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Introdu
tion
◮ Dis
ontinuous Galerkin (DG) methods were introdu
ed in the 70's

◮ hyperboli
 PDE's [Reed & Hill 73, Lesaint & Raviart 74℄
◮ ellipti
 PDE's [Douglas & Dupont 76, Baker 77, Arnold 82℄

◮ General prin
iples and motivations
◮ FE-based method using pie
ewise polynomials, totally dis
ontinuousa
ross mesh elements
◮ FV-based high-order method using numeri
al �uxes
◮ �exibility (non-mat
hing grids, variable polynomial degree)
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Introdu
tion
◮ For linear PDE's, the mathemati
al analysis is well-understood

◮ uni�ed analysis for Poisson problem [Arnold, Brezzi, Co
kburn &Marini 01℄
◮ uni�ed analysis for Friedri
hs' systems [AE & Guermond 06-08℄
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Introdu
tion
◮ For linear PDE's, the mathemati
al analysis is well-understood

◮ uni�ed analysis for Poisson problem [Arnold, Brezzi, Co
kburn &Marini 01℄
◮ uni�ed analysis for Friedri
hs' systems [AE & Guermond 06-08℄

◮ For nonlinear PDE's, the situation is substantially di�erent
◮ FE-based te
hniques require strong regularity assumptions on theexa
t solution
◮ the analysis of FV s
hemes pro
eeds along a di�erent path, avoidingsu
h assumptions [Eymard, Gallouët, Herbin et al., 00�08℄

◮ Our goal is to extend the dis
rete analysis tools for FV to DGavoiding any strong regularity assumptionAlexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
tness



Outline
◮ Dis
rete fun
tional analysis tools in DG spa
es
◮ Poisson problem
◮ In
ompressible NS
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Dis
rete fun
tional analysis tools in DG spa
esAdmissible meshes {Th}h∈H of bounded polyhedron Ω ⊂ R
d

◮ non-
onforming
◮ shape-regular
◮ size(Th) def= maxT∈Th hT
◮ Example of admissible mesh
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Jumps and averages
◮ Mesh fa
es: Fh = F ih ∪ Fbh
◮ Jumps and averages: F = ∂T1 ∩ ∂T2

JϕK
def
= ϕ|T1 − ϕ|T2 {{ϕ}}

def
=

12(ϕ|T1 + ϕ|T2)PSfrag repla
ements T1 T2FνFAlexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
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DG spa
es
◮ V kh def

= {vh ∈ L2(Ω); ∀T ∈ Th, vh|T ∈ Pk(T )} norm
‖vh‖2DG = ‖∇hvh‖2L2(Ω)d + |vh|2J,Fh,−1with broken gradient ∇h and jump seminorm (F = Fh or F ih)
|vh|2J,F,±1 def

=
∑F∈F

h±1F ∫F |JvhK|2
◮ Approximability of smooth fun
tions For all ϕ ∈ C∞
 (Ω) and allk ≥ 1,

‖ϕ− πkhϕ‖DG → 0 as size(Th)→ 0Alexandre Ern Université Paris-Est, CERMICSConvergen
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Dis
rete Sobolev embeddings
◮ non-Hilbertian setting (1 ≤ p < +∞)

‖vh‖pDG,p def
=

∑T∈Th ∫T |∇vh|pℓp +
∑F∈Fh 1hp−1F ∫F |JvhK|p
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Dis
rete Sobolev embeddings
◮ non-Hilbertian setting (1 ≤ p < +∞)

‖vh‖pDG,p def
=

∑T∈Th ∫T |∇vh|pℓp +
∑F∈Fh 1hp−1F ∫F |JvhK|p

◮ Main result: For all q su
h that(i) 1 ≤ q ≤ p∗ def
= pdd−p if 1 ≤ p < d ;(ii) 1 ≤ q < +∞ if d ≤ p < +∞;there is σq,p su
h that

∀vh ∈ V kh , ‖vh‖Lq(Ω) ≤ σp,q‖vh‖DG,pAlexandre Ern Université Paris-Est, CERMICSConvergen
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Dis
rete Sobolev embeddings
◮ Dis
rete Poin
aré�Friedri
hs inequality (q = 2, p = 2) [Brenner 03℄
◮ q = 4, p = 2 [Karakashian & Jureidini 98℄
◮ Dis
rete Sobolev embeddings with p = 2 [Lasis & Süli 03℄
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Dis
rete Sobolev embeddings
◮ Dis
rete Poin
aré�Friedri
hs inequality (q = 2, p = 2) [Brenner 03℄
◮ q = 4, p = 2 [Karakashian & Jureidini 98℄
◮ Dis
rete Sobolev embeddings with p = 2 [Lasis & Süli 03℄
◮ Two key di�eren
es

◮ our te
hnique of proof is mu
h simpler: no ellipti
 regularity ornon
onforming FE interpolation ⇒ general meshes 
an be used
◮ embeddings are useful for DG spa
es and not for broken Sobolevspa
es
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Dis
rete Sobolev embeddingsPrin
iple of proof
◮ Inspired from [Eymard, Gallouët & Herbin 08℄
◮ BV estimate (∑di=1 sup{∫Rd u∂iϕ, ϕ ∈ C∞
 (Rd ), ‖ϕ‖L∞(Rd ) ≤ 1})

∀vh ∈ V kh , ‖vh‖BV . ‖vh‖DG,1 . ‖vh‖DG,p (p ≥ 1)(vh extended by zero outside Ω)
◮ Classi
al result (1∗ def

= dd−1 ): ‖v‖L1∗ (Rd ) ≤
12d ‖v‖BV

◮ For 1 < p < d , use ‖·‖L1∗ (Rd )-estimate for |vh|α, Hölder's inequalityand a tra
e inequality
◮ For p ≥ d , simply use Hölder's inequalityAlexandre Ern Université Paris-Est, CERMICSConvergen
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Dis
rete Sobolev embeddings
◮ Main result for p = 2 and d ∈ {2, 3}: For all q su
h that(i) 1 ≤ q ≤ 6 if d = 3;(ii) 1 ≤ q < +∞ if d = 2;there is σq su
h that

∀vh ∈ V kh , ‖vh‖Lq(Ω) ≤ σq‖vh‖DG
Alexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
tness



Dis
rete gradients
◮ Let l ≥ 0. For all F ∈ Fh, let r lF : L2(F )→ [V lh]d s.t.

∀τh ∈ [V lh]d ,

∫

Ω

r lF (φ)·τh =

∫F{{τh}}·νFφ

◮ Support of r lF 
onsists of one or two mesh elements
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Dis
rete gradients
◮ Let l ≥ 0. For all F ∈ Fh, let r lF : L2(F )→ [V lh]d s.t.

∀τh ∈ [V lh]d ,

∫

Ω

r lF (φ)·τh =

∫F{{τh}}·νFφ

◮ Support of r lF 
onsists of one or two mesh elements
◮ Let k ≥ 1, de�ne dis
rete gradient G lh : V kh → [Vmax(k−1,l)h ]d as

∀vh ∈ V kh , G lh(vh) def
= ∇hvh − ∑F∈Fh r lF (JvhK)

◮ Usual values: l = k or l = k − 1Alexandre Ern Université Paris-Est, CERMICSConvergen
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Dis
rete gradients
◮ Stability

∀vh ∈ V kh , ‖G lh(vh)‖L2(Ω)d . ‖vh‖DG
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Dis
rete gradients
◮ Stability

∀vh ∈ V kh , ‖G lh(vh)‖L2(Ω)d . ‖vh‖DG
◮ Compa
tness and weak 
onvergen
e

◮ let {vh}h∈H be a sequen
e in V kh
◮ bounded in the ‖·‖DG-normThen, there exists a subsequen
e of {vh}h∈H and a fun
tionv ∈ H10 (Ω) s.t. as size(Th)→ 0,vh → v strongly in L2(Ω)and for all l ≥ 0,G lh(vh) ⇀ ∇v weakly in L2(Ω)dAlexandre Ern Université Paris-Est, CERMICSConvergen
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ompa
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Dis
rete gradients
◮ Proof inspired from FV analysis [Eymard, Gallouët & Herbin 08℄
◮ Uniform BV estimate on spa
e translates

‖vh(·+ ξ)− vh‖L1(Rd ) ≤ |ξ|ℓ1‖vh‖BV ≤ C |ξ|ℓ1
◮ Kolmogorov's Compa
tness Criterion in L1(Rd )
◮ Sobolev embedding: 
ompa
tness in L2(Rd )
◮ bound on dis
rete gradient: G lh(vh) ⇀ w in L2(Ω)d
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Dis
rete gradients
◮ Proof inspired from FV analysis [Eymard, Gallouët & Herbin 08℄
◮ Uniform BV estimate on spa
e translates

‖vh(·+ ξ)− vh‖L1(Rd ) ≤ |ξ|ℓ1‖vh‖BV ≤ C |ξ|ℓ1
◮ Kolmogorov's Compa
tness Criterion in L1(Rd )
◮ Sobolev embedding: 
ompa
tness in L2(Rd )
◮ bound on dis
rete gradient: G lh(vh) ⇀ w in L2(Ω)d
◮ For ϕ ∈ C∞
 (Rd )d ,

∫

Rd G lh(vh)·ϕ = −

∫

Rd vh(∇·ϕ)−

∫

Rd R lh(JvhK)·(ϕ− π0hϕ)

+
∑F∈Fh ∫F{{ϕ− π0hϕ}}·νF JvhK
onverges to − ∫

Rd v(∇·ϕ)

◮ ∇v = w , v ∈ H1(Rd ), and v ≡ 0 outside Ω ⇒ v ∈ H10 (Ω).Alexandre Ern Université Paris-Est, CERMICSConvergen
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Poisson problem
◮ A basi
 formulation
◮ Convergen
e analysis
◮ Nonsymmetri
 variants
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A basi
 formulation
◮ Let f ∈ Lr (Ω) with r ≥ 65 if d = 3 and r > 1 if d = 2
◮ u ∈ H10 (Ω) s.t. for all v ∈ H10 (Ω),

∫

Ω

∇u·∇v =

∫

Ω

fv
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A basi
 formulation
◮ Let f ∈ Lr (Ω) with r ≥ 65 if d = 3 and r > 1 if d = 2
◮ u ∈ H10 (Ω) s.t. for all v ∈ H10 (Ω),

∫

Ω

∇u·∇v =

∫

Ω

fv
◮ DG bilinear form (dis
. grad. with l = k or k − 1)ah(vh,wh) def

=

∫

Ω

Gh(vh)·Gh(wh) + jh(vh,wh)
◮ Stabilizationjh(vh,wh) def=

∑F∈Fh η

∫

Ω

rF (JvhK)·rF (JwhK)− ∫

Ω

Rh(JvhK)·Rh(JwhK)Alexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
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A basi
 formulation
◮ Stabilization parameter η > N∂ (max. number of fa
es per meshelement)
◮ Stability result: For all vh ∈ V kh ,

‖Gh(vh)‖2L2(Ω)d + (η − N∂)
∑F∈Fh ‖rF (JvhK)‖2L2(Ω)d ≤ ah(vh, vh)

◮ Coer
ivity: ∃α > 0 s.t. for all vh ∈ V kh ,
α‖vh‖2DG ≤ ah(vh, vh)
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Variants on stabilization
◮ Expanding the lifting operators yieldsah(vh,wh) =

∫

Ω

∇hvh·∇hwh +
∑F∈Fh η

∫

Ω

rF (JvhK)·rF (JwhK)
−

∑F∈Fh ∫F (
νF ·{{∇hvh}}JwhK + νF ·{{∇hwh}}JvhK)This is the IP-method of Bassi, Rebay et al. 97
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Variants on stabilization
◮ Expanding the lifting operators yieldsah(vh,wh) =

∫

Ω

∇hvh·∇hwh +
∑F∈Fh η

∫

Ω

rF (JvhK)·rF (JwhK)
−

∑F∈Fh ∫F (
νF ·{{∇hvh}}JwhK + νF ·{{∇hwh}}JvhK)This is the IP-method of Bassi, Rebay et al. 97

◮ SIPG method [Arnold 82℄ and LDG method [Co
kburn & Shu 98℄jSIPGh (vh,wh) def
=

∑F∈Fh η
1hF ∫F JvhKJwhK− ∫

Ω

Rh(JvhK)·Rh(JwhK)jLDGh (vh,wh) def
=

∑F∈Fh η
1hF ∫F JvhKJwhKAlexandre Ern Université Paris-Est, CERMICSConvergen
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Convergen
e resultLet {uh}h∈H be the sequen
e of approximate solutions generated bysolving the dis
rete Poisson problem on the admissible meshes {Th}h∈H.Then, as size(Th)→ 0, uh → u in L2(Ω)Gh(uh)→ ∇u in L2(Ω)d
∇huh → ∇u in L2(Ω)d

|uh|J,Fh,−1 → 0where u ∈ H10 (Ω) is the exa
t solution
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Sket
h of proof
◮ A priori estimate:

α‖uh‖2DG ≤ a(uh, uh) =

∫

Ω

fuh ≤ ‖f ‖Lr (Ω)‖uh‖Lr′ (Ω)and Sobolev embedding yields
‖uh‖DG ≤ C
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Sket
h of proof
◮ A priori estimate:

α‖uh‖2DG ≤ a(uh, uh) =

∫

Ω

fuh ≤ ‖f ‖Lr (Ω)‖uh‖Lr′ (Ω)and Sobolev embedding yields
‖uh‖DG ≤ C

◮ Compa
tness: there exists a subsequen
e of {uh}h∈H andu ∈ H10 (Ω) s.t. as size(Th)→ 0,uh → u strongly in L2(Ω)Gh(uh) ⇀ ∇u weakly in L2(Ω)dAlexandre Ern Université Paris-Est, CERMICSConvergen
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Sket
h of proof
◮ Identi�
ation of the limit: For all ϕ ∈ C∞
 (Ω),ah(uh, πhϕ)→

∫

Ω

∇u·∇ϕso that
∫

Ω

f ϕ← ∫

Ω

f πhϕ = ah(uh, πhϕ)→

∫

Ω

∇u·∇ϕ
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Sket
h of proof
◮ Identi�
ation of the limit: For all ϕ ∈ C∞
 (Ω),ah(uh, πhϕ)→

∫

Ω

∇u·∇ϕso that
∫

Ω

f ϕ← ∫

Ω

f πhϕ = ah(uh, πhϕ)→

∫

Ω

∇u·∇ϕ

◮ By density of C∞
 (Ω) in H10 (Ω), u solves the Poisson problem
◮ By uniqueness of the solution, the whole sequen
e 
onvergesAlexandre Ern Université Paris-Est, CERMICSConvergen
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Sket
h of proof
◮ Owing to weak 
onvergen
elim inf ‖Gh(uh)‖2L2(Ω)d ≥ ‖∇u‖2L2(Ω)d
◮ Owing to stability

‖Gh(uh)‖2L2(Ω)d ≤ ah(uh, uh) =

∫

Ω

fuhso thatlim sup ‖Gh(uh)‖2L2(Ω)d ≤ lim sup∫

Ω

fuh =

∫

Ω

fu = ‖∇u‖2L2(Ω)d
◮ Hen
e, ‖Gh(uh)‖L2(Ω)d → ‖∇u‖L2(Ω)d so that Gh(uh) strongly
onverges to ∇u in L2(Ω)dAlexandre Ern Université Paris-Est, CERMICSConvergen
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Sket
h of proof
◮ Owing to stability

(η − N∂)
∑F∈Fh ‖rF (JuhK)‖2L2(Ω)d ≤ ah(uh, uh)− ‖Gh(uh)‖2L2(Ω)d

◮ Hen
e, |uh|J,Fh,−1 → 0
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Sket
h of proof
◮ Owing to stability

(η − N∂)
∑F∈Fh ‖rF (JuhK)‖2L2(Ω)d ≤ ah(uh, uh)− ‖Gh(uh)‖2L2(Ω)d

◮ Hen
e, |uh|J,Fh,−1 → 0Remark. If the exa
t solution is smooth, the usual optimal a priori errorestimates are re
overed
‖u − uh‖DG ≤ C (u)hk
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Nonsymmetri
 variants
◮ Nonsymmetri
 DG bilinear formah(vh,wh) =

∫

Ω

Ĝh(vh)·Gh(wh) + j ′h(vh,wh)
◮ Design 
onditions

◮ bGh strongly 
onsistent for smooth fun
tions
◮ Gh weakly 
onsistent for dis
rete fun
tions
◮ both gradients 
ontrolled by ‖·‖DG-norm
◮ j ′h symmetri
, nonnegative, 
ontrolled by jump seminorm andensuring 
oer
ivity of ahAlexandre Ern Université Paris-Est, CERMICSConvergen
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Nonsymmetri
 variants
◮ General 
onvergen
e result 
an be proven as before
◮ Examples of nonsymmetri
 methodsGh(vh) = ∇hvh + Rh(JvhK) (NIPG)Gh(vh) = ∇hvh (IIPG)
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In
ompressible Navier�Stokes
◮ Pressure-velo
ity 
oupling (Stokes system)
◮ Conve
tive trilinear form for NS
◮ Convergen
e result
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Stokes system
◮ Let f ∈ Lr (Ω)d with r ≥ 65 if d = 3 and r > 1 if d = 2
◮ Let ν > 0
◮ (u, p) ∈ H10 (Ω)d × L20(Ω) s.t. for all (v , q) ∈ H10 (Ω)d × L20(Ω),

ν

∫

Ω

∇u·∇v − ∫

Ω

p∇·v +

∫

Ω

q∇·u =

∫

Ω

f ·v
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Stokes system
◮ Let f ∈ Lr (Ω)d with r ≥ 65 if d = 3 and r > 1 if d = 2
◮ Let ν > 0
◮ (u, p) ∈ H10 (Ω)d × L20(Ω) s.t. for all (v , q) ∈ H10 (Ω)d × L20(Ω),

ν

∫

Ω

∇u·∇v − ∫

Ω

p∇·v +

∫

Ω

q∇·u =

∫

Ω

f ·v
◮ Equal-order polynomial spa
es for velo
ity and pressureUh def

= [V kh ]d Ph def
= V kh Xh def

= Uh × Ph
◮ Pressure stabilization sh(qh, rh) def

=
∑F∈F ih hF ∫F JqhKJrhKAlexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
tness



Pressure�velo
ity 
oupling
◮ Dis
rete divergen
e operator

∀vh ∈ Uh, D lh(vh) = G lh(vh,j )·ej
◮ Pressure�velo
ity bilinear formbh(vh, qh) def

= −

∫

Ω

qhDkh (vh)
◮ (uh, ph) ∈ Xh s.t. lh((uh, ph), (vh, qh)) =

∫
Ω
f ·vh, ∀(vh, qh) ∈ Xhwherelh((uh, ph), (vh, qh)) def= νah(uh,i , uh,i )+bh(vh, ph)−bh(uh, qh)+sh(ph, qh)Alexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
tness



Convergen
e resultLet {(uh, ph)}h∈H be the sequen
e of approximate solutions generated bysolving the dis
rete Stokes problems on the admissible meshes {Th}h∈H.Then, as size(Th)→ 0, uh → u in L2(Ω)d
∇huh → ∇u in L2(Ω)d,d

|uh|J,Fh,−1 → 0ph → p in L2(Ω)

|ph|J,F ih,1 → 0where (u, p) ∈ H10 (Ω)× L20(Ω) is the exa
t Stokes solutionAlexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
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Sket
h of proof
◮ Coer
ivity on velo
ity and dis
rete inf-sup 
ondition on pressure
◮ A priori estimate + 
ompa
tness: uh → u strongly in L2(Ω)d ,Gh(uh,i ) ⇀ ∇ui weakly in L2(Ω)d and ph ⇀ p weakly in L2(Ω)

◮ Identi�
ation of the limit and 
onvergen
e of the whole sequen
e
◮ Strong 
onvergen
e of velo
ity gradient and jumps (as before)
◮ Strong 
onvergen
e of the pressure using Ne£as velo
ity
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Sket
h of proof
◮ Coer
ivity on velo
ity and dis
rete inf-sup 
ondition on pressure
◮ A priori estimate + 
ompa
tness: uh → u strongly in L2(Ω)d ,Gh(uh,i ) ⇀ ∇ui weakly in L2(Ω)d and ph ⇀ p weakly in L2(Ω)

◮ Identi�
ation of the limit and 
onvergen
e of the whole sequen
e
◮ Strong 
onvergen
e of velo
ity gradient and jumps (as before)
◮ Strong 
onvergen
e of the pressure using Ne£as velo
ityRemark. If the exa
t solution is smooth, the usual optimal a priori errorestimates are re
overed [Co
kburn, Kans
hat, S
hötzau & S
hwab 02,AE & Guermond 08℄

‖(u − uh, p − ph)‖S ≤ C (u)hkAlexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
tness



In
ompressible NS system
◮ Let f ∈ Lr (Ω)d with r ≥ 65 if d = 3 and r > 1 if d = 2
◮ Let ν > 0
◮ (u, p) ∈ H10 (Ω)d × L20(Ω) s.t. for all (v , q) ∈ H10 (Ω)d × L20(Ω),

ν

∫

Ω

∇u·∇v +

∫

Ω

v ·(∇·F (u, p)) +

∫

Ω

q∇·u =

∫

Ω

f ·vwith in
omp. Euler �ux F (u, p) = u ⊗ u + pI
◮ Existen
e of su
h a weak solution holds for d ∈ {2, 3}
◮ Uniqueness under small data assumptionAlexandre Ern Université Paris-Est, CERMICSConvergen
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In
ompressible NS system
◮ For all u ∈ H10 (Ω)d ,

∫

Ω

u·∇·(u ⊗ u) =

∫

Ω

u·( 12 (∇·u)u) = −

∫

Ω

u·∇( 12 |u|2)
◮ Temam's devi
e for stability: add sour
e term − ∫

Ω
12 (∇·u)u

◮ non-
onservative form
◮ sour
e term vanishes at the limit for solenoidal velo
ity

◮ Modi�ed Euler �ux Φ(u, p) = u ⊗ u + 12 |u|2I + pI withp = p − 12 |u|2
◮ 
onservative form
◮ hinted to in [Co
kburn, Kans
hat & S
hötzau 05℄Alexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
tness



Dis
rete NS system
◮ DG methods for in
ompressible NS

◮ pie
ewise solenoidal velo
ity �elds [Karakashian & Jureidini 98℄
◮ non
onservative method based on Temam's devi
e [Girault, Rivière& Wheeler 04℄
◮ 
onservative LDG method [Co
kburn, Kans
hat & S
hötzau 04℄using BDM proje
tion

◮ FV methods for in
ompressible NS
◮ non
onservative form [Eymard, Herbin & Lat
hé 07℄
◮ 
onservative form [Chénier, Eymard & Herbin 08℄
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Dis
rete NS system
◮ (uh, ph) ∈ Xh s.t. ∀(vh, qh) ∈ Xh,lh((uh, ph), (vh, qh)) + th(uh, uh, vh) =

∫

Ω

f ·vhwith Stokes bilinear form lh and dis
rete trilinear form th
◮ Design 
onditions on th

◮ Stability: th(vh, vh, vh) = 0, ∀vh ∈ Uh
◮ Continuity on dis
rete spa
e
◮ Weak 
ontinuity: th(uh, uh, πhϕ) → t(u, u, ϕ)

◮ Existen
e of dis
rete solution using topologi
al degree argument (nosmall data assumption!)Alexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
tness



Convergen
e result for NSLet {(uh, ph)}h∈H be a sequen
e of approximate solutions generated bysolving the dis
rete NS problems on the admissible meshes {Th}h∈H.Then, as size(Th)→ 0, up to a subsequen
euh → u in L2(Ω)d
∇huh → ∇u in L2(Ω)d,d

|uh|J,Fh,−1 → 0ph → p in L2(Ω)

|ph|J,F ih,1 → 0where (u, p) ∈ H10 (Ω)× L20(Ω) is an exa
t solutionAlexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
tness



Examples of DG trilinear forms
◮ Non-
onservative, based on Temam's devi
eth(w , u, v) =

∫

Ω

(w ·∇hu)·v − ∑F∈F ih ∫F{{w}}·νF JuK·{{v}}
+

∫

Ω

12∇h·w(u·v)−
∑F∈Fh ∫F JwK·νF 12{{u·v}}

◮ Conservative, based on Euler �ux modi�
ationth(w , u, v) = −

∫

Ω

(w ⊗ u):∇hv +
∑F∈F ih ∫F νF ·{{u}}{{w}}·JvK

+

∫

Ω

12v ·∇h(u·w)−
∑F∈F ih ∫F νF ·{{v}} 12 Ju·wKAlexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
tness



Con
luding remarks
◮ Uniqueness of dis
rete solution under small data assumption
◮ Upwinding of 
onve
tive term
◮ Optimal a priori error analysis under strong regularity assumptions
◮ Con�rmed by numeri
al tests on standard ben
hmark problems withmoderate Reynolds (≤ 100)
◮ For higher Reynolds numbers, the arti�
al 
ompressibility method of[Bassi, Di Pietro & Rebay 07℄, yet to be analyzed mathemati
ally,yields better CV of nonlinear solverAlexandre Ern Université Paris-Est, CERMICSConvergen
e of DG methods by 
ompa
tness


