) (&) ® ETy 8w -

Lemma 6.2 (The shred-configuration kernel). We consider either periodic or particle boundary con-
dition.

(AN ,bo)

1) For any N € N and any z € Zn g, the map Ty, X G5 3 (u,d€) — K ,d€) is equal to
P z W, l’L W, /"L
the kernel H;‘;Z(Q(AN")C))TWZ—)SWZ , where we recall that W, =z + W.
2) The empirical measure of the kernels from (1) converges to the kernel Ky in the followin
p ) g
sense. Assume that #%M ZzeszR Ou, = 0, in Mi(Tw) as N — oo, then
1
1

. (S)
1m
N—o0 #ZN,R

Z logE,,. [ef((?z(l'lgfz)))} = logKw (u,ef(HW )>, f€Cu(Sw), (6.2)

ZEZN,R

where E,,_[-] = QU~ [ | HZ(GHE,‘?,)Z) = ;]
(3) Both under QUN®*) agnd QUN®)  ynder the assumption that #%MZZEZN,R du, — 0, in
Mi(Tw) as N — oo, the pairs (Hz(wé,ﬁi),ﬁz(w@i)), z € Zn,r satisfy (6.1).

Proof. (1) Lemma 5.1(1) implies that Q“~"9,  conditional on the family (u.).czyp
(9z(8ﬂ§f,l(wp)))zezN7R of the boundary shred configurations, the shred-configuration family

0.(I1$ (wp)))2e2x » has the distribution KNP lz,). By superposition of all the inde-
W, N,R 2€EZN.R W,

pendent loops of the loop soup, it implies also that, for any z, the conditional distribution of the

family of shred configurations in W, given the boundary shred configuration . is given by the prod-

1;,Wx,An,b
uct measure of the iy, ="V ",

(2) For ‘bc’ equal to particle boundary condition, according to Lemma 5.1(2), the boundary condi-
tion has no effect, since all particles involved in the definition of ¢ lie in W anyway, i.e., ¢"""An:P9) = "),
Hence, by Assertion (1), (6.2) is trivially true without taking the limit. However, for periodic bound-
ary condition, one needs to prove that K%,?,N’bc)(u, +) is close to Ky (p, +), i.e., qgf,’g‘z/’AN’bc) is close to q;l;;?

in the sense of (6.2). We leave this to the reader, see the hints in the proof of (3).

(3) Observe that, since the empirical measures of the p, are given and converge, the loop part and
the shred part are independent, and the necessary assertion for the shred part is in (2). The proof for
the corresponding loop part is similar, hence we restrict ourselves to giving just some hints and leave
the details to the reader.

Note that we can estimate, for some C € (0, 00), only depending on R (and on /3 and on d), for any
sufficiently large N,

pyAN P (1 )y < P (1, y) [1 + e_CN2/d/l], xeW,leNyeWe. (6.3)
The reason for this is the following. According to [BR97, Theorem 6.3.8], there are, for any K € (0, c0),
(A,per)

constants C1, Cy, C3 such that the solution g, (x,y) to the heat equation with the Laplace operator
with periodic boundary condition in the box A satisfies

0< géA,pcr) (1‘7 y) - gt(x) y) < Clgt/Cz (1:7 y) e_CSdiSt(y’aA)Q/t7 T,y € Av te (07 K]’ (64)
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where g; denotes the free fundamental solution, i.e., the standard Gaussian kernel with variance 2t.
We leave the remainder of the details to the reader. O

Let us turn to the first of the two obstacles. This is more serious. Indeed, the first members
of the pairs are independent over z and (ignoring the small dependence on z and N) also identically
distributed. But the second ones are not at all, since neighbouring subboxes have a strong dependence,
and this dependence has very long correlations. Nevertheless, there is a way out of that, and this
is a conditioning on the boundary configurations. The idea is that, under this conditioning, the
configurations inside the boxes are independent with a distribution that depends only on the boundary
configuration (by the virtue of the Markov property of the Brownian motion). More precisely, we
condition on the boundary empirical measure of Zy g, namely

1
#ZN R

aEﬁ}R = OH;‘S) (EN,R) = Z 58H$,‘5)(92w‘(,§z) e My(Tw) (6.5)

ZEZNyR

and obtain that Zy g is indeed an empirical measure of independent random variables, and we also
have sufficient information about their distributions.

In order to catch the large deviation behaviour of the conditional distribution of Zx g, we need to
employ an LDP of the following type. The following LDP is taken from [PRV13, Thm. 17]; it goes
back to an unpublished manuscript by C. Léonard; see [ADPZ11, Thm. 1] for a conditional version of
this LDP.

Lemma 6.3 (Sanov-type LDP for type-dependent independent random variables). Let X', be two
Polish spaces and pick p € M1(X) and let (xE"))ieN be a sequence in X such that %Z?:l 0 ) con-

verges weakly towards p as n — oo. Let (: X x 0(Y) — [0,1] be a continuous Markov kernel from X
to YV, where o()) denotes the Borel sigma field on Y. Furthermore, let (Y-("))ie[n} have the distribu-

1

tion Qe C(x{",-). Then the empirical pair measure 57 | § satisfies an LDP with rate

(m(ﬂ) Y.(n>)
function

Ml(Xxy)qu—)

{Hny(qp@)C) if m(q) = p, (6.6)

otherwise,

where 1 is the canonical projection X x Y — X, and w1 (q) is the corresponding image measure.

We recall that p ® ¢ is defined by p ® ((d(z,y)) = p(dz)((x, dy).

Based on Lemma 6.3, we can give a conditional LDP for Zy g for a fixed box W = Wx = [~ R, R]“.
We need to take care of a consistency property (or marginal property) that 2y g asymptotically has:
the rate function is equal to oo in any configuration measures & € Mj(Ly x Sy) that cannot be
extended to the larger box 3*WW for some k € N such that the extension is W-shift invariant (meaning
that projection of the extension to any subbox W, = z + W of 3*W, z € 2RZ%, is equal to ¢ after
shifting back to W. (This property is analogous to the marginal property of the rate function for
the empirical measures % Zszl d(a,_,,Mm,) of a Markov chain (M) nen, whose two marginal measures
are equal in the limit N — oo, and therefore the rate function is equal to oo if this property is not
satisfied; see [DZ10, Section 3.1.3].) Here is a precise definition. We introduce the set Rk yy of
rectangles C 3*WW of the form U.corz 2z + W for some Z C Ze. Then we introduce the set of W-shift
invariant configurations in 3,

MP = {gm € Mi(Laryy X Sgiyy): VW € Ragn V2 € 2RZY:
(6.7)

2+ W e Ry = 0.(I, (™)) = Hw(ﬁ““))}
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and the set

MP(Lw x Sw) = {§ € Mi(Lw x Sw): HY € MY : Tgepy (€)= €} = Mgy (M),
(6.8)
where we remind that Ilgey 0 M1 (Lgeyy X Sgeyy) = Mi(Lw x Sw) is the well-known projection
operator from (4.18), here with domain M (Lskyy X Szryy)-

Lemma 6.4 (LDP for Zy g, conditional on I/ (En g)). Fiz a window W = [-R,R]* and any
Y € Mi(Tw). Then, under QU~5*9) conditioned on {OII\))(En,g) = N} for some Yn — 1, the
sequence (En r)Nen satisfies an LDP on My (Lw x Sw) with speed |[An| with rate function

J9E) = {V;ngxsw (€| (@ @ [ @ Kwl) O (E) =4 and & € Mee MI (Law x Sw),
+o00 otherwise.
(6.9)

Proof. First we show that the rate function is co outside M(1k>(£W X Sw), for any k € N. Clearly,
./\/l(lk) (Lw x Sw) is closed, since all the projection operators appearing in the definition of ./\/l(lk>(£W X
Sy) are continuous.

Consider the measure

BN rWw) = 7Y > 00 (1T oy (@) € M1(Lanyy X Sgry),  w€LXS. (6.10)

This is the empirical measure of the loop/shred configuration in the boxes z + W with z € Z N.R =
{z € 2RZ?: z + W C Ay} (these boxes overlap each other significantly by disjoint unions of shifted
copies of W), shifted to the origin by z. (It is of no importance for this proof if we replace Zn g by
{2 € 2RZ*: 2z + 3¥W C An} or not, since we only rely on the limit as N — 00.)

Up to boundary effects, its IIsxy,_,y-projection is equal to Zx g(w), by which we mean that
Slul)PdTV (H3kW_>W(E%?R(w)),EN’R(w)) — 0, N — o0, (6.11)
where dpy denotes the total-variation distance on M;(Lw x Sw). Similarly,
sup dry (0-(11, 5 (EV r @), I (EW (@) =0, N —00,2€Z W, 2+ W € Rgryyp. (6.12)

This means that the distance between E%)R and /W(lk) vanishes as N — oo, uniformly in w. By

continuity of gk, also the distance between Ilgey,_,y (E% z) and Haryy (M) vanishes as

N — oo. Combining with (6.11), we see that the distance between =y 1 and H3kW_,W(/W(1k)) vanishes
as N — oo, uniformly in w.

As a consequence, for any open set U C M;(Ly x Sy) that entirely lies in the complement of
MP(Lw x Sw) = gk (M) and has a positive distance to it, the probability of {Ex g €
U} under QNP9 is zero for all large N, since the event is empty. Indeed, the distance of U to
aeyy (M) is positive, but =y g comes arbitrarily close to it. This implies that the rate function
is equal to 400 outside M\" (Ly x Sy/) for any k € N.

Now we use Lemma 6.3 to prove the LDP and to identify the rate function. We conceive the state
space Ly x Sy as the product Ty x (Lyw X Sy), which is meant as the set of those pairs (u, (w,w))
that are compatible in the sense that 8H(Vf,) (w,w) = u. That is, the L-part of £ does not depend on
u, and p is the configuration of all the triples of initial sites, lengths and terminal sites of the shreds
of w. Hence, in Lemma 6.3, X = Ty and Y = Ly x Sy, and the projection 71 there is called 0H%;IS/)
in our situation.
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Now consider w € Ly, distributed under II{;} (Q“~ ). Conditionally given (9481’[;}2 (W)))ze2x 1>
the family of pairs (6, (wl(,f/)) 0., (wl(/ls/i))ZEZN,R has the distribution ®z€ZN,R . (OIL (w), -), where
C2(p,) is, for general y, the product measure of the distribution II{;}(Q“~*9) (not depending on
) and P4V (see Lemma 6.2(3)). We are under the assumption that the empirical measure
of the ez(arﬂ;)z (w)) (namely OH(“) ) converges towards 1. If (,(OI1j) (w),-) would not depend on
z nor on N (it does through our boundary condition in II{) (Q4~*9)), ie., if it would be just
equal to ((u,d(w,@)) = IIj;)(Q)(dw)Kw (1, dw) (see (2.5)), then Lemma 6.3 would be directly ap-
plicable, and we would obtain that the empirical measure of these pairs (and this is J“) ) sat-
isfies an LDP with the rate function in (6.9). Indeed, the reference measure in (6.9) is equal to
¥ @ ((dp, d(w, @) = P(du)ILp (@) (dw)Kw (1, dw) = I (Q) ® [¢ ® Kw](d(w,@)). Now apply Lem-
mas 6.2 and 6.3 to finish the proof. O

Hence, it is natural to restrict to the set of £’s and v’s to those that satisfy 81‘[;}? (&) = ¢ and to
use only the rate function

T (&) = Jéin(vi)(g))(g) I;/‘HEWXSW (¢] I (Q) @ [OIL5 (€) ® Kw]), ¢e m MP (L x Sw).
keN
(6.13)

Note that Iy (P) lies automatically in (e M (Lw xSw) for P € M{?(LxS), hence for considering
Jw (Il (P)) later we will not need to take extra care of the restriction.

Let us formulate Lemma 6.4 in a way in which we will actually apply it later. For the lower bound,
because of our approach in Lemmas 4.3 and (5.5), we need to condition the integration to the event

=V p(Aw.e) = 1}, where we collect all the cutting parameters in the tuple © = (M, L, K, v, T, S,9)

and summarize the definitions in (4.34), (4.35) and (4.36) and (5.21) by putting Aw.e = A\, 1.1 %
(Ai/f,) Mo SHP). By Q(AN 2" we denote probability with respect to the PPP with intensity measure
VX);?W;@, which is defined as the restriction of VX’;T) defined in (1.6) to the event (¢, {(ww.,@w.) €

AWZ§@}‘

Corollary 6.5 (Upper and lower LDP bounds for Zx g). Fiz R€ N and W = Wi = [-R, R|? and a
function F': Mi(Lw x Sw) — R and a measurable set B C My(Lw X Sw).

(1) If F is lower semi-continuous and bounded from below and B closed and B' C M1(Tw)
compact, then

log Qv+ | e IMWIFENRII{Zy p € BHOER, € B/}}

< - inf (F(&) + Jw(€))-
£€BM ey M (L xSw): o1 (¢)e B!

(2) Fiz all the parameters M,L,K,v,T,9,S € (0,00 and put © = (M,L,K,¢v,T,9,5).
Then, for any W-admissible v € My(Tw) and for any sequence ¥y — 1 such that
Q(AN bc)(@H%,f}(EN,R) = Yn) > 0 for any N, if F' is upper semi-continuous and B is subset
of and open in AW.@,

lim sup
Nooo AN

(An.bo) [ —|AN|F(E = =
l}\?ilglof \A | log Qyy/ AN be) { IANIE( NvR)]l{:N,R € B} ) 811%(:]\[,3) = YN
> — inf (F(&) + Jwe(§)),
¢eB: oy &)=y
where
1 ¢
Jwie(€) = == Heryxsw (€5 (Qur) £, @ 011 (§) @K "0 7%]), €€ My(Lw x Sw), (6.14)

W
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where I1) (Qur) 1 i s the conditional version of IL\y) (Qar) given A%,f,);M7L7K, and Kip """ (u, )
is the conditional version of Ky (1, -) given A%M,QT NSy 2. (In particular, Jw,e(£) = oo

ng(AW,G)) < 1)

The upper bound also motivates the following Section 6.3: we will need good compactness criteria on
My (Tw). The lower bound will later be applied for ¢ = 8H§/;(P) with an ergodic P € M (L x S),
evoking Lemma 5.4.

Proof. (1) follows, by the virtue of the arguments in the proof of Varadhan’s lemma (see [DZ10, Section
4.3]) from Lemma 6.4 by dropping all probability terms that concern 9ILiy (En,g). However, for the
application of Varadhan’s lemma, we need to ensure that the rate function Jy has compact level sets,
and this is not true since its reference measure has no autonomous M; (T )-part. But, by the proof
of Lemma 6.8(1), the intersection of the level set with {£: OII{;/(£) € B’} is compact, which suffices
for the upper-bound part of Varadhan’s lemma.

To prove (2), again by the virtue of the arguments in the proof of Varadhan’s lemma, we only need

to observe that the proof of Lemma 6.4 applies also for the restricted and conditional version Q%,?/_Véb@

instead of Q4~ ) and that Jy,e(£) = oo if OILY) (€) # . O

6.2. Properties of Jy. We are going to collect some crucial properties of Jy defined in (6.13),
in particular of Jyy, (Ilyy, (P)) for shift-invariant distributions P of loops and interlacements. These
properties will be essential for all the future developments. Our main result here is Proposition 6.6;
it has four assertions.

In the first two assertions, we show that the J-value in a box mW (with m € N) of a given
configuration measure ¢ is not smaller than the J-value in W of a kind of convex combination of
parts of £&. This will be used in the proof of Theorem 2.3 when we show that the limit inferior of
Jw, (I, (P)) as R — oo is large enough for any P € M;(L x §). The third assertion is a technical
help here in form of a certain lower-semicontinuity property. The fourth assertion is in a sense dual
to the first one, as it solves the question how to construct from a configuration measure £ in a box
W a configuration measure £¢® in the box 3*IW (in fact, an extension of ¢) such that its J-values
do not significantly increase if k gets large. (This will be crucial in the proof of the upper bound in
Theorem 2.5, when we have to make a connection from the variational problem in Wg to the R%
version of it, x(p1,p2).) Here we construct rather comfortable extensions £*) of ¢ which lie in the
nice set M ") of W-shift invariant measures defined in (6.7); in particular they are extensions of each
other.

The main body of our arguments relies on LDP-arguments instead of the explicit entropy formula in
(6.13). One of the biggest difficulties comes from the fact that extensions of point measures on shreds
are much more complicated than extensions of point measures of loops, and also the latter is not at
all clear in our setting, since our W-loops have all their particles in W: an extension to a larger box
W should also produce loops that have particles both in W and W. Our LDP-arguments guarantee
also that.

For m € N, denote by Z,, r the set of those y € 2RZ% such that W,,rp = mWg is equal to the
pairwise disjoint (up to boundaries) union of all the y + Wg with y € Z,,, r. Furthermore, consider
the map

1
fm,r: Mi(Lw,,p X Sw,.n) = Mi1(Lwy X Swy), Jm(§) =

#Zm,R

Z 0 (HWmR—>Z+WR (€).
ZGZmJ{
(6.15)
Recall the notion of admissibility from Definition 5.2 and the definitions of L and S® from (4.30)

and (4.32), respectively. Recall the definition of the set //\Z(lk) from (6.7).
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Proposition 6.6 (Estimates for Jy ). Fiz M, R € (1,00) and any odd m € N. Recall py,, v defined
n (5.5). The constants C' and Cyrr1 stem from Lemma 5.5, while Cyr appears first in Lemma 5.3.
Then the following hold.

(1) For any € € Ml(ﬁ%ﬁb}% X SI%iR) such that ¢ = an;f,;R(g) is W r-admissible,

Cum 1

Jwrt (fm,r(§)) < Jw,,pm (§) + (mR)2 ~ [Wpn

‘ <w:meR,M>7 (616)

and, for any x € R% such that x + Wr C Winr,

Cuy B 1
(mR)d/2 |WmR

Iwpimt (0o (Maywy (€))) < Jwppm (§) + | (O, pw,, g, M)- (6.17)

where Jy.r is defined in (6.14) with all other parameters K, L, T,V equal to co.
(2) For any P € MY (L™ x SM) such that P is Wy, gr-ergodic and H@;(P) is concentrated on

()
AWparer N Swy s

Cu Cumpr n C?

(£) 1
R 2 T T T s [P (6.18)

Jwpsmt (Mwy (P)) < Jw, i (U, (P)) +

(3) For any P,P;,Py,--- € M (L x S) such that P, converges weakly to P, we have
Jwr (Iwy (P)) < liminfy, o0 Jwy, (wy, (Pn)) for any sequence R, | R.
(4) For any & € ./\/ll(ﬁ%; X S{Ajﬁg) such that ¢ = 81‘[%;; (&) is Wr-admissible, and for any k € N,

. ~ C 1
Jwn (&) = inf { Jgryp 0 (€0): € € M Mgy o, (EF) =€} — RTA/Q + m<¢,PWR,M>-

(6.19)

Proof. Recall that Q(AN ) denotes the PPP with intensity measure given in (4.31). All asymptotic
assertions as N — oo in the following are meant under this measure.

(1) Note that f, r(Enmr) = En,r for any large N € N that is an odd multiple of mR. Hence, for
any d-neighbourhood Bs of ¢, there is an ¢"-neighbourhood Bj, of fy, r(£) such that

Q (AN ,par) (:N’mR c B(S) S QE\/}NJJ&F) (EN,R c Bg/) (620)

We take Bs such that U = 81‘[%,?,;(?:5/) = {81'[(5) &) € Mi(Tw): & € B:y} is compact. Then,
according to Lemma 6.4 (or Corollary 6.5(1)), the rlght hand side can be further estimated as follows.

lim sup log Q;; (Av-par) (En,r € By) < — inf inf Jv‘lﬁ; (€)=— inf  Jywpm ¢,
N—soo |AN\ Yel ¢'eBly M ¢/cBy

where the last step derives from the fact that Jé{ﬁl){ (&) =0 if ¢ # 31‘[%,‘?,; (¢'). Because of the lower
semicontinuity of Jyy,.ar, we can estimate _infg'eEg, Jwpm (&) < —Jwpim (fm,r(§)) + Cs for some

Cs that vanishes as ¢ | 0; here we use that B:;/ is an ¢’-neighbourhood of f,, r(§), and ¢’ vanishes as
0 10.

The left-hand side of (6.20) is lower estimated using a similar strategy to what we will present in
Section 6.5. Indeed, we can lower bound

Q3" (Enmr € Bs) > Q5™ (Enmnr € By | =Nk = ¥N)Qyy T (02N mR = YN),
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where ¢y € Mi(Tw,) are picked such that they converge towards ¢ as N — oo. Now Lemma 5.3
and Corollary 6.5(2) give that

lim inf —— 10g Q5" ™ (Exmr € Bs) = —_ inf  Jw, (9
N—o0 yA | geBy,: oy (€)=v
Cu 1

N (mR)d/2 + (Wig| (s PWy M)

recalling that ¢ = 81'[(5) o (fm,r(€)) is Wi, p-admissible. Clearly, the infimum on the right-hand side
is not larger than JWm M ({) This yields

Cm n 1
(mR)Y2 ~ [Wyp

—Jwpm (fm,r(£)) + Cs > —Jw,, pim (&) — ‘W,PWmR,M)- (6.21)

Making ¢ | 0, this implies (6.16).
For proving (6.17), fix € R? such that  + Wr C W,z and an odd m € N\ {1} and define

f(z): Ml(EW r X Sw, R) - Ml([:WR X SWR)’ f(z) (§(M)) =0, (Hx+WR(§(m))). (6'22>

Then f©(Ema()) = Z5n(@) = 575 Sy 1 00,20y sy o) We Droceed now as above
with f,, r replaced by f. Indeed, for any d-neighbourhood Bs of Ily, .(P), there is an ¢'-
neighbourhood B, of f®) (I, ,(P)) = 0z (ILy+w, (P)) such that

Q(]\[/\[N opar) (—*N mR € BJ) < QE\/}N,par) (E%?mR € Bg’) (623>

For further estimating the right-hand side, observe that Lemma 6.4 applies to u%) r When con-

ditioned on {8:5\“})mR Yy} for some Yy — 1 € Mi(Twy,), where we define 92 . =
1
#ZN,mR ZZEZN mR 592+T(6Hz+x+W (W))’

be equally applied in  + Wg as in Wg. Therefore, as above, we arrive at (6.17).

since both Qs and the kernel Ky, are shift-invariant and can

(2) We apply (1) to & = Iy, ,(P) and note that f,, r(Ilw, ,(P)) = Iw,(P) by stationarity of P.
Note that GH%S,;R (P) is Wy, r-admissible by Lemma 5.4. Use Lemma 5.5 for mR instead of R in order
to estimate the right-hand side of (6.16).

(3) Fix R € (0,00) and a sequence (Ry,)nen that tends to R from above. Using (2.7), we see that,
for any bounded measurable function f: Ly, X Sw, — R,

(W, | Jwp, Wiy, (P) = (W, (P), f) —log [l (@) ® [01L) (P) @ Ky, ] (e)).

We use this for a function f that depends only on Ly, XSy, i.e., for an f of the form f = golly, with
some bounded measurable g: Ly, x Sy, — R. Using that R < R,, and hence Ily, o g, = g,
we see that

(M, (P), f) = (P, f oIy, ) = (P,g o Ilwyg) = (Ilwg(P), g).
On the other hand, for such an f, the integral of ef with respect to H%/;n (Q) is equal to the integral
of 9 with respect to II}; (@), and the integral of e? with respect to 8H%S/L(Pn) ® Ky, is asymptotic
to its integral with respect to 6H(S) (P) ® Ky, as n — oo, since the P,-probability that a Wg, -shred

is not a Wg-shred vanishes. Plckmg g such that the supremum over all bounded measurable functions
Ly, x Sy, — R is approached in the formula (2.7) for |Wg|Jw, (I, (P)), we arrive at the assertion.

(4) Recall the empirical process :(k) defined in (6.10) and recall from (6.11) that Ex r and
Iy (2§ N, R) have a vanishing total—varlatlon distance as N — oo, where we abbreviate here and in
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the rest of the proof Iy = Il3ky_, and W = Wgx. We also note that

1 1
—=(k) —=(k,y) —=(ky) __
= = E = where = _— E 0,
N.R T (3R A Z4) N,R NE = B Oy+=(IT, .\ ghyy (W)
ye3kwnzd ’ 2€Zy skg

(6.24)
and note, for any y € 3*W N Z4, that (:X“,?;%) NeN can be shown to be exponentially equivalent

to (EX D) Nen = (Enskr)Nen, since they are only a fixed shift of each other, which corresponds

to replacing Ay by Ay + y. In particular, every (EX}%) Nen satisfies, according to (a variant of)

Corollary 6.5, the LDP upper bound with rate function Jskyy.p/-

We introduce the projection m,: My (Lary X S3kW)3kWQZd on the y-th factor. We first show that
((ES9)y) Nen satisfies the LDP upper bound with rate function (&), — max, Jay (&,). Indeed, for
)SkWﬂZd

any closed set U in My (Laky X Sgeyy , we can easily estimate, for any y,

Qi Par)(<E§\1€[:£)y el) < QUi P (:Xﬂ% e my(U)) < exp{ — (1+0(1))|AN] ir(lg) J3kWM}.
Ty
We abbreviate G((§y)yeskwnzd) = W >y &y, then H%)R = G((E%?ﬁ)y) satisfies, according to
the (upper-bound half of the) contraction principle from the theory of large deviations (see [DZ10,
Section 4.2.1]) the upper-bound half of the LDP with rate function My (Lakyy X Sgeyyr) D X —
inf{max, Jry pr 0 7, ((€y)y): G((§y)y) = P} Since = has a vanishing distance to the set MP,

the rate function is = oo in points £® € (//\>l/(1k>)C Note that this rate function is not smaller than

Jarpar(§F), since, by convexity, maxy, Jaryw s © Ty ((€y)y) = G((Jsew,ar (Ey)y) = Tsewar(G((€y))y) =

g s (7). Hence, EX})R satisfies the upper-bound half of the LDP with rate function £*

gy pr (EF) if €8 € M and — oo otherwise. Now recall that En,r (and therefore Iy (2% 5),
since they have vanishing total-variation distance) satisfies the LDP lower bound with rate function
&= Jwm(§) + % - ﬁ(&,pW7M> (for a proof, adapt the arguments of the proof of (1)). Again

using the contraction principle for the function Iy, we see that (6.19) is satisfied. U

6.3. Compactnesses. In Section 6.4 we will apply the LDP of Corollary 6.5(1) to the right-hand
side of (4.25). For this, it is necessary to generate compactness in the integration area beforehand.
Furthermore, we need to introduce a condition that makes the two particle densities that appear
n (4.25) continuous functions of Zy g, since it is crucial for our purposes to keep control on the
condensate density and the total density of particles. The purpose of this section is to introduce this
condition and to show how it can be incorporated in (4.25).

Part of our solution to this problem is to prove the compactness of the sub-level sets of Jy, which
will be also used in the proof of Theorem 2.3. But we will also need to explicitly control the expected
particle number of the boundary-shred configuration 81‘[%;) (£), since this is not controlled in the sub-
level sets.

More explicitly, we will apply the (upper bound of the) LDP on the event {ES\L,)R e K®nN {8553)1% €
K®1}, where K® and K are sets that need to satisfy three crucial properties:

(1) they are closed, and K® induces compactness for the M (7 )-part on the sub-level sets of
JW7

(2) the probability of EE\?R, respectively 855{?%, being in their complement is extremely small on
the exponential scale,

(3) on these sets, the number of particles is a continuous function of = N R respectively GH(‘S)

The problem with (3) is that, a priori, the maps & — (&, ‘ﬁgf ), respectively ¥ — (1), ‘ﬁ“ S)) are not
continuous in the weak topology since neither ‘ﬂ%}m nor ‘ﬁgﬁ) are bounded. Therefore, we make use
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of Assumption (V), in particular (2.23), which gives an efficient bound on having an extraordinarily
high number of particles in the subboxes. Hence, (2) will be handled in terms of the transformed
probability measure Q“*~ " defined in (1.13).

6.3.1. Loop part. Following Remark 2.11, we decided to work (instead with the number ‘ﬁ%}? of
particles in all loops in Wg; see (2.15)) with the number ‘ﬁ(zf()](w) of particles in y + U (recall
that U = [— 5, 2] Wi/2) coming from any of the loops of w € Ly starting in W. Note that

doyeZn Lo ‘.Ytgffgj( w) = ‘ﬂ%ﬁ (w) = N (w), where Zpg/2 (in a small abuse of notation) is the set of

those y € %Zd such that y + U C Wg (which implies [Zg 1 /2| < [Wg]). Then we consider the set
5/4
K};)(L) = {f € Mi(Lwy): Z <§ (m;ﬁ‘}}) / > < L|WR|}» L € (0,00). (6.25)
YEZR,1/2

In words, under any & € K](f)(L), the number of particles in any shift of U in Wg is not extremely
unevenly distributed, uniformly over the subbox and over &.

The set K%:)(L) turns out to possess the mentioned three properties:

Lemma 6.7 (Restriction of the loop-part). Suppose that Assumption (V) holds, then the following
assertions hold.

(1) For any L € (0,00) and for any R € N, the set K (L) is closed in the weak topology.
(2)

lim sup lim sup
L—00 ReN N—oo |AN|

(3) For any L € (0,00) and for any R € N, the map & — <§,§T%}£)> is continuous on the set
K$(L).
R

log @ (20, € (1P (1)) = —oo. (6.26)

Proof. We drop the super-indices ‘L’, and we abbreviate W = Whg.

(1) Since the map & — (5,‘.715?]1{’?1%) > L}) is lower semi-continuous for any k € N, Kr(L) is
closed.

(2) Now we show (6.26). We adapt and extend the proof of Lemma 3.2 and will also employ
Lemma 3.1 (which uses (2.23) from Assumption (V)). As always, we assume that Ay is equal to the
(up to boundaries) disjoint union of the boxes W, = z + W with z € Zy r (and R may depend on
N). We use that #Zy r ~ |An|/|W]| as N — oc.

First note that, for any y € Zg 1/, in the limit as N — oo,
= (0 \5/4 (O 5/4
(Enr(we), (M) ~ Ay] > (M, plwr))

Hence, for any L € (0, 00), recalling the notation in (4.26),
ar I~ ar 4
Q) (En g € (KR(L))S) < QAP )< Z Z sn(z[jrerU sz))S/ = L|AN|>

2€EZN,RYEZR 1/2

’ 5/4
@ ivlow.)) o 2yezp ‘1>z+y+U,z+y+U(sz)>

O

5/4
< e*L|AN|a(AN,par) <eZZEZN,R ZyEZR,l/Q (mz+y+U (UJWZ))

H Q(AN,par) (eZyGZRJ/Q (m

ZEZNyR

< 7®) ’
N (An)
(6.27)
where we used that, under particle boundary condition, the configurations in the subboxes W, are

i.i.d. over z, and we estimated the total interaction ®5, A, in Ay from below against the sum of the
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interactions within the z +y + U (i.e., the interactions between any pair of different legs that start in
z+y+U).
We apply Lemma 3.1 for any z and y to the expectation of e~ ®=+v+U.2+v+U over all the legs starting in

z+1y+ U, conditioned on their starting sites, which are the particles Hence, there is some C € (0, 00)

5:(6)
such that this conditional expectation is upper bounded by e C(szrerU )3/2ﬂ{m2+y+UZC}. Abbreviate
f(m) = m®*—Cm?3/?1{m > C}. Hence, when carrying out the expectation over all the (independent!)
legs in the configuration in each subbox z + y + U, we obtain from (6.27) the following upper bound:

eleAN‘

ar ( (z ( z)
Z\(T(AN) H QUinP )[eZyGZRJm FyruWw )‘
N

QNP (Ey g € (KR(L))Y) < (6.28)

ZGZN’R

Since f is bounded from above (here is the point where we need the decomposition into the sum over
y of the 5/4-moments of the particle numbers in the unit boxes in the definition of K}?(L) instead
of directly bounding only the 5/4-moment of the particle number in W), and since the number of
summands (z,y) does not depend on R and is ~ |Ay|, and noting that the normalization constant
2]%":) (An) has a positive exponential rate, this shows that (6.26) holds.

(3) First note that the map & — (£ ,‘)3%/% is lower semicontinuous on K’ (L), since ‘ﬁ%} can be
monotonously approached from below with nonnegative bounded continuous functions. Furthermore,
the upper semicontinuity can be easily be derived, since on K g) (L) there is a uniform upper bound for

a higher moment of 5;(;3 More precisely, for any sequence (&), in K (ﬁ)(L) tending weakly towards
some ¢ € Kg(L), we use that 0N = D yeZp s ne s+u and estimate, for any n € N and any T' € (0, 00),

(G —eTN < > (I(60 — &R URYy < TH| + T4 + & (R,)7)
YEZR 172
< Y [ — &M UNY , <TH|+ T VLWL
>~ n iy U y+U
YEZR,1/2

The latter term can be made arbitrarily small by picking T large, and then the former sum can be
made arbitrarily small by picking n large. O

6.3.2. Compactness for shred part. Analogously to the loop part, we present now a strategy to com-
pactify the boundary-shred-part in the variational formula in (4.25) such that the number of particles
in the shreds, i.e., the map 9 — <¢,‘ﬁ<l ) > becomes continuous, where we recall from (4.16) that

‘thm‘i;( ) =D ic Il denotes the number of particles in the configuration 1 = ;c; 6z, 1,.4,)- We also

denote by ‘ﬁ(e S>( ) the number of particles in y + U from all the shreds in @w € Sy (compare to
(2.15)).

Then we consider the set

KR ={eeMiSwa): D (& ()™ <LWel},  Le(0.00). (6.29)

YEZR,1/2

The set KI(%S) turns out to possess the mentioned three properties:

Lemma 6.8 (Compactification of the shred-part). Suppose that Assumption (V) holds. Then the
following holds.

(1) For any R,L € N, the set K(S)(L) 1s closed in the weak topology. Furthermore, the set
{¢€ € Mu(Lwy x Swy): Ty (§) € K7 (L), (1) (€), Ny, ) = p2, Jwy(€) < C} (6.30)
is compact for any p2,C € (0,00).
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(2)

lim sup lim sup
L—%0 ReN Nosoo |AN|

(3) For any R,L € N, the map 1 — [(dp) Y ;c; li is continuous on Ky’ (L).

log @~ (23, € (K§(1))°) = —oo. (6.31)

Proof. Much of this proof is analogous to the one of Lemma 6.7, and we leave the details to the reader.
Indeed, the closedness of K’ (L) is analogous, the proof of (2) and the one of (3) as well. However,
the compactness of the set in (6.30) needs to be shown. Here we can restrict to showing the relative
compactness of the set of ¢ such that Jy,(§) < C and <8H§/‘IS/; &), ‘)TSSV)VR) < pa, since the continuity of

the map £ — <6H§,f,; (£), ‘J‘IBSV)V ) follows from assertion (3).

First recall from the end of Section 4.2 that the set K, of all 1) € My (Tw,,) such that (¢, N7 ) <
po is relatively compact. Hence, we only need to show that its intersection with the sub- level set of
Jwy, (more precisely, the set of £ such that 81‘[%;; (€) is in that set and Jy, (§) < C) is relative compact
in Mq1(Lwy x Swy)-

Pick a sequence (&,)nen in that set. Using the standard Lemma 8.2 below we see that its loop-
part, i.e., the sequence (Hg,, (H%,f,;(fn) | H%,;(Q)))%N, is bounded. Therefore, as it is proved in the
large-deviations literature as part of the proof of Sanov’s theorem, (H%,f,;(&n))neN is tight. Therefore,
we only need to show that the shred-part (H%f,; (&n))nen is also tight. Then (Ilw,(£n))nen is also
tight, since, for any compact sets K©) C Ly and K C Sy, also K® x K© is compact, and its
complement is contained in [(K )¢ x S| U [Lw x (K)°].

Let us show tightness of the sequence (H%f/;(fn))neN. Again from (2.16) and Lemma 8.2 we see that
it lies in the set

AR = {g € MI(SWR): 8H§/f/;(§) € Kpgv HSWR (5 | 8H%/f/; (g) & KWR) < CR}7 (632)
for some Cgr € R.

We show now that this set is compact. The following is an adaptation of the standard proof of
compactness of level sets of entropies, as it can be found in the literature on Sanov’s theorem (see
[DZ10, Section 6.2]). Indeed, let a small 6 € (0,1) be given. Since K, is compact, there is a compact
set L1 C Ty, such that ¢(L{) < § for any ) € Kr. Note that there is an o € N such that, for any

= > i O(syity) € L1, we have |y;| < a, l; < o and |u| < . Additionally, let a small ¢ € (0,1) be
glven Then, for any p € Ty, there is a compact set La(p) C Sy, such that Ky, (p, La(p)®) < €
Then the set L = ¢, {1} X La2(p) is compact.

We denote a regular version of the conditional distribution of ¢ given 81'[(8) €) by &(p, ) (in earlier

(9
notation {7y, 8y (,+)). Using the characterisation of the entropy from (2 7), we see by taking
f =11, log M for any large M that, for any £ € My (Swy),

HSWR (5(}“’7 ) ‘ KWR(:U? )) > g(/‘a LQ(/'L)C) IOgM - IOg (1 - KWR('UH L2(:u)c) + MKWR('U“’ L2(/u)c))7
and hence

£(u In(p)°) < 1glM [Hsy, (€0, | Ky (1)) + Jo(1+ (M = 1)e)].

Now we assume that £ € Ag and integrate over Il . (£)(dp) to obtain

( U {u} x La(u / Oy (€)(dp) €(p, La(p)°)
BETW R
log(1+ (M —1)e)

1

og M
< c|Wr| +log(1+ (M — 1)e)
- log M )
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Now picking M =1+ % and making ¢ small, we can press the right-hand side under the given small
number § € (0,1). Now we want to argue that (L) < 2§ for any £ € Ag.

Indeed, split L into the union of {u} x Lo(p)® with g € Ly and the union of {u} x La(u) with
i € LY to see that the £&-measure of the complement of the former is below d by the choice of L and
the one of the latter is below § by the preceding argument. This finishes the proof of tightness of Ar
and therefore the proof of the entire lemma. O

6.4. Upper large deviations bound. In this section we derive an upper bound for the large-N
exponential rate of Eﬁ%yé(AN, p1, p2) defined in (4.24), on the base of the upper bound of Lemma 4.2
in (4.25). Recall that we fixed p1, p2 € (0,00) with p = p; + pa. Furthermore, as always, we fix R € N
and decompose the box Ay into the subboxes z +W with z € Zx r, where R might depend on N and
converges then to R. Furthermore, we fix a small § € (0, 1).

We want to apply Corollary 6.5(1) to the right-hand side of (4.25). For this, we insert the indicator
on {EE\C,’)R € Ky (L)}ﬂ{Eﬁ?R € K37’ (L)}, plus the one on its complement, and we note that the second
part (the one with the indicator on the complement) is negligible on the exponential scale in the limit
N — oo by Lemmas 6.7 and 6.8, if L is taken large enough (not depending on R, according to assertion

(2) there). On the first event, the map £ — (&, |—&,|FWW> is lower semicontinuous, and the two maps

& <§,‘JT%}£)> and ¢ — (w,mgﬁ) are continuous; hence the two indicators on the right-hand side
of (4.25) are on closed sets, and the M (Ty )-part is even continuous. Applying Corollary 6.5(1), we
arrive at

. 1 5 (be
lim sup log Z\h s(AN . p1, p2)
N—oo ‘AN‘ r
. 1 . (k)
< —inf { (6 Fvar) + Jw(€): € € () M (L x Sw),

keN (6.33)
Iy (€) € K (L), I (€) € K (L),

(&, 9D € Bas(pn), (6, iy i) € Bas(p) }-

In Section 8 we show how to handle the limit as R — oo for the crucial entropy term Jy () if
¢ = Ty (P) for some P € M (L x §). The finish of the proof of the upper bound in Theorem 2.5
will be carried out in Section 9.1.

6.5. Lower large deviations bound. Now we apply the large deviations assertions of Corol-
lary 6.5(2) to our preliminary lower bound in Lemma 4.3 in (4.39) to obtain a lower bound for the
limiting free energy. We keep R € N fixed and put W = [~ R, R]?. Furthermore, we fix also all the aux-
iliary parameters v, M, K, L, T € (0, 00) and recall the events in (4.34), (4.35) and (4.36). We also recall
that A’y is the ‘interior’ of A, i.e., the union of the W, with z € Z]OV, r- Recall also other notation from
Section 4.6, in particular that we write || f||sp = max,cpo g |f(t) — f(0)| for the spread of a leg f € C1.
We pick any admissible ¢* € M (Tyw) (see Definition 5.2). We assume that (¢p* ngﬁ” € Bs3(p2)-

W]
For some small § € (0,1), we insert the indicator on the event {GEX}’}P’S) € Bs(¢*)} into the expecta-

tion on the right-hand side of (4.39), where Bs(1*) is a d-neighbourhood of ¢*. Recall the kernel Ky
from (2.5). We are going to use C' € (0,00) as a generic constant that depends only on d, 3, p1, p2 or
v and may change its value from appearance to appearance.

In view of an application of Corollary 6.5(2) we switched already in (4.39) in Section 4.6 to
the integration with respect the conditional version given an event, namely [, ZR,R{(WWszWz) €
Aw..m,L, K1}, on which the particle numbers in loops and in shreds, respectively, and the interaction
are continuous functionals of =y g. This is necessary in order that the event

B = {¢ € Mi(Awiearicn): (€ ) € Byja(or) and (€ g Mi™) € Byjs(po) |
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is open in My (Aw.em,k,0,r) and the map & — (Fyyw, ) is continuous. Indeed the functionals My,
‘ﬁ%}s) and Fy need to be bounded and continuous on our restriction, since we are working in
the weak topology. Note that their continuity is not a problem, since (see Section 4.1) convergence
of loop-shred configurations is defined leg-wise, and V' defined in (1.10) is continuous. Indeed, on
Aw e m,L k1, the three functions M, N> and Fyy,y are bounded. This is clear for the first two,
and for Fyyw this follows from Lemma 4.4 with z = 2/. Hence, we are in the setting of our crucial
LDP-tool, Corollary 6.5(2).

Now taking the limit N — oo in (4.39) gives, according to Lemma 5.3 and Corollary 6.5(2),

Currxr Cwu X

hm inf

Nevos yA |

log Zyh s(Ax. p1. p2) >
— inf { W (& Fww) + Jwiem,r,x.7(8) — {log pw e, L., ") - (6.34)

€ € My(Awsenrzxr), 0L (€) = ¥, (€, py My”) € 35/3(,01)},
where Jyw. v, k7 is defined in (6.14) with ¥ = co. Note that, for £ € M (Lw x Sw) that is
concentrated on Ay ar,r, k7 With 8H%f,> (&) = ¢*, we have
dg
® [* @ K]

Iwentn i1 (€) — (108 PwarL i ") = / £(d(w, @) log (w, )
AW e, M, LK, T d[H%/IC/)(Q)

since the integral on Afy,. »/ ; x r does not contribute. We take ¢)* of this form.

In order to apply Lemma 5.5 to the third term on the right-hand side of (6.34), we additionally
require that ¢ is concentrated on Ly x Siy"”® where S5 is defined in (5.21). We further confine
the infimum to those ¢’s of the form & = IIyy(P) with an ergodic measure P € M’ (£ xS). Then o* =
GH%;)(P) is admissible according to Lemma 5.4. This implies that, for any R, M, L, K,T,9,S,6,d €
(O’ 00)7

7 (be)
hnll?ofy/\ |10gZNR(;(AN,p17p2)2— R R

Curxr Cu Cumos = CO? /
—[ 5ot g ](P2+5)

—inf { 7 (T (P), Fiaw) + (T (P)): P € ME (L x S) ergodic,

My (P)(Awearpkr) = 1 =T (P)(Sy" "), (P, ) € Bsja(pr), (P,NG) € 55'(/)2)}
(6.35)

In Lemma 7.6 we will show how to get rid of the two restrictions of P being ergodic and Iy (P)
being concentrated on Ay arr. k7. In Section 9.2, we put this all together, make R — oo and
afterwards M, T — oo and then L, K — oo and finish the proof of the lower bound in Theorem 2.5.

7. ANALYSIS OF THE VARIATIONAL FORMULA

This section is devoted to proofs of a number of results that evolve around the variational formula
X(p1, p2) in (2.24). In Section 7.1 we give the proof of Lemma 2.12 from Section 2.4, the regularity prop-
erties of x(p1,p2). The other sections give a number of technical preparations for some crucial points
in the proofs of Theorems 2.3 and 2.5. That is, in Section 7.2 we explicitly decompose the entropies
for loop point processes and for interlacement point processes according to the various parts of these
point processes. In Section 7.3 we use this to prove Lemma 2.13, i.e., that every loop/interlacement
configuration can be approximated with a pure loop-configuration. In Section 7.4 we show that
entropies of loop-shred configuration measures that are concentrated on uniformly bounded configu-
rations approximate the entropy of arbitrary loop-shred configurations if the bound diverges. Using
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this and a similar technique as in Section 7.3, in Section 7.5 we carry out an ergodic approximation
in our main variational formula, i.e., we prove that the minimizers can be approximated by ergodic
loop/interlacements configurations that are additionally uniformly bounded in various senses.

7.1. Proof of Lemma 2.12. In this section, we prove Lemma 2.12. As a preparation, we give
a crucial lower bound on the expected energy Fy defined in (2.22), which will be important for
obtaining compactness properties. By ‘ﬁ%ﬁ)(w,w) we denote the number of particles in W in the
loop/interlacement configuration (w,w), regardless where the loop starts in which is the particle
is contained (if any). In Remark 2.11, we argued that ‘ft%} has the same expectation under any
Pe MY (L xS) as Ny defined in and below (2.15).

Lemma 7.1 (Lower bound for expected interaction). Suppose that v satisfies Assumption (V). Then,
for any ergodic P € M) (L x S),

~ 5C
(P, 39)% - 22, (7.)
where C'is introduced in (2.23). Moreover, the maps M (LxS) > P v (P, ‘)N”((M)) and M (LxS) 3

P (P, ‘%Ue’s)> are continuous on the set {P: (P. (‘ﬁ“) )2) < L} for any L € (0,00).

Proof. According to Remark 2.11, we can replace (P, Fiy) by the expectation of Fy (w, ), the amount
of interaction in the loop/interlacement configuration between any leg that starts in U (regardless,
whether it is in a loop or in an interlacement) and any other leg. Define fw in the same way with U
replaced by W = [~ R, R]?. Define £(w, ) as the set of all legs of w or of . Then, by shift-invariance,
for R € N, we can estimate

1, - I ' /
(P.Fy) = (P, Fa) = i /0 ds / P(d(w, )) 3 1{g # ¢'}o(a(s) — 9'(5))

9,9'€L(w,@): g(s),9'(s)EW

= / as [ prag m%) =Ty (s)),

where we denote My (s) = #{g € L(w,@): g(s) € W}, and we used the assumption (2.23) of super-
stability in Assumption (V). Jensen’s inequality gives

CB 62, / @W B
P, F, dp =Cp dP - =),
(P Fy) = W (ywy |Wy \W\)

where By = %foﬁ ds My (s) denotes % times the total local time in W of all the legs in the

loop/interlacements configuration. We estimate 22 — z > 1 2forz > 2 and 22 — 2 > —% for
x < 2; hence
Q5W

Sy > 2[W]}.
!W!

C
(PFU>>—+5/dP
Denote by ‘ﬁ%}m the number of particles in the entire configuration that lie in W (regardless where

its loop starts, if it is contained in a loop) and have spread < M. If R > M, then By > ‘ﬁ%ﬁ}fﬁ}\/[,

since all legs that start in Wr_js and have spread < M are entirely contained in W = Wpg. Using
this, we estimate

(z M)

Ccp Ny 2
<P FU> > e + /dP |WI;|M> ]l{m%/f)M 2 2|W|}
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Making R — oo (recalling that W = Wp) and using the spatial ergodic theorem, and making after-
wards M — oo, we see that
5C6

(P.ro) 2 =2+ [ ap @) URY = 2) = Tp39)) -

More precisely, by ergodicity, m;@f}M /|W| converges P-almost surely to ‘ﬁ(e’M) as R — oo, and we can

use Lebesgue’s theorem after lower estimating the integrand against (W%Z)M /W2 AK ]l{‘ﬁ“ M 2
2|W|} for some K. Afterwards, we make K — oo and M — oo, using the monotone Convergence

theorem.

Now about the continuities. Recall that we are working with the topology on M{” (£ x S) that
is defined by the weak topologies induced by all the projections H%f/) and H%,f,) with W € R?. Since
the counting functionals are nonnegative, the lower semi-continuity is clear (for example via Fatou’s
lemma). As it concerns the shred-part, the upper semi-continuity follows from the estimate, for any
K € (0,00),

NES < NES YRGS < K} + — (‘ﬁ“ 5>)
since the P-integral of the last term vanishes uniformly in P in that set as K — oo, and the first one
is a bounded and continuous function of H%}S). For the loop-part, we need to distinguish particles in
loops that are entirely contained in U and in the other loops. The first ones are functionals of H(UL) , the

latter ones are functionals of II{y’. More precisely, writing f, C W if f, ;(0) € W for all k € [¢(f,)],
and using the notation Ny (f) = > ey Lo (f2(0)) for f € C9, we have

Fows (Y M) Y Mssfre( X M)

z€CNU: fCU xelNU: foCU xe(NU: foCU
1 2
(0 M) X M skl Y Nulh)
z€(: fa U 2€(C: faZU 2€(: foZU

The first term on the right is a bounded and continuous function of H(E)( ), the third is a bounded
and continuous function of II{;’ (w), and each of the two other terms are not bigger than K‘ﬁ([) (w, )2,
whose integral with respect to P from that set is < L. This shows the upper semi-continuity of
P~ (P, ‘ﬁg”} on the set of P € MY (L x S) satisfying (P, (‘ft([f))z) < L. O

Now we proceed with the proof of Lemma 2.12.

Proof of (1): The compactness of K follows from Theorem 2.3, noting that, for any P € K and any
R eN,

(11 (P), (MGyy,)%) = (T (P), (M%) < [Wa| Y (IL,(P), (W)))?) < |[Wr[L,
YEZR 12

using that the distribution of M), .. (under OH(‘S) (P)) and of ’ﬁ(e) (under II{; . (P)) are identical.
Hence, K is contained in a set of the form (2.17) and is therefore compact accordmg to Theorem 2.3.

Furthermore, the maps P — (P,9;“)) and P — (P,M¥) are continuous on K, which can be
proved similarly to Lemma 7.1.

From Lemma 7.1 it directly follows that the value of the variational formula on the right-hand side
of (2.24) with restriction to ergodic Ps does not depend on the L in the definition of the set K, if the
variational problem in (2.24) is restricted to K and L is large enough. According to Lemma 7.6, for
every P € ./\/l(f>(£ x &) with finite entropy and energy and particle density there is an ergodic measure
€ ./\/l(f) (L x 8) with hardly differing values of all these quantities, therefore the statement is also true
for (2.24) without restrictions.
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Proof of (2): Proving the convexities of x and X are elementary exercises, which we leave to the
reader; they rely on the convexity of the maps P — (P, Fy) and P — h“%(P). Continuity of ¥
and of x(p1,-) and x(-, p2) in (0,00) for fixed p;, respectively pa, follows from convexity. The limiting
statements as p; — 0o and pa — oo follow directly from Lemma 7.1 after using Jensen’s inequality.

Proof of (3): For p; = 0 = py, only the empty measure (the shift-invariant distribution of loops
and interlacements that has none of them) is admissible in the variational problem. When examining
its value in h“9(.), we first see that the interlacement part is zero, since also the reference measure
OILyy) is empty. Furthermore, the Q-part is equal to the entropy H(0 | (gx)ken) (see (2.6)) of the zero
sequence m = (my)ken = (0)r = 0 with respect to (gx)r = (%47rﬁk)_d/2)keN, and this entropy is
equal to ¢ = > NGk = (4mB)~42¢(1 + %) with ¢ the Riemann zeta function (recall (1.12)). That is,
x(0,0) = g. For proving the second assertion, we need to upper bound p%(x(pl, 0) — x(0,0)) and make
p1 4 0. We get an upper bound for x(p1,0) by inserting the marked Poisson point process Q™ defined
as the reference process Q, but with (gi)ren replaced by m = (mg)ren = p101 = (p1,0,0,...), which
is admissible in the variational formula. Since the interaction potential v is bounded, the expected
interaction of Q™ is not larger than Cp? for some C € (0, 00) and all sufficiently small p;. Its relative
entropy density with respect to Q is equal to H(m | (qx)x) = Y _pen @k — P1 + p1log %. Hence,

1 1

—(x(p1,0) = x(0,0)) < —(Cpf = p1 + prlog 2 ) < log 22,
P1 P1 a1 q1
which tends to —oo as p1 | 0. By noting that x(p1,0) > x“=(p1,0), which tends to x(0,0) as p1 | 0,

we also see that x(p1,0) is continuous in p; = 0.

Proof of (4) and (5): The two assertions (4) and (5) rely on the same standard arguments, which
are based on the assertions in (1) and the lower semi-continuity of the two maps P — (P, Fyy) and
P — h&9(P), the latter according to Theorem 2.3. We leave the details to the reader.

7.2. Preparation: entropy decomposition. Let us have a general look at the entropy terms that
appear in the definition (6.13) of Jy (&) with respect to the reference measures, and decompose them
into its pieces, first for loops. The next two lemmas will be jointly used in later sections for loop-
interlacement distributions £ € M1 (Lw x Sw) according to the formula

(W Jw (€) = Heyxsy (€] T (Q) © (011 (€) © Kw])

= Hg,, (I (&) | T (Q)) + / 1T (€)(dw) Has,, (65 ] 914 (€) @ K ),

Lw

(7.2)

writing £ for the kernel &z, s,y (W, *)-

The entropy of a random loop configuration with respect to the Poisson loop reference measure (the
Brownian loop soup) in a set W is decomposed into the following partial entropies according to the
random mechanisms:

(1) the expected number of k-length loops in W as a sequence in k € N,
(2) the number of k-length loops in W for any k,

(3) the locations of the starting sites of all these loops, and finally

(4) the loops themselves.

We write w = > 1oy D vec, O(a,fe) for loop configurations, with ¢y = {z € (: {(f;) = k}. Further-
more, Ny (w) denotes the number of loops in W and ‘ﬁg}“)(w) the number of loops of length &k in W.
Let my (&) = ﬁ [ €&(dw) mg}“)(w) denote the normalized expected number of loops of length k in W
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under £ € My (Ly ). The Poisson parameter for H%,f,)k(ﬁl), the projection of the PPP Q on the set of
k-length loops with all particles in W, is equal to

1 1
owi= 1 [ dentiore?) = 1 [ a1, (73)

where we recall that uyy"""” is the (not normalized) Brownian bridge measure from z to y with
all the particles in W, and we recall from (5.2) that S8y denotes the first time € SN of an exit
from W. We write L(V'f/) for the set of k-length loop configurations in W. Introduce the projection
Hy: £ — L% defined by Hy(w) = 3" cc WU f2) = k}o(a,1.) = Dsec,, O fn)- BY 7 =v/v(X) we define
the normalised version of a positive and finite measure v on a Polish space X.

Lemma 7.2 (Entropy of loop distributions). For any box W € R? and any & € My(Lw),
HLW (5 ’ H%/[[:/)(Q))
= |W[H ((mp) | ﬁ(%)k) + Hg,, (5 ‘ Qren Hk(&))

+ ) Hy, (T(8) 0 My} | Poi, )

keN

3 D (&) (R = n) H(IL() o (G0 W)~ | Lebyy)
keNneN

+Y 3 /H(") (Genw e dd) [H ()| @UE©) + > HIAE) [ 78)),
keNneNg TEA ’ €A

(7.4)
where we abbreviate my, = my(§) and g, = mw,k(Hg,f,)(Q)) and denote by Iy, 1'[(n> H(A) H(A) Lw —
[,g/"“} the projections on the set of loops of length k, respectively on the set of configurations in W with
precisely n loops of length k and no loops else, respectively on the set of configurations of loops of
length k with set of initial sites equal to A C W.

Proof. We write H%/f/)k = H%/f,) olly =1l o H%,f). In the following we drop the super-index L. Note that
I (Q) is equal to the convolution of the measures Iy ;(Q) over k& € N. Then one sees elementarily
that

Hey (6w (@) => H, o (I (&) | Thwx(Q)) +H£W( ‘ Q)T (¢ ) (7.5)
keN keN

Let us further decompose Hﬁ(u’? (Ix(&) | Mwx(Q)). We write a configuration in L) as wj, =

> wecnw Oz, pr)- Note that [¢x N W] has the distribution Poig, , under Iy (Q), where we recall
(1.4). By the properties of a Poisson point process, Iy ;(Q) can be decomposed as

HW,k(Q)(dwk) = POqu’k( )LebW dA ® ,u('“ W) dfx), n = mw(wk) = |A’, A= Ck NnWw. (76)
z€A

We now write IT;(€) in an analogous manner. We abbreviate II}"” (¢) for the conditional distribution
under IIj(¢) given that |(; N W| = n and II{"(¢) for the conditional distribution under II;(€) given
that (;NW = A, and H;:; (€) for the distribution of any f, under II{""(¢). Write my, = IWIIH’“ ©)(MY)
for the normalised expected particle number in the configuration under I (§) in W. Then we can
write, with the same notation as above,

Al (&) oMy ——an, . AV (&) o (G W) !
—dPOimk|W| (n) Leby, (dA) dmﬁ,ﬂ
I (€) I (6)

d®,eca I (6) ((fe)oea) % W(fx) %W P20 (df,).

Iy (€) (dwy) = Poip,, jw((n) (4)
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Hence, we see that the density is given by

A (6) () = Pomw () dTL(E) 0y ) ATL7(E) 0 (G N W)
Iy, (Q) dPoig, , () dPoiy, dLebyy
I (¢) dI;’) (€)
o ((f:c)xeA) H W(fw)
d®x€A ( ) zeA dpiz
Now take the logarithm and integrate with respect to IT;(£)(dwy) and use (7.5), to obtain the assertion
n (7.4). O

Now we do the same for the shreds. We write &y for the kernel {7, s, . We also recall the notation

qé?nyw (df):Pz(Bedf‘TW:naBTB:y)a n€N7$€Wy€WC (77>

for the distribution of an n-leg W-shred from z to y (which appears in the definition (2.5) of Ky).
Lemma 7.3 (Entropy of shred distributions). For any box W € R? and any & € M1(Sw),

Hs, (€| 0T (€) @ k) /em@@MMHm(u,Mgn (1.

el

/ Oy (£)(du) Y He,, (T ) [alow),

el

(7.8)

where we wrote jt = ;; O(zi0,y;) and 1;: C! — C for the canonical projection on the i-th factor and

&(p, ) for the kernel (&)1 —sw (1, +)-

Proof. We drop all super-indices S. Then we see that

Hs,, (£| 01w (&) @ Ky ) = s Oy (€)(dp) Hs,, (E(1,-) | K (1))

= [ omw(©)(dn) [Hs, (660 )| @ Mie(n, ) + 3 He, (e, ) | afeir’)].

Tw el icl
[l

7.3. Proof of Lemma 2.13. In this section, we prove Lemma 2.13, which says that x(p1 + p2,0) <
X(p1, p2) for any p1, p2 € [0, 00). For this, we will replace an arbitrary loop-interlacements configuration
by a loop configuration without changing much the number of particles per volume and without
increasing the energy nor the entropy terms. We do this by rewiring the ends of all the shreds at the
boundary of a large box W = Wp in such a way that all the shreds of interlacements are turned into
the shreds of one long loop just outside that box, i.e., in Wgry s \ Wg. The new configuration has only
loops in Wrypr and no shreds. Our manipulation does not change anything inside Wg, which is the
main part, and the changes in Wg4 s \ Wgr have only a vanishing influence in the limit as R — oo, as
it concerns the three main quantities: entropy, expected interaction energy per volume and particle
densities. Finally, we put independent copies of the new configuration into the boxes z + Wgiar,
z € 2(R + M)Z, and mix the configuration in R? over z € Wg, s and control the entropy of this
configuration.

We need some more notation. We need some large parameters R, M,T € (1,00). As usual, we
write W = [~R, R]%. Denote by ﬁW;M: Lw X Sy — E%) X S(WM> the natural projection on loops,
respectively shreds, whose legs f € C1 have throughout spread | f||sp = max,c(o g [f(t) — f(0)| < M.
We denote by JW v the normalized entropy function as in (6. 13) but with the reference measure
I}/ (Q) ® [011};) (P) ® Kw] replaced by its image measure under HW .27 Note that Jy. (€0 HW ) <
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Jw (§) for any &€ € My (Lw x Sw), by monotonicity of the relative entropy in the reference o-field, see
[G11, Proposition 15.5(c)].

Furthermore, we write W = Wxiy = [-R — M, R + M]? and denote by A yr = {lw,@) €
'E(WM) X Sl%l): ﬁg_U(w,w) < TVz € W N Z%}, where we recall that U = [—3,3]¢ is the unit box and
‘II(Z?_U denotes the number of particles in the loop/shred configuration in z 4+ U, regardless where the

loop starts; see also Remark 2.11. (This event is very similar to Ay . defined in (4.36).)
199

Ly X Sy — AW;M,T be some projection onto AW;M,T'

M,K,L,T
Furthermore, let Il -1

Let us explain the structure of our proof. We may assume that p1, p2 € (0,00). Pick P € M\ (LxS)
with (P, M) = p1 and (P,0N;®) = ps. Furthermore, fix ¢ € (0,1). Pick M and T so large that
Iy (P), M) OﬁU;M,T> > p1+pa — e, where N = N + NG is the number of all particles in loops
and in shreds in U.

We are going to prove that, for any sufficiently large M and T, and for any sufficiently large
R € (1,00), there exists some ergodic P € M’ (L) such that [(IIy(P), N7 oy, arr) — (Iy (P), N o
HU;M,T>| <e and <ﬁFw,WOHrWV;M,T’ HW(P)> < <‘&/ﬁFW7Wonw;M7T,Hw(P)>—|—€ and Jw(Hw(P)) <
Jwinr (M (P) o Ity ) + €.

Indeed, this implies for any € and all sufficiently large M and T" and for any sufficiently large R that

. 1 ~
inf {<mFWR+ALWR+AJ o HWR+M§M:T7 HWR+M (P)> + JWR+M (HWR+M (P)) :
P € M{(L) ergodic, (I (P), m}ﬁ“ o ﬁU;M7T> € B(p1 + pz)}
1 ~ ~ ~
< 2% + inf {<WFW7W o Tywasr, Thw (P) ) + T (T (P) 0 Tk )

Pe ML xS), (P,ND) = pr, (PGS = pz}_

The right-hand side is not larger than 3e+x(p1, p2), as we show now. Indeed, clearly Fyy, Woﬁw; M1 <
Fyyw. Furthermore, splitting all the contributions to Fyyw, one sees that, for any w € £ and w € S,

1 1
() £s) (58)
FVV,W(HW(CU? w)) < Z |:§Fz+U,z+U + Fz+U,z+U + §F2+U,2+U
zeWnzd (7.9)

(£L) (LS) (£s) (88)
+ F‘Z—i-U,z—‘,-Uc + FVZ—&-U,Z—i—UC + Fz+U°7z+U + Fz+U7z+UC] (w> YD)

Now integrate both sides with respect to P and use its shift-invariance, to see that <ﬁFW,W o
ﬁW;M,T, P) < (Fy, P), where we recall (2.22) for the definition of Fy. Furthermore, jW;M(HW(P) o
HI}};M) <e+ Jww(P)) <e+h*“5(P) by (2.16).

The left-hand side converges, as R, M, T — oo and € | 0 to x(p1 + p2,0), as we show now. Indeed,
for any ¢ € (0,1) and any ergodic P € M (L) with (P,0M7”) = p1 + ps and finite values of
h“ (P | Q) and (Fy, P), pick M and T so large that P is amenable to the formula on the left
and such that (Fy o Ily.ar, P) > (Fy,P) —e. Making R — oo and using Theorem 2.3, we see
that Jy,, ,,(Hwp, ,, (P)) converges towards h” (P | Q). Furthermore, making R — oo we see that
<mFWR+M,WR+MOHWR+M;M,T7 . ., (P)) converges towards (Fyolly, a7, P). Since x(p1+p2,0)
is the infimum over all P € M{” (L) (not only the ergodic ones), we have arrived at the desired estimate,
x(p1+ p2,0) < x(p1, p2)-

Here is our construction of P. Recall

W=Wg=[-RR* and W=Wgyu=[-R-MR+M* and W =W\W.
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Consider £g = Iy (P) o ﬁ;VlM € My (L x S}”). Furthermore, assume that M is also so large that

— Y (@) <(1+eWE R (w,@) € Ly x Sw, (7.10)
dvo HW; M
where v = I1{)(Q) ® [911};/ (§r) ® Kw] (this is possible since all the leg spreads are i.i.d. under v). We
are going to construct from &£r some loop-configuration measure 5%”” € My (L) as follows. First,
we add an empty loop configuration dp in W/ = w \ W (i.e., no loop starts in W’). Furthermore,
we extend all the initial and terminal sites of all the W-shreds of {r by appending independent
Brownian bridge pieces with particles only within W’ such that a single large loop in W arises. Hence,
(f ) =Ty (€R) = &R, and 5%\4) has no W-shreds. Then we decompose R? regularly into the boxes
z—H/V with z € 2(R+M)Z? and put into each such subbox one independent copy of a loop-configuration
with distribution 6, ( W)) (where 6, is the shift-operator such that 6,(z) = 0). Call the distribution
of this configuration PR M = Qeo(rim)za b= (€57) and define Pg = m fWRJr]VI dx ﬁR,M o0t
Then Pry € ./\/l( '(£) is obviously stationary and contains no interlacement. The proof of [G11,
Theorem 14.12] applies and shows that Pg s is ergodic.

We need to show the following;:

dim (Ppay, NEO o Myaarr) — (PGS + NS o Tyarr) = 0, (7.11)
—00
1 1 ~
lim sup [< P ol ,PRM> _ <—FWW oHW.MT,P>] < 0, 7.12
lim sup[J (I (Pr,r)) — Jwor (Mw (P) o Tty )] < e (7.13)
R—o00
Then P = Pg v with sufficiently large R is suitable, and the assertion follows.
Properties (7.11) and (7.12) are easy to show and do not need details of the construction:
Proof of (7.11): Since |W|/\W| — 1, it suffices to show that limp_, |W|<§;2M),€Yt@ o HWMT> =

lmp_eo w (&R, [‘ﬂ(ﬁ (e Z)} o Iy .am,7). Recall that §éw) has its particles from (1) the loops of {r
in W, (2) the shreds of £z in W, and (3) the added shreds in W’. Therefore, it suffices to show that
the expected amount of the particles of (3) is negligible in the limit R — oco. But this is clear since
Ny o My < |[W/|T < CMT|W|/R for some constant C' that depends only on d.

Proof of (7.12): Again, we only have to show that the expected F, ' © HW MT -interactions of
the added Brownian shreds in W’ with itself and with any other part of the configuration in W are
o(|W]) as R — oo. But this is again clear, since F, 7 © < Cymr|W|/R for some constant

W;M,T
Cu,r that depends only on M and T (and possibly on 6 , d and v) see Lemma, 4.4.

Now let us show that property (7.13) is satisfied.

Let us first make a connection between Ji; (I3 (Pr,ar)) and Ji (Il (Pr,as)) (the litter is {,]:‘47( (DY)
By convexity of Jiz; and by (6.17) in Proposition 6.6(1) with m = 3 (it is clear that Pg ys is W-ergodic
and hence SW—ergodic), we have, for all R sufficiently large,

1 1
Jw(Hw(PR,M))Sm/deJw( 7 (Praso071)) =

1 o 00, Pran)

(7.14)
< JWS(R+]W) (HW3(R+1\/[) (PR,M)) +¢,

where we used that, by construction, ]SR7M has no shred-part and therefore has ¢y = 0 for ¢ =
(8)

Wansan (PRM)-
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Since, by construction, Ilw, . +M)(ISR7 M) and also the reference measure in the entropy IWyriar
decomposes into the product of 3¢ shifted copies of HWA;(?R, M) (recall that it has no loops in z + W’
for all the z € 2(R+ M)Z? and therefore an empty boundary-shred part at the boundaries of all these
subboxes z+ W), the right-hand side is not larger than I (Hw(ﬁR, M ))+e. Hence, it will be sufficient
to prove (7.13) with Jg; (11 ~(§R M) = I ( 1) instead of Ji (W57 (PR, ). More explicitly, we need

to show that lim supp_, [J~(§<M>) JW;M(SR)] < 0. Recall that the reference measure for the entropy

of £x" is T1(Q), while the one for £ is equal to [IIji(Q) © [OT1) (€r) ® Kw]] 0 Iyt

However, proving property (7.13) needs the details of the construction of {gj) from &g, which we
are going to describe now. Fix a configuration (w,w) € E%}I\f) X S{,fy). Write w = ) ;67 and
p= 0l (@) = 3.y (5(%1,%) with I; = ¢(f;) and f;(0) = x; and f;(8l;) = y;. Then z; € W and
y; € W' for any i € I, since each leg of a loop in @ has spread < M (we consider w under the
distribution &g, which has this property almost surely). With some bijection o: I — I that has only
one cycle, we sample, conditionally given u, a collection of random lengths (L;);c; with distribution

/

Ricr pgx)a(i), where we define

p?(JV‘;)( n) =Py (rw =n| By, 3 =), ye Wi xe (W% neN, (7.15)
(compare to (5.5)). Then we append, for i € I, an L;-length Brownian bridge B; with particles only
in W' at y; terminating at Ty(;)- In other words, each B; has distribution p;VZV ) ® qéz,v” where

Qynmw )(df) = Py((Bs)se[O,nﬂ] € df ’ W = n, Bnﬁ = x)a (TS W/737 € (WI) NS N7 f S Cna (716)
(compare to (5.3), Ty was defined in (5.2)), and (B;);es is independent.

In this way, all shreds of g are turned into a single loop f € C© in W with length £(f) = n =
> ;(li + L;). By default, we take the starting site as z;» € W, where i* is uniformly distributed over
I. This loop runs subsequently through the functions fi=, gi*, fo(i*)s 9o(i*)s fo2(i)s 9o2(i+) and so on,
more precisely, it is the concatenation of these functions in this order The Change from one f; to
some g; happens at the stopping times where the next particle € W’ appears, and the changes from

gj to fs(;) happen at the stopping times when the next particle € W appears Finally, we define £ ()
as the distribution of w + § € L3 under §y ® r(d(w, ™)) ® ®i€I[Pyi,:cg(i> Z(Jz‘g:/cr)(z)]

Let us first identify the reference measure H%)(Q) explicitly. Recall from Section 4.1 that L =

Lyyuw consists of the three parts Ly, Ly and the set Ly of loops in W = W U W’ that have
particles both in W and in W', but nowhere else. The reference measure H%)(Q) is equal to the
convolution of II{(Q), IT{;7 (Q) and II{;/;, (Q). Observe that II{,;,(Q)(dd¢), having just one loop with
starting site at x;» with length n, can be decomposed, according to the Markov property. Therefore,

using also (7.3) and
1

s = [ A e 2 1), (7.17)
where we recall that myy 7 is the number of times that the Brownian loop changes between W and
W', and abbreviating

Ao () = @) [P (rw = Uiy BlrwB) € dya)Py__, | (B(rw:B) € day)] (7.18)
i€l
we can write
TE2(Q) (d(w + 0+ 67)) = I (@) (dw) e Znen W'k o™ Zkew[qvv»w%k*qw«wﬂqWWf B,

® A d,LL ® ® (q:(rlz :[‘//‘:) fl) ® qyf, ‘;.V(,L) (dgl)) Wlth B I Z (n WUW par) :
iel | | el x’uxz mWW/ Z 1)

(7.19)
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Indeed, the exponential terms in the first line are the probability that no W’ -loop exists and that
one n-loop in W U W' with particles both in W and in W’ exists and no loop else; the product of
the measures over ¢ is the probability distribution of the W-shreds and the WW’-shreds of the loop f
(because of the cyclic structure and the uniform choice of the starting site, one does not see here the
starting site explicitly); and B(n) is the normalization for a length-n loop in W UW' that has particles
both in W and in W' and starts from some point that is uniformly distributed over {z;: i € I'}.

Accordingly, also 5%\4) splits into these three parts, observing also the dependences on w and d; and
recalling that we added no loop that starts in WW':

g(M)( (w +0+ 5f)) =¢&pR (d(w, w)) e~ >okenlaw’ xtaw’ wokl @ [pé‘:‘/ )U(l) (L ) qéﬁ ‘;V(l; (dgz)}
1€

= T (€) (dw) o™ Zrenliwratwrael (¢g) 2y, s,y (w,d) @ () [Py, (L) aff) (dgi)
iel
(7.20)
where we recall that @ =), ; 0y, and p = 81_[%;[5,) (@) = > ic1 (i lsy;)- Then, writing 81'[%,’7) for the
projection on Ly X Ty,

Hep (67 | TL2(Q)) = He,, (I (€R) | Ty (@)
+/aﬂ%/’ﬂ(fR)(d(w’M))st((ﬁR)(LWxTW)—sz(WvH»') | Kw (1, -))

+ZQWW k —/5 (dw) log (qw,w’ nB(n)) + /H(E)(fR)(dw) Hry, ((€R) 2y =T (w,) | Ag)

keN
= Hpyxsw (Er |11 (Q) @ [OIL) (€R) © K ])

+ZQW,W',1c —/fﬁM))(dw) log (qww’ »B(n)) + /H(ﬁ)(fR)(dw) Hry, ((€R) v — T (w0, ) | Ag),
rer (7.21)

as one sees from (7.2), together with a comparison with Lemma 7.3. Now divide this by |[Wgy | and
make R — oo and observe that |Wgiar|/|Wr| — 1. For the entropy of g, we need to switch from
the reference measure I1{)(Q) ® [0I1};) (€g) ® K] to its image measure under HW - This gives for
the first term on the right-hand side of (7.21), using (7.10),

i Hew s (€ | T (@) © (011 (€r) © )

dITy (Q) @ [0113) (Er) © Kw]
dIT (@) @ [O11) (€p) © K] o Ty,

= Jwn(r) + U;/\ /ﬁR(d(Mw)) log (w, @)

< Jwa(En) + \vlm / My (P)(d(w, @) T (w, ) log(1 +€) < s (€r) + Ce,

where C depends only on p; + pa.

We have to show that all other terms on the right-hand side of (7.21) vanish (i.e., have a vanishing
upper bound) with a prefactor of 1/|W | as R — oo. We leave the proof of limp_, ﬁ > ken AW W e =
0 to the reader.

Let us turn to the next term. Recall that n = >, ;(l; + L;) is random. A lower bound for B,
is easy to get by estimating the p-term against the free Gaussian kernel with parameter fn, i.e.,
(n,WuWw’ par)

s P (myy e > 1) < (4mBn)~ Y2, such that it is clear that liminfg_q. IWilm [ €9 (dw) log By, >

0. Concerning the other part of that term, we claim that we may estimate quw w,, > e nC/R? for any
large R and n. Indeed, lower bound the event {myy - > 1}N{By = z; = By} N{Brg € WUW'Vk €
[n]} by the event that the Brownian motion on the time interval [0, 8n], starting from and terminating
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at x;, runs entirely within W UW' and visits both W and W’. Then, for large n, the probability of this
event has a logarithmic asymptotics in n with a parameter equal to the principal Dirichlet eigenvalue

of the Laplace operator in W UW’. This eigenvalue is, as R — oo, asymptotic to some constant times
1/(R+M)?~1 /RQ. This implies that

el
C
é R2 |W| <<H(S)(£R)’m%}> * /8H§/IS/) d'u/ Z Z mpgl‘:j )a(l) )

i€l meN
(5)
<+ i | O ) 3 e
i€l

using the following Lemma 7.4. We now estimate simply |z,;) — 3| < CR and |I| < Y ;1 =
NY (), to see that the last summand is of order O(1/R) and that the right-hand side vanishes as
R — oc.

Lemma 7.4 (Expected length of Brownian bridge in W’). For any M € (0,00), there is a constant
Cy € (0,00) (depending on d, 8 and M ) such that, for any R € N,

Z np(W) ) < Cuplz =y, ye W' xe (W) (7.22)
neN

Proof. For the proof, it suffices to replace W’ by [—~R— M, R+ M]%~1 x [0, M] (which we will still write
as W’ in this proof), since Wy \ Wg is a finite union of such sets, modulo shifts and orthogonal
transformations. We write = (z, 2¥) with z € [-R— M, R+ M]%~! and @ € [0, M]. The assertion
needs to be proved only for large R and large | — y|. The intuitive reason for (7.22) is that 7y has
exponential tails as R — oo under Py (- | B(mw3) = ), uniformly in 2 € Wg and y € W, since the
d-th component of the Brownian bridge lies in [0, M]. This implies that the conditioned Gaussian
random walk (Bg)nen is forced to assume a drift into the direction w(z — y) for some w € (0, 00)
that asymptotically depends only on M. ;

Let us come to the details. The vector (B,,5)nen of the first d—1 components and the d-th component
(Bxg)neN of the Gaussian random walk are independent, and the stopping time 7y depends only on
the latter; indeed, we write it as the exit time 7y 5s from [0, M] for the d-th component. Let us
denote the one-step distribution density of the Gaussian walk by g and its (d — 1)-dimensional version
by g and with d-th component version ¢'® (these are nothing but the usual Gaussian densities with
variance parameter 2/ in the respective dimensions). We now integrate over B,z to get, in the limit
as R — oo, uniformly in large n and in y € W’ and x € (W')° for |z — y| — oo,

Py(BTW/,B S d:E)
dr

pg‘;')(n +1)= / Py(rw+ > n, Bpg € dz)g(z — x)

~Ey[9(Bys — 2)] Eyew [U{ron > n}g (B — 2'@)]

_ olamy/48(n1) —nCas o)

where the first term on the right-hand side comes out of a quadratic extension in the exponent, and
the second from subadditivity (the probability of {7y sy > n} decays exponentially in n, while the g'®-
expectation is bounded in n). Hence, the term p%) (n41) is strictly maximal for n ~ |z —y|/v/48C).

Hence, the sum of (n + 1)p§ff§c,)(n + 1) over n comes mainly from the summands around that value of
n, and hence it is asymptotic to |z — y|/+/48Ch. This implies the assertion in (7.22).



74 WOLFGANG KONIG

The right-hand side of the last display is equal to e~ 4~l(vCm/B+o()) for this n. Since the p?(f;/) (n+1)
do not decay exponentially fast for n/|z — y| in a neighbourhood of \/43C), but away from it and

sum up to one on n, we also see that Py (B, ,5 € dv)/dz = e~ lymzlVCn/Brol)) g ly — x| = oo.
g

Now let us turn to the last term on the right-hand side of (7.21), where we recall the definition

(ﬂ T)
_ (E )(dw) :

P)). This measure has a ﬁnite entropy with respect

of As in (7.18). We are going to write the measure (§r) .z, -7 (W,

of projections of the measure £ = WM(HW(
to the reference measure in the definition of Jj;, hence, it has a density g: Ly X Si — [0, 00)
with respect to the reference measure v = H%)(Q) ® [8H%)(P) ® Kg57]. We conceive the projections

iﬂ%/’ﬂ : CW X SW — Lw X Tw and mg = H%f/) : [’W X SW — Ly as projections from configurations
in W to loop/boundary-shred-configurations in W, respectively to loop configurations in W. The
factorisation lemma from measure theory implies that there are measurable functions g1 : Ly X Ty —
[0,00) and g2: Ly — [0, 00) such that § = gaomy = g1 om and g1 = go 073, where 73 is the projection
from Ly X Ty on Ly, that is, g1(w, ) = g2(w). Therefore, they are densities of the image measures
of E with respect to the image measures of v under 71, respectively under 7, that is,

dmy (€) dma(€r)
dmy (D) dma (V)

57 (¢p) (dw,dps)
1% (€r) (dw)

" (¢r) = Ty (Tw s (Tw (P))) = T 7 (T (T, (W (P))))
—Em (n%WmW;M(nW(P))) =m(),

by I+

gl(wnu) = (w,,u) and 92((")) = (w)7 w e EW?M € 7.VV

Recall from (8.5) that (&r)cy -7y (w,dp) = and note that

since ﬁw; molly; =1+ we mean Iy with domain L7 X Si57). Analogously,

Wow® i (
we see that H%/f/) (fR) = 7r2(§). Hence,

(ER)ew—Tw (@, dp) _ m(€)(dw,dp)  _ gi(w,p)  dm(P)
Ag(dp) () (dw) Ap(dp)  92(w)  d[ma(¥) ® Ao
where the last step derives from g1 = g9 o m3.

Note that m(v) = HW(H%)(Q)) = I1{;/(Q), since the remainder part of & does not create loops in

W. On the other hand, m (7) = II};(Q) ® 81‘[;‘?)(1’[%’@;(@ ® [31‘[%)(13) ® Kyy]), where we denote by

H%{’NVW)/ the projection on all the loops that start in W \ W and have all the particles in w. Therefore,

W—-W

dm (V)
d[ma(7) ® A (w, p),

(wnu) =

_dm®) dOIT (2 (Q) © [O112) (P) o)
d[me (V) ® Ag] & T ).

The measure in the numerator is equal to A, for some random bijective ¢’: I — I whose dis-
tribution depends on GH%)(P). Hence, the quotient is of the form [[;c;Po)-13)(B(twg) €

dz;)/Py-1(;y(B(Twg) € dx;), which is bounded from above by C]|\‘f[| for some constant C)y, depending
only on M, d and 8. We have to integrate its logarithm with respect to £, which gives log Cps times
the expectation of |u| under OIL;) (€g) = OIL|;)(P), i.e., the expected number of W-shreds under P.
This is o(|W]), according to Corollary 5.8. This shows that the last term on the right-hand side of
(7.21) is o(|W]) and hence negligible.

This finishes the proof of Lemma 2.13.
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7.4. Preparation: entropy of projection image measures. Fix W and recall the events
Aw v, k1 defined in (4.34)—(4.36) and the restricted shred-configuration set SI(/{,W 9 defined in
(5.21) and the next line. In this section, we show that the entropy Jy (§) is well approximated
with the entropy JW(g) of a measure E that approximates ¢ and is concentrated on the above re-
stricted set of configurations, if the parameters are picked large. More precisely, we estimate the
entropy Jyw (€ o H;Vl;t’M,L’K’Tﬂ,S) of some projection Iy .. a1 k79,5 of an arbitrary measure  on
Awe Mk, N SI(/‘]/V[’ﬁ’S) in terms of Jy(§). We want to show that the projected entropy is not much
larger than the original entropy after taking W 1 R? and M, L, K and T,9¥ — oo, uniformly in S € N.
This will be used in the proof of the ergodic approximation in Lemma 7.6, which will be used in several
further proofs.

Lemma 7.5 (Entropy of projection image). Fiz a box W € R? and v, M,L,K,T,9 € (0,00) and
S € N. Then there is a projection Il = .. p1 k79,5 Lw X Sw = Awem, k7 N (L X 5&1\/4719,5)>

and there are 65\2va and 55\?,19,5,T € (0,1) satisfying, for any S,

lim lim limsupe(® =0 and lim & =0
el Y o WTRdP M,W,L M9 Tosoo M0.ST =

such that, for any & € M1(Lw x Sw) with finite expected total particle number <§,9"(%}>, and for any
S eN,

1

W@,‘ﬁ%‘%. (7.23)

_ 1
Jw (o™ < Ty (€) + 55\64),W',L + (g + 55\3)719,577’)

Proof. For the ease of notation, we write £*) instead of H%f) (&) and £ instead of H%/f/) (&) and 9&©
instead of OI1{;) (¢). Furthermore, we write Qu instead of IIj;’(Q). Furthermore, we drop the indices W,
v, M,L,K,and T,9, S and write II') and II'® for the respective projections on A and A ﬂS‘(,f,”’ﬁ’a
(to be defined in this proof). Then we put IT = 11 @ II®). We are going to use the decomposition
(7.2) of the entropies into a loop part and a shred part.

Note that, on any measurable space (2,
HPof1|Qof Y Y<HP|Q), P,Q e Mi(Q),f: Q— Qmb., (7.24)

since the left-hand side is equal to the relative entropy of P with respect to  on the o-field generated
by f, and relative entropies are increasing in the o-field [G11, Prop. 15.5(c)].

Therefore, we have
Heyxsw (o™ | Qw @ [0(Eo T @ Ki))
_ _ _ d[Qw ® [0€ ® Kyy]] o T2
=H ! € ®K m / d¢oTl 1
[,WXSW(éo ‘ [QW®[ £® WHO )+ go 0g de®[a(€OH_1)®Kw]
d Q o H(L) -1
< Hpryxsy (€] Qw @ [06 ® Kw]) +/ de® log (Quw o (IT7)"]
Lw dQW
—1 —1
+ / a6 10g WL E KWL O T sy / 46 10g WEZ O UIT) ) O Kw]  pyes)
Sw d[0¢ ® Kw] Sw do&® @ Ky
(7.25)
Note that, in the last term on the right-hand side of (7.25), we can drop the Ky-terms and see that
this is a relative entropy, which is nonnegative; hence we can drop it with “<”.

o II¥®
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Now we handle the second term on the right-hand side of (7.25). We use the projection II =

LD v Cw = Ay e defined, for all w = 3, ¢ 8, 7.), by
W) =M@ c@= > > []1{|C£M’l)\ <K} Y g
z€WN2eZe l€[L] pecMD

+ {0 > K}

W >, X 5(w,fm)] ,

K ) Bc¢tMY: |Bj=k *€B

where (MY = {x € ¢N (2 4+ Wo): £(f2) =1, fo € CHD}, where CM©) denotes the set of all loops all
of whose legs have a spread < M. In other words, II first removes all loops that are longer than L or
have a leg with spread > M and then removes in each subbox z + W, and for any [ € [L], if necessary,
a uniformly distributed choice of loops such that no more than K loops of length = [ survive. This
algorithm can be conceived as being carried out independently in each of these subboxes.

Recall that E%j ) denotes the set of loop configurations in Ly (i.e., with all particles in W) that
have only legs in C*Y| i.e., with all the spreads < M. With an additional super-index [ we restrict
to configurations with all loop lengths = [, and the super-index < L means the union over [ € [L] =
{1,...,L}. With the index W;t, W’ for W/ C W we mean those configurations with particles in W
that have initial site in W’. All this notation also applies to measures Q.

For w in the image of II, the pre-image IT-*({w}) is equal to the set of configurations of the form
Zzewmtzd (Wztwl+3 e why), where ws = 37 ceqow,) Oz, ) (the projection of w to that subbox),
and W, € Ly .4+, \E(VJI\,{:;JFW and w7, =0 (empty conﬁguratlon) if |¢"] < K and W’ € ’CW];ItZ)Z—I—Wt
otherwise. Note that all the conﬁguratlons W, and wzl are mdependent over z and [ under Q. For
fixed z and [, we split Q%mZJrW into the PPP ijl\fé)erW on L'W O and EW ot W \E(V?,lé 4w, The

first one has an intensity measure with total mass

1
qéjwl) _ l/ dz M(sz ,W,par) (C(o))
z4+We

(recall (1.6)), where pis"""**” is the restriction of pyy ™ to loops configurations with loops in the

set CMO) = {f e CO:Vi: fr; € Cpr}. These two PPPs are independent. Therefore, the density f of
Quw o ITI™! with respect to Qu is the product

fw= I] |:eZ?iL+1qgl) Hfz,z(wg))} — WP (c)) I1 Hle ) (7.26)

2e€WN2rZ4 le[L] zeWnN2tZd le[L

with a density f.; of Q%},t W, © HZ+W with respect to Q%},t AW where Q¢ .+w, denotes the PPP

on the set Ly .. .+w, of loop configurations with starting sites in z+ W, and all the particles contained

in W. The g-term expresses that, for [ > L, the pre-image of the empty configuration is equal to
. .1 (1)

E%;m .+w, and the empty configuration has probability e™%  under th ~+w,- Recall that y(W-par)

denotes the intensity measure of the PPP on W, and we wrote C<>o£ for the set of loops with lengths
> L.

Hence, the only difference between the distribution of a given w{’ € ﬁ%/lv et We \ L’% i’z 4w, under
Q%}&_t cow, o™ 1 and under QW W, 1S the change of the Poisson parameter from ¢¢*" to ¢ = ¢>".
Therefore, for w, with [({"""| < K, we have

(M,1) M,l
) [QI/I/;xt7,z+I/I/t oy _ qil) (JWU ( ) |C l|
le( )= da® (W) =e )
QW;t,z+Wt Qz

where (,; is the set of initial sites of the loops in z 4+ W, with length .
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For w’ with |¢{*"| = K, in the pre-image there may be additional loops in £ t 4w, With uniformly
and independently distributed locations, such that an additional Poisson den51ty comes in, but also a
combinatorial term that assigns the m points to the additional loops and the other K to the existing
loop:

d (M) POingJ)(K + m)

0 Wiv, a4 We (@) .
fz l( ) dQ%;;t7z+Wt ( z ) POing,l) (K)POI (M,l) (m) QW7t72+Wt({

MONNETR) k IC Al gD O] N €zl
— ot ( (l)) e — ot ( (l)) .
qz qz

Recall that we picked t such that W is the disjoint (up to boundaries) union of the subboxes z + W,
with 2 € W N 2eZ4. Therefore >, 3",y qd’ = v (C@) and 3, 37y g8 = vWre) (CL9), the
total mass of the reference measure of the set of all loop configurations with all spreads of the legs
< M. Therefore, we can summarize

ar) (((O par) ((O)y_ (W,par) ((M,0)
Flw) =e""" LGS R G DR G H H
zeWN2Ze le[L]

(£)
< eSaw.LWl exp{ Z Z Q,;M’D]l{‘gz,l‘ = K}}

zeWN2tZ4 le[L]

O W 1 (M,1)
< e"MW,L eXp{? Z Zq |Cz,l\}

zeWnN2eZ le[L]

w;: |<z7l| = m})

(M D)

Sl M0 ag1c. o=y
¢ ) ’ }

(L) I¢]
< GEAI,W,L|W|677

where we put € phpar + vt X ’ .
h t (]\Z)WL IWI (W,par) C(o) (par) (TI/ C(SOL) C(Szvio)

Hence, the second term on the right-hand side of (7.25) can be estimated as follows.

(£) (-1
Jageriop (=T ome) = e og 1)) < wleify, + - [ ae® i

1
< [Wlehiw,r, + 72 (& M)

We leave it to the reader to prove that limp oo limps o0 lim supyyyga 65\?WL =0.

Now we turn to estimating the third term on the right-hand side of (7.25). We define II'9: Sy —
A%S/),t v N 8{(/[1;4,19,5) by describing in words the removal procedure as follows. From a given shred

configuration @ = ) __ g, first all shreds are removed that do not lie in

gel
CO?S) = | | {f €Ch: fi €CV,|£(iB) — F((i + S)B)| < VS Vi}.
keN
Then, with a fixed enumeration (21, 29, ..., 2x) of W N 2tZ%, we successively for i = 1,..., N remove

shreds from the configuration such that the particle number in z; + W, is not larger than 7. We write
Sy for the set of all configurations of W-shreds that do not lie in C*?9)_ i.e., the set of ger 0
with g € C\ C*%9 for all g € T.

For simplicity, we write IT instead of II*®). For a given w in the image of II, the pre-image II" ! ({=})
is contained in the set of all W-shred conﬁgurations w+w +@” with @’ € S;V(M’ﬂ’s) and w” € S‘(,y‘ﬂ’s)
being either the empty configuration or satisfying N, w. (=" +w) > T for some z € WN2eZ%. Denote
SULM = (" € SHT: Moywi (@) > T — Moy ()}, then

I ({w}) < {=}u (=} + (SN o+ U sUs™).

ZzEWN2Z4
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Then, writing 0§ instead of 81'[%/18/) (&) and p for 0w and K instead of Ky, we have, using the product
structure of X,

(¢ @ K) o T (dw) < 9€(dp)K(p, dw) [1+

§(dp +dy’) / ! de’
SR 1) > 1 W, de')].
7w 06(dp) { J (SN (01 +U i SELPS) K )

zeWnN2t

Hence, the third term on the right-hand side of (7.25) can be estimated as follows (using log(1+z) < x):

d[0¢ ® Kyy] o (T1) 1
g 1o o IS
/SW & o8 T e @ K

8f(dﬂ + d,u’) / / —(M,9,5 M,9,8
< [ ea=) /| ey = k(s o+ U i)

2eWN2eZd
(7.27)
Since S;&M’ﬂ’s) and |, cpynouzd S;AH(;) are disjoint sets of W-shreds, its elements can be written as
the sum over configurations of these two sets. Depending on these two, i/ can be split into the sum
of it = >, 70 1iy) and N\ = icr Oy lip)» and the last term in the last display decomposes
into the according product of K(f, Sy ™"\ {0}) and K(1' \ i, U.ewnaeze S(Mzg S;) We estimate the

second term as follows.

k(W i U sSsm@)) <x(W\m U A= Reown(@) > T - Revw (M=)}
zeWN2eZ4 zeWN2eZd

S /SW (1 \ iy deo') Ry (= + ()

2€WN2Z4

£,8) .
<@+ Y 4,
ieI\T
where in the last step we used that II(w) < w and that W is the (disjoint, up to boundaries) union
of the boxes z + Wy, z € W + 2tZ%.

For estimating the other, we use that the probability of the set of single W-shreds of length k, namely
CM" under K((z,1,y), ) for any (z,1,y) has a probability > (1 — en)*(1 — e9.5)*/9 for some ) and
9,5 that vanish if M — oo respectively ¥ — oo (both do not depend on R). The reason is that all
spreads of the legs and all the differences ¢(iS5) — g((: —1)S3) are independent. Since these W-shreds
are independent under K(, -), we can estimate K(7, S;t "%\ {0}) < 1— [[7(1 —em)li(1—eg )l <
Clem + 61975) Ziefli'

We estimate now the product against the maximum of these two upper bounds (also depending on
whether zt = 0 or ¢/ \ z = 0) and the other one against one, and for simplicity the entire term against
the sum of the two upper bounds. Substituting this above, we see that the right-hand side of (7.27)
is not larger than

8§(d,u, + d,u') 1 0,8 1 S £,S
S g(dW) /7-W W [C(SM +5197S)Zli + fm%/v )(w) + T Z l ] < €§\4)19 ST<£7m%/V )>7

icl iel’
with an obvious choice of 53\‘219? ST such that limps 9 700 65\?’19’ ST = 0 for any S. [l

7.5. Ergodic approximation. In the main result of this section, Lemma 7.6, we prove a technical,
but crucial approximation that will be used in several important other proofs. The main message
is that an arbitrary shift-invariant loop-interlacement distribution can be replaced by an ergodic
measure that has only loops and interlacements with additional nice properties, without changing
the crucial properties (particle densities in loops and in interlacements, interaction energy, entropy)
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much. More precisely, in the crucial variational formula x(p1, p2) in (2.24), we show that the infimum
can be restricted, with only a small error, to the set of ergodic random configurations such that their
projection on W = [—R, R]? is concentrated on the event Ay . 7 defined in (4.34), (4.35) and
(4.36) and on S{j""¥ (defined in (5.21)) if M, L, K, T, 9 are picked large enough, uniformly in S € N.
Here we will use Lemma 7.5 to handle the entropy part of the variational formula.

Lemma 7.6 is crucial for applying several preliminary results that rely on such special properties of
the random configurations, since these imply for example that the error term in the large-deviations
lower bound in Lemma 5.5 can be controlled and that the interaction energy per unit volume is
bounded. More explicitly, Lemma 7.6 will be used in the proof of the lower bound of Theorem 2.5
in Section 9.2 (it is what we need in order to go on from (6.35)) and in the proof of Theorem 2.3 in
Section 8 and was already used in the proof of Lemma 2.12 in Section 7.1.

We follow a similar ansatz as in the proof of Lemma 2.13. Indeed, for a given loop/shred configu-
ration in a given large box, we do not change anything in the configuration in the box, but we rewire
all the ends of the shreds (the loop shreds and the interlacement shreds) in such a way that they are
now connected with certain regularly placed sites at the boundary of a slightly larger box. Doing
this independently in all these slightly larger subboxes (which decompose Rd), they connect up with
the new shreds in the neighbouring subbox. This leads to a global configuration whose crucial three
quantities (entropy, interaction energy and particle densities) are hardly changed and which has much
better independence properties, in particular, is ergodic.

Lemma 7.6 (Ergodic approximation). Fiz py, p2 € (0,00) and fir P € M (LxS) with finite h®>> (P)
and finite (Fy, P) and (P,NGS) = p1, (P, M) = ps. Furthermore, fix e € (0,1).

Then, for any sufficiently large ¥, M,L,K,T,R (in this order), there is an ergodic P’ €
ML x S) such that Ty, o, (PY Ay, yeear i) = 1= T (P)(SEE"), (P0G €

Wrynm
Ba(pl)v <Pl7mg’s>> € Ba(pQ) and m<FWR+J\/I»WR+JW7HWR+AI (P,» < e+ <FU>P> and
JWR+M (HWR+M (P/)) <e+ JWR(HWR(P))'

Proof. Our proof is in the spirit of the one of Lemma 2.13 in Section 7.3. Again we abbreviate
W=Wgr=[-RR? and W=Wgy=[-R-—MR+M]* andput W =W\W.

As usual, Il is the well-known projection on W. Denote by ﬁW =1I the projection

Wie,M,L,K,T

onto AW;r, M.LEKT introduced in Lemma 7.5 under the name II (with W instead of W). We pick

M, K, L,9,T so large that the particle densities of the ﬁ—projection of P are close enough to the ones
of P and the error terms in Lemma 7.5 are small enough, more precisely, (0 olly, Iy (P)) —p1| < €

and [(M o Iy, Iy (P)) — po| < e and that limp o0 55\;),[—R/,R/}d,L +(++ 5%‘20751)(;)1 +p2+1) <e.

Then, for any sufficiently large R we will construct an ergodic Pe Mf)(ﬁ x §) such that

’%‘um = oIl Il (P)) — i(FW,W olly, Iy (P)) < e,  (7.28)

w.,W w? WV|
1 - -
i (M 4+ N o Ly, T (P))

b
W

Jo (I (P)) — Jw (I (P) o I}) < e (7.30)

(O + N o Ty, M (P))] < e, (7.29)

This will end the proof of this lemma with P’ = P o ﬁ,‘}}, since ﬁ<FW,W oIy, yy (P)) < (Fy, P)
and, if R is large enough, JW(HW(IBZO ﬁfwl) <e+ JW(HW(]B)) (see Lemma 7.5 and our choice of
M, K, L;T above), and Jy (Il (P) o II;;!) < Jw (Il (P)) + € again by Lemma 7.5.
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Let us now construct P. This will be partially similar to the proof of Lemma 2.13. Again, we
extend the W-projection of P to a random configuration in W, but here we do it in such a way that
all W-shreds are extended to the boundary of W in such a way that their composition in all the boxes
Z+ W with z € 2(R+ M)Z? concatenates to interlacements; this time we are not creating new loops.
We do this for all shreds, also the loop shreds, since we will later show that the expected number of
particles in these loops is negligible in the limit W 1 R%; hence it will not change much in the expected
particle numbers if we turn all loops that have particles outside W into interlacements.

Decompose R? regularly into boxes W. = 2+ W with z € 2(R + M)Z and assume that R is
much larger than M. Put {g = Iy (P) o ﬁﬁ} and Y = 1Ly (€g). We will construct a loop/shred
configuration 5}?) € Ml(ﬁw X SW) that extends &g by appending independent Brownian W'-shreds
in such a way that no new loop (or hardly any) is created in W and all W-shreds are connected with
OW in a certain regular way. We will do this independently over z € 2(R + M)Z¢, such that all these

added shreds in neighbouring subboxes automatically connect up such that they are concatenated to
interlacements in RY.

For this, pick some deterministic index set ® with |®| < |[W|/R =< R! and a collection of points
(Xa)aca in Wi 1y \ Wriar—1 that are more than one away from the corners of Wgyyy, i.e., from
(R+M){—1,1}%. Then each X, is closest to precisely one of the 2d neighbouring subboxes z 4+ Wg_ s
with z € 2(R 4+ M){—1,1}% (i.e., there is precisely one z € 2(R + M){—1,1}? such that X, €
B (WN(z+W)), where B; denotes the 1-neighbourhood). Assume that, for any z € 2(R+M){—1,1}¢,
the number of a such that X, is closest to z+ W is the same. Put Y.? = X, for these z. Furthermore,
put XP =z+X,forz € 2(R+ M)Zd, and define Ya(z/> as above for any neighbour 2’ of z and X,
We conceive, for any z € 2(R+ M)Z<, the pair (X, Yd?) € (z+ W, (z+ W)°) as the entry-exit sites
ofa (z+ W)—shred. They lie perfectly opposite to each other close to the boundary of z + W. We put
X =X, and Y, = Y.

Now let p = > i 6as 155 € Tw be given such that y; € W for all i € I. We are considering

under BH;S,) (€R), i.e., we can see p as the configuration of all the starting/terminal sites and lengths
of all the W-shreds in the configuration that is sampled under £z. Note that g has, by definition as
a random configuration in the event Ay .. a1 k.7, With probability one, only a bounded number of
particles in any subbox of radius t around sites in 2tZ¢ and hence not more than = R?! particles
close to OW. Therefore, we may assume that |I| < O(R1).

We pick an injective map I 3 7 — a; € ® and connect X,;, with z; and y; with Y, by means
of an independent Brownian W'-shred, for any i € I. For all other a’s, i.e., for a € ® \ Ip with
Is = {a;: i € T}, we connect X, with Y, with an additional independent Brownian W’-shred. The
distribution of the resulting configuration is called ég/’), i.e., the extension of £ to a loop/shred
configuration in W without loops in W".

Having constructed f%”) in this way, we take independent measures §E3M’z) € My (L. x S ) with

z € 2(R + M)Z® such that their shift 0,(£%"*) has the same distribution as £5". Then we put

Pry = ® Rt e My(Lw x Sw), (7.31)
z€2(R+M)Z4
1 5 s
PR,M = W /W dx Qx(PRJ\/[) S M(l)(ﬁf/[v/ X Sw), (7.32)

the latter which is obviously stationary. The proof of [G11, Theorem 14.12] applies and shows that
Pr ar is ergodic. We will show that P = Pg s satisfies (7.28)—(7.30) for R large enough, which ends
the proof of the lemma.
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Note that Pg ps has its interlacements only from our construction from the |®|-many connections of
X with Y,® (partlally via z; and ¥;), which perfectly connect each other in the sites Y~ = X " ,if
4+ W and 2/ + W are neighbouring subboxes. All the loops of Pr ys are the (z + W)-loops for some
z € 2(R+ M)Z4.

The proofs of (7.28) and (7.29) are more or less identical to the proofs of (7.11) and (7.12) in
the proof of Lemma 2.13; we leave the details to the reader; let us only mention that here also the
following Lemma 7.7 is used, which says that our decision to turn all W-loops that have particles
also in W’ into interlacements does not noticeably change the particle densities: For shift-invariant
loop-distributions, the expected number of particles in loops that have particles in W, but not all
their particles, is negligible:

Lemma 7.7. For any P € MY (L) with (P,N)) € (0,00), we have

1
lim ——(II7) (P), 9N ) =0.

Proof. Note that H%;};(P) = Iy, (P) — H%/;(P). By shift-invariance, for R € N,

1 1
0\ _ o\ _ 0)
7] e (P M,) = > (T, (P), M) = (PN,
2eWgRNZ4
Furthermore, the normalized integral with respect to the second is asymptotically not smaller than
(P, ‘ﬁ({% Indeed, denoting by ‘)T%’SM) the number of particles in all the loops f that start in W € R¢
and have spread maxycpo ge(s) |f(t) — f(0)] < M, we see that

1

1 — /1
mqﬂf) ( ) m%ﬁ/)R> Z <HWR(P)’m,<zéfUM)> _ 7<P, mg,gM)> N <P, m(éénz)>

|WR| zGWR,MﬁZd

as R — oo, and the last term converges to (P, ‘ﬁ%?) as M — oo, according to the monotonous
convergence theorem. (]

Proof of (7.30): Analogously to the argument around (7.14), we can argue also here that it suffices
to show that JW(fR ') < Jw(€r) +¢. Indeed, the estimate in (7.14) is analogously valid here as well,
with the difference that the second error term on the right-hand side of (6.17) is not trivial as in (7.14)
(since 1 = 0 there), but needs an argument, since 1) = OH;%(IBR, M) is non-trivial: For large R we
have

Ty (i (Pran)) < g (g (Pro)) + 5 = (6, Py o) (7.33)

In order to show that the last term is negligible, we point out that all the 3W-shreds I of H3ﬁ7(ﬁR,M)
satisfy the condition |f!/(7S8) — f/(( — 1)SB)/ < 9V/S either almost surely for those j such that
f1([(7—1)SB,7SB)) lies in z+W for some z € 2(R+M)Z? (since they come from g or an independent
copy of it, which is concentrated on A%,“S,;;e) or in expectation, since these pieces are independent
Brownian bridges by construction (see the argument in Remark 5.6). Therefore, making S large
enough, we may assume that Ji; (Il (Prar)) < JSW(H:’,W(ﬁRvM)) +e.

In order to see that J3W(H317V:v(ﬁR’M)) = JVT/(HW(ﬁR,M)) = Ji( 21, observe that the configu-

rations in the 3% subboxes z + W with z € 2(R + M){—1,0,1}? are independent copies from each
other and that therefore the density of IL:(P)(w, p, -) with respect to i (1, ), conditi’ovnal on the
boundary-shred configuration p, decomposes into a product of the corresponding (z + W)-versions
(since HSW(P) decomposes into i.i.d. parts by definition, and K, decomposes by the Markov prop-
erty), and therefore the entropy of 1,5 (P) decomposes into the sum over these entropies. Because of
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the prefactor — in the definition of Ji57, we obtain that the J,j7-value equals the Ji-value. Hence,

W
for proving (7.30), we only need to show that JW(@(RM)) < Jw(&r) +¢.

The distribution of £ é” can be written, using the Markov property, as follows. Let (w,w) € Ly XSy
with w = 3",.; 07, and p = Il (w) = 3, O(zilsy) € Tw- Recall that |I| < |®[ and that we did not

add any W-loops. We can write, using the Markov property and the independence of all the Brownian
W'-shreds,

6" (A @) = Er(d(w, w)) e Znerlwrsctaw )

© @ [P, (dma)a s (g i)y, (Ami)eys” (dg))|

(7.34)
® ) [p%)ya (dna)gey (dgh)|

aECI)\Lp

where we remind on the definition of the p- and the g-terms in (7.15) and (7.16). We used the notation
w' = w (seen as an element of L with only W-loops) and @’ = 21615 tofiogi T 2aed\ Iy Og, and

M/ - Ziel 6(Xai,Lai7Yai) + Zae@\l(p 5(Xa7nayya) Wlth Lai =m; + g(fz) + mz'
Analogously, we write the distribution of the reference measure, using the above notation. Recall
from the proof of Lemma 2.13 that the reference measure H("WE') (Q) is the convolution of II};)(Q), IL{} (Q)

and I3/, (Q) (recall that the latter measure is the restriction of Q to the set of loops that have all
particles in W U W’ and have at least one in W and one in W'). Hence, the loop part is similar to
(7.19) without the n-loop, and we have

(@) © [I2(¢5") @ 1(d<w’,w’>)=H(“(a)(dw)e—zkew[quque—EkequvW'vk

® OTIY (¢r) (dp) (X) [p% Lo (dm) g (dg )y, (dm] )qy“ya (dg)) (7.35)
el :

® X [p%fya(dna)qg?“fzv >(dg£)} ® K (1, dw).
(ZG(I)\Iq)

Summarizing,

dgy” (o ) = dér
A2 @ @ PIZ(ER") oK) AP (@) @ (01 (€r) © K]

Hence, we see that

(w7 w)eZkGN qW,W/,k .

T (€R") = Jw(€r) + \W| > aww s
keN
and as in the proof of Lemma 2.13, one sees that the last term is < € for R large enough. This ends
the proof of (7.30) and hence the proof of this lemma. O

8. PROOF OF THEOREM 2.3: SPECIFIC RELATIVE ENTROPY DENSITY

In this section we establish a new kind of specific relative entropy per wvolume of ergodic
loop/interlacement configurations, namely with respect to the product of H%,)(Q) and the product
of the boundary-configuration and the kernel Ky defined in (2.5). In other words, we prove Theo-
rem 2.3. In particular, we identify the limit of the entropy term Jy (§) defined in (2.13) (see also
(6.13)) appearing in the variational formula in (6.33) and (6.35) in the limit R — oo, i.e., in the limit
W = Wg = [-R, R} 1 R%. Recall that, in d > 3, Kyy is a regular version of the distribution of H%;IS/) (R)
given GH%;) (R) for the Brownian [-spacing interlacement PPP, R, of Section A, see Lemma A.4, but
we are not going to use this fact.
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Remark 8.1 The usual starting point of such a proof is to prove the superadditivity of the map
W Hpypxsy (Mw(P) | I (Q) @ [01155) (P) ® Kw]) on the set of all boxes W € RY, but we did
not succeed in doing this, as it concerns the interlacement part. Instead, we will be relying on
Proposition 6.6, which needs ergodicity, combined with Lemma 7.6, which approximates arbitrary
stationary P’s by ergodic ones that have several useful additional properties. %

Proof of Theorem 2.3. Let P be in M\ (£ x S) with finite expected particle number in the unit box
U.

(1) We first prove that the limit in (2.14) exists and satisfies (2.16). Pick an R € (0,00) and pick
any sequence (Ry)nen tending to co. We would like to apply Proposition 6.6(2) and (3) to get a
lower bound for liminf,, o Jwy, (wy,, (P)) that is close to Jy, (Ilw,, (P)), but we can do this only
for Wg-ergodic P’s that are concentrated on £ x S5 (see (5.21)) for some M,d,S. Hence, we
first need to replace Ilyy, (P) by some measure like that, using Lemma 7.6. Indeed, with parameters
v, M,L,K,T,9,S, we apply Lemma 7.6 (see also the proof of Lemma 7.5) to see that, for any given
small ¢ € (0,1) and any n there is an ergodic P, € M (LM x SM?9) such that H;f,)Rn (P,) is
concentrated on Aéf,;n; Mer D S{;ﬁ; and satisfies [(P, — P, m%m < ¢|Wg,,| such that

JWRn (HWRn (P)) > JWRn (HWRn (Pn)) -
if the parameters M, L, K, T, are picked large enough. Now we can apply Proposition 6.6(2). Indeed,
we write R, = m, R with m,, € N and m,, — oo and R™") | R as n — oo and get

Cu Cyver — CO?
(mpRmn))d/2 [manm T

We can pick S = 3. Now we combine the last two displays and make n — oo and use that [(P, —
P, ‘)I%,‘[S,’If;) )| < e|Wg, | and that both P and P, are shift-invariant to get that

JWRn (HWRn (Pn)) > JWR(mn) (HWR(mn) (Pn)) - i| <Pn7 m;}S,IZ)>‘

. . C
hnHLIOI(l)f JWRn (HWRn (P)) > hnHLIOI(l)f JWR(mn) (HWR(Mn) (Pn)) - ] (8 + <P, ‘ﬁ;‘]svf)» — €. (8.1)

We can make M, K, L,T,9 — oo to obtain

- A )
im it Jwn, (Mwe, (P) 2 tininf i€ w0 (Pr)) =€ (8.2)

> JWR(HWR(P)) —&

where we used the following argument for the J-term. Indeed, we want to use Proposition 6.6(3).
Note that, from the construction of P, for Wg, in the proof of Lemma 7.6, we see that Iy, (P,) =
Hwy, (P)o ﬁ;Van, where ﬁWRn is the projection onto Awy, . k1 introduced in Lemma 7.5. There-
fore, it is easy to see that P, weakly converges (in our usual sense that all the projections Iy, (FPy)
weakly converge, R’ € N) towards P if all the parameters n, M, K, L, T, 9 grow to oco. Furthermore,
Dw (P,) = 0w (P)o ﬁ;‘}R(mn). In order to see that, in this limit inferior the limit P, = P
and the limit as R™») | R according to Proposition 6.6(3) can be combined such that the last step
of (8.2) appears, use first (7.24) for f = ﬁWR(mn) and then prove that the density dv, o ﬁﬁ}mmn) /dvy,
tends to one in the limit as n, M, K, L,T,9¥ — oo, where v, = QW ) © [8HWR<mn> (P)® KWR(mn)] is
the reference measure. We leave the proof of the latter to the reader.

Now (8.2) implies that the limit inferior is not smaller than the limit superior, i.e., the limit in
(2.14) exists. Furthermore, from (8.2) we also see that (2.16) holds.

(2) Now we show that P+~ h'*S)(P) is lower semicontinuous. Recall that we are using on M (L x
S) the weak topology induced by all the Ily, i.e., P, converges towards P if and only if Iy (P,)
weakly converges towards Iy (P) for any W € RY. We write Ly x Sy as [Lw X Tw] X Sy and
write (Iw (P)) £y xTow —Sw (W, i, -) for the corresponding kernel (by disintegration). Also the map



84 WOLFGANG KONIG

P — (Iw(P)) Ly xTw—Sw (W, it, -) is continuous for any w € Ly and p € Ty. It follows from the
characterisation of the entropy in (2.7) and the fact that limits of lower semi-continuous functions are
lower semi-continuous that relative entropies are lower semi-continuous in the first argument. With
the help of writing 9¢ = OI1{y) (P) and &,(d(w, @)) = (Hw (P)) Ty —Lw xsw (s d(w, @)) and

Hw (P) = [W]Jw (llw (P)) = i OE(Ap) Heyy xsy (S | T (Q) @ Kuv (12, -)) (8.3)

and Fatou’s lemma, the assertion follows.

(3) Next, we show the convezity of the map P — Jy (Ilyy(P)). This follows from the convexity of
the map (u,v) — H(u | v) for any relative entropy H, see [G11, Proposition 15.5(d)]. Since limit of
convex functions are convex, the convexity of h*)(-) on M{” (L x S) follows. The proof of concavity
given in the proof of [G11, Proposition 15.14] applies also here, using (8.3). Indeed, if one replaces P by
sPi+(1—s)Py for s € (0,1) and P, Py € M (L xS), then Hyy(sPy+(1—s)Ps) can be lower estimated
(using the monotonicity of the logarithm) against sHyw (P1)+(1—s)Hw (P)+slog s+(1—s)log(1—s),
and dividing by |[W| and letting |W| — oo implies the concavity of h*%)(-) on the set of all ergodic
Pe MP(LxS).

(4) Now we prove the compactness of the restricted level set of h'“5)(-), given in (2.17). Assume that
¢ € R and a sequence of compact sets Kr C Ty, with R € N are given (we take the sequence (Ry)nen
as N without loss of generality). Because of lower semicontinuity of h*®)(-) and of P — (P,M?),
the set in (2.17) is closed, hence we only need to prove its tightness. Pick a sequence (P,)nen in
M (L x §) in that set. Using (2.16), we see that, for any R € N, the projections Iy, (P,) lie for any
n in the restricted level set

{¢ € Mi(Lwy, x Swy): 0T (€) € Kr(L), Jwy(€) < ¢}, (8.4)

for some ¢ € R. According to Lemma 6.7(1), this set is compact. Therefore, (I, (P,))nen is
tight. This finishes the proof, because of the following argument: We can assume that (Ilyy, (P))nen
converges towards some {"R) € My (L, X Sw,) as n — oco. Using a standard diagonal argument, we
can assume that the n-subsequence works for all the R € N. Since (IIy, (P,))ren is consistent for any
n € N, also (§"R))pey is consistent. Now Proposition 4.1 yields the existence of a P € M;(L x S)
such that Iy, (P) = {"r) for any R € N. It is easy to see that P, converges (along the chosen
subsequence) towards P. 0

Let us close this section with making some comments and remarks. First, let us state the following
useful general inequality (which was already used in the proof of Theorem 2.3).

For a probability measure v on the product of two Polish spaces X7 and Xe with projections
IL;: X) X Xy — X, we write 119 for the Markov kernel from X} into M;j(Xs) that is defined by
the disintegration formula

v(d(z1,22)) = I (v) (daey )" (da). (8.5)

In other words, v;_,9 is a regular version of the conditional distribution of Xo given X if (X1, X9)
is a random vector with distribution v. Let us also recall the standard measure-theoretic notation
p® K(d(z1,22)) = p(der) K(z1,dze) and pK(dwz) = [, p(dzr) K(z1,dzs) for p € Mi(&1) and a
kernel K from X into M;(X2). By Hp, Hy and H we denote the relative entropies on the spaces
M1 (X1), M1(Xs), and M1(X) x Xy), respectively.

Lemma 8.2 (Entropy on products). For any two Polish spaces X1 and Xy with projections I1;: Xj X
Xo — A,

H(v | p) =z Hi((v) [T1(p)) + Ho(Th (¥)v12 | Th(V)p1s2), vy p € Ma(A X A2). (8.6)
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Proof. We may assume that v has a density with respect to p. Then

_ o A ) | dwf))
1 )= [ eI [ oiyian) tos (o e e @)

= Hy (I (v) | Ty (p)) + / I () () Ha (v | p71),)

X1

> Hi(Th(v) | Ti(p)) + Ha (I (v)v152 | T (v) p1-s2),

where in the last step we used Jensen’s inequality for the convex function (v, p) — Ha(v | p); see [G11,
Proposition 15.5(d)]. O

(8.7)

Remark 8.3 (h > h®) An application of (8.6) shows that h > h®, where h was defined in (2.8),
and we define h®)(P) as h*(P) for any P € M (L), where P is considered as a loop-interlacement
configuration with empty interlacement part. Indeed, for any W & R?, observe that Iy (L) is the
direct sum of Ly = H%,f,)(ﬁ) and the set of all simple point measures that start in W, but have not
all their particles in W. Using (8.6), we see that

Hytyy () (Tw (P) [ Thw (@) = Heyy, (T (P) [ 117 (@),
where we dropped on the right-hand side another entropy term. %

9. FINISH OF THE PROOF OF THEOREM 2.5: MAKING R — o0

After all the preparations, we finish the proof of Theorem 2.5 in this section: the proof of the upper
bound is finished in Section 9.1, the one of the lower bound in Section 9.2.

9.1. Upper bound. With the material from Sections 8 and 6.4, we now finish the proof of the upper
bound in Theorem 2.5, based on (6.33). Recall that W = Wgr = [~ R, R]¢ and that y was defined in
(2.24) and the set M{" (L x Sy) in (6.8). Starting from (6.33), it is sufficient to prove the following.

. 1 i (k)
lgglo%flnf { |WR’ <§7 FWR,WR> + JWR(g)- e kElMl (EWR X SWR)7
T (6) € Kip (L), 1) (6) € Ki3 (L), (€ i e} = o, € g i) = o } (9-1)

> inf {(P, Fiy) + DS (P): P € M (L x 8), (P,NS) € Bas(pr), (P.NG™) € Bas(pa) }.

where we recall the definition of Jy(§) from (6.13). With the help of the continuity properties of x
from Lemma 2.12, the limit as ¢ | 0 of the right-hand side is easily seen to coincide with x(p1, p2),
and the proof of (2.25) is then finished.

Recall the two sets K& (L) and K5’ (L) from Lemmas 6.7 and 6.8, respectively, and note that L
does not depend on R and is picked large enough such that (6.33) is true.

Now we turn to the proof of (9.1). For the ease of notation, we now write W instead of Wg. Assume
that €™ is an approximate minimiser in the variational formula on the left-hand side of (9.1), that
is, it is amenable to that formula and approaches the infimum up to some quantity that vanishes as
R — oco. Put

H=liminf Jw(€™)  and  F = liminf — (€™, Fyp). 9.2)

R—o0 R—oo ‘W| ’
Without loss of generality, # and F are finite. Let ¢ € (0,1) be given. We need to construct a
P ¢ MY(L x S) that is amenable for the formula on the right-hand side of (9.1) (i.e., satisfies
(P,NG) € Bas(pr), and (P, M) € Bas(p2)) and such that h©)(P) < H +¢ and (P, Fy) < F +-¢,
which will finish the proof. Let M be so large that the constant cjs introduced in Lemma 4.3 satisfies
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logey > —e/8. Let R be so large that CpyR~%? < /8, where C)y is from (5.14). Furthermore,
assume that R is also so large that

w(E™)<H+e/8  and ’1W’<§(W>, Fyww) < F+¢/8. (9.3)

In our first step, we are going to replace £ by loop-shred distributions in larger and larger boxes
in such a way that the entropy and energy do not really increase and the expected particle densities
in loops and in shreds does not really change. (In a later step, we will use Proposition 4.1 to further
extend this measure to an element of M;(L£ x §).) We want to use Proposition 6.6(4) for that and
Lemma 5.5 for estimating the error term, but need first to replace £ by an approximation that
guarantees that we are allowed to apply Proposition 6.6(4) and that the error term is small. For this,
we need to employ Lemma 7.5 with fixed parameters v € (1,00) and S € N and large parameters
R,M,K,L,T,9. Put © = (v, M, L, K,T,9,S). Pick the parameters in © so large that the error term
in Lemma 7.5 is < ¢/4 and pick ™9 € Mi(Lw x Sy) (namely, W0 = £ o [I7! with the
projection II of Lemma 7.5) that is concentrated on Aw.e = Aw . v k0,7 N (L X 8%4”9’3)) such that

1
Jwin (§™ ) < Jw (€M) + Z and W<FW,W7§(W’®’O) —&") < Z, (9.4)
and [(MUE, €0%90 €0)] < 1| and | (T, €700 —€00)] < 2] and I (€909 & K{G(L+1)
and 117 (¢W©9) € K{P(L + 7). (The fact that all these integrals w.r.t. £ can be made as close
to the ones w.r.t. €M) follows from monotonicity of IT in the cutting parameters M, K, L,.)

Now we apply Proposition 6.6(4) to £"©9 successively for k = 1 (producing £"©Y then for k = 1
and W replaced by 3W (producing £":©? and so on. We pick the parameters R, S so large that the
error term in Proposition 6.6(4) (using Lemma 5.5 for the last term) is < £37% for the k-th application
of Proposition 6.6(4). In this way, we obtain a sequence of {":©*) ¢ ./K/lv(lw C M (Lsryy X Ssryyr) such
that the approximation error in the infimum is < £/8; more precisely,

Ty (€ON) £ S+ Twar(€00) and Ty (€O0) =€V (95)

and every £ is 3¥W_shift invariant. In particular, the family (£¢™®"),cy is consistent, and every
projection of any ¢™®#® on a shift z + W with z € 2RZ% is (after shifting back to the origin) equal
to W90,

Note that {™*) is concentrated on Azkyy., since its projections on any discrete shift of W in 3FW
is equal (after shifting to the origin) to £"©9. Therefore all shreds in it have all the properties of
the shreds in the configurations in Ay . (namely a bounded leg spread, a bound on the extension of
all subparts, and an upper bound for the particle number in each of the boxes W, + z). Therefore,
the expected interaction BT]M<F3kW73kw, EW9R) is essentially equal to ﬁ(me, W90 “up to the
interaction between any two neighbouring boxes of radius R, which can be upper bounded by some
constant (depending only on M, L, K,T,v and d, §,v) times 1/R, since it is a surface-order term. By

making R large enough, this error term is below £/8. Therefore,
1
3FW]

By the same argument but without error terms, the normalized expected particle numbers for loops

1
<F3kW,3kW>§(We k)> < - 4 + |W‘ <FW7Wa€(W7®’O)>7 ke N. (96)

and shreds, |W| (M7, €00 and |W| (‘ﬁ%ﬁ,s),ﬁ(“’@@) do not change when going from W to 3KW
and from W9 o £W:9R In particular, |3k1W|< ;i;},éwo M) € Bas(p1) and |3,€W‘ (mél,;‘a)/,§<w*@”“)> €

Bas (p2)-

Now we use Proposition 4.1 to obtain from the consistent family (£":©#)),cy some P € My (L x S)
that extends all the £"©-®g. By the W-shift invariance of all the £""©*s P is invariant under any shift
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by a vector € 2RZ®. Now we replace P by P = ﬁ fW dz Po -1, which is shift-invariant, i.e., lies in
MP (L xS). We are going to show that h*S)(P) < 2e+Jy (€M) and (Fyy, P) < 2¢+ |—I}/|<FW’W, gM)
and that both the loop and the interlacement particle densities of P are close to p1, respectively to
p2. This will imply (9.1) and hence end the proof of the upper bound in Theorem 2.5.

It is relatively easy to see that the loop-particle density and the interlacement-particle densities
lie in Bss(p1), respectively in Bss(p2). Indeed, use that W<méﬁ§;,gw’e’k>> ~ W(‘ﬁéﬁ;%,P} —
(M), P) as k — oo since (‘)’tg,;%, P) lies between <m§f,;%)/_w, P) and <‘ﬁg,;§€,+w, P) and since, accord-
ing to Lemma 7.7, the expected number of particles in box-shreds of loops is negligible with respect
to the box volume. A similar argument applies to the expected particle density in interlacements; we

leave the details to the reader.

Now we show that Jaryy.ps(Hgey (P)) < H +2¢ for any k € N, which implies, via Theorem 2.3, that
h®9)(P) < H + 2¢. Indeed, using convexity of Juy.5, and (6.17) in Proposition 6.6(1) with m = 3,
we see that, for any k € N,

1 -
Jgew . (Mgryy (P)) < W /W dz Jgkyy (0 (I g (P))

< e+ Jageriyy (Mg (P)) = € + Jagerpp (§779)

<e+ Z + Jwm (E70) < 32£ + Jw (™) <2 +H,

where we used also (9.5) and (9.4) and one of the requirements for R.

It is only left to show that (Fy, P) < 2 + F, where we recall the definition of Fy from (2.22). We
first point out that, according to the spatial ergodic theorem,

. 1
<FU,P> :kli)I].;.lo W< Z FZ+U7P>5 (97)
2€74: z4+UC3kW

since Fy is bounded and has bounded reach almost surely on the support of P. This is seen as follows.
Recall that every {™®* is concentrated on the set Agiy.q of configurations; these have a globally
bounded interaction between any box z 4+ U and its complement (z 4+ U)°, where ‘bounded’ is meant
in terms of spatial distance, number of interacting loops/shreds and in amount of interaction. More
precisely, we may pick some C' € (0,00) (only depending on the parameters in © and on the length
of the support of the interaction potential v), such that F,y(w,w) is equal to the total interaction
between z + U and z + W only, almost surely with respect to €™©®_ And if 2+ U C 3¥W, then the
integration of F,,y with respect to P can be replaced by the one with respect to £(W-€-++1,

Recall from (2.21) that Fyyw(w, @) = %F&f%(w} + Féﬁf}/(w, w) + %F&}gﬁ/(w), whose definitions we
recall from (2.18)—(2.20). Therefore, almost surely with respect to P, for any z € W and any k € N,
we get from splitting the interaction between 3*W and 3*W into the interactions between z + U and
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z+ U and sum on z,

1
Faryyzryy 2 Z [§Fz+U,z+U + Fz—i—U,Wﬁ(z—i—Uc)}
2€7Z4: z4+UC3FW

1
Z [in-&-U,z—i-U + Fz+U,z+(WC\U)]

2€7%: z4UCWoy,

v

C

_ 1 (LL) (£S) 1 7(8S)
- Z <§F2+U,z+U + Fz+U,z+U + §Fz+U,z+U

2€2%: z4UCWar

F(SS)

() (£s) (£S)
+F F + oty + FS b o)

AUzt (W \U) T o0 (WD)

= Z FZ+U7

2€2%: 24UCWak o

recalling the definition of Fyy from (2.22). Certainly, the sum of F,,y on z € Z% with z 4+ U C 3*W
but z + U ¢ Warp_c is negligible in (9.7), and

1 1 _
WKE“’“W,%W L] /W dz Fx+3kW,m+3kW,f(W’O”““)>‘ -0, k — oo.

Therefore,
. 1 . 1
(R P) < iy (Fwons P) = i ([ P €47)

. 1
= lim ,3kW‘<F3kw,3kw7€(w’@’k“)>~

k—o0

Now using subsequently (9.6), (9.4) and (9.3), we see that (Fyy, P) < F + 2¢, which finishes the proof.

9.2. Lower bound. For finishing the proof of the lower bound in Theorem 2.5, we go back to (6.35).

Applying Lemma 7.6 and (2.16), we see that, given any small ¢ € (0,1), we can make the parameters

9, M, L, K, T and then R (in this order) so large that the variational formula on the right-hand side of

(6.35) is not larger than e+ x(p1, p2), also using the continuity of x(p1, p2) in (p2, p2); see Lemma 2.12.

This gives, for any 4,4’ € (0,1),

Cum L KT Cu Cumy S C? /
Lttt _ _ 'Y 5
R me LR gt

— &= x(p1, p2)-
We make now first S — oo and then R — oo, which makes the first three terms disappear. We have
finished the proof of the lower bound in Theorem 2.5.

1 ~
lim inf —— lOg Z](\kl)cj)% §(AN7 1, 102) > —

APPENDIX A. THE BROWNIAN INTERLACEMENT PPP WITH SPACING [

In this appendix we introduce, for d > 3, an interesting Poisson point process R = R# of random
interlacements that has some connection to the specific relative entropy h'*) defined in (2.14), or,
more directly, some connection to the kernel Ky, defined in (2.5). We survey its construction and
some of its properties. Processes of this type were recently recognized as being instrumental in the
description of the long loops in the Bose gas. In the present paper, such process does not appear in
our description of the free energy, since our entropy h'*%) can be entirely characterised in terms of the
kernel Ky defined in (2.5), but it admits enlightening interpretations. Because of Lemma A.4 below,
h“%) can be seen as a kind of specific relative entropy with respect to the reference PPP Q ®R of loops
and interlacements, but note the crucial appearance of the boundary-particle distribution 61‘[%;;) (P) in
(2.13). Nevertheless, the process R is at the heart of the limiting description of the Bose gas and its
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condensate, so we decided to spend some words on it, even though it is not involved in our analysis
of the interacting Bose gas.

Here is an ad-hoc definition of this process: Let d > 3 and fix § € (0,00). The Brownian inter-
lacement Poisson point process with particle spacing B, or for short Brownian interlacement process,
R € M{V(S), is the distribution of the random interlacement point process w® = 3 gery 09> Which
consists of independent two-sided Brownian motions g € Co, with parameter set R, identified as equal
modulo time shift by 8. The only free parameter of this process is the expected total amount of

11

particles in the unit box U = [—1, 1]¢, which we call u € (0, 00). We sometimes write R“? or R®); if

we take u = 1, then we drop this super-index.

The first construction of such a process was carried out in the seminal paper [Sz10] for simple
random walk on Z9; later the Brownian version was constructed in [Sz13]. The version that we need
in this paper is for Gaussian random walks instead, with interpolation by independent Brownian
bridges. The Gaussian interlacement PPP has been already constructed in [AFY21], but without
interpolation, and without stating the distributional properties that we will need; hence we are giving
a short account on the construction and on the properties that we need. Alternatively, we could
also refer to the Brownian version constructed in [Sz13] and furnish each interlacement g: R — R?
independently with a determination of where 8Z is in the domain R, which leads presumably to the
same process that we are going to construct now, but we prefer to derive some distributional properties
along our construction.

We are following the construction of the interlacement PPP for simple random walk on Z¢ given in
[Sz10, Section 1] and translate it to the Gaussian random walk in R?. Once we have constructed this
discrete-time process, we scale it up in time by a factor of # and interpolate it between the times in
BZ with independent Brownian bridges with time-interval [0, 3]. See [LP18] for general references to
the PPP theory.

Here is a slightly more explicit definition of the Gaussian interlacement PPP: It is the PPP with
a o-finite intensity measure Y on the set of trajectories Z — R? that is uniquely determined by the
following property: For W & R, the restriction of T to the set of trajectories that visit W is the
(not normalised) measure that starts with a site € W at time 0 that is ‘distributed’ according to
the equilibrium measure of the Gaussian random walk on W, and has two independent trajectories:
one into the negative time axis, conditioned on never entering W again, and one in the positive
time axis, being just a Gaussian random walk in Z?. (By transience, it visits W only finitely often.)
This W-dependent measure turns out to be consistent in W such that the described property fixes it
uniquely.

Let us come to the details. By P, we denote the probability measure under which a Gaussian
random walk (X, )nen, (i-e., with steps that are independent and Gaussian distributed with variance
23) starts from 2 € R%. Since we are in d > 3, this is a random variable with values in the set

T+ = {X = (.ZUn)neNO S (Rd)NOZ nh—{glo Ty = OO}

By T = {x = (2n)nez € (RHZ: lim, 100 T, } we denote the set of two-sided trajectories that visit
any compact set only finitely often, and by 7% its quotient space with respect to the identification
of functions if they are time-shifts of each other, i.e., T* = {{0,f: n € Z}: f € T}, where 0, is the
time-shift by n. By 7*: T — T* we denote the canonical projection. By Tyw = {(zn)nez € T: Tn €
W for some n € Z} we denote the set of trajectories that visit W, and by Tyj, its image under 7*.

As we now need some little theory of capacities and equilibrium measures for the Gaussian random
walk, we restrict to special compact subsets, namely boxes. For any box W & R¢, we denote by ey
the density of the equilibrium measure of the Gaussian random walk, i.e.,

ew (z) = Iy (2)Py(Hy = 0),  x € RY (A1)
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where Hyy = inf{n € N: X,, € W} is the entry time into W. It is clear that ey () > 0 in the box W,
but = 0 outside the box. By Py’ we denote the conditional measure P, (- | Hy < 00) given that the
path visits W. Now we introduce the path measure Qw on 7T as follows:

Qw (X—n)nen, € 4, Xo € dz, (Xp)nen, € B) =P (A)ew (2)Py(B) dz, zeR? A BC Ty mb.
(A.2)
We also need the last time Ly = sup{n € Ny: X,, € W} of a visit to W and the set of finite-length
trajectories
Twow = {x = @n)nefo.. Ny € RYNT N e Nyag € Wyay € W} (A.3)
that start and terminate in W.

We can now formulate and prove the existence and uniqueness of the measure T that we will take
as the intensity measure of our PPP.

Lemma A.1 (Existence, uniqueness and properties of Y). (1) There is a unique o-finite measure
T on T* such that
I7: T =7"0Qw, W c R? a box. (A.4)
(2) T is invariant under time-reversal and spatial shifts.
(3) For any W € R? and any x = (Tn)nejo,...N} € Tw-w,

QW((X—TZ>TL€N0 € A:(Xn)n€{07...,LW} € dx, (XLW-i-n)neNo € B)

(A.5)
— PUY (A)ew (20)Pay (Xn)neqo...ny € AX)PYY(B), A, B C T, mb.

Proof. We only give some few hints, as the proof is entirely analogous to the one of [Sz10, Theorem
1.1] (which is lengthy and technical). We leave the details to the reader.

The uniqueness in (1) follows from the fact that 7* is exhausted by the sets ’T{i r g With B € N.
The proof of the existence consists of showing that the measure Ty = 7% o Qw is consistent in W
in the sense that, for any W C W e R?, we have 17 T3 = Tw. Then Carathéodory’s extension
theorem yields (1). The proof of this is entirely analogous to the proof of the analogous assertion in
[Sz10, Theorem 1.1], with some obvious changes that come only from the continuous nature of R%:
the fact that the equilibrium measure has a Lebesgue density and that trajectories run in R¢ rather
than in Z%. The proof goes via a decomposition into paths that start and end in W and run within
W in between, and it uses the Markov property of the random walk. ]

Assertion (1) says that T can be described by the explicit formula (A.2) on the set of trajectories
that visit W, and Assertion (3) says that every path under Qy can be decomposed in time in three
pieces: one piece of a Gaussian random until the first time of a visit to W (having the equilibrium
measure as the ‘distribution’ at this time), one piece until the last visit to W, and the last piece, which
is a Gaussian random walk conditioned on never visiting W anymore. These pieces are independent,
given the two locations at the first and the last time of a visit to W.

By Leb we denote the Lebesgue measure on [0,00). Now we use the o-finite measure T ® Leb
on 71 x [0,00) as the intensity measure of a PPP w = ), d(x7 ), where we are going to use the
v-component for controlling the spatial density of the paths. More precisely, for any v € (0, 00), we

can call the point process ). i< 1) x the Gaussian interlacement process with density parameter v.

Remark A.2 (Construction of the Gaussian interlacement PPP.) From Assertion (3) in Lemma A.1,
using the standard construction of PPPs from the intensity measure, the following construction of
the PPP ). vi<v Ox; emerges. In simple words, one can construct the PPP on the set 7y, of paths
that visit the box W by first sampling a Poisson-distributed variable N with parameter veap(W) =
v [y ew(z) dz and then N random sites XV, XY € Wowith distribution ey (z) dz/cap(W).
Then one samples independently over i = 1,..., N a Gaussian random walk (X)), cn, conditioned
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on never visiting W, and another, independent, Gaussian random walk (Xr(f))neNO (which may return
to W never or several times, but eventually vanishes at co). Finally, we ‘forget’ the precise time at
which X first enters W, i.e., we put X = 7*(X®). O

Now we interpolate any Gaussian random walk to a Brownian motion by inserting independent
Brownian bridges and scaling them up in time with a factor of 5. For this, we will be using the
concept of K-marking with a kernel K, which is well-known in PPP-theory. Introduce the map

Ti 3% = (Tn)neny = B® = (B )tepo,00) €C, B =BV it t € [Bn, B(n+1)],n € Ny,
(A.6)
and (B®non+1), oy, is a family of independent Brownian bridges with time-interval [0, 3] from x,, to
Zn+1. Then, if X is a Gaussian random walk with variance 2/ of the steps, B**) is a Brownian motion
with generator A. We can describe this interpolation operation in terms of distributions via the kernel
K from Ty to C given by

K(x,df) = ® :ugzﬁn),xn+1 eﬁn(ﬂ[ﬂnﬂ n+1)]))) X = (Tn)nen, € T, f €C, (A7)
neNy
where we recall from (1.4) the canonical Brownian bridge measures. We use the same symbol K for
the variants of this kernel on the sets 7 and 7.

From T, we now proceed with the K-marking w™ = 3%". 0 (X7 ,B v;), Where the Brownian motions B
derive from the random walks X via (A.6), independently over i. Its intensity measure is T ® K ® Leb.
Observe that X is a deterministic function of B and that the Brownian motions are uniquely
determined only up to time-shifts in 8Z, in contrast to the Brownian interlacement process constructed
in [Sz13].

Finally, the measure R™? that we announced is now defined as the distribution of the pro-

cess wv = Y7, dpr, where v, € [0,00) is determined by the requirement that u =
E(X . wi<vn 2onez 1Bz (mpyev) = 1, where U = [—3.3]? is the unit box. It is only technical to prove

that the distribution of the process w® ™ is invariant under time-reversal and spatial shifts, since
the Brownian bridge measures have the relevant properties for that. That is, the distribution R“# of
w B lies in ./\/l(f) (S). This finishes the introduction of the Brownian /-spaced interlacement process.

Remark A.3 (Construction of the Brownian /-spaced interlacement PPP.) Referring to the construc-
tion of Remark A.2, the B may be constructed from the X by interpolating them by Brownian
bridges as in (A.6), and N independent standard Brownian motions B® = (Béi))te[om) with gen-
erator A arise, starting from B((f) = X((]“. Analogously, and using time-reversal properties of the
Brownian bridge measures, we interpolate also the negative-time parts and obtain Brownian mo-
tions conditioned on never hitting W at any time € SN, independent of the positive-time parts,
given the starting sites B(()i). Finally, we ‘forget’ the integer-part of % times the time, i.e., we put
Bf = m*(BY) = {0p,(BY): n € Z}. O

Now we finally give the connection between the interlacement process R and our analysis of the
interacting Bose gas. Recall the kernel Ky from (2.5) and recall from (2.13) how crucial it is in this
connection.

Lemma A.4 (Identification of Ky in terms of R). The kernel Ky (u, ) defined in (2.5) is equal to the
kernel Iy (R) 77y 8y (145 -)-

Proof. We refer to the construction of the Brownian S-spaced interlacement process w from Re-
marks A.2 and A.3. The event {81_1%5,)(@) = p1} on that we condition depends only on the processes
(B”))te[o o0)s 1-€., the parts from the time of the first Visit to W at a time € BZ on. Introduce the sub-
sequent entry and exit times (up to the factor 8) 0 = 71" < o\’ < 7§V < 0§ < -+ <79 < oh) < 00
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of BY, and put u= 3.1 0(z; 1,4, then the event {011}/ (w) = p} is equal to the disjoint union over
all bijections h: J = {(i,k) € [N] x N: k < m;} — I of the event

(B _ (4) (1) _ (3) _
ﬂ {BT(% = T(ik), Ok ~ Ty = lngik) Bamﬁ - yh(i,k)}'
(i,k)eJ K k
(1) . ‘
t )tE[BT}gZ)7ﬁUI(;)]7
with (i,k) € J. According to the strong Markov property at all these stopping times, these path

. .. . . . . . . . Uhii k)W) ...
pieces are conditionally independent, and their distribution is given by qx:((z ’:)),yh(i »- Hence, their joint

distribution is the product measure of these, which is Ky (, -). This finishes the proof. O

On this event, H%f/) (w) is the empirical measure of the paths (B properly time-shifted,
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