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Numerical Mathematics III — Partial Differential Equations
Exercise Problems 01

Attention: The approach for getting a solution has to be clearly presented. All
statements have to be proved, auxiliary calculations have to be written down. State-
ments given in the lectures can be used without proof.

1. Basic properties of the nabla operator. The following operators are defined for
a scalar function v a and a vector-valued function v = (v, va, ’Ug)T with the
help of the nabla operator
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o gradu = Vu = (0yu, Oyu, d.u)"

o divv =V v = 0,v1 + 0yva + 0,03,
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Assuming that all considered functions are sufficiently smooth (sufficiently
often differentiable), show the following identities:
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) V-Vu=Au=0,u+ Oyyu+0,,u,
) V- (Vxv)=0,

iii) V x (Vu) =0,
)
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iv V x (uv) =u(V xv)— (v x Vu),
v V-(uv)=Vu-v+uV-v.

2. Analytic solution of a one-dimensional heat equation. Show that

1 > —(a—2)2
u(t,x) = T uo (2)e™ 7  dz
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is a solution of the one-dimensional heat equation

Ou — Ogpu = 0, ze€R,t>0,
w(0,z) = w(z), zekR

It shall be assumed that ug(x) is sufficiently smooth.
Hint. To check the initial condition, assume that uo(x) can be expanded in a
Fourier series

ug(z) = % + Z (au, cos (nwx) + By, sin (nwx)) ,

n=1



with w € R, and use the following identities
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sin(nz)e™ %  dz = +dmte " 'sin(nz),
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cos(nz)e™ # dz = VAwte " 'cos(nz), mneR.
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The exercise problems should be solved in groups of two or three students. The
written parts have to be submitted until Thursday, Apr. 18, 2019 to A. Jha.
The executable codes have to be send by email to A. Jha.



