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We investigate a model of continuous-time simple random walk paths
in 24 undergoing two competing interactions: an attractive one toward the
large values of a random potential and a self-repellent one in the spirit of the
well-known weakly self-avoiding random walk. We take the potential to be
i.i.d. Pareto-distributed with parameter o > d, and we tune the strength of
the interactions in such a way that they both contribute on the same scale as
t — oo.

Our main results are: (1) the identification of the logarithmic asymptotics
of the partition function of the model in terms of a random variational formula
and (2) the identification of the path behaviour that gives the overwhelming
contribution to the partition function for & > 2d: the random-walk path fol-
lows an optimal trajectory that visits each of a finite number of random lattice
sites for a positive random fraction of time. We prove a law of large num-
bers for this behaviour, that is, that all other path behaviours give strictly less
contribution to the partition function. The joint distribution of the variational
problem and of the optimal path can be expressed in terms of a limiting Pois-
son point process arising by a rescaling of the random potential. The latter
convergence is in distribution and is in the spirit of a standard extreme-value
setting for a rescaling of an i.i.d. potential in large boxes, like in (Ann. Probab.
37 (2009) 347-392).
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1. Introduction and main results. In the last decades, there was a significant interest
in the study of random motions that are attracted to certain regions defined by a surrounding
random medium. The most-studied type of models is called a random motion in a random
potential, which appears in the study of the parabolic Anderson model (PAM). The methods
have been refined and extended significantly in recent years, and a number of specific models
have been successfully treated in detail. The present paper makes a contribution to this line of
research by studying a model that combines attraction with repulsion and shows, as a result,
a much more pronounced behaviour.

We explain the model and the main purpose in Section 1.1. The crucial rescaling that we
take explained in Section 1.2 in which we also introduce our main objects of interest. The
key variational formula and the main results are presented in Section 1.3. In Section 1.4 we
provide some heuristic explanations for our results. The remainder of the paper is described
in Section 1.5. Remarks on the literature are given in Section 1.6.

1.1. The model and main purpose. Letd € N and & = (§(z)) .y« be a random potential
with distribution P that consists of i.i.d. random variables. Let [P be the law of a continuous-
time simple random walk X = (X;),>0 on the lattice 74 with generator the discrete Lapla-
cian A starting from the origin. We take into account two types of microscopic interac-
tions. The random walk interacts with the random field £ and undergoes a self-repulsion
of strength 8. This leads us to associate with every trajectory X the Hamiltonian

t t t
(1.1) P00 = [Cetyas—p [ [ Lo, dsdu.

where B € [0, 00) is the intensity of the self-repulsion. The first term is the interaction with
the random potential £; the second is the self-intersection local time (SILT), the amount of
time pairs at which the random walk is at the same site. We introduce a polymer measure

P;E,ﬁ ) that is absolutely continuous with respect to P (more precisely, to its restriction to
paths on [0, ¢]) with Radon—-Nikodym derivative given by

dIP’t(S”g) eH,@ B (x)

(1.2) F 0=

where the normalizing constant Zt(s’ﬂ ) = E[er(E’ﬂ)] is the partition function of the model.
We call this model the weakly self-avoiding random walk in a random potential. We want to
study its large-¢ behaviour.

When B = 0, the Feynman—Kac formula shows that Z*” equals the total mass U (r) =
> vezd u(t, x) of the solution u to the parabolic Anderson model (PAM), the heat equation
with random potential &,

du(t,x) = Au(t,x) + E@)ut,x), xeZ¢,
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with localised initial condition u(0,0) = 1 and u(0, x) = 0 for x € Z¢ \ {0}. On the other
side, with £ =0 and 8 > 0, IP’,(O’ﬂ ) is the law of a weakly self-avoiding walk in continuous
time. Since the SILT is not an additive functional, there is no obvious connection between
this model and any partial differential equation.

It is clear that the Hamiltonian is a function of the walker’s local times ¢;, given by

(1.3) () =) = /Ot 1{X, =z}ds, zeZ.

Indeed,

(1.4) HEPX) = Y 6@t — B Y. 62> = (&, &) — BlIL13,
z€74 774

where we wrote (-, -) for the standard inner product on Z¢ and | - || for the standard ¢?>-norm
on Z4.

In earlier work on the PAM, it turned out that the model is the easier to analyse and the
resulting picture is more pronounced for heavy-tailed potentials. Here we will assume that
the potential variables £(z) at all sites z € Z¢ are independently Pareto-distributed with pa-
rameter o > d, that is, have the distribution function

(1.5) Fry=Pl§@) <r]=1-r"% r=>1

In particular, we have £(z) > 1 for all z € 74, almost surely. This is the most heavy-tailed
distribution for which the PAM is well defined; indeed, [10], Theorem 2.1, says that & > d is
necessary and sufficient for the partition function for 8 = 0 to be finite. Hence, by positivity
of the self-interaction, our model is well-defined for any 8 > 0.

In [14] it turned out that the typical behaviour of the random walk in the polymer measure
for B = 0 is to rush quickly to one of the peak points of the potential and to spend the
remainder of the time in it, and the highest peak sites form a rescaled Poisson point process
in the spirit of spatial extreme-value theory. Now, we add a self-repellent force and show that
the picture is much more pronounced. Indeed, the typical path in our polymer model visits
not only one of these peak sites but several of them after each other, spending a specified
amount of time in them each. We will describe this behaviour in terms of a random variational
problem, defined on a Poisson point process that we introduce below.

1.2. Rescaling and point measures. It is the purpose of this paper to study the counter-
play between the effects coming from the two terms in the Hamiltonian and the underlying
probability distribution of the walk. To make sure that these three effects (i.e., attraction by
the potential, self-repulsion and entropy—see the heuristics in Section 1.4) all run on the
same scale, we take 8 depending on ¢ as follows. Fix a parameter 6 € (0, 00), and set

4! d
where g = .
(logt)4 oa—d

Note that ¢ and the large-r behaviour of §; are decreasing in «; for o > 2d, we have that
Br — 0 as t — oo. To reduce the amount of parameters, in the following we write:

(1.6) B =0

(17) HI(S) = Ht(s’ﬁt), Zt(é) - Z,(S’ﬂ’), Plgf) = P;E»lgt)

We denote by

¢ I+q
1.8 =—
(1.8) Ty (logt)
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an important characteristic spatial length scale. More precisely, r; will turn out to be the
typical distance of the relevant islands from the origin at which we will find (X)s¢[0,/] with
high probability under P\*’. Furthermore, it will turn out that the largest potential values in
boxes of radius ~ r; are of order rtd /% 1t is convenient to express statements like these in
terms of point processes, that is, random variables with values in the set M, ((0, c0) x R%)
of Radon measures on (0, 00) x R? with values in Ny U {o0}, also called point measures since
they are of the form Y, 8, With x, € (0, 00) x R?. The crucial point is that the rescaled
point process

(1.9) I, = Z 5( £@) 2

converges as t — 00, weakly with respect to the vague topology in M, ((0, 00) x R%), toward
a Poisson point process (PPP) IT with intensity measure of "1~ d f ® dy:

(1.10) IT~ PPP((0, 00) x RY, af "' d f @ dy).

This is a basic result from spatial extreme-value analysis; see Lemma 2.4 for the precise
statement. We will often write the points in (0, co) X R as ( f>¥). The process I1 may also
be seen as a standard Poisson point process in R? with Fréchet-distributed i.i.d. marks. We
will write the probability with respect to IT also by P.

In order to formulate the path behaviour of the walk in terms of the local times ¢;(x) =
E,(X)(x) = fot 1{X (s) = x}ds, we need to rescale them in time by ¢ and in space by r;. Those

rescaled local times are considered as a density with respect to I1; of the measure W,(S’X),
defined by

(£.X)
dw; £ (yre) d
, V)= , ,y) € (0, R4,
am, f,» ; (f,y) € (0, 00) x
where we have extended the local times to a function ¢, : R¢ — [0, ¢] satisfying £; = 0 on
R?\ Z¢. Note that

(1.11)

£:(2)
W[(E,X) — Z tt (S @)

( )
ze74 ’zd/a i

We will often omit the superscripts and write simply W; for Wt(S’X). It does not encode the
number nor the order of the visits of the random walk to the sites. W; lies in the set WV of all
measures 4 on (0, 00) x R? with total mass 1 ((0, 00) x R?) < 1. Our main object of study
will be W;. Certainly, the rescaled local times are an object of high interest themselves, but
their behaviour may be deduced from that of I1; and W;.

By using the identities

d 1
(1.12) rtd/at=r,logt (—:1——) and /Stt2=0rtlogt,
o 1+g¢

from (1.4) it is easily seen that

HYX) =Y 6@b@ - B Y. 4(2)?

zeZ4 zeZ4
£, (zry) £ (zr)\ 2
(1.13) =2 kG = et ) (T)
74 7d
ZE? ZGW
2 . th
=rtlogz/ [Fw(f.y) —0w(f. )AL (fy) withw= !,
(0,00) x R4 dIl,
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that is, the Hamiltonian is an explicit functional of the rescaled local times and the point
process I1;. This is the starting point of our analysis.

1.3. Main results: Convergence toward a variational formula. In this section we formu-
late and comment on the main results of our paper. In Theorem 1.2(a) we prove the asymptotic
behaviour of the partition function Z\*', defined in (1.2), in terms of a limiting variational for-
mula E, which we define in Definition 1.1 in terms of an energy and entropy functional. In
Theorem 1.2(b) we show that, for o > 2d, the rescaled local times measure W; of a typical
trajectory sampled from the mixture of P and P\’ converges in distribution to the maximizer
of the variational formula.

Contrary to the parabolic Anderson model, which corresponds to 6 = 0, this maximizer
is—with probability larger than 0—not a Dirac measure. However, which may be quite un-
expected, the support of this maximizer is still finite. More precisely, the number of points
in the support is a random variable which attains any value of N with positive probability.
Interestingly, the behaviour of this variational formula changes for @ € (d, 2d), we comment
on this in Remark 1.9.

We introduce a few definitions of functionals and notation as a preparation for the state-
ments of our main result, Theorem 1.2.

DEFINITION 1.1.  Let P € M((0, 00) x R%). We define:
(a) the energy functional ®p: W — [—o0, c0] by

d
[fw(f.y) —0w(f. 2 ]AP(f.y) ifp<Pw= =,

(1.14) d>7>(,u):: /;O,oo)de dpP

—00 otherwise,
(b) the entropy functional Dp: VW — [0, co] by

sup DoY) ifu<P,
(1.15) Dp () := { YCsupppa u.#Y <oo
00 otherwise,

where Dg(@) = 0 and Do(Y) for a finite nonempty set ¥ C R? is the smallest possible
| - |-length of a path from the origin that reaches all points in Y, that is, the minimum over
ZINZI |o; —oj_1] of bijections ¢ : {0, ..., N} — Y U {0} with og =0, where N =#(Y \ {0}).
We wrote

(1.16) suppga it = |y € R?: 3f > 0, (f, y) € supp )

for the support of the projection of 1 on RY.
(c) the functional Vp: W — [—00, 00) by

(1.17) W () = @p(n) —gDp(n) if (DP(W < 00,
— otherwise.

For P € M,,((0, o0) x RY), we define

(1.18) E(P) = sup Wp(u).

HEW

Because Wp(0) =0, (1.18) defines a function E : M((0, 00) x R4 — [0, oo].
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We write P x P\ for the mixture of the laws of P and P\*', that is,
(1.19) P xPY[A x B]=E[14(6) PP X € B]].

We equip W, the space of all measures on (0, c0) x R with total mass < 1, with the
vague topology. By [12], Corollary 13.31, and [11], Theorem 15.7.7; W is a compact Polish
space, which will be convenient for the formulation of our results and proofs. Therefore, by
[12], Corollary 13.30, (corollary of Prohorov’s theorem) and [11], Theorem 15.7.7, the set of
probability measures on WV forms a compact Polish space.

THEOREM 1.2. Fix 6 € (0, 00) and o € (d, 00). We have the following convergences in
distribution:

(a) Partition function:

1
(1.20) — log z® =X = (),
rilogt

and
P[E(IT) € [0,00)] = 1.

(b) Law of the rescaled local times: Let o € (2d, 00). Then the following hold:
(1) There exists a random variable u* with values in W that maximizes Vi, in the sense
that P-almost surely,

(1.21) Wi (u*) = E(TD).

(i) This maximizer w* is P-almost surely unique in the sense that, P-almost surely,
Yn(v) < Wn(u*) for any v e W\ {u*}. Furthermore:

o P-almost surely, * is a probability measure with finite support and u* < I1. In
particular, P[pu* = 0] = P[#suppu* =0]=0.
e Forallk e N, P[#supp u* =k] > 0.

Consequently,
(1.22) P[E(I]) € (0,00)] = 1.
(ii1) Under the mixed measure P x Pf) asin(1.19), W, = Wt(S’X) converges in distribution
to
(1.23) Wi=nu
more precisely, for all g € C,(W),
(1.24) E[E® [g(WS )] - E[g ()]

The proof of Theorem 1.2 is given in Section 5 conditionally on crucial assertions for
the lower bound part of the convergence in (a) (which are proved in Section 6) and crucial
assertions about the upper bound in (a) and for (iii) (which are proved in Section 7).

REMARK 1.3 (The appearance of the energy and entropy functionals). We will later (in
Section 1.4 on the heuristics) see that ¢ Dy plays the role of the large-deviation rate functional
for the rescaled local times on the scale r; log#; hence, we called it an entropy functional.
Observe that (see, e.g., (1.13))

(1.25) H®(X) = (rilog ) @, (WEY),
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and therewith,
(1.26) 7 = E[[e(r1logn ®n, (W]

This says that the random walker gains on the exponential scale r; log¢ the potential reward
that is given for w = g—gj by f(07oo)de fw(f, y)dP(f,y) and it pays the self-repellence

price that is given by the expression f(O’OO)XRd Ow(f,y)*> dP(f,y); see Section 1.4 for a
more precise heuristic explanation.

REMARK 1.4 (Interpretation of Theorem 1.2(b)). Since u* has finite support and is ab-
solutely continuous with respect to IT, there exist (random) k* € N and (f]", y1), ..., (fi%,

yi) € supp(IT) and wy, ..., wi. € (0, 1] satisfying Zf-‘; w; =1 such that

k*
=Y wid(sryr-
i=1

Hence, if we interpret the convergence in (1.23) as almost sure convergence, the typical path

d/o for

under ]P’(E) spends ~ wt time units in the site ~ |y*r; | with value &([y;r;|) ~ f*r,
any i e {l,...,k*} and elsewhere only o(#) time units (or does not even reach them).
The above is an informal interpretation. More formally, we obtain the following con-
sequence from Theorem 1.2(b). Given h € C.((0, 00) X R?), observe that the function
g: W — R, defined by g(u) = f(O,oo)de hdpu, is continuous and bounded on W, that is,

g € Co(W). Because
W)= [ ™ ann = ¥ a(S £)2,

(0,00) x R4 s rt/“ r) t

k*

g(w*) = /(0,00>de hdp* =" wih(fF, y7),

i=I

and since W, == u* in W (see (1.24)), we obtain

B, (@) z oo
E[Z ! t h(r;l/a,;>]—>E ;wih(fivyi)-

zeZ4

REMARK 1.5 (Generalization of Theorem 1.2(b)(iii)). Actually, we are able to prove a
slightly more general but more abstract convergence than in Theorem 1.2(b)(iii). Indeed, let

us write 5,@) for the law of W, under IP’;E) so that, for a Borel set A C W, we have
X X
(1.27) L9 =PP(x: w9 e a) =EF[1{wEX € A)].

Then for ©*, as in Theorem 1.2, we can show the following convergence in distribution with
respect to the weak topology (see Remark 5.6),

(1.28) LO=%s

More precisely, for all continuous bounded functionals f defined on the set of probability
measures on W,

(1.29) E[£ (V)] ‘=3 E[f(6,m)].

The convergence in Theorem 1.2(b)(iii) follows from this by taking f(v) = [ gdv in (1.29)
for g € CoW) so that f(LE) = EP[g(W,5*))] and f(8,+) = g(u*), implying (1.24).
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REMARK 1.6 (Large-deviations explanation). Standard ideas from the theory of large
deviations applied to the formula in (1.26) already suggest that the statements in Theo-
rems 1.2 are true. Indeed, if (W;);c(0,00) Would satisfy a large-deviations principle (LDP)
on the scale r;logt with rate function ¢ Dry, and if the limit IT, = IT could be combined
with this LDP and if the energy functional @ would have appropriate continuity and bound-
edness properties, then Varadhan’s lemma would imply the validity of our main statement.
Roughly, this is also our strategy for proving the theorems, but a lot of technicalities need to
be overcome along the way.

REMARK 1.7 (Traveling Saleman Distance). Observe that Dg(Y) in the definition of Dp
(see (1.15)) represents the Travelling Salesman Distance of a path connecting O to all the
points of Y but without returning to 0.

REMARK 1.8 (A particular case: d = 1). In dimension 1, both the expressions of the
energy functional @1y in (1.14) and of the entropy functional Dry in (1.15) turn out to be
much easier. To be more specific, we consider x, z € [0, oo)2 and u € W such that pu < I1
and min suppg 4 = —x and max suppr 4 = z. Then D() = (x + z) — min{x, z} since it is
the shortest distance that one has to travel so that starting from the origin both sites —x and z
are visited (here we can, of course, say that the path first visits x and then z if x < z and the
other way around if x > z). Moreover, by screening effect in dimension 1, that is, since every
site in [—x, z] is visited by a trajectory that reaches both —x and z, any (f, y) belonging to
supp IT with y € [—x, z] may be in the support of such © € W without increasing the entropy.
Note that P-a.s. T1((0, o0) x {0}) = 0, and, therefore, it is sufficient to consider (x, z) that
are not simultaneously null. We introduce the order statistics ( f[(ljx, Z])ieN of the field inside

[—x, z] such that for a sequence (y[(ixyz])ieN

supp ITN (0, 00) x [—x, z]] = {(f(l)x 2 y[@x )i €N}

Because every uw e W with suppu C (0,00) x [—x,z] and u < P is of the form
w=7y:2, wd (O O for a sequence (w;);en in [0, 00] with Y 2, w; <1, we have
-

vzl Y[-x.2)

the following identity by definition of ®p (1.14):

(1.30) sup dn(p) = sup Z(f[ Wi — ow?).
UeW: supp uC(0,00) x[—x,z] wi,wy,>0,22 wi<1l;=1

As the f[("_)x, .1 are chosen decreasingly in 7, it turns out that, for large 7, it is not worth taking
w; positive or, in other words, that there exists a k for which one may restrict to those se-
quences (w;)jeN With w41 = wgyp = --- = 0. This is made precise in Proposition 3.1: This
finite k is given in terms of a formula of the the order statistics ( f[(i)x z])zeN§ let us call it &,

here (see (3.3)). By writing ¢, (f AT f(k ) for the right-hand side of (1.30) with the
restriction w; =0 fori >k, + 1 (Wthh agrees w1th the definition of ¢ given in (3.2)), we
then have the following description of E (IT) in terms of the leftmost and rightmost points in

supp fu:

—~ ] k* 3
(131)  E():= sup o (F o £ ) — g+ 2) — gmin{x, 2).
x,yE[O,OO)Z\{(O,O)}

REMARK 1.9 (Suggested scenario for o € (d,2d)). In the course of our proof for The-
orem 1.2, we in particular show that the characteristic variational formula E(I1) is finite
almost surely for o > d and positive for « > 2d. The latter assertion seems crucial for the
behaviour of the path in the random potential. It is not easy to give a short argument for that;
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apparently, the PPP possesses sufficiently many sufficiently high potential values with not
too large distances between them such that trajectories exist for which it is worth paying the
travels in order to profit from spending time in those large potentials.

This is different for @ € (d, 2d). Indeed, in a forthcoming paper, we will show that both
{E(IT) = 0} and {E(IT) > 0} have positive probability here. This can be roughly explained
as follows: With positive probability the PPP, like for o > 2d, possesses sufficiently many
high potentials with not too large distances. Also, the complement has positive probability,
leading to no such preferable locations, as it is not worth travelling that far to profit from the
large potential. We conjecture that the intermediate order statistics need to be considered to
reflect the true behaviour of the random path. A closer description of this scenario will be
given in a future work.

1.4. Heuristic explanation. Let us give here an explanation of the main result, Theo-
rem 1.2. In Section 6 we will turn the following heuristics into a proof of the lower bound
(however, the proof of the upper bound in Section 7 is very different).

We need to understand the large-r behaviour of the partition function Z\°’ defined in (1.7),

that is, the expectation of er(E) with B, defined in (1.6) and the Hamiltonian as in (1.13).
The first step is to understand the scales on which the probability from the simple random
walk and the contribution from the potential £ run, where we first ignore the self-intersection
term and concentrate on the potential-interaction term. Hence, this part of the heuristics is the
same as for the behaviour of the PAM with Pareto-distributed potential in [14]; let us give an
overview now. Note that there is a competition for the random walk between a reward (called
“energy”) from staying much time in sites with extremely large values of the potential and
the probabilistic cost (called “entropy”) to reach such preferable sites quickly: travelling far
and fast, the walker finds a larger potential value where it can stay longer, but this is more
costly. We need to find an optimal balance.

As in [14], we obtain a lower bound by inserting the indicator on the event A;** that the
walker wanders on some fixed shortest path to a site z during the time interval [0, st) and stays
at z during [st, ¢]. The probability of this event is (recall that the jump rate of our random
walk is 2d)

P(AP*) = Poiggs (12]) (2d) ~1¥le =1 7924 #(shortest paths 0 < z}.

Taking |z| > t, using Stirling’s estimation for the term |z|! that appears in the Poi-term, we
see that the dominating terms in the exponent are |z|log|z| and |z|log(st) so that, dropping
all lower-order terms,

t
P(A;) ~ exp{ 1z [log m + logs} }

Now, let us examine the contribution from the potential £. In order to obtain a preferably large
lower bound, we pick z as a maximizing point of the potential £ within a box of radius r.
According to the Pareto-tails, we are able to pick z such that £(z) ~ r%/%, and this site will
be approximately of the order r, that is, |z| & r. Hence, from the stay at z during [sz, ], the
potential contributes & ¢/ (179" " The potential values that the random walk experiences on
the fast rush during [0, s¢] are negligible. Hence, we have the lower bound

t o o
A exp{r[log -+ logs} }e”d/ esir!l,
r

and we have still the freedom to optimize over small s and large r. The optimal choice of
s € [0, 1] for the second and the last term is s ~ %rl_d/ “, which implies the lower bound

t d
. >expyrlog— +tr — log(tr™/ ™ = expjtr ——rlogr ;.
(1 32) Z;E) p 1 g d/o 1 g d/a—1 p d/a 1 g
r o
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The maximal r satisfies 174/~! = 1 + logr, and this is asymptotically satisfied by r = r; =
(t/logt)! 9 as in (1.8), with ¢ = ﬁ as in (1.6). Then both the energy term r?/® and the
entropy term —gr logr &~ —qr;logt are on the scale r;logt. Interestingly, the latter comes
exclusively from the probability of the crucial event A;**, after optimizing on s ~ 1/log¢,
whose choice depends on the potential value. This explains the appearance of the prefactor ¢
in (1.17) and the notion of an “entropy functional” in Definition 1.1.

So far, this was the first part of the explanation, which applied also to [14], since we
considered only the potential interaction. Now, let us become specific to our model, where
an additional self-intersection term in the Hamiltonian appears and makes the path paying an
extra energy price when staying a long time in a single site. If this time is of order 7, then
the price is of order ﬁttz = 0Or;logt (see (1.12)); that is, it is on the same scale. Therefore,
the strategy has to be improved by not only visiting one site but several after each other
and staying in each of them some time < ¢. Standard assertions from spatial extreme-value
theory guarantee that there are not only one but many sites with potential values =< r,d / ,
and they are homogeneously distributed over a centered ball with radius & r;, so there are
many good candidates for sites to be visited. One needs to make a choice of the number
of the visited sites and the order in which they are visited during the time interval [0, ¢].
The travel between them costs an additional price of the same order as the first travel from
the origin to one of them since the distances of all these travels are on the same scale. The
functional ®p () in (1.14) describes the energetic gain (staying ~ w( f, y)t time units in a
site & yr with potential value f rtd /% for all the (f,y) in P and paying Ow( f, y)?* for the self-
intersections) and the functional gDp in (1.15) describes the exponential probabilistic cost
payed by the simple random walk. Hence, the rate functional Wp = ®p —gDp in (1.17) gives
the entire exponential cost of this path strategy on the scale r, for P = I1;, as we explained
in Remark 1.3. Then the exponential behaviour of the partition function Z\* is given by the
maximum of u — Wr(w), as in Varadhan’s lemma. An additional technical difficulty is the
combination of the large-deviation arguments with the point process convergence I1; — IT;
see Remark 1.3.

1.5. Organization of the paper. The remainder of the paper is organized as follows. In
Section 2 we explain our strategy for proving Theorem 1.2 and formulate two types of inter-
mediate results: the first comprises a deterministic version of Theorem 1.2 for point measures
that possess certain properties, while the second states that 1, and IT possess these properties.
This version of Theorem 1.2 is proved in Section 3 along with fundamental compactness and
continuity properties of the energy functional ®p and the entropy functional Dp as well as
the existence and main properties of the maximizer. The proof that I, and IT have the good
properties is given in Section 4. Hence, Sections 2—4 derive all the properties of the varia-
tional formula for E(I1), as formulated in Theorem 1.2. In Section 5 we start the proof of the
large-t analysis of the model, Theorem 1.2, by formulating two main ingredients for the proof
for the lower, respectively, upper bound (Propositions 5.2 resp., 5.4). The two propositions
are proved in Sections 6 and 7, respectively.

1.6. Literature remarks. Let us give some survey on the literature on random motions
in random potential and localisation properties. First examples appeared in work by Sznit-
man on Brownian motion among Poissonian obstacles in the early 1990s; see his monograph
[25]. Among many other things, he proved almost-sure attraction to one island but did not
identify this island. An analogous localization result (i.e., for the solution of the PAM rather
than for the random motion) in the space-discrete setting with an i.i.d. doubly-exponentially
distributed potential was [9]. Around 2010, it turned out that the strongest attraction to the
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intermittent islands is present for potentials with heavy tails, since they have a particularly
pronounced profile: indeed, the islands are just singletons here. This has been observed for
the first time for the most heavy-tailed potential distribution, the Pareto distribution, in [14]
and has been investigated in great detail in [18] and also for the exponential distribution in
[15]; see the survey [17]. For double-exponentially distributed potential, localization (and
much more) was proved in [3]. Most of these localization results are formulated and proved
for the solution of the PAM rather than for the random walk in the Feynmna—Kac formula; see
[1], Section 6, and [13], Section 6.3, for two comprehensive survey texts on such localization
results up to 2016.

These two survey texts triggered interest in localization of discrete-time random walks
among Bernoulli traps, the (time and space) discrete version of Brownian motion among
Poisson obstacles. Deep localization properties were derived in [6—8] in this setting in di-
mension d > 2. Similar results for a correlated random potential in d = 1 (with i.i.d. gaps
between the obstacles) have been derived recently in [22].

Earlier work [19-21] analysed the strongly related model of a spatial random branching
walk in a Pareto-distributed random field of branching rates. For this model this series of
papers derives a description that resembles our model and results quite strongly. It turns out
there that the main bulk of the particles is highly concentrated in a number of sites that are
defined in terms of a Poisson point process (essentially the same as our I1); more precisely,
the branching process subsequently visits points of this point process that are step-for-step
extremal with respect to a compromise between high potential values and short distances.
This precise mechanism is different from the one that is detected in the parabolic Anderson
model (PAM) in [14], the main difference to that model being that the branching process
is consistent and has no finite time horizon, like the PAM. With respect to our model, an
additional difference is the repellent effect from the second part of our Hamiltonian.

The second feature in our model is the Hamiltonian of the famous weakly self-repellent
random walk, the negative exponential of the self-intersection local time. It is here only a
side-remark that the behaviour of the weakly self-repellent walk is poorly understood in di-
mensions d € {2, 3, 4}, and it was a substantial challenge to investigate it in the other dimen-
sions; see [16, 24] for surveying texts. Generally, it is expected that the typical behaviour is a
more or less uniformly spread-out behaviour in space on a scale #¥¢ that is much larger than
the scale ¢!/2 of the free walk (at least in d < 4) but much less than the scale ¢ of a ballistic
walk (at least in d > 2). However, all these effects will not be seen in our model, because
of the presence of the random potential. We will necessarily be working on a much rougher
scale than those scales that are believed to be responsible for this spread-out behaviour, and
the resulting behaviour will be much more spread-out but for reasons that have to do with the
potential and not with the self-repulsion.

1.7. Notation. We write N={1,2,...} and No = {0, 1, 2, ..., }. For the rest of the pa-
per, we fix d e N, 6, € (0,00). We set Qg :=[—R, R} for R € (0, 00). We write —>
for convergence in distribution. We abbreviate ‘Poisson point process’ by ‘PPP’. For y =
(V1,...,Y4) € RY, we write ly| = Z,'d:1 |y;| for the ¢! norm, and for a € R?, r > 0, we write
B(a,r)={ye R4 : |y — a| < r} the open ¢! ball in R around a of radius r.

2. Preparation. In the present section, we prepare for the proof of Theorem 1.2 by
analysing the variational formula E in (1.18). On the way we need to extract several con-
tinuity and compactness properties of the energy and entropy functionals ®&p and Dp as
functions of P € M, ((0, 00) x R?). For this we keep P deterministic in this section but re-

strict to a subclass of such P’s for which we can prove all needed assertions and for which
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H,

h T s

FIG. 1. Hlustration of Hj,.

we can prove that the processes I1; and IT satisfy them. We define in particular a class of
good point measures (see Definition 2.7) with the characteristic that if P is good, then Wp
has at most one maximizer. In Theorem 2.8 we formulate all the necessary properties for de-
terministic good point measures, among other things the uniqueness of the maximizer and its
continuous dependence on P. Furthermore, in Lemma 2.9 we state that I1, and IT are almost
surely good. The proofs are deferred to later sections.

It will be convenient for us to compactify specific subsets of (0, 00) x R¢, as described
next. For &, s > 0, we define the cone-shaped set (see also Figure 1) with height 4 and slope s
by

(2.1) $={(f,y) €(0,00) xRY: f>5|y|+h).

We can embed (0, oo) x R? continuously and openly into a locally compact Polish space &
with certain properties, mentioned in the lemma below. For a locally compact metric space E,
we write M, (E) for the set of point measures on E, that is, No U {oo}-valued Radon measures
or, equivalently, due to the fact that the support of each such measure is countable and locally
finite, the set of Radon measures that can be written as ), .y dx, for a sequence (x,),eN
in E. We equip M(E) with the vague topology, that is, P, — P in My(E) if and only if
[@dP, — [¢dP for each continuous compactly supported ¢: E — R. When E = &, we
will simply write M, = M (€). We denote by M the set of point measures in My, that are

supported in (0, c0) x R? and equip it with the topology from M,.

LEMMA 2.1.  There exists a locally compact Polish space €, with (0, 00) x R? C & such
that:

(i) Forevery h,s > 0, the open set H; is relatively compact in €, and for every compact
subset K in € there exist h, s > 0 such that K N [(0, 00) x R4] C H; .

(i) The map 1 : (0,00) x RY — &, given by (((f, y)) = (£, y), (f,y) € (0,00) x R?, is
open and continuous. In other words, (0,00) x R¢ is continuously and openly embedded
in €.

Moreover:

(a) Mg can be viewed as a subspace of Mp((0, 00) x R?), in the sense that, for P € M2,
P o1 defines a point measure on (0, 00) x R4,

(b) Let P € Mp((0,00) x R?). Define P on € by P(A) = P(t"'(A)) for Borel sets
A C €. Then P is an element of My if and only if P(H;,) < oo for all s, h > 0.

PROOF. The proof is given in Appendix A, below Lemma A.1. [J

REMARK 2.2. Observe that, by the Portmanteau theorem [12], Theorem 13.16, P, — P
in M, (€) implies that P, (A) — P(A) for all measurable relatively compact A C & with
P(dA) =0. And hence by Lemma 2.1(b), in particular for all measurable A with P(0A) =0
that are a subset of H;, for some 4, s > 0.
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LEMMA 2.3. Forallt > 0,P(Il € ./\/l;) =PI, MS) = 1 (with P as in Lemma 2.1(b)).

PROOF. Let &, s > 0. We show that E(TI(H})) < oo and E(I1,(Hj)) < oo so that, for
example, P(TT(H;) < 00) = 1, and, therefore, P((; j,¢(0,00)nQ{[1(H},) < 00}) = 1. Because
H; C 7—[’1 for t < s and j < h, this implies P((; jc(0,00){[1(H},) < 00}) =1 and thus, by
Lemma 2.1(b), that TT € M.

We have

Z

Iy

(") = 820 L =D 1{552

zeZd Tt ze74

—o
) e
Therefore, because o > d,

E(L () = 3 (s

ze74

o).

“N

We calculate

P(s(Z) > S

ez

Z

+h> = <r,d/°‘ (s ad

I

Z

It

—o
z +h) < 00.
t

Note that IT(#;) is a Poisson distributed random variable with parameter

1
1 d =/ ——dy,
L] D dfay= [y
which is finite for & > d, so that E(TT(H3)) <oo. O

From here on, we will make abuse of notation and write IT also for IT and I, for I1,.
In the following lemma, we state the convergence of I1; toward I1, as mentioned between
(1.9) and (1.10).

LEMMA 2.4 (IT;, = I1). Let« € (d,00). Let t1,13,--- € (0,00) and t, — 0o. We may
view I, and I1 as elements of Mg for all n. Then T1;, — T1 in Mg as n — oo.

PROOF. That we may view I1;, and IT as elements of M follows by Lemma 2.3.

The convergence follows by [3], Lemma 7.4 (the fact that we have (0, 0o) x R4 instead
of R x R does not change the validity of the lemma, as the proof builds on [23], Proposi-
tion 3.21, can be carried out in our situation in the same way). For this we have to check the
two conditions, namely, (7.17) and (7.18) of that lemma (we take the N ¢ in that lemma to be

equal to zero; furthermore, let us mention that in (7.17) there should be “ ” instead of

“(2 757 ) The first condition, (7.17), follows by

o
2N, +1)¢

lim r P(& > s) = lim r?(rd/%5) ™% =57,

r— r—00

The second condition, (7.18), follows by the fact that, for all s, 2 > 0,

3 P(}i%n@m)g Y P(EO) > slxfreY)

xeZd:|x|>rn xeZd:|x|>rn

Ss_a Z |x|—(¥rol—d

xeZd:|x|>rn
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FIG. 2. [lustration (0,00) x Qg C HE U (0, (R + 1)] x RY.

o d d—1
<s_°‘/ u %y~ du

r

7

—a 20—d d—q N—>00

=5 = dn 0. 0
For P e MS and R > 0, define
(2.2) Mg(P):=sup{f: (f.y) €Pandye Qg}.
LEMMA 2.5. LetP,P1,Pa,... bein /\/lg such that P, — P in M. Then
(2.3) sup Mr(P,) <oo forall R>0 and lim sup Mg (Pn) =0.
neN R—00peN

In particular, img_, MRT(P) =0.

PROOF. Fix ¢ € (0, 1). First, observe that for any Q € M}, and any i > 0, Q(Hj) < o0
since H;, is relatively compact (in €), and thus V(Q) :=sup{f: (f, y) € supp QNHj} < oo.
Fix h € (0, &) such that P(0H}) = 0. By [23], Proposition 3.13, there exists an no € N such
that V(P,) < V(P) + 1 for all n > ng, implying M = sup,,.n V (P,) < 0. For R > 0, note
that (0, 00) x Qg = AU B where A C (0, e(R+1)] x R? and B C H; (see Figure 2) so that

sup Mg(P,) <max{e(R+ 1), M} < oo,

neN
implying the first statement in (2.3). For the second statement, divide the above inequality
by R, take the limsup as R — oo and then the limitas ¢ — 0. O

Recall that WV denotes the set of subprobability measures on (0, c0) x R¢ with total
mass < 1. For R > 0 and P € M;((0, 00) x R?), define the sets
(2.4) FP):={neW: n <P and supp(u) is finite},
(2.5) F1(P) :={u € F(P) : u is a probability measure}.

In the following lemma, we show that if a point measure P has sufficiently many points, then
one may restrict to take the supremum over elements in §1(P) in the variational formula for
E(P) (1.18). Then we introduce the notion of a good point measure under which we will
prove a conditional version of Theorem 1.2(b)(ii).

LEMMA 2.6. Let P € M3. Suppose that
V§ > 0 3Im € N I distinct (f1, y1), ... (fm> Ym) € supp P,

(2.6) "
Y fi=20, Do(yi.....ym) <3.
i=1
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Then

@7 E(P)= sup Wp(u).
HeF1(P)

The proof of lemma is given at the end of Section 3.2.

DEFINITION 2.7 (Good point measure). We say that a point measure P € /\/l; is good
if Wp possesses at most one maximizer in F(P), in the sense that there exists at most one
v € §(P) such that sup,czp) Yp(n) = Wp(v), and if it satisfies at least one of the two
following conditions:

(1) There exists a B > 2 such that for all R, C > 0 there exists a eg,c > 0 such that for
e <epr.candforall y e Qg the set [(Ce, 00) x B(y, sﬂ)] N supp P is nonempty.
(i) P((0,00) x Qr) < oo for every R > 0.

Now, we can formulate a deterministic version of Theorem 1.2(b)(ii) (and more) for good
processes.

THEOREM 2.8 (Analysis of Wp for good P). If P,P1, P2, - € M; are good in the
sense of Definition 2.7, then the following statements hold.:

(a) Maximizer: There exists a unique u* € W such that
que |

2.8) Wp(1*) = sup Wp ().
HEW

This maximizer w* has finite support, is a probability measure and satisfies u* << P, that is,
w* € i (P).
(b) Multisupport maximizer: Let k € N, ¢ := 45;% and L > 20 + (g + 1)e. With B, =

B(0, &), define the regions of (0, 00) X R4 (see also Figure 3),

20 1 2 20
G=|L,L+—|x B, E' = (, L) x B, Ec-=(L+—,00) x B,
2.9)

k k
E3={(f,y) €(0,00) xR: |y| > &, f > eV (ly| —36)).

If P satisfies

(2.10) P(G)=k and P(E')=P(E?)=P(E*) =0,

then #supp u* = k.

L+ 20

B3 Ly Es

ly| — 30

BE

FIG. 3. lllustration of the regions G, E', E? and E3, as in 2.9).
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(c) Stability: For any open neighbourhood O C W of u*,

(2.11) supWp < sup Wp = Wp(u*).
o°¢ w
(d) Continuity of maximizer: If P, — P in MS, then the maximizers | of Wp, converge
toward (1* as n — o0 in the vague topology.

The proof of Theorem 2.8 is given in Section 3.4.

In order to be able to apply Theorem 2.8 to the point processes I1; defined in (1.9) and its
limiting PPP IT defined in (1.10), we use the following lemmas, whose proofs are given in
Section 4.

LEMMA 2.9 (Goodness of IT and I1;). Fix a € (2d, 00). Then for any t € (0, 00), with
probability one, I1 and T1, are good.

LEMMA 2.10. Leta € (d,0). Let k € Nand G, E', E2, E3 be as in (2.9). Then

P[T1(G) =k, TI(E' UE?UE*) =0]>0.

PROOF. Since the regions in (2.9) are disjoint and each of them has finite and positive
intensity measure, the random variables I1(G), [T(E Y, TI(E?), TI(E?) are independent and
have nontrivial Poisson distributions so that P[I1(G) = k, [I(E') = [T(E?) = T1(E3) = 0]
has positive probability. [

It is clear that Theorem 1.2(b)(ii) directly follows from Theorem 2.8, combined with
Lemma 2.9 and Lemma 2.10.

For the proof of the lower bound in Section 6, we use the following lemma so that we can
apply Lemma 2.6 to IT.

LEMMA 2.11. Let @ € (d, 00). With probability one, I1 satisfies (2.6).

3. Analysis of the variational formula. Here we give the proof of Theorem 2.8; that is,
we analyse the maximum of Wp and its maximizer for an arbitrary point measure P that is
good in the sense of Definition 2.7.

Let us first give a short outline of the proof. In Section 3.1 we analyse the maximization of
the energy functional ®p(u) over u when the number of points of P is fixed; this involves
only the maximization over the potential values. In Section 3.2 we introduce the crucial tool
for handling variational problems, namely, the Gamma-convergence, and derive I"-continuity
properties of P + ®p and P — Dp and consider the compactness of the objects appearing
in the variational formula sup LW Wp(w) (the right-hand side of (2.8)): if P is good, then one
can restrict the variational formula to measures in VV that have a compact support with respect
to RY. Then we give the proof of Lemma 2.6. In Section 3.3 we show that any maximizer of
Wp is necessarily of finite support. Finally, in Section 3.4 we prove Theorem 2.8(a), putting
together the results derived in the preceding sections, namely, the I"-continuity of P > —Wp,
and the fact that we need to optimize W only over compact subsets of JV. Recall that, by
our definition of “good,” the uniqueness of the maximizer is guaranteed for good P.
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3.1. Maximization of ®p with fixed number of points. In this section we derive, for a
given point measure with finite support, P = Zf:l 8(f.,y)» explicit information about the
maximization of ®p(u) over u. We need slightly adapted notation. Since we optimize here
only ®p(u) over u, we can also drop the points yi, ..., yx; see Definition 1.1. We obtain
explicit information about the maximising vector w = (wy, ..., wg) = (u(f;, y,-))f-‘zl.

Fix 6 € (0, co) as always. Furthermore, we fix k € N, assume that P = Zle 3(f:,y; and,
therefore, may restrict our maximization problem to w of the form u = Zf:l w;8( £y~ Then
a comparison to Definition 1.1 shows that

(3.1 sup. Qp () = @i(f1, .-+, fi),

HEW

where ¢ : (0, 00)k = [0, 00) is defined as

k
2
(32) o(fi, s fo= sup D (wifi —Owy).
Wl,eeny Wk ZO i=1
Z?:] w; <1
We are going to analyze the function ¢y in this section.

Since @i (f1, ..., fr) does not depend on the order of the f;, we may assume them to be
ordered in a decreasing way. The following is the main result of this section; it identifies the
optimal wy, ..., wg, and thus the optimal p provides some of its properties and shows its
uniqueness.

PROPOSITION 3.1 (Analysis of ¢). FixkeNand fi> fr>---> fir > 0:
Case l: fi+---+ fx >20. Let k. = K. (f1, ..., fx), where

j
(3.3) K*(fl,...,fk)::inf{je{l,...,k—l}:jfj+1§Zfi—29}/\k,

i=1

where we interpret inf & = co. Then the unique maximizer in (3.2) is given by

1 1 (&
AN i — 7 i — 29 if i < k*v
(3.4) w; = { 26 {f’ ke (; 1 )} yis
0 otherwise.
Moreover, w; >0 forie{l,...,k}, wi+---+wi, =1, and
ks 2
(3.5) Ok (f1s oo S =01, (f1, -+ fr) 49<Zf ——(Zﬁ—%) )
ke i=1
In particular,
ke—1 ke 2
17 )i
3.6 <
(3.6) Z 10 <@(froo i) < 10

i=1 i=1

Case 2: fi1+---+ fr <?26. Then the unique maximizer is given by w; = f; /20,1 <i <k.
Moreover, w; + - -+ wy < 1, and

Lf?
3.7) o (fioe o 24—

The proof of Proposition 3.1 builds on the following lemma, and is given below the proof
of Lemma 3.2.
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LEMMA 3.2. LetkeNand fi1 > fo>--- fr =0:

(a) The map
k
(3.8) (Wi, .o we) > > [wi fi — Ow?]
i=1
is maximized over [0, oo)k precisely for w; = ﬁ
(b) Suppose Y*_, 29 < 1. Then (3.8) is maxzmzzed over (wi, ..., wi) € [0, 00) under
the constraint lel w; <1 precisely by w; = {—9.
(c) Let y € R. Then (3.8) (as a function on R¥) is maximized over (wy, ..., wy) in R¥
under the constraint Y*_, w; =y by
_Ji AN
39 i — 1, efl,...,k}.
(3.9) wj =S + P ; T Jed }
(d) Let y €10, 00), and suppose that kfy + 20y — Zf:] fi = 0. Then (3.8) is maximized
over (wy, ..., wy) € [0, 00)K under the constraint Zf‘(—l w; =y by (3.9), and we have

k A
(3.10) Zw,fl w7 Z ,2__( ‘Zﬁ'

(e) Suppose Zl 1 zé > 1 and kfy + 260 — Z —1 Ji = 0. Then (3.8) is maximized over
[0, 11¥ under the constraint Z _ywi <1by(39)withy =1.
(f) Suppose kfi + 260 — Z —1 fi =0 or, equivalently,
k—1
(3.11) (k—Dfi+20-) fi <0.
i=l1
Then if (3.8) is maximized by (wy, ..., wy) € [0, 11¥ with Zf:l w; <1, then w; =0.

PROOF. (a) follows by the fact that w; — w; f; — Gwl.z is concave for all i so that the

maximum is attained where its derivative equals zero (or at the boundary, that is, for w; =0,
but this gives an outcome that is clearly less than for w; = {—é).

(b) follows immediately from (a).

(c) is proved by using the Lagrange multiplier method: Define L : R¥*! — R by

k k k
L(wy, ..., wg, A) ::Zwif,- —OZw%—A(Zwi —)/), wi, ..., Wk, A € [0, 00).

(wy, ..., wg, A) is the extremal point for L if VL(wy, ..., wg, A) =0, which is the case if
k
fi—A—20w; =0 foralli, and Zwi =y.

Combining gives A = ¢ Z _1 fi =20y and (3.9). This extremal point for L is the maximizer
for L over R¥, as L is concave and because limjy|— 00 Xf; — 8x> = —oo for all i.

(d) follows from (c) as the condition implies that kf; + 20y — Zf:l fi = 0 (remember
fj = fi) forall j and thus w; > 0 for w;, as in (3.9), that is,

_ i 1 £ A
wi=gtilr L) 20
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As furthermore,
£ £l Ny
Y 2 20

we have obtain (3.10) by the following equality:

g 2 ‘ 1 k fi 2
20wt 3w 9w>—ez(<w> “#0-x3))
Ji

(e) follows from (d), as one observes that (3.10) is maximal when y is closest to Zl 1356

(f) Suppose wy, ..., Wi € [0, 1] for k > 2 are such that Zi:l w; <1 (we may assume k > 2
as 0 > 0 so that (3.11) cannot be satisfied for k = 1). Let us define wy, ..., wg by wy =0 and
fori e{l,...,k—1}

1
w; = U)l + mwk

Then by writing y = Z;‘: | Wy = Zle wy, we see that
k k
> @i fi — 07 — (Zwif,- —ew?)
i=1 i=1
k—1

= Wy fr — OB + Y (Wi — w)(fi — O(@; + wi))
i=1

~ k—1
Wy

20
(g i)

~ 2
= Wy fx — 0wy —

i k—1
:k ((k_l)fk_th +29—(1—V)29—(k—1)9wk)
i=1

< —ﬁ((l — )20 + (k — 1)0;) < —07.

This proves that the maximizer has to satisty wy =0. U

PROOF OF PROPOSITION 3.1. Case 2.f0110ws directly from Lemma 3.2(b).
In Case 1, observe first that jf; 1 < Z] fi — 26 forall j > k,, and that f; + -+ fr, =

20. By definition of K., one has (k. — 1) fi, > X5 f; — 260, and thus fi, > (2 L fi-
260) and so w1 > wy > --- > wy, > 0. By Lemma 3.2(f) it follows that w; =0 for i > k, and
so by (e) one completes the proof. [

3.2. Some topological properties of the variational formula. In this section we prove
that the functional P — —Wp, introduced in Definition 1.1, is Gamma-continuous in the
vague topology, which is the crucial property under which we can find later arguments for the
existence of maximizers and continuity properties of the maximizers as a function of P. The
main tool of the arguments is a characterization of the vague convergence of point measures
in terms of one-by-one convergence of its points.

Let us introduce the crucial sense of convergence for variational formulas.

DEFINITION 3.3 (Gamma convergence). Let X be a metric space. Let f, f1, f2,...:

X — [—o0,00]. We say that the sequence (f,),eny Gamma converges to f, written
I''n—o0

fn— f,if:
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(i) for all x € X and all sequences (x,),eN in X with x,, — x,
f () < liminf f, (xp),
(ii) for all x € X, there exists a sequence (x;),eN in X such that x, — x and

J(x) = limsup f, (xp).

n—oo

r, . e . .
REMARK 3.4. Observe that f e f if and only if f is lower semicontinuous.

We use the following statements about I"-convergence, which are sometimes referred to as
the fundamental theorem(s) of Gamma convergence.

THEOREM 3.5. Let X be a metric space. Let f, f1, fa,...: X — [—00, 00]. Suppose
I'n—o0 f

(a) ([4], Proposition 1.18) For each compact K C X,

In

inf < liminf inf .
xngf (x) < limin Jnf fn(x)

(b) ([4], Theorem 1.21) Suppose there exists a compact set K C X such that
infyex frn(x) = infyeg fr(x) for all n € N. Suppose that xi,xp,--- € X are such that
JnGn) = infiex fr(x) for all n € N. Then there exists a subsequence of (x,,)neN that con-
verges to an y € X for which inf,cx f(x) = f(y).

The main result of Section 3.2 is the following proposition. Part (a) will allow us to restrict
the search for a maximizer u* of Wp to those . whose R¥-support is within some box in R?.
Recall that WV is the set of subprobability measures on (0, co) x R4 with total mass < 1, and
Or=[—R, R1¢. Furthermore, we introduce

(3.12) Wr={neW: suppu C (0,00) x Qr}, R=>0.

PROPOSITION 3.6. Let P, P1,P2,P3,... bein MS such that P, — P in Mp. Then:
(a) Compactness

lim sup supWp, (u)=—o00.
R—00  eW\Wpg neN

(b) Gamma convergence of —\V

I'n—o0
—Wp T g,

The proof of this proposition is at the end of this section. We prepare for the proof by citing
a well-known result from point-process theory about a characterization of vague convergence
by pointwise convergence. For P € M,, and L > 0, recalling that Q; = [—L, L), we denote

by P the point measure 1[; -1 )y o, P> Which means d?—;;) =1{1-1.00)x 0, » that is,
(3.13) PPA) =P(AN[[L™", 00) x O]

for any Borel measurable A C €. For u € W, we also write " = 1, -1 »)x 0, K-
Observe that, as [L ™!, 00) x Q1 C H; for some h,s >0 (e.g.,s = 411 and h = %) and H;,
is relatively compact in &, P([L~!, 00) x Q1) € Ny forall P € M.
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LEMMA 3.7. Let P,Py,P,--- € My and L > 0 be such that P, — P in M, and
POL™", 00) x Q1)) =0
(@) Putk="P(L™ " 00) x Q1) € Ny. Then there exist (f;, yi), (f'. v e [L~), 00) x
Or,forneNandi€f{l,..., k} such that, for all large enough n € N (with empty sums
interpreted as zero),

k k
P =3 0o PP =38 () == (foy). i€l k)
i=1 i=1
(b) Suppose w, w1, 12, ... arein W such that (1, — win W and p,, < Py, foralln € N.
Then p < P, and with k, (fi,yi), (f",y!) as above, there exist (wf,...,wy), (w1, ...,
wy) € [0, 11¥ such that, for all large enough n,

— 00 .
(L)—Zw”S(fn oY /,L(L)=Zwi8(ﬁ,yi), w”n—>wl, ie{l,... k}.
i=1

PROOF. For the first statement, note that [L ™!, o0) x Qp is arelatively compact subset

of € and apply [23], Proposition 3.13. The second statement is a straightforward consequence
of the first. U

Here is the main step in the proof of Proposition 3.6.

LEMMA 3.8. Let P,Py, P>, - € MB be such that P, — P in M,, and let 1, 11,
U2, - €W be such that u, — [ in W. Then:

(@) Dp () <liminf, o Dp, (1n).
b) If un K Py and there exists a R > 0 such that i, € Wg for all n € N, then

®p(u) = limsup Pp, (1)
n— oo

PROOF. (a) If u « P, then by Lemma 3.7 there exists an N € N such that u,, &« P, for
all n > N, and the conclusion trivially holds. Therefore, we may assume pu << P and u,, < Py,
for all n € N. Moreover, we may assume that u % 0. Let L > 0 be such that P has zero
measure on the boundary of [L™!, 00) x Q7 and Dp(u™) > 0, which implies u©» # 0. Let
k, f*, yi', w!, fi, yi, w; be as in Lemma 3.7, and note that k > 1. Letiy,...,i, € {1,...,k},

m € N, be the distinct indices such that wi; > 0, je{l,...,m}, and wy = 0 otherwise. We
may assume that, for all i <k and all n large enough, w; > 0 implies w;' > 0. Then
Dop, (n) = Dpn( (L)) > Do(ylnl, cey ylffn) e Do(yiys ooy Vi) = D’/)(,LL(L)).

Therefore, for any L > 0, liminf,— 0o Dp,(tn) > Dp(u'”). Since Dp(n) =
sup; .o Dp(n'?), the claim follows.

(b)Let R >0, uy, € Wg, n <K Py, foralln € N and p, — @ in W. Note that this implies
® € Wg as well, and by Lemma 3.7(b), © < P. Let ¢ > 0. Let us first show that for large
L>0

G.14) ®p,(un) < Pp, (1) +& forallneN and [@p(u) — Pp(u')] <e.

Indeed, take L > R such that L™! <&, u((0,L™") x Qr) < &/0 and PO([L™!, 00) x
01)) =0. Then

p, (1) — Pp, (1) = /

0,.L7Hx0r

7- odn (. »]dmntrin =2

dpy,
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and the same inequality is valid with P,,, u, replaced by P, u, for which also
du

Op(u) — Op(u™) = / [f —0—(/. y)] du(f.)
0.L7H)xQy dpP

> —6u((0, L*I) x Qr)>—

where we used that g—g < 1. This concludes (3.14). Now, it is enough to show that
®p, (1u5) = Dp(u), but this follows by Lemma 3.7: with k, fi, f7, yi, ¥, wi, w”

]
as therein and n large enough,
k

p, (1) =D (W f' — 0w Zwlfl—é?w = dp(ul). .
i=1 i=1

>~

As a by-product of the proof, we obtained the following.

LEMMA 3.9. LetP e Mg and v € Wg for some R € (0, 00). Then

L—o0 L—o0

L
op(u) == dp(),  Dp(uP) =S Dp(w),  Wp(u) =S Up(w).
PROOF. This follows by definition of Dp and by (3.14). [

PROOF OF PROPOSITION 3.6. (a) It suffices to show that, given any A > 0, there exists
an Ry > 0 such that

Vp (1) <—A foralleRo,,ueW\WRandneN.

Recall the definition of Mg from 2, and recall that ¢ = =%~ > 0. By Lemma 2.5 there exists
an Ry > 0 such that
(3.15) max{A sup MR(Pn)} < q(R —1) forall R > Ry.

neN

Let R > Ry, n € W\ Wg and n € N. We decompose (0, 00) x R4 into
SO =(0,00) x Qr,  Sg :=1(0,00) X [Qrsk \ Qr4s—1] fork eN.

Observe that ¢ := u((0, 00) x R%) is in (0, 1]. Write ¢ = > keN, Sk With & := M(Sg‘)) for
k € Nyp. Note that ¢ > 0 implies Dp,(u) > R + k — 1 so that &Dp,(n) > &k(R+k — 1)
for k € Ny. Since Wp, (u) = —oo if u & P,, we may and do assume p < P,. Hence, we
have the lower bound ¢{Dp, (1) = > ken, sk PP, (W) = D ken, Sk (R + k — 1). Furthermore,
we have the upper bound

O, (1) < Y / SFUEY = Y aMea(Po).
keNp keNy
Together with (3.15) and Dp, (1) > R > Ry, this gives

1
Wp, (0 = O, (W)~ Dp, (0 = 3 & 3aR+k =1 —g(R+k =D g1~ OR
keNy

<Y a=AH-(1-A=-
keNy

(b) Let us first show (i) of Definition 3.3. Pick u, u1, i2, - -- € W such that u,, — u. We
have to show that —Wp(u) < liminf, o —W¥p,(u,), that is, Wp(u) >
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limsup,,_, . ¥p, (14n). By (a) we may assume that there exists an R > 0 such that pu, u, €
Wk for all n € N, because if such R does not exist, then limsup,,_, ., ¥p, (1) = —00. Pass-
ing to subsequences if necessary, we may also assume that u, < P, for all n € N, and
by Lemma 3.7(b), © < P. In this case the desired statement is a direct consequence of
Lemma 3.8.

To verify (ii) of Definition 3.3, let © € WW. Assume first that Wp(u) = —oo. Since P, is
countable for each n, there exists a (£, y) € (0, 00) x R4\ Unen Pha- Setting i, = (1 — %),u +
%S(f,y), it is clear that y, — w and ¥p, (u,) = —oo for every n.

Assume now that Wp () > —oo, which implies u© < P. As we will soon see, it suffices
to show the following: for every L > 0, there exists a sequence 1, with i, = n” such that
Dp, (1n) = Dp(u'?) and Op, (ty) — Pp(u'?). To prove the latter, fix L > 0, and take
k, (fi,yi), (f',y") as in Lemma 3.7. Define w; = u(f;, y;) fori e {1,...,k} and p, :=
Z;{:l wia(fin’yin)' Then

Dp, (ttn) = Do({y]: wj > 0}) = Do({y;: w; > 0}) = Dp(u"),

mn = ' and Op, (n,) — Pp(u'”) as well, as shown in the last line of the proof of
Lemma 3.8.

Now, for each m € N, we can find a sequence (v »)neN in W with v,({l”)n = Vjp. such that
Dp, (Vm.n) = Dp(u™) and ®p, (Vi) — ©p(u™) as n — oo. Let (Ny)men be a strictly
increasing sequence in N such that

(m) (m) 1
|D73n(Vm,n) - DP(M )| Vv }(DP,, (Vim,n) — (DP(M )’ < n_1 for all n > Ny,.

Define m, := max{m € N: N,, <n} and u, := v, ,. Note that m, — oo, u, — n and
n > Ny, so that, by Lemma 3.9,

n—oo

(e, (1n) = ¥p (W < [Wp, (1n) — Wp (") + [¥p (1) — ¥p(W)| — 0. O

With the convergence of Lemma 3.9 and the compactness in Proposition 3.6(a), we prove
Lemma 2.6.

PROOF OF LEMMA 2.6. By Proposition 3.6(a) it follows that there exists an R >0
such that E(P) equals Sup, ey, Yp (V). Then by Lemma 3.9, it follows that E(P) equals
sup,egpy Yp(v). Let v € §F(P) and § > 0. We show sup,cz p) ¥p(n) = Up(v) —
25. Let (f1,¥1)s ---» (fm.ym) be distinct elements of P such that > ", fi > 26 and
Do(y1, ..., ym) < 8. Let k € Ng and (fi+1, Ym+1),s ---> (fin+k> Ym+k) be the distinct ele-
ments that form the support of v (so possibly k = 0). By Proposition 3.1 there exist w; for
ie{l,...,m4+k} with X" % w; =0 such that for s« = " w; 8/ ;) one has

Sp () = Qktm(f1s s k) = Om(f1s -, fm) = Pp(V),
Dp() < Do(yis -+ Ymtk) <28 +Dp(v),
and thus Wp(u) > ¥p((v) —25. O

3.3. Maximizers have finite support. In this section we prove that if P is a good point
measure in ./\/l;, then every maximizer u* of Wp has a finite support. It is this result that needs
one of the two conditions (i) or (i1) of Definition 2.7. Indeed, we will use (i) to construct, from
a maximization candidate with infinitely many points, a better one with only finitely many
points, and we will use (ii) for a simple argument that the maximizer has only finitely many
points.
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PROPOSITION 3.10 (Maximizers have finite support). Let P be a point measure in ./\/lg
that is good in the sense of Definition 2.7. Then:

(a) WUp has at least one maximizer,
(b) there exists a R > 0 such that every maximizer of Wp lies in YWk,
(c) every maximizer has finite support,

and, if P satisfies (1) of Definition 2.7, then:

(d) every maximizer v is a probability measure, that is, v = Zle W;b(f;,y;) for some
keN,wel0, 1] Zle w; =1, fi €(0,00),y; eR? fori € {1,...,k}. Moreover, Zg‘:l fi >
26.

PROOF. (a) By Proposition 3.6 (see also Remark 3.40), Wp is upper semicontinuous. W
is sequentially compact by [12], Corollary 13.31. Therefore, Wp has at least one maximizer.

(b) By Proposition 3.6(a) we may pick R > 0 so large that sup, ey, Yr(r) <0 <
sup, ey, Yp(1). This implies that every maximizer lies in Wg.

(c) Let v € Wg be a maximizer of Wp. Clearly, v < P (otherwise, Wp(v) = —00 <
Wp(0)). Under (ii) of Definition 2.7, v has finite support. Therefore, we assume instead that
(i) of Definition 2.7 holds. Moreover, without loss of generality, we may assume that the sup-
ports of P and v are infinite. We are going to show that there exists a u € Wg41 such that
supp u is a finite set and Wp () > Wp(v), which implies the claim.

Let (fi, yi) € (0, 00) x R? for i € N be distinct and such that {(fi,vi):i e N} =suppv.
We may assume that f1 > f> > f3 > ... and f; — 0 as k — oo (due to the fact that [¢, 00) x
QOr is relatively compact in &, because it is a subset of ’Hi for some s, 2 > 0, and so there
are only finitely many i such that f; > ¢ for all € > 0). We separate the proof in two cases,
depending on ) ;c fi: Case 1: ) ;o fi € (20, 00], Case 2: )", fi €10,20]:

Case 1 ) ;cn fi € (260, oo]. The idea is that Proposition 3.1 tells us that Dp is maximized
using a finite number of points such that adding points the & part will not enlarge, but the D
part will increase.

Let § > 0 be such that ),y fi > 26 4 25. Let K1 be such that ZiK:11 fi > 260 + 6. Let
K> > K be such that f; < 1% for all k > K». Then for k > K», we have

(3.16) Op(v) <@k (f1s---» fi) +9,
K|

k k
1)
BN Y fimkfin =Y (= =) (fi- ) 220 +5-0=26,
i=1

i=1 i=1

By (3.16) it follows that (as the above can be done for any § > 0) for ¢ as in (3.2),

Dp(v) <super(fi,--., fr)-
keN

By (3.17) it follows that there exists a £ € N such that K,(f1,..., fx) = £ for all k >
K>, where K, is as in (3.3). Therefore, by Proposition 3.1 we have @¢(f1,..., fx)
Om(f1, ..., fm) forall m > K>, and thus, with w; as in (3.4), for w given by

w; ifie{l,.... ¢ and (f,y) = (fi, yi),
0  otherwise,

w(f,y) =

we have for © = wP that ®p () = @e(f1, ..., ft) = Supren €k (f1. ..., fk), and thus
Dp(n) = Pp(v), Dp(n) < Dp(v) and, therefore, Wp(u) > Wp(v).
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(30a,0) x B(Z,a”)

Y1 Y2 Yz > 2

FIG. 4. Visualisation of z,Z and (f, ) (for d = 1).

Case 2 ),y fi €10, 20]. Let us first introduce some objects. For k € N, let

i1 fi

20 ’
Then a; — 0 as k — oo. Let Ry :=inf{s > 0: suppv C (0, 00) x Qy} the smallest r such
that v € W,. Then R| < R since v € Wg. Then there exists a function ¢: N — N such that
Yo(n) converges to z = (z1,...,24) € dQRg, as n — oo. Assume, without loss of generality,
that z; = R;. Let B > 2 and & = €g,+1,30, as in the condition (i) of Definition 2.7 on P. Pick

k € N such that Ga,% — 8qa,’cS > 0 and 3a£ < 1and a; < e A 1. Then define

ay =

a=a; and Z=(Ri+2a’ 25,... 2q).
Observe that 7 € Qg,+1. By the assumption (i) on P from Definition 2.7, there exists a
(f.9) € [(30a, 00) x B(z,a?)] Nsupp P,

see Figure 4. We observe that (f,¥) ¢ suppv since 5 ¢ QR but y € Qg 13,6 C OR+1-
Since limy,—, o0 Yp(n) = 2, there exists a ( f ) € supp v such that § € B(z, a?), and, therefore,
(f.9) € (30a., 00) x B(§, 4aP).

We recall Proposmon 3.1, Case 2, which tells us that the unique maximizer of ¢, as in
dp _

(3.2), is given by (29, e 29) Define u = wP (i.e., P = W), where
ﬁ if (f,y)=(fi,yi) forsomeie{l,...,k},
20 ~
(3.18) wlh=1a if(f,y) =D,
0 otherwise.
Because
.fi Zl:] .fl
A = ’1 5
Z T +a 0 [0, 1]

it is clear that u € Wg4 and that u has only finite support. We are going to show that

Up(u) > ¥p(v).
Observe that

00 f2 1 5 )
Z 4— 0 Z fi ——9(2961) =0a”.

i=k+1
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2 2 2
Therefore, by using that 3_%_ 4"9 ol f:—’é DA f:—’@, we see that

k k 2
(3.19) q)p(/,L)ZZwifi—Faf—Q(Zwiz—f—az) Zi[@Jr f—06d? >Z
i=1 i=1
By Proposition 3.1 it follows that
f2
3.20 d < .
(3.20) p(V) = 49

Moreover, we recall the definition of Dp in (1.15) and see that

(3.21) Dp(v) = Do({y1. ... % ) = Do({y1. ... . 9. 5) — 8a”,
where the last inequality holds true since any path starting from O and visiting all points
in {y1,..., yx, y} can be extended to visit y as well by traveling back and forth along the

straight line linking $ and ¥ (which are at most 4a” apart from each other). Since suppga it =
{yl’ "'vyk’y}’

Do({y1. .. y: 3. 33) = Do({y1. -, y&, ¥}) = Dp(w).
Thus, we deduce from (3.21) that
(3.22) Dp(n) < Dp(v) +8a’,

and, therefore, using (3.19), (3.20) and (3.22) in combination with the fact that f > 30a, we
obtain
f2
Yp(u) —Wp(v) > — Z "L yaf—0a*—8qa”
(3.23) i1 30

261f—205l2—8qcﬂ3 > Ha* — 8qaf > 0.

(d) Suppose that u = Z;‘:l w;d(f,y- If @ is a maximizer and Z?:l fi = 26, then
Zf-‘zl w; = 1 because of Proposition 3.1 (as, like in Case 1, ®p(u) = ¢x(f1, ..., fx)) SO
that p is a probability measure.

If Z _1 fi <20 and pn maximizes ®p (observe ®p, not Wp), then by Proposition 3.1,
Zf: yw; < 1, that is,  is not a probability measure. Moreover, like in Case 2 above, one
can show that p is not a maximizer of Wp: Indeed, one chooses an a € (0,& A 1) with a <
1— Z —1 Wi, 0a* — 8gaP > 0 and 3a? < 1 and follows the same lines as in Case 2 to find a

(f,¥) such that Up(u +a8(f’y)) > Wp(u). O

3.4. Proof of Theorem 2.8. In this section we prove Theorem 2.8 subject to Proposi-
tion 3.6(b) (Gamma-convergence of —W) and Proposition 3.10 (finiteness of support of max-
imizers).

PROVE OF THEOREM 2.8. (a) follows directly by Proposition 3.10. (c) follows by the fact
that Wp is upper-semicontinuous and VY is sequentially compact (see the beginning of the
proof of Proposition 3.10) so that, in particular, O€ is sequentially compact for any open set
O C W. Therefore, there exists a maximizer of Wp on O€, which by the uniqueness cannot
be equal to the maximizer over W, therefore, proving the desired inequality. (d) follows from
Theorem 3.5(b) and Proposition 3.6(b).

Let us now prove (b). The idea is that the points in G are all worth visiting because of
their large energy values, but at the same time they are not distinct enough so as to give
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preference to only a couple of them. Having no points in E', EZ and E? contributes to make
points outside of G not worth visiting, because either their energy values are too low or their
distance too large.

Fix P € MS with P(G) =k and P(E') =0, i = 1,2, 3. Denote by (f1, y1), ..., (fk, )
the k points of P in G, with f; > fo > --- > fi. Take w; as in (3.4) of Proposition 3.1, and
let v*:= YK wid fi,vi)- Note that, since f; > L > 20 for 1 <i <k, the relevant formulas
from Proposition 3.1 will (mostly) be (3.4) and (3.5). We divide the proof into the following
steps:

(Step1) w; >0forallie{l,...,k}.
(Step 2) If v e W and suppv C G, then Wp(v) < Up(v*).
(Step 3) If v e W and suppv ¢ G, then Wp(v) < Up(v*).

Steps 2-3 together with (a) will then show that u* = v*, and this together with Step 1 im-
plies (b):

Step 1 By Proposition 3.1 it suffices to check that k = K,(fi,..., fr), where K, is as
in (3.3). This follows as for any j € {1, ...,k — 1}, we have

j .
) 20 : k—j)26 . 20 .
(3.24) Eﬁ—Z@f](L-{—?)—Z@:]L—ikJ Sij+1—?<ij+1-
i=1

Step 2 We can assume that v < P. We will first show the statement for v € V¥ which are
nonzero. Observe that by (3.1), for any v € W with @ # suppv C G,

Up(v) =Pp(v) — Dp(v) <@ ((fi)jes) —aDo((yj)jer),

where J C {1, ..., k} is such that suppv = {(fj, y;) : j € J}. Therefore it suffices to show
that forall J C {1,...,k}, J # &, one has

o1(f)jer —aDo((yj)jes) <Wp(v*) =e(f1, ..., fi) —qDo(y1, ..., y)-

Of course, for kK = 1, the above is clear. Suppose that k > 2. Let J C {1, ..., k} with m :=
|J|<k—1land £ e{l,...,k}\ J.By an inductive argument on m, it suffices to show that

(325)  on((fidies) —qDo((yi)ies) < @m+1((fidiesutey) — aDo((i)iesuey)-

First of all, a straightforward computation using (3.5) gives

1 2
¢j+l((fi)ieju{£}) - @j((fi)iej) = m[mfﬁ - (Zfz - 29):|
(3.26) ieJ
0
Z k_4 = 4q87

where in the last line we used that

20(k —m)
3.27 F—20 < -
(3.27) ij <mfy p

which follows similarly as the estimate in (3.24). From this and the observations

Do((vi)iesutey) — Do((i)ies) <4e, 4ge —4e >0,

we deduce (3.25). In order to finish this step, it suffices to observe that (because L > 26 +
(g +De)

(328)  Wp(v)=@i(fi) —gDo(y1)=fi—0 —qlyi|=L—6—qge>e>0.
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Step 3 By (a) it suffices to show this step for v with supp v C P finite support. Let (f, y) €
supp v \ G be such that f is maximal among such points. Assume first that f > ¢. In this case
our assumptions on P imply that |y| > f+360.1If f > L + 279, then ®p(v) < f, Dp(v) >
|y| > f +360 > f, and thus

Wp(v) = Pp(v) —qDp(v) < f —qf <0< Wp(v¥).

If instead & < f < L +20/k, then ®p(v) <L + 22 and |y| > f +30 > e+ 60 + 2, so
(remember (3.28))

26 26
Wp() =L+ - =gyl SL—(g =17 —q0 —qe <L —0—qe < Wp(v).
Assume now that f < e. If suppv N G = &, then ¥p(v) < & < Up(v*) (because of
(3.28) again). Lastly, suppose suppv N G = {(fi, yi)ies} # &, where J C {1, ..., k} with
|J|=m >1.Let N € N be the number of points in suppv \ G. Denote by (fx+1, Yk+1)s ---»
(fr+nN> Yk+n) the points in suppv \ G with f = fi41 > frg2 > -+ > fr+n. Observe that

mf§m8<mL—29§ij—29
jeJ
sothatfor I ={k+1,...,k+ N}, K. ((fi)icsur) = K«((fi)ies). The latter equals |J| due to

(3.27), thus ®p(v) < @yur((f)iesur) < Om((fi)ies) < Pp(v*) and so Wp(v) < Up(VF).
O

4. Goodness of II and of IT;. In order that we can apply Theorem 2.8 to the rescaled
process I1; (for all + > 0) defined in (1.9) and to the PPP IT defined in (1.10), we show in
this section that they are good in the sense of Definition 2.7 for any o € (2d, 0o). Moreover,
we prove Lemma 2.11 for @ € (d, 00). That is, we prove Lemma 2.9; see Lemma 4.2 and
Lemma 4.4. That both IT and Il; can be viewed as elements of MS, has been shown in
Lemma 2.3.

LEMMA 4.1. Lets,r >0 and x € R. Let V; € (0, 00) be the volume of the unit ball
in RY. Then

ard

P(I1([s, 00) x B(x,r)) =0) = e Vas~
PROOF. The random variable IT([s, o0) x B(x, r)) is Poisson distributed with parameter
o

(4.1) f ay M9 dy @ dz = / e dyVr? = Vs~ 0
[5,00) X B(x,r) [s,00) Y1 T¢

LEMMA 4.2.

(a) Fort € (0, 00), with probability one, T1; satisfies (ii) of Definition 2.7.
(b) If a € (2d, 00), then with probability one, I1 satisfies (i) of Definition 2.7.

PROOF. (a) By construction I1; satisfies (ii) since I1;((0, co) x Qr) is simply the cardi-
nality of {x € Z: |x| < Rr;}, which is R%r¢.

(b) Let B € (2, %). First, observe that Qg can be covered by balls B(z, %) with z € %Zd
and z € Qr41, that s,

Or C U B<z, %)

2Z€GZHNOR 11
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Then observe that, therefore, with probability one, IT satisfies (i) of Definition 2.7 if
_1 1
P( U N U U {l‘[ﬂ[[Ck ﬁ,oo>x3(z,%>}:@}>=0.
R,Ce(0,00)NQ NeN k>N ZG(%Zd)ﬂQR-H
By the Borel-Cantelli Lemma, the above holds if we can show that, for any R, C € (0, 00),
_1 1
ZP( U {suppHﬂ[[Ck ﬁ,oo)xB(z,;)]:@})<oo.
keN  “ze(1ZHNQr 11

Let R, C > 0. We may assume R > 2. By estimating the probability of the union by the sum
of the probabilities and observing that #(%Zd) N Qry1 < k(R + 1) + D? < (5kR)4, by

1 o
Lemma 4.1 (withs =Ck™ #,r = %, so that s ~%r? = C‘“kﬁ_d),

£ U femnfect o) ()]

keN  “ze(:ZHNQr 1

g, %—d
< > (SkR)eVaC K"
keN

Because B < 7, we have % > d, and, therefore, the above sum is finite. [

LEMMA 4.3. Let P € ./\/l;. Suppose v € F(P), v # 0 and W (v) = sup, ez Yr(1).
Let k € N, (f1,y1)s---., (fk: yk) € P be such that suppv = {(f1,y1), ..., (fk, yk)}. Then
Op(v) =@k (f1, ..., fr), where

| [k WA 2
4.2) (Zk(fl,---’fk)=@<2fi2—E<Zfi—29) )
i=1

i=1
PROOF. Observe that (for ¢ as in (3.2))

Pp(v) =wr(fi1,---, fo)s Dp(v) = Do(y1, .-, yi)-

By the definition of the support, we have v = Zf-‘zl w;d(f;,y; for some wy, ..., wi € (0, 1].
By Lemma 3.2 and (f), we may assume that k min{ f1, ..., fx}+260 — Zf-‘zl fi > 0 (otherwise,
w; = 0 for some i). Therefore, by (e) of that lemma, it follows that ®p(v) = @r(f1, ..., fi)

(see also (3.4) and (3.5)). O

LEMMA 4.4. Leta € (0,00) andt € (0, 00). Recall the definition of §(P) in (2.4):

(a) With probability one, VY11 possesses at most one maximizer in §(I1).
(b) With probability one, W, possesses at most one maximizer in §(I1;). Moreover, for
L > 0and H;L) =111 00)x 0, s (see also (3.13)), the function \I-’nﬁL) possesses at most one

maximizer in §(I1;).

PROOF. (a) We show that the event that there exist wuy, w2 € §(IT) with u; # o and
Yr(uwy) = Yn(ur) = sup, ez m Yr(w), has probability zero. For this it suffices to show

that P(AV2) = 0 for any L > 0, where, with S :=[L~!, 00) x Oy,

NL={3M1,M€S(H): w1 # w2, supp i C Sp, W) = Wn(uz) = sup ‘Pn(u)}-
peF ()
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Let L > 0. We give an explicit almost sure description of IT on S7. Let us write ® for
the intensity measure of I1, that is, @(d(f, y)) = af "1t®df ® dy. Let N be a Poisson
distributed variable with parameter m,, where m; = ©(S.). Let (F;, Y;) jen be i.i.d. random
variables that are independent from N and whose law is given by i 1s, ®. Then

N
1s,IT is equal in distribution to Z 8(F;,v))-
j=1
Without loss of generality, we may assume 1g, [T = Z —18(F;.v;)- Then by Lemma 4.3,
N is included in the event (we make abuse of notatlon and for m = 0 we understand

Om(Fj,, ..., Fj,)and Do(Y;,,...,Y},) to be equal to 0),
There exist k, m € Ny, distinct iy, ..., i, iy and distinct ji, ..., jn
in{l,..., N} suchthati* ¢{ji,..., jm}and
(4.3) ~
Orr1(Fyy, ..o, Fi, Fiy)
:g’ﬁm(Fjl,.. ,m)—I—Do(Y,I,.. Y, Yi,) — Do(Yj,,....Y},)
The above event is included in the one where we replace {1, ..., N} by N. Then it follows

that (4.3) has probability zero by Lemma 4.5.
(b) Follows similar as the above argument: Besides replacing IT by I1,, replace ® by the
product measure of ozf_(1+“) ]l[r—d/oz 00) (f)df and ZZGFIZ[, 8;,and N by #( Q1 N Z4). Then
t s t
again, one can show that the event (4.3) has zero probability by applying Lemma 4.5. From
this the “moreover” part immediately follows too. [J

LEMMA 4.5. Suppose that Fy, F», ... are i.i.d. random variables with values in (0, 00)
whose law has a density with respect to the Lebesgue measure. Let Y1, Y2, ... be i.i.d. random
variables with values in RY. Let k, m € No. Suppose that iy, ..., ik, iy are distinct element of
Nand ji, ..., jm are distinct elements in N such that iy & {j1, ..., jm}. Then

Pt (Fiyr - Figs Fi) = Gn(Fjyo - Fiy)

4.4)
+ Do(Yi, ..., Yy, Yi,) — Do(Yj,,.... Y;,)) =0

PROOF. We explain the following argument in more detail below. If we condition

the above event in (4.4) on all variables except F;, thatis, on F;,..., Fy, Fj,..., Fj,,

Yi,...., Yy, Y}, ..., Y}, and Y;_, then by the formula for ¢y (4.2), there ex1st Ci1,Cr,C3eR,
C) # 0 or Cy # 0 such that the event in the probability of (4.4) becomes

Clka + G F;, +C3=0.

The probability of such event is equal to zero as F;, has a density with respect to the Lebesgue
measure.

Indeed, observe that ¢1(fi,) = fi, —0 = Aofii + By fi, — Co, for Ap =0, Bp =1 and
Co=—0,and fork e N,

a1 462 B — B _ 2 k,ze
k_@( —m>, = k(fl’---afk)—m ;fz_ ,

1 (&,
:Ck(fl’---’fk)=@(;fi k+1<2f1_29>>
that
Gre1(fi. .. fo fi) = Arf? + Bifi, + Cr.
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Ry

Y

Ry

>
e
sl

FIG. 5. Illustration of choosing Ry, Ry, R3, Ry and Y1, Y>, Y3, Y4.

So that, for Cx = Ck — (G (fis s Fin) + DoWiys -+ Yigs Vi) — DoVjys -5 Vju)))s We
have

(Zk‘l’l(F}I’ lkv )_(pm(F_]la""Fj ) T T Vv —)
| " F=fY=
4.5) ( +DO(Y1'17-- Yi.,Yi,) = Do(Yj,....Y},) f Y
=P(ALF] + BiFj, + Cr =0),
where
F ( 117" Flk’Fjla" _/m) 7:(](!'1’---7ﬁkvfj1’---vfj,n)a
( 117" YlkaYl*9YJ15"'anm)v y=(yi]’"'ayikayi*9yj19---7yjm)'

As the law of F;, has a density with respect to the Lebesgue measure, the right-hand side
(and thus the left-hand side) of (4.5) equals zero. [J

For the proof of Lemma 2.11, we use the following lemma.

LEMMA 4.6. Let A € (0, 00). Let ¢ be a PPP on (0, )¢ with intensity L. Ifk < (A/4)1/4,
then

1

Y
P(3distinct Zy, ..., Zxr € ¢: Do(Zy, ..., Zy) <d) > 1 —exp(—(z>d>,

PROOF. Let w be a PPP on R with intensity A. In an almost sure and inductive sense,
we define sequences (R;);en in (0, 00) and (Y;);en in [0, 00)4 by setting Rgp =0 and Yo =0
and (on the probability one set such that the following infima are finite)

Riy1 :=inf{r > 0: o(¥; + (0, r]d) > 0},

and by letting ¥; ;| € [0, 00)? be the unique point in suppw N (¥; + (0, R;+11¢) (see also
Figure 5). Observe that

P(3 distinct Zy, ..., Zy € ¢: Do(Zy, ..., Zy) <d)

k
zP({Yl,...,Yk} C O, DU Y — Y] sd).

i=I
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Note that ¥; € QR +-+R;» |Yi — Yi—1| <dR; and (Ry + -+ R)? <k N(R{ +--- + RY).
Thus,

k k
P({Yl,...,Yk} Z (0, 1)%or > 1Y — ¥, zd) §P<2Ri > 1)

-1 i=1
£ N
5P<2§ARi > kd_1>'
1=

On the other hand, the random variables )\Rfl are i.i.d. Exp(1). Using E[e%(mf*z)] =2 <
1, Ak — 2k > %kl_d, %k'_d > (%)5 and the Markov inequality, we obtain

k k
P(Z ARY > Akl_d) < P<Z(,\R;’ —-2)> kl—d)
i=1

i=1

N>

A

_Apl—d 1 d_ _Apl—d _(2\l/d
e K E[ea* R comih T <om @ O

PROOF OF LEMMA 2.11. Letd > 0. Forn, k e N, let

d
Q, = [1,00) x Qs, Ap 1= (§> n?,
n d d

En k= {J distinct (f1, y1), ..., (fi, &) € suppII N Qp: Do(yi, ..., yi) <8}

1
Then I1(Q),,) is Poisson distributed with parameter A,. For n € N, let k, := [A]. Then on
the event &, x,, we have

which is larger than 20 for sufficiently large n.
Hence, for such large n, we have P(IT satisfies (2.6)) > P(&, , ). and so it suffices to show

(4.6) P(Ens,) — 1.

Note that the projection of 1g,IT onto (0, S/d)d is a PPP on (O, S/d)d with intensity
An (8 /a’)_d (because T1(Q;,) is Poisson distributed with parameter A,). Therefore, for a PPP
¢ on (0, 1)d with intensity A,, we have

Pk, = P(El distinct Zy, ..., Zys € Do(Zy, ..., Zy) < d).
Therefore, by applying Lemma 4.6, we conclude (4.6). 0

5. Proof of Theorem 1.2. In the present section we will prove Theorem 1.2 subject to
Proposition 5.2 and Proposition 5.4 below, whose proofs are postponed to Sections 6 and 7,
respectively.

In some sense Proposition 5.2 gives us the lower bound of Theorem 1.2(b)(iii), whereas
Proposition 5.4 gives us the corresponding upper bound as well as Theorem 1.2(b)(iii).

Our strategy is the following. We first need to “compactify” the partition function, that
is, to show that the random walk in the partition function can be restricted to some large
box with a diameter on the scale r;. This is done in Proposition 5.4(c) in the sense of a
convergence in distribution. Furthermore, we derive upper (in Proposition 5.4(a)) and lower
(in Proposition 5.2) bounds for the compactified partition function that lead to the right limit,
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the variational formula E. Finally, we need to upper bound the compactified partition function
with W; outside a neighbourhood of the maximizer against something that has a strictly
smaller exponential rate. Here the stability of the variational formula from Theorem 2.8(c)
will be crucial.

The upper and lower bounds for the compactified partition function are proved, even in
the almost-sure sense with respect to £, using the Skorohod embedding. That is, we do not
work with a fixed trajectory ¢ > Zf  for a given realization of &, but with a sequence of
realizations that are constructed jointly on one probability space. For this we fix a sequence
of times (#,),eN. Since this construction is used several times in the paper, we state it in the
following remark.

REMARK 5.1 (Skorohod embedding). Let (#,),en be a strictly increasing sequence
in (0, c0) such that t, — oco. By Skorohod’s representation theorem (see, e.g., [2], The-
orem 1.6.7) and Lemma 2.4, we can define on the same probability space a sequence
(IT,)nen of point processes and a Poisson point process IT on (0, 00) x R? of intensity
oef_l_“ df ® dy such that IT,, is the same in distribution as IT;, (see (1.9)) for every n € N,
and IT is the same in distribution as IT, and

I, — I almost surely in M.

Without loss of generality, we may assume that

(5.1) M=) Sao -

ze74 fz‘f/“ in

for some random variables &, (z), which are the same in distribution as £(z), for any n € N
and z € Z¢. Fix a metric 0 on W that is compatible with the vague topology, and write
BWw,8)={ueW:0(v, n) <8} forv el and s > 0. We introduce the following notation:

rp=rs, Vv, =rplogt,,
(52) &n.B &n. B, (&n) En, X
Zn:Zt,:h ln’ Hn(X)=thn’ n(X)a ]Pn=Pt,,n s Wn=W;nn7 s
and for R, >0andn € N,
(5.3) 28~ =E[e"® 1| max (X, <Rr,}] and Zft=2z,- 28"
s€[0,t,]

54 ZRP =E[ O 1{o(W,, ) = 8}1{ max |X,| < Rr}].

s€[0,1,]

Recall (1.18). For a good point measure P (see Definition 2.7) on (0, 00) x R? and v* € F(P)
the unique maximizer of Wp (the existence is shown in Theorem 2.8) so that E (P) = Wp (v¥),
we define

(5.5) BP):= sup  Up(v).
veW:o(v,v*)>§

For the probability measure on the space where the I1 and IT,’s live, we make abuse of
notation and write P and assume this does not lead to confusion.

We can now formulate the lower bound for the partition function.
PROPOSITION 5.2 (Lower bound). Fix o € (d, 00). Then with P-probability 1,

1
(5.6) liminf —log Z,, > E(I).

n—oo yn
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The proof of Proposition 5.2 is given in Section 6. Now, we formulate the appropriate
upper bounds for both assertions of Theorem 1.2. What will be crucial for the proof is the
following observation.

LEMMA 5.3. Let a € (2d, 00). There exists a random variable u* with values in §(IT),
such that P-almost surely u* is the unique element of VV such that

(5.7) W (p*) = ED).
Moreover, almost surely
(5.8) 2°(M) < E(M).

PROOF. Because o > 2d, II is almost surely good by Lemma 2.9. Therefore, by Theo-
rem 2.8(a) such u* exists (that it is random, in the sense that it is a measurable function on
the probability space, is not completely trivial; see Appendix B) and is unique almost surely
and by Theorem 2.8(c), (5.8) holds. [J

PROPOSITION 5.4 (Upper bounds). Fix o € (d, 00):

(a) Upper bound for compactified Z,,:

1
(5.9 P[limsuplimsup—log Z,If’_ < E(H)] =1.

R—oo n—o0 Y,

(b) Upper bound for compactified Z, away from maximizer: Assume that « > 2d. Then

1
(5.10) P[lim sup limsup — log Z&=% < 55(n)] =1, §>0

R—oo n—>o0 Y,

(c) Compactification:

1
(5.11) lim limng[—log ZR+ < —A] —1, A>0.
Y

R—o0 n— n

The proof of Proposition 5.4 is given in Section 7. We extract the following lemma from
Proposition 5.2 and Proposition 5.4(c), which will be used for the proof of Theorem 1.2.

LEMMA 5.5. Foralle,n > 0, there existan R > 0 and an N € N such that, foralln > N,

<=
ZR’_<8 >1—-n.
n

PrROOF. First, we bound Z ,If*_ from below by restricting the expectation to the trajectory
that remains at the origin up to time ¢, and obtain (because by, e.g., (1.13), for Yy = 0 for all

(5.12) ZR= =P, (0) =1,)e 7 =e 2= peN, R > 0.

Because y,, =r,logt, = t,1+q(log 1) "4 (see (1.8)), we have ;i —0asn—o0o.Lete, n >
0. Then by also using (5.11) with A = 36, there exists an R > 0 and an N € N such that, for
alln > N,

P[ZR+ <e]>1-p,  zR->ev, ¢
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so that

ZR’+ ZR,+
P[ZI;’_ < 8:| > P[# < eg}'"} >1—n.

n n

Now, we prove Theorem 1.2 subject to the above propositions and lemma.

PROOF OF THEOREM 1.2(a). Let D be the continuity set of the distribution function for
E(I), that is, the subset of R containing every continuity point of x — P(E(IT) < x). We
will prove

1
(5.13) —logZ, =% E()
n
by showing the following two inequalities:
1
(5.14) limsupP[—loan gh] <P(E() <h), heR,
n—00 YV
1
(5.15) limian[—loan gh] >P(E() <h), heD.
n—oo yn

The proof of (5.15) is more involved. Therefore, we focus on (5.15), because (5.14) follows
in a similar fashion from Proposition 5.2. Observe that for any R > 0, because Z, = Z,If T4
ZRA (see (5.3)),

(5.16) 11 Z 11 zR—+11 <1+Z5’+><11 z’?—JFIZ'If’+
. — 108 = — 10g ’ — 10g — = — log ’ — —.
R e zk Yo o1 yan 2R

Pick an n > 0. Let A, g := {ZR®T < Z®~}. By Lemma 5.5 there exist an R > 0 and an
N e Nsuch that P(A, g) > 1 —nforalln > N.
Fix h € D, and pick ¢ > 0. As VL < ¢ for large n, we have for sufficiently large n that

1 1
P[—logZ,, §h} >P {—loan fh}ﬂAn,R}

n = n

(1
>P {—loglf’_fh—s}ﬂAn,R}
(5.17) - ¥n

1
>P —loglf’_sh—s}—P( n.R)
L/ n

1
>P —long’_fh—s}—n.

-in

At this stage, we use Proposition 5.4(a); that is, we use (5.9), to infer that (possibly by choos-
ing R larger)

1
(5.18) P(— log Zf’_ <E)+ e) =1 forlarge n.
n
Combining (5.17) and (5.18) gives
.. 1 -
(5.19) l}lrggéfP[y—n logZ, < h:| >P(E() <h—2¢)—n foranyn,e>0.

By letting n and e converge to zero and by using the continuity at # of x — P(E(II) < x),
this completes the proof of (5.15).
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From (5.13) we deduce that - 11>g -log 7 = B(II), as we obtained the convergence
along diverging sequences of (#,),cn in (0, 00). We are left to show that E(II) is almost
surely in [0, c0). That E(IT) > 0 follows directly by the fact that it is larger than Wy evaluated
in the zero measure. That it is finite follows by the fact that H*"’ < H®” and thus Z\* =

75 < 70 As the limit of . l:)gt log 2% is almost surely finite (by, e.g., (1.6) in [14]) so
1

rlog7 108 Z® whichis 2(IT). O

is the limit of

PROOF OF THEOREM 1.2(b)(iii). Let § > 0. First, we show that P,,[0(W,,, u*) > 8] con-
verges to zero in P-probability, that is, for all ¥ > 0,

—00

(5.20) P[P,[o(W,, u*) >8] > k] — 0.
Observe that, for any R > 0,

ZR,—,B +ZR,+ ZR,—,B ZR,+
P,[o(W,, u*) >8] <2 o<t
n[ ( ns L ) ]— Zn — Zn Z,If’_
Let x > 0. By Lemma 5.5 it is sufficient to show that there exists an R > O such that
R,—.§
P[Z”Zn <«k] %% 1. Lete > 0. By (5.8) there exists an m € N such that e_ﬁ <k, and

1
P[Busl>=1—¢ where B, s= {E‘S(H) _E(I) < __}.
m

By Proposition 5.4(b) and Proposition 5.2, there exists an R > 0 and an N € N such that, for
alln >N,

1 R—5 _ =6 1 1 R 1
Pl —logZR=? <B4+ -—|>1-¢, P|l—logZf>EM) - —|>1-¢
3m Y 3m

n n

so that

ZR,—,S 1 ZR,—,S
1—38§P[ L §exp(——>]§P[ L SK]
Z 3m Z

n n

From this we conclude (5.20). From the convergence in probability, we deduce the existence
of a strictly increasing ¢ : N — N such that PP,(,)[0(W y(n), u*) > 6] — 0 P-almost surely.
This implies P-almost surely that W,y = ©* in W, more precisely, Ey ) [g(Wyu)] —
g(u*) for any g € Cp(W). Therefore,

E[E;m[s(Wym)]] — E[g(1*)], g€ CoW).

Therefore, as for each sequence (¢,),en With ¢, — 00, there exists a strictly increasing ¢ :
N — N such that

E[e) [g(W,,)]] = E[g(n?)]. g€ CoW).

it follows that for any sequence (t,,),eN With ¢, — 00

E[el[s(W,)]] = E[g(1")]. g€ CyV),
and, therefore, (1.24). 0O

REMARK 5.6. The proof of the more general convergence in distribution E,(S) =% Sux,
as in (1.28) of Remark 1.5, can be deduced from the first part of the proof of Theo-
rem 1.2(b)(iii) as follows.

First, we observe that, by Portmanteau’s theorem, for probability measures p1, p2,... on
W and p € W, one has p, — §,, weakly if and only if for all closed sets C C V¥ one has
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limsup,,_, o, Pn(C) < 6,(C), which in turns holds if and only if lim,,_, o pp (& (un)) — 0 for
all § > 0, where C®(u) ={v e W:d(v, u) > 8}.

Let 8 > 0.Let C0 = {v e W:d(v, u*) > 8}, that is, C° = B(u*, 8)¢. We write £, = L}
From the fact that

L,(C°) =P, [0(W,, n*) > 8],

we deduce from (5.20) that £,,(C®%) converges to zero in P-probability, that is, for all ¥ > 0,

P[L,(C% > k] %% 0. From this we infer the existence of a strictly increasing ¢ : N — N
such that L ,)(C®) — 0 almost surely.
Therefore, by the above observation, it follows that L£,(;) — &, almost surely, and thus

E;Zn) = 8,,+. As for each sequence (1,),en With 7, — 00, there exists a strictly increasing
¢ : N — N such that £§i)(n) == §,+; it follows that L‘;i) = §,+ for any sequence (f;),eN

with #, — oo, implying (1.28).

6. Lower bound: Proof of Proposition 5.2. Our strategy follows the heuristics de-
scribed in Section 1.4.

Recall the setting introduced at the beginning of Section 5, in particular Remark 5.1 on the
Skorohod embedding and the notations in (5.2). Let p € §1(I1), thatis, u € W, u < I and
w be a probability measure (in case o € (2d, 0o0) one may take u = u* as in Lemma 5.3). By
Lemma 2.6 it is sufficient to show that, with P-probability 1,

(6.1) liminleog Z,>Vna(w).

n—oQ
Yn
Our approach to do this is to choose a specific path event A, and use the trivial estimate
(6.2) Z, > E[ef01 4 ].

We describe the event A4, in Section 6.1 but first give an idea here after introduc-
ing the following objects. Since p is in F1(II), there exist (“P-"random) k& € N and
(f1,91)s -+ +» (fx> k) € supp(Il) and wy, ..., wg € (0, 1] with Zf‘:l w; = 1 such that

k
=y wi8(fy)
i=1

We may assume that the order of the (f1, y1), ..., (fk, Yk) is such that the minimal distance
between the yy, ..., yx points is given by Zﬁ;l |vi — ¥i—1l|, where here and in the following
we take yg = 0. Hence,

k

k
E(ID) =¥n(w = ) (fiwi —0w)?) —q Y 1yi — yi-1l.
i=1 i=1
Because IT, — II in M almost surely, there exists an N € N such that for every n > N
there exist distinct (f{', y{), ..., (f{', ¥¢) € supp II,, such that almost surely

n—oo

(6.3) (') —— (fi,yi), iefl,... k.
Observe that, by (5.1),

n
(6.4) fl.nzé”gyi), e{l,....k}.n>N.

Jo

rn

We will define the event .4, such that on this event the path visits the sites r,y{, ..., 7,y
in this order, staying ~ w;f, time units in r,y" for any i € {1,...,k}. We define A, and

estimate its probability from below in Section 6.1. Then we bound H, (X) from below on
A, in Section 6.2. Finally, in Section 6.3 we combine these bounds and apply them in the
framework of the Skorokhod embedding defined above to finish the proof.
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6.1. The path event. Let us introduce some useful notation involving paths that will be
used to define the set \A,,.

DEFINITION 6.1.  For x € Z4 and ¢ € [0, 00), we define the entry time at x after time t,
7, (1), and the exit time from x after time t, o, (t), by

T, (t) ;== inf{s > 1: X; = x}, oy (t) :=inf{s > t: X # x}.

Let ¢ € (0, 00),

8,5€(0,1),keN,yo:=0, yi,..., €Z% y=1,-.., ),

(6.5) k
wi, ..., wr €[0,1] with Zwi =1-s, w=(w,...,w).

i=1
We define .Af,i (y, w) to be the event where the random walk X walks from O to y; and then
to y, etcetera. It takes at most Ski time to reach yp, then it spends at least (1 — §)fw; and at
most fw time at y; before it jumps, then it spends at most % time to reach y;, waits at least
(1 — 8)tw, and at most fw; time at y, before it jumps, etc. More precisely, first we define

inductively the entry 1:; and exit times 0; of the y;, after the time that y; 1 and thus all of
0, y1,...,yi—1 are visited

T(y), =0, ‘l.';, = 1,,(0), T; =Ty, (riy_l), iell,... k},
o =0y (t)), i€{0.1,....k)
so that (by definition ‘rg =0< ‘l.';, < a; <... ‘r]; < a]; and)
k . . st . .
Ay w) = m{ T, 0! 1 < oy Ty Ell =4, l]tw,-}.
i=1

Observe that for i = 1 we have T; = ‘[; — aiy_l Lis2 < % so that the waiting time at O plus
the “walking time” to y; is less or equal to % Furthermore, observe that yj is reached before

t, that is, a’§ < t, because

k k k k k—1 1 1 1 0 0 0
oy =(0y— 1))+ (ty—0y )+ + (o, 1)) +(z, —0y) + (o) — 7))
st st st k
<twp+ - t+twi—1+ -+ Ftwr+ - =t s—i—Zw,- =t.
k k k =
LEMMA 6.2. Foranyt € (0,00),68,5s € (0,1), k e Nand y and w as in (6.5)

k

s . _ 1 _ A 1\ yi—vi-1l
(6.6) P(Af”,;(y, w)) > i:l_ll[szis,in — yi_q|)e 2drwid=9[] _¢ Zdtaw,](ﬁ> :|

PROOF. By independence we have

t

k
j j— S i i
]P’(.Af”,i(y, w)) = H]ID(O <1,-0, 00 < ;)P(ay — 1, €[1 =8, 1]rw;}).
i=1

By the strong Markov property and the fact that each jump occurs according to an Exp(2d)
random variable (as we assumed our continuous time random walk to have generator A), we
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have

@
=

Giy - Tiy =0y, (le) - T; = oy, (ty, (T;_l)) - Tyl( = 00(0) — 70(0),

i i— i— i— d
T, —0) s =1, () N —oy, (), D12 @ Tyi—yi 1 (0) — 00(0) 1>,
and thus
IP’(Gy - 'r €[l =3, 1tw;}) =P(o0(0) — 70(0) € [1 — 8, 11rw;})

— e—2dtw,~(1—8) . e—Zdtwi
. . t t
]P’(O <7l -0l < %) — P(O <1y ,(0) —00(0) 15y < %)

st
= ]P<Tyi_Yil(0) = ?)

To estimate the latter probability, we use the following estimate for p € (0, 00) and z € Z¢,
where N (z) denotes the number of direct paths (i.e., of length |z|) from O to z:

P(7;(0) < p) > P(X makes |z| jumps within p time, from O to z)
= Poiaqy (12)(2d) T#IN (2) = Poizg, (|21) (2d) . O

6.2. Energetic lower bound. Now, we derive a lower bound of H,*' on Af r(V, w).

LEMMA 6.3 (Lower bound for H,(S)). Lett € (0,00),8,s €(0,1), ke Nand y and w as
in (6.5). Then on the event .Af”,‘z (y, w),

k
6.7) 1 H<$><X)><1—5>Zs(y’ wi =0y w — (k+50(8 +5).
i=1

I"[lg i=1 Tt

PROOF. We have (see also (1.13))

6.8) 1 HOX) =Y (féi ﬁtﬁz) _ 9(&?))2).

rilogt ez T

Using that & > 0 and the basic estimate ), q a <D e a + (¢4 a;)?, which can be
used to show that the total normalized self—lntersectlon local time (SILT) is not larger than
the sum of the normalized SILTs in the y1, ..., yx plus the square of the remaining total local
time, we obtain that

2
L e "(é(y»et(yi)_ <et<y,~>)2>_ NN,
(6.9) g X0 = > =i —— o= o\1-2——|

Observe that the local time at each y; is at least the time the random walk waits before
jumping away, that is,

(6.10) () = 0y — Ty = (1= 8)rw;.
On Aa % (y, w), in between the times ol v Iand r; the walker is allowed to visit sites y; for

Jj#i. Moreover after oyt time, each of the y; may be revisited. We let m; € [0, 1] be such
that m;¢ is the amount of time the path visits y; after oxt, for all i € {1, ..., k}. In particular,

6.11) (1 —8)w; < Z’(ty")

Swi+s+mi7 le{l,ak}s
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and consequently,

£ b)) £y’
(6.12) (1—2 ’ty’) 5(1—(1—5)Zwi) <(s+ow)> <(s+9)>°

Since ayk is both bounded from below by (1 — §)tw =1(1 —3)(1 —s) >t — (s + )¢, we
infer Z _imit <t — oy, < (s + )t and, therefore, deduce from the upper bound in (6.11)
that

S L0
= <Y (wi+5)? +2Zm (w,+s)—|—2m
i=1

i=1 4 i=l1 i=1

(6.13) ) )
52 i2+2sw+ks2+32m,~52w1~2+(k+5)(s+8).
i=1 i=1 i=1
Substituting these bounds (6.12) and (6.13) in (6.9) leads to (6.7). U

6.3. Conclusion. We now prove Proposition 5.2, by proving that (6.1) holds IT-almost
surely.

PROOF OF PROPOSITION 5.2. Recall the definition of the approximating sequence of
vectors in (6.3). We will assume that n > N (where N is as mentioned before (6.3)). We set
(assuming N is large enough)

1 Ky s
8n=Sn=10gm, A, —A’S S"((rny’f,...,rny,?),(wl—f,...,wk—;”)),

By (6.2) we find a lower estimate for Z, by estimating H,(X) on .4, from below and by
estimating P(A,,) from below. Recalling (5.2) and using Lemma 6.3, we see that on .4,,, by
using (6.4),

=~

yiHn(X)>(1 —Sn)Zf”w - Z(w;’)z—(k+5)9(5n+sn)
(6.14) =l =1

k
Z fl w; — 0(w;) )
Due to the above limit, for (6.1) we are left to show
|
(6.15) 1}1131()%16},—” logP(A;) > —gDo(y1, .-, Yi)-

With yg := 0, put
iefl,... k}.

n__ n__.n
o =raly] -

From Lemma 6.2 we obtain

n n 1 D;l
(6.16) P(A,) > ll_[1|:P012dSntn ( ,-)e—2dtnwi (I—Bn)[l _ e—2dzn5nwi ](ﬂ) :|

Since for n large enough w} = w; — 3 = w; — is bounded away from O for all i €

1
klogt,
{1,...,k}, since lim,,_, 5o 1,6, = 00 and since lim, _, 5o €*(1 — e™*) = 00, we have that for n
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large enough—by using that j/ > j! for j € N and that Z _ (i + s") <1,

k on
n 1 1
P(A,) > | ||:P0i2d.;k,,t,, (o)~ 24w <g> }

i=1
k 2d sty

v 2dty (wi+5) o S S L
> _ e ““n w > g~ ~dn Cntn .
_E{([ o ] <2d) >— El[ko;?}

Clearly, as y, =r,logt, = tn+q (log t,)? (see (1.8)), we have y, —1 log(e*Zd’”) — 0. There-
fore, because D— =y =y 1o |yi —yi—1| foralli € {1, ..., k} and n € N and because
Y, =rnlogt, and log tr" =gqglogt, — gloglogt,,

4 | ke poqot
liminf - logP(A,) > liminf - 1og<11;[1[2"a Z} )

k ~n n
0 0; k
Z—limsupg —r—<log + log Tn )
InSn

n—>00 4 rny,

>—q Y |yi—yi-1l=—qDo(y1. ... y). -
i=1

7. Upper bounds: Proof of Proposition 5.4. Part (c) of Proposition 5.4 is a kind of
“compactification,” which we will prove in Section 7.1. Part (a) is proved in Section 7.2
(using the Skorohod embedding of Remark 5.1) and Part (b) in Section 7.3.

7.1. Compactification. In this section we prove Proposition 5.4(c). For this we actually
do not need to consider a subsequence and the objects considered as in Remark 5.1. That is,

we prove the following in this section, from which one directly derives Proposition 5.4(c).

PROPOSITION 7.1. Let « € (d, 00) and 6 € (0, 00). For any A > 0,

(7.1) hm liminf P|:

R—o00 t—00

(&)
logE[er <X>1{ max | X;| > Rr,}] < —A} —1.
rilogt s€[0,1]

Let us first state three auxiliary lemmas. In the first one, we estimate the P-probability that
the random walk X takes too many jumps before time ¢ (Lemma 7.2), and in the second one
we estimate the P-probability of the maximum of a modified version of the field & outside a
big box centered at the origin (Lemma 7.3). The third one (Lemma 7.4) is a classical repre-
sentation of the joint distribution of leading values in the £-field. The latter is used because it
suffices to prove the estimate (7.1) but with H'* replaced by the maximum over the & values
in a box of radius M;, where

(7.2) M; := max |X;|, te€][0,00).
s€[0,1]

LEMMA 7.2. Forevery R > 1 and all sufficiently large t,

(1.3) P[M, > Rr,] < exp(—%th log z).

PROOF. The number of jumps taken by X on the time interval [0, ¢] is in distribution
equal to a Poisson random variable Z with parameter 2d¢. Therefore, P[M; > Rr;] < P[Z >



1468 KONIG, PETRELIS, SOARES DOS SANTOS AND VAN ZUIJLEN

Rr;]. By using Stirling’s inequality n! > (”)” the crude bound P[Z > n] < (2dt)"/n! <

(2dte/n)" for n € N implies (recall that r; = (logt)q+1)
ddet \ Rri q

(7.4) P[Z > Rr] < ( ) < exp(——Rr, logt>
th 2

for any large ¢ (we took an additional factor 2 to cover up that Rr; might not be in N). [J

LEMMA 7.3. Let A,c > 0 and ¢ € (0, 1). Then there exists an R > 0 such that, for all
r>1,

(7.5) P< max (552 cm> < —A) >1—e.

XEZd\QRr r
PROOF. Recall that Qg =[—R, R1¢. We write
NAr=0rN 7.
Pick a C > 0 such that, forall » > 1,
#Qeurnr \ Q) <Cn?7'r? neN.

Note that 1 — x > e~2* for x € [0, lng] Pick R € N large enough such that CR > A and

1 10g2 . Then
(5=
xeﬂ(nﬁ»l)r\gnr rd/a r

CR—Ayrd <
P(om
O Cnd*lrd
P(é( ) Cen<— A)

[
—12

Il
>

n

P< max (E(SX) c|x|) < — )
xezd\Qg, \rd/® r
rd/a

Y
—12

R

1 cnd—1pd
<l_< —A)%d)
n=R cn

o
zexp< ZCan 1= a(cnriA) )

The exponential term on the right- hand side does not depend on r and converges to 1 as
R—oxasd—-1—-a< “— is bounded from above. [

n

I
—12

We will use the following classical representation of the distribution of the maximum over
the £ -values.

LEMMA 74. Leta e (0,00),neNand Z1,...,7Z, be i.i.d. random variables that are
Fareto distributed with parameter o.. Then the order statistics Z1., > - > Zpn of Z1, ..., Zy
is given by

) | R Ve (Fn—i-l)l/a (Fn—l—])l/a)
7.6 Z Sy e e ) I EECICIEE) ’
( ) ( 1:n nn) (( 1_,1 ) 1_,2 Fn

where i = E1+---+ E; and (E;);cN is a sequence of i.i.d. exponentially distributed random
variables with parameter one.
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PrROOF. It is a standard exercise (see, e.g., [5], Exercise 2.1.2) to show that the
order statistics of n i.i.d. uniformly distributed random variables in distribution equals

E| E|+-+E, . .. . . . .
EFd By Erbd Byt By using that the Pareto distribution function is the composi

. . . . . _1 .
tion of the uniform distribution function with ®(s) := (1 —s)~ «, one finds the order statistics
of Pareto distributions and, in particular, (7.6). U

PROOF OF PROPOSITION 7.1. We write £*(B) = max,ep £(x) here. We have (recall

(1.1))

(1.7) H <1 (Qm,).

It is then sufficient to prove (7.1) with t£*(Qp,) instead of H,(E). Thus, we set
Crr:=E[e Qr)1{M, > Rr,}] and Dy g :=E[e!s @\ &)1 (M, > Rr,}].

Because §*(Qu,) = &*(Qum, \ Qryr,) VE*(Qrr, ), the proof of (7.1) is complete once we show
that, for every A > 0,

-1 -
(7.8) lim liminf P logCi g <—A|=1,
R—o0 t—00 | ¢ logt ]
and that
-1 -
(7.9) lim liminf P logD;r <—A|=1
R—>oo t—oo | rlogt i

Let us begin with proving (7.8). Pick A > 0. Recall that trtd/a =r;logt. As Cy g =
etf*(QR”)]P’[M, > Rr], from Lemma 7.2 we obtain a T > 0 such that, for every R > 1 and
t>T,

(7.10)

logC;,R < R( 1 3 (QRr,) _ g)

rilogt R1=d/e (Rp)d/e 2

Pick R such that qTR" > A, and thus, for every t > T and R > Ry, one has

*
lopCo = =] = P s < S0
FETAE R = 4

7.11 P
( ) [r, logt?

We apply Lemma 7.4 to £*(Qg,,) to obtain

PI:S*(QRH) < ZRl_d/aiI :P[F#(QRr’) < (z)aR(x—dl—\liI'
(Rry)dle — 4 (Rry)4 4

By the weak law of large numbers (Rrp)~ s Q) = 24 as t — 00 so that
r o —o
limian[ HQr) <1) R“_dFl] =1>[r1 > 2d<1) Rd—“].
100 (Rr)4 4 4

Then by letting R — oo, we conclude (7.8).
It remains to prove (7.9). Since D; r is decreasing in R, it is sufficient to show that, for
every ¢ € (0, 1), there exists a R € N such that

(7.12) liminf P[

t—00

log D g < —A} >1—e.
relogt

We set
(7.13) x; = argmax{§(x): x € Qu, \ Qrr, }-
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Set
(7.14) Br,:= { max (S(x) — gm) < —A}.

xezh\ag \rd/® 4 r )~

We pick ¢ > 0, and we use Lemma 7.3 with ¢ = % to obtain the existence of an R > 1 such
that, for every r > 1,

(7.15) P(Br,)>1—c¢.
As x; ¢ Qgy,, on Bg ,, we derive the following estimates:

Dy g <E[e¥“)1{M, > Rr,}]

* ES
< E[exp(:rﬁ’/"‘g(dx/fa) _ %(r, logt)l);—tl) exp<%|x;‘| logt> 1{M, > th}}
i

t

(7.16)

(5()6) _ gﬂ)) E[e? 1081 1{M, > Rr}]

< exp(rt logt max Za "4,
ry t

x€Z\QRy,

< e—A'”tIng E[e%M’IOgt ]I{Mt > th}]'

Furthermore, by Lemma 7.2 for large 7, we have P[M; > jr;] < exp(—% jrilogt) for all
j €N, and so

E[efM 102! 1{jr, < M, < (j + Dr}]

M

E[efM1°¢" 1{M, > Rr,}] <
R

~.
Il

et UtDrlogt prag, o jp,]

IA
gk

R

o
] q .
<ed’tloel Y7 ¢ (—— lo t)
< ,E:R xp( —Jrilog

~.
Il

_exp(§(1 — Ryrylogt)

1 —exp(—%r;logr)

As R > 1, the latter converges to 0 as t — oo. Therefore, by combining this with (7.16), we
assert that, for ¢ large enough, we have

(7.17) Bgr., C { log Dy g < —A}-

rilogt

It remains to combine (7.15) with (7.17) to derive (7.12). [

7.2. Proof of Proposition 5.4(a). We adopt the setting introduced in Remark 5.1; see also
(5.2) for abbreviations. Before we start the proof and state a lemma that we will use for it,
let us make the following observations. First, observe that by (1.25) H,(X) =y, ®n,(W,).
Let us write W for the restriction of W, to [&, 00) X R4, Because for w = ((11‘}1"[]" one has

Jioweyxd FW(f ) = Ow(f, y2dIL(f, y) < &, we have '

H,(X)<ey,+ ®n,(W)).
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Let IT;, also be the restriction of IT,, to [g, 00) x R?. As on the event {max;c(o,s,1 | Xs| < Rrp}
the support of W¢ is a subset of E,, := suppre II{ N Qg, we have

Z,f’* = E[eH”(X)]l{Sg[l&);] | Xs| < an}]

< Z eV nE[e? P (Wf')]l{supde W = A}]

(7.18) ACE,
< Z eVn exp( sup  y,Pm¢ (,u))IF’[A = suppga W5 ].
ACE, HEWR

SUpppd L=A

In the proof we will provide a probabilistic argument that allows us to restrict the A in the
summand to those which do not contain elements around zero, that is, of A that are subsets of
suppre IIZ N Qg \ Os. Then we will use that {A = suppgrs W'} C {A C suppre W, } and the
following lemma (for which we do not need the Skorohod setting, that is, we do not need to
restrict to a sequence of times). To motivate the condition of the lemma, observe that A C E,
implies that A C suppga II¢ C suppge I, C 1, 1 Z9.

LEMMA 7.5. Let R > § > 0. There exists a function y : (0,00) — R such that
lim;, o0 ¥ (t) =0, and such that, for all t € (1,00) and all A C Qg \ Qs withr;A C 74,

(7.19) P[A C suppga W;] < exp(—gDo(A)rlogt(1 +y(@)).).

PROOF. Let 1 € (0,00) and A be as mentioned. Without loss of generality, we may as-
sume that A is nonempty (because Do(&) = 0). Write A =r;A. Observe that supppas I[1; =

ry 174 50 that by definition of W; (see (1.11)),

{A C suppgre W;} = {€;(z) >0 forall z € Z}.
The paths that realise the above event, that is, that have a strict positive local time at all points
of A, they make at least n = Do(A) jumps. By using Stirling’s inequality n! > (%)" and that

n! 1 .
Gt = 1 We obtain

2dt)"
e—Zdt ( )

o0 o0
P[¢;(z) > 0 forallz€ A] < ) Poiygi(m) =) _ ,
m:.

m=n m=n

(7.20)

_ @an" i 2 A" (2dze>"_

n!
n! 0 m+n)! —\ n

Now, we use that n = Do(g) =r;Dg(A), that n > ér; (because A is nonempty and a subset
of Qr \ Qs) and use that r, = t'79(logt)~(179) so that logt — logr, = —glogt + (1 +
q)loglogt to obtain

2dte\" 2dte\1Po(A) 2de
( ) < < ) =exp(Do(A)r; (log =5 + logt — log r,)

n ory

2d
= exp(Do(A)rt (log Te —qlogt+(1+¢q) loglogt)),

so that by setting y (1) = —(log?) ! (log % + (1 4+ g)loglogt), we obtain the desired in-

equality. [J
PROOF OF PROPOSITION 5.4(a). Fix ¢ > 0 and n > 0, and choose « > 0 so small that

(7.21) P(II([e, 50) X Q) =0) > 1 — g
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The P-almost-sure convergence II,, — II in ./\/l; (see Lemma 2.4) entails that (see, e.g.,
Remark 2.2),

(7.22) I, ([e. 00) x Q) =5 T([z. 00) x Q).

Therefore, there exists an N € N such that P(By) > 1 — n, where
By =By = {II,([&, 00) x Q) =0foralln > N}.

Henceforth, we will work on the event By. Let R > 0. Observe that on By, for any n € N,
one has supprs W2 C &, for

En= gn,s,R,K = (supde Hi) N(Or\ Q).

Therefore, by adapting the last inequality in (7.18) to restricting to subsets A of &,, we have
on By, foralln > N

(7.23) ZR~ < Z eYn exp( sup  y,%m, (,u))]P’[A C supprd W, 1.
ACE WEWR
" SUpPpd L=A

Therefore, by Lemma 7.5 and because Do(A) = Dq,, (i) for any n € W with suppge u = A,
we have

ZE < Y e eXP( sup [y, Pme () — ¥, (1 4+ y(t))qDne (u)].)
ACE, WEWR
(7.24) SUPPRd H=A

< ¥n2#n exp(:;lgv[)’n@n; (1) = v,(1+y))gDn; (M)])-
Since I, — M in M;, it follows by Remark 2.2 that, for any ¢ > 0, IT{, — TI in M;, where
IT°¢ is the restriction of IT to [g, 0c0) X Qg \ Q. Therefore,
#Ey =#En e R = T((0,00) x O\ Q«) =, ([, 00) x Or \ Ok)
— TI([e, 00) x Qr \ Qu),
and thus

1
lim — (log2*") =0,

n—oo yn
and since lim,_, , ¥ (¢,;,) = 0, we have by Theorem 3.5(a) and Proposition 3.6(b),
limsup sup [y, @z (1) — v, (1 + ¥ (#:))gDne (w)] < sup [®pe (1) — gDpe ()] < E(IT?).

n—>0o0 pew new
Therefore, on By for any R > 0,
1
limsup — log Z®~ < ¢ + 8(IT°).
n—oo Y,

So summarizing the above, for every ¢ and 5 in (0, 00), there exist a k > 0 and an N € N
such that P[B5"]> 1 — n, and thus

1
P[limsup — log Z,If’f <e+ E(He):| >P[BY]>1—n.
n—oo Y,

As II* — M in M; almost surely, we have for any sequence (&)ren With g | o0;
limsup;_, o E (M%) < E(IT) almost surely by Theorem 3.5(b). Therefore, for all > 0 and
¢ > 0, there exists an € > 0 such that

Ple + E(I°) <EM) +¢]>1 -1,



WEAKLY SELF-AVOIDING WALK IN A PARETO POTENTIAL 1473

and thus
. 1 R,— = 3 1 R,— = £ —
P|limsup—logZ,"~ < E(II)+¢ | > P|limsup—logZ,'~ <e+ E(II°)|>1—n.
n—oo Y, n—oo Yy,

As the above holds for any n > 0 and ¢ > 0, (by first taking n to zero and then ¢), we
obtain (5.9). O

7.3. Proof of Proposition 5.4(b). In this section we prove Proposition 5.4(b) by mention-
ing where to adapt the proof in of Proposition 5.4(a) as in the previous section.

PROOF OF PROPOSITION 5.4(b). Let us write
C={vew:o(v,u*) > 8}, &° = J{suppra v:v e C’(u*)}.

Thus, & is the subset of R? where the v that are at least at distance § of u* are allowed to
be supported. Then similarly to (7.18) and (7.23), the following estimates hold, with 5,‘3 =
E, NG on By, forn > N:

Z,If’_"s :E[eHn(X) jl{a(Wn, w*) > 8} 11[ max |X;| < an}]

s€[0,1,]

<) eSV"eXP( sup yn<1>n5(u))IP>[ACsupde Wl
ACES ,lLEVVRﬁC’S
8 SUPPpd H=A

Then similar to (7.24), by using that S;f C &,, we obtain (on By, forn > N)
Z8 < Y eexp( sup [y, ®m () — v, (14 7 (10))g P (w)])-

AcCES HEWR
& SUPPRd H=A

< ef¥nten exp( Supa[)’n S () — ¥, (1 + v (#%))gDne (M)])-
necC

The rest of the proof follows in the same fashion as in the proof of Proposition 5.4(a) in the
previous section by taking E°® (see (5.5)) instead of E. [
APPENDIX A: THE SPACE ¢

LEMMA A.l. Let € be the union of (0,00) x R¢ with (0, 00], & = ((0, 00) x R?) U
(0, 00]. Define 0 : € x & — [0, 00) for s, s'in(0, ool and (£, y), (f',y') € (0, 00) x R¥ by

o(s,s")=|s—s

’

1
o(s,(f,y))=?+'1vf|y|_ ’
N _ o llog f—log f'|—|y—y'] Fo_ !
(SN = (= e BTN [ =

(a) 0 is a metric on €.

(b) The function ¢ : (0, 00) X R - @, () =(f,y), (f,y) €(0,00) x R4, is con-
tinuous and open.

(c) € equipped with the topology generated by 0 is a locally compact Polish space such
that (i) and (ii) of Lemma 2.1 hold. Moreover, for s, h > 0, the closure of Hj, is given by

(A.1) Hy ={(f.y) €(0,00) x RY: f > s|y| +h} U[s, 0]

and is a compact set.
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(d) For every compact set K in &, there exist h, s > 0 such that K N [(0, 00) x RY] C H;
for some h,s > 0.

PROOF. (a) The idea behind this is very similar to [3], Section 13, (which considers a
larger space than R x R instead of (0, 00) x RY). In order to see that D is a metric, we have
to show that the triangle inequality is satisfied. If a, b, ¢ € &, then 0(a, b) < 0(a, ¢) 4+ 0(c, b)
follows easily if at least one element of a, b, ¢ is in (0, oo]. Therefore, we show that 0 satisfies
the triangle inequality on (0, 0o) x R?. It is rather easy to see that it suffices to prove that d
is a metric on R x R¥ (by plugging in A =log f and z = y), where

3((h.2), (W, 2)) =e (1 —e P HI7=2l) (4 o), (W, 2) e R x R,

As we will see, this can be boiled down to the fact that (1 —e™%)(1 — e_b) >0 fora,b>0.
Let (A,z), W, z), (W, z") e R x RY. We may assume A < A’ and A’ =1 +a, A" = A+ b,
a>0,beR. Then with p=|z—7|,g=|z—7"|, r =z —Z"|, so that p < g +r and
eflzfz/l — efp Z equr’

(. 2). (M. 2") +3((M.2"). (M. 2) (. 2). (V. 2))]
— e—(bAO)(l _ e—b—q) + e—(aAb)(l _ e—\b—a\—r) _ (1 _ e—a—p)
> (1— e_b_q) +e (1 - e~b=al=r) — (1—e74797")
— _efbfq +e 9 — eflbfalfafr e @qr
— e—a(] _ ea—b—q _ e—lb—a|—r + e—q—r)

>e(l—e—e"+e i) =e(1-e?)(1-e")20 ifb>a,
_ e_“(l _ e\b—ul—q)(l _ e—lb—ul—r) >0 ifb<a.

(b) It is rather straightforward to check that a sequence (f;,, yn)nen in (0, 00) X R4 con-
verges to an element (f, y) of (0, 00) x R¢ with respect to 9 if and only if it converges with
respect to the Euclidean metric on (0, 00) x R4, Therefore, ¢ is continuous and open.

__(c) That (A.1) holds follows by the definition of . Observe that for a sequence (a;)neN in
H; there either exists a subsequence that is contained in [s, oo] or a subsequence in (0, 00) x
R4 of the form ( fn» Yn)neN for which either:

(1) fu is contained in a set of the form [#, M] for some M > h (and thus the y, are
contained in a ball of radius s(M + h)), or
(2) fu — oo (and thus liminf,_, % >s).

In both cases one can find a subsequence of ( f;;, yn)neN that converges in ’H_“;l Hence, ’H_il is
compact.

Every (f, y) € (0, 00) x R has a compact neighbourhood in (0, co) x R4 and, therefore,
in €, because ¢ is continuous. On the other hand, every ¢ € (0, co] has a compact neighbour-
hood, for example, Hj fors <t and h = % (indeed, observe that {a € €:0(a,t) <t —s} C
H;). Therefore, € is locally compact.

Observe that a sequence (f;, Yn)neN Whose elements belong to (0, c0) x R? is a Cauchy
sequence in € either if it is a Cauchy sequence in [h, h~!] x R for some & € (0, 1) or if

fn — o0 and |§Z|

that & is complete. It is separable as Qo x Q¢ U Q- is dense, where Q- = (0, 00) N Q.
Therefore, € is a Polish space. o
(d) This follows by the fact that every compact set in € is a subset of #; for some &, s > 0.

Indeed, first it will be clear that every compact set is a subset of {(f, y) € (0, 00) x R¢: f >

— s for some s € (0, 00], this s is then the limit in &. From this we infer
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h} U (0, oo] for some & > 0. Second, (0, s] is not compact for all s > 0, and moreover, if
(fns Yn)nen is a sequence in (0, 0c0) x R? with fns Yn = 00 and |§—Z| — 0, then it does not
possess a subsequence that converges in €. [J

PrROOF OF LEMMA 2.1. The existence of & for which (i) and (ii) hold, follows by
Lemma A.1:

(a) Because ¢ is an open map, ((B) is a Borel set in € for every Borel set B in (0, 00) x R,
Hence, P o ¢ defines a measure on €&, clearly with values in Ng U {oo}. It is a Radon measure
because ¢ is continuous, and so ¢(K) is compact in € for every compact set K in (0, 0o) x R,
Therefore, it is a Point measure on (0, 00) x R4,

(b) Because the embedding is continuous, it follows that P is a measure on ¢. Hence, it is
an element of M, if and only if it is a Radon measure. Therefore, by (i) it follows that Pis
an element of M, if and only if P(Hj) < oo for all s, 1 > 0. Suppose the latter is the case.
Then suppf C (0, 00) x R?, as if otherwise, then there exists a sequence ( fy, Yn)neN in this
support that converges in € to 2s for a s € (0, oo]. This can only be the case if that sequence
is contained in #; for some & > 0, in which case P(H;) =o0. [

APPENDIX B: MEASURABILITY OF THE MAXIMIZER p*

In this section we show the measurability of the ©* as in Lemma 5.3.

First, observe that II, II,, and l'[,(f) for all n, L € N are all good point measures P-almost
surely by Lemma 4.4 and Lemma 4.2. Let (€2, F) be the underlying (complete) measurable
space of P. Let €| € F be such that on €y, IT, II,, and IT'" for all n, L € N are all good
point measures and such that IT, — IT on €. Then for all w € @ and all n, L € N, there
exist u*[w], u;[w] and ,u,’; 1 [@] such that

U (n'[w]) = E(H[w]), U, e (4 [@]) = (I, [w]),
W, (470]) = (P (o).

Let us set u*[w] = u;lw] = MZ ; =0 for all n, L € N. As by Theorem 2.8(d), on Q,

L L L—
H(L)ﬂ)r[ and TI,, e ; we have L—)[,Ln andun—>,u on 2. There-

fore it suffices to show that p s measurable for all 7, L € N in order to conclude that w*
is measurable (likewise, foralln € N).

As II is almost surely good, there exists an 21 C 2 with P(€21) = 1 such that, for each
w € 1, by Theorem 2.8(a) there exists a unique pu*[w] € F(II(w)) such that

Wt (1 []) = E(M[w]).

We will show that there exists an Q% C Q with P(2*) = 1 such that w — u*[w] is measur-
able.

This follows because l'IL has a finite support: For w € 1, there exist m[w] € Ny and
distinct ( f1[w], y1lw]), . ( Jmlol, ymlw]) in supp l'IL[w] such that

Wit (. [0]) = E(H,’;[w]) =g (filo]. ... fulo]) = gDo([wl. ... ymlw]).

These m, f1,..., fim and y1, ..., y, are measurable, as this is a finite optimization problem.
Then w)., = >/ w8y, y,, where the w; are measurable functions of the fi, ..., f,, due to
Proposition 3.1.

Acknowledgments. W. Kong is also affiliated with Institute of Mathematics, Technische
Universitét Berlin.



1476

KONIG, PETRELIS, SOARES DOS SANTOS AND VAN ZUIJLEN

Funding. RSdS was partially supported by CNPq grants 313921/2020-2, 406001/2021-9
and FAPEMIG grant APQ-02288-21.

(1]

(2]

(3]

(4]

(3]

[6]

(71

(8]

(9]

[10]

(1]
[12]

[13]
[14]

[15]

[16]

(17]

(18]
[19]
[20]

(21]

REFERENCES

ASTRAUSKAS, A. (2016). From extreme values of i.i.d. random fields to extreme eigenvalues of finite-
volume Anderson Hamiltonian. Probab. Surv. 13 156-244. MR3556793 https://doi.org/10.1214/15-
PS252

BILLINGSLEY, P. (1999). Convergence of Probability Measures, 2nd ed. Wiley Series in Probability
and Statistics: Probability and Statistics. Wiley, New York. MR1700749 https://doi.org/10.1002/
9780470316962

BISKUP, M., KONIG, W. and DOS SANTOS, R. S. (2018). Mass concentration and aging in the parabolic An-
derson model with doubly-exponential tails. Probab. Theory Related Fields 171 251-331. MR3800834
https://doi.org/10.1007/s00440-017-0777-x

BRAIDES, A. (2002). I'-Convergence for Beginners. Oxford Lecture Series in Mathematics and
Its Applications 22. Oxford Univ. Press, Oxford. MR1968440 https://doi.org/10.1093/acprof:oso/
9780198507840.001.0001

DALEY, D. J. and VERE-JONES, D. (2003). An Introduction to the Theory of Point Processes. Vol. I. Elemen-
tary Theory and Methods, 2nd ed. Probability and Its Applications (New York). Springer, New York.
MR1950431

DING, J., FUKUSHIMA, R., SUN, R. and XU, C. (2020). Biased random walk conditioned on survival among
Bernoulli obstacles: Subcritical phase. Comm. Math. Phys. 376 2161-2195. MR4104545 https://doi.
org/10.1007/s00220-019-03644-9

DING, J., FUKUSHIMA, R., SUN, R. and XU, C. (2020). Geometry of the random walk range conditioned on
survival among Bernoulli obstacles. Probab. Theory Related Fields 177 91-145. MR4095012 https://
doi.org/10.1007/s00440-019-00943-z

DING, J., FUKUSHIMA, R., SUN, R. and XU, C. (2021). Distribution of the random walk conditioned on
survival among quenched Bernoulli obstacles. Ann. Probab. 49 206-243. MR4203337 https://doi.org/
10.1214/20-A0P1450

GARTNER, J., KONIG, W. and MOLCHANOV, S. (2007). Geometric characterization of intermittency
in the parabolic Anderson model. Ann. Probab. 35 439-499. MR2308585 https://doi.org/10.1214/
009117906000000764

GARTNER, J. and MOLCHANOV, S. A. (1990). Parabolic problems for the Anderson model. I. Intermittency
and related topics. Comm. Math. Phys. 132 613-655. MR1069840

KALLENBERG, O. (1983). Random Measures, 3rd ed. Akademie Verlag, Berlin. MR0818219

KLENKE, A. (2008). Probability Theory: A Comprehensive Course. Universitext. Springer, London. Trans-
lated from the 2006 German original. MR2372119 https://doi.org/10.1007/978-1-84800-048-3

KONIG, W. (2016). The Parabolic Anderson Model: Random Walk in Random Potential. Pathways in Math-
ematics. Birkhduser, Cham. MR3526112 https://doi.org/10.1007/978-3-319-33596-4

KONIG, W., LACOIN, H., MORTERS, P. and SIDOROVA, N. (2009). A two cities theorem for the parabolic
Anderson model. Ann. Probab. 37 347-392. MR2489168 https://doi.org/10.1214/08-A0OP405

LACOIN, H. and MORTERS, P. (2012). A scaling limit theorem for the parabolic Anderson model with
exponential potential. In Probability in Complex Physical Systems. Springer Proc. Math. 11 247-272.
Springer, Heidelberg. MR3372851 https://doi.org/10.1007/978-3-642-23811-6_10

MADRAS, N. and SLADE, G. (2013). The Self-Avoiding Walk. Modern Birkhduser Classics. Birkhduser, New
York. Reprint of the 1993 original. MR2986656 https://doi.org/10.1007/978-1-4614-6025-1

MORTERS, P. (2011). The parabolic Anderson model with heavy-tailed potential. In Surveys in Stochastic
Processes. EMS Ser. Congr. Rep. 67-85. Eur. Math. Soc., Ziirich. MR2883854 https://doi.org/10.4171/
072-1/4

MORTERS, P., ORTGIESE, M. and SIDOROVA, N. (2011). Ageing in the parabolic Anderson model. Ann.
Inst. Henri Poincaré Probab. Stat. 47 969—1000. MR2884220 https://doi.org/10.1214/10-AIHP394

ORTGIESE, M. and ROBERTS, M. L. (2016). Intermittency for branching random walk in Pareto environment.
Ann. Probab. 44 2198-2263. MR3502604 https://doi.org/10.1214/15-A0P1021

ORTGIESE, M. and ROBERTS, M. 1. (2017). One-point localization for branching random walk in Pareto
environment. Electron. J. Probab. 22 Paper No. 6, 20. MR3613699 https://doi.org/10.1214/16-EJP22

ORTGIESE, M. and ROBERTS, M. L. (2018). Scaling limit and ageing for branching random walk in Pareto
environment. Ann. Inst. Henri Poincaré Probab. Stat. 54 1291-1313. MR3825882 https://doi.org/10.
1214/17-ATHP839


https://mathscinet.ams.org/mathscinet-getitem?mr=3556793
https://doi.org/10.1214/15-PS252
https://doi.org/10.1214/15-PS252
https://mathscinet.ams.org/mathscinet-getitem?mr=1700749
https://doi.org/10.1002/9780470316962
https://doi.org/10.1002/9780470316962
https://mathscinet.ams.org/mathscinet-getitem?mr=3800834
https://doi.org/10.1007/s00440-017-0777-x
https://mathscinet.ams.org/mathscinet-getitem?mr=1968440
https://doi.org/10.1093/acprof:oso/9780198507840.001.0001
https://doi.org/10.1093/acprof:oso/9780198507840.001.0001
https://mathscinet.ams.org/mathscinet-getitem?mr=1950431
https://mathscinet.ams.org/mathscinet-getitem?mr=4104545
https://doi.org/10.1007/s00220-019-03644-9
https://doi.org/10.1007/s00220-019-03644-9
https://mathscinet.ams.org/mathscinet-getitem?mr=4095012
https://doi.org/10.1007/s00440-019-00943-z
https://doi.org/10.1007/s00440-019-00943-z
https://mathscinet.ams.org/mathscinet-getitem?mr=4203337
https://doi.org/10.1214/20-AOP1450
https://doi.org/10.1214/20-AOP1450
https://mathscinet.ams.org/mathscinet-getitem?mr=2308585
https://doi.org/10.1214/009117906000000764
https://doi.org/10.1214/009117906000000764
https://mathscinet.ams.org/mathscinet-getitem?mr=1069840
https://mathscinet.ams.org/mathscinet-getitem?mr=0818219
https://mathscinet.ams.org/mathscinet-getitem?mr=2372119
https://doi.org/10.1007/978-1-84800-048-3
https://mathscinet.ams.org/mathscinet-getitem?mr=3526112
https://doi.org/10.1007/978-3-319-33596-4
https://mathscinet.ams.org/mathscinet-getitem?mr=2489168
https://doi.org/10.1214/08-AOP405
https://mathscinet.ams.org/mathscinet-getitem?mr=3372851
https://doi.org/10.1007/978-3-642-23811-6_10
https://mathscinet.ams.org/mathscinet-getitem?mr=2986656
https://doi.org/10.1007/978-1-4614-6025-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2883854
https://doi.org/10.4171/072-1/4
https://doi.org/10.4171/072-1/4
https://mathscinet.ams.org/mathscinet-getitem?mr=2884220
https://doi.org/10.1214/10-AIHP394
https://mathscinet.ams.org/mathscinet-getitem?mr=3502604
https://doi.org/10.1214/15-AOP1021
https://mathscinet.ams.org/mathscinet-getitem?mr=3613699
https://doi.org/10.1214/16-EJP22
https://mathscinet.ams.org/mathscinet-getitem?mr=3825882
https://doi.org/10.1214/17-AIHP839
https://doi.org/10.1214/17-AIHP839

WEAKLY SELF-AVOIDING WALK IN A PARETO POTENTIAL 1477

[22] POISAT, J. and SIMENHAUS, F. (2024). Localization of a one-dimensional simple random walk among
power-law renewal obstacles. Ann. Appl. Probab. 34 4137-4192. MR4783039 https://doi.org/10.1214/
24-aap2062

[23] RESNICK, S. I. (1987). Extreme Values, Regular Variation, and Point Processes. Applied Probability. A Se-
ries of the Applied Probability Trust 4. Springer, New York. MR0900810 https://doi.org/10.1007/978-
0-387-75953-1

[24] SLADE, G. (2011). The self-avoiding walk: A brief survey. In Surveys in Stochastic Processes. EMS Ser.
Congr. Rep. 181-199. Eur. Math. Soc., Ziirich. MR2883859 https://doi.org/10.4171/072-1/9

[25] SZNITMAN, A.-S. (1998). Brownian Motion, Obstacles and Random Media. Springer Monographs in Math-
ematics. Springer, Berlin. MR1717054 https://doi.org/10.1007/978-3-662-11281-6


https://mathscinet.ams.org/mathscinet-getitem?mr=4783039
https://doi.org/10.1214/24-aap2062
https://doi.org/10.1214/24-aap2062
https://mathscinet.ams.org/mathscinet-getitem?mr=0900810
https://doi.org/10.1007/978-0-387-75953-1
https://doi.org/10.1007/978-0-387-75953-1
https://mathscinet.ams.org/mathscinet-getitem?mr=2883859
https://doi.org/10.4171/072-1/9
https://mathscinet.ams.org/mathscinet-getitem?mr=1717054
https://doi.org/10.1007/978-3-662-11281-6

	Introduction and main results
	The model and main purpose
	Rescaling and point measures
	Main results: Convergence toward a variational formula
	Heuristic explanation
	Organization of the paper
	Literature remarks
	Notation

	Preparation
	Analysis of the variational formula
	Maximization of ΦP with fixed number of points
	Some topological properties of the variational formula
	Maximizers have finite support
	Proof of Theorem 2.8

	Goodness of and of 
	Proof of Theorem 1.2
	Lower bound: Proof of Proposition 5.2
	The path event
	Energetic lower bound
	Conclusion

	Upper bounds: Proof of Proposition 5.4
	Compactification
	Proof of Proposition 5.4(a)
	Proof of Proposition 5.4(b)

	APPENDIX A: THE SPACE 
	APPENDIX B: MEASURABILITY OF THE MAXIMIZER 
	Acknowledgments
	Funding
	REFERENCES

