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Numerik I

English translation of Übungsserie 07

Attention: Only solutions which provide a comprehensible reasoning will be gra-
ded. Every statement has to be argued. You can use results from the lecture. Stat-
ments without reasoning won’t get any points.

1. Quadrature rule with derivative of the function. Let f ∈ C1([0, h]). Determine
the weights λi, i ∈ {0, 1, 2, 3}, such that∫ h

0

f(x) dx = h (λ0f(0) + λ1f(h)) + h2 (λ2f
′(0) + λ3f

′(h))

for every polynomial p = f of degree less or equal to 3.

Let f ∈ C1([a, b]). Subsequently derive a quadrature rule Ĩh(f) for
∫ b

a
f(x) dx

based on the grid points

zk = a+ ih, h =
b− a
m

, 0 ≤ i ≤ m,

and show that Ĩh(f) is of the following form

Ĩh(f) = Th(f)− h2

12
(f ′(b)− f ′(a)) .

Hereby the summed up trapezoidal rule is denoted by Th(f) when applied to
f . 3 points

2. Higher order of convergence for Newton-Cotes rules for even n. Consider the
n-th Newton-Cotes rule for the numerical quadrature of a real valued function
on [a, b], where the grid points are distributed equidistantly and x0 = a,
xn = b. Prove that for every even n even polynomials of degree n + 1 are
integrated exactly.
Hint: Consider the error of the according interpolation polynomial of degree n, for

an arbitrary polynomial of degree n + 1. Subsequently prove the function in this

error to be odd with respect to the midpoint of the interval. 4 points

3. Bound on the order of quadrature rules. Prove the following statement. There
is no quadrature rule

Ĩ(f) =

n∑
i=0

λif(xi), xi ∈ [a, b], xi 6= xj for i 6= j,

integrating all polynomials of degree 2n+ 2 on [a, b] exactly.
Hint: Find a polynomial, such that for every choice of the weights, the polynomial

is not integrated exactly. 2 points



4. Programming exercise, Spline interpolation Implement a program for interpo-
lation using cubic splines. Hereby one can use the formulas from the lecture.
The program should compute the cubic spline for the nodes and nodal values
given by the following table.

xk -7 -4 -3 -2 -1 0 2 4 7 10
yk 4 -3 -7 0 2 8 6 -4 5 0

Furthermore it should depict the spline graphically. The two additional neces-
sary conditions are given by

s′′(−7) = s′′(10) = 0.

Hint: If you use the formulas you have to consider the indexing scheme of the pro-

gramming language of your choice (i.e. if it starts to count from zero or one). To

draw the spline one computes approximately ten equidistant nodes of the spline on

each subinterval and use these values as for the figure. 4 points

The exercises should be solved in groups of two students. They have to be submitted
until Sie Wednesday, 10.12.2025, 10:00 electronically via whiteboard.


