Appendix A
Functional Analysis

Remark A.1. Motivation. The study of the existence and uniqueness of so-
lutions of the Navier—Stokes equations as well as the finite element error
analysis requires tools from functional analysis, in particular the use of func-
tion spaces, certain inequalities, and imbedding theorems. There will be no
difference in the notation for functions spaces for scalar, vector-valued, and
tensor-valued functions.

Let 2 C RY, d € {2,3}, be a domain, i.e., {2 is an open set. O

A.1 Metric Spaces, Banach Spaces, and Hilbert Spaces

Definition A.2. Metric space. Let X # 0 beaset. Amapd : XxX — R
is called a metric on X if for all z,y,z € X it is
Dd(z,y) =0 — z=y,
ii) symmetry: d(z,y) = d(y, z),
iii) triangle inequality: d(z,y) < d(z,z) 4+ d(z,y).
Then (X, d) is called a metric space. O

Definition A.3. Isometric metric space. Two metric spaces (X1,d;) and
Xs,ds) are called isometric, if there is a surjective map g : X3 — X» such
that for all z,y € X; it is di(z,y) = da2(g(z), 9(y)). O

Definition A.4. Cauchy sequence, convergent sequence. Let {x,}5°;
be a sequence in a metric space (X, d). It is called a Cauchy sequence if for
each € > 0 there is a N € N such that

d(zg, ) <e VEk,>N.
The sequence {z,}52; converges to z € X, denoted by z,, — z, if

lim d(z,,z)=0.

n— o0
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O

Definition A.5. Complete metric space. A metric space (X, d) is called
complete, if each Cauchy sequence converges in X. That means, for each
Cauchy sequence {z,}2° ; there exists an element x € X such that x, — .

O

Definition A.6. Norm, triangle inequality, seminorm, normed space.
Let X be a linear space over R (or C). A mapping |||y : X — R is called
a norm on X if
i) definiteness: ||z|| y = 0 if and only if x =0,
ii) homogeneity: ||ax| ¢ = |o| |z]|y for all z € X, o € R,
iii) the triangle inequality holds: ||z + y|| v < ||lz]|x + ||yl for all z,y € X.
A mapping from X to R that satisfies only ii) and iii) is called a seminorm
on X.
The space (X, ||-]| i) is called normed space. O

Definition A.7. Equivalent norms. Two norms [|-|| v 1, ||| x o of @ normed
space X are called equivalent, if there are two positive constants Cy; and Cy
such that

Crlzlixy <llzllys < Callafly, VYaeX

Remark A.8. On norms.
e All norms in finite-dimensional spaces are equivalent.
e A normed space (X, ||-|| ) becomes a metric space with the induced metric

d(l‘l,xg):Hl‘l—fEQHX, .Z‘l,l‘QGX.
O

Definition A.9. Banach space. A normed space is called complete if it is
a complete metric space with the induced metric. A complete normed space
is called Banach space. a

Remark A.10. Compact set, precompact set. A subset Y of a normed space
X is called compact if every sequence of elements in Y has a subsequence
that converges in the norm of X to an element of Y. The set Y is called
precompact if its closure Y is compact.

Compact sets are closed and bounded. The reverse statement is only true
for finite-dimensional spaces. |

Definition A.11. Inner product, scalar product. Let X be a linear space
over R. A map (+,")x : X x X — R is called symmetric sesquilinear form if
for all z,y,z € X and all @ € R it holds that

i) symmetry: (z,y)x = (y,2)x,

11) (a$7y)X = OL($,y)7
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ii) (z,y + 2) = (x,y) + (z, 2).
The symmetric sesquilinear form (-,-)x is called positive semi-definite if for
all z € X it is (z,2)x > 0. A positive semi-definite symmetric sesquilinear
form with

(r,2)x =0 <= z=0

is called inner product or scalar product on X. a

Definition A.12. Induced norm, inner product space, Hilbert space.
Let (-,-)x be an inner product on X, then (X, (-,)x) is called pre Hilbert
space. The inner product induces the norm
1/2
lollx = (2.2)¥
in X. A complete inner product space is called Hilbert space.

For simplicity of notation, the subscript at the inner product symbol will
be neglected if the inner product is clear from the context. O

Lemma A.13. Cauchy—Schwarz inequality. Let (X, (-,-)) be an inner
product space, then it holds the so-called Cauchy—Schwarz inequality

@y <llzlxllvlx YaoyeX (A1)

Example A.14. Cauchy—Schwarz inequality for sums. Consider X = R™ with
the standard inner product for vectors, then one obtains with the triangle
inequality and the Cauchy-Schwarz inequality (A.1)

n n n 1/2 n 1/2
D miy| <l luil < (Z 95?) (Z ?/?) ; (A-2)
=1 =1 =1 =1

for all z = (z1,...,2) ",y = (y1,...,yn)T €R™. O

Example A.15. Hélder inequality for sums. The Cauchy—Schwarz inequality
(A.2) is a special case of the Holder inequality

n n 1/p n 1/q 1 1
> aibil < (D Jasf? Sl 1<pg<oo, —+-=L
i=1 i=1 i=1 poq
(2 K3 K3
(A.3)
The following inequalities for sums of non-negative real numbers hold:

n n p n

1 1
E a; < (E a}/p) < nP/ E a;, a;>0,pe(l,00), ];‘*‘5 =1 (A4)
=1 =1

i=1

The right inequality of (A.4) is just a consequence of (A.3). O
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Definition A.16. Orthogonal elements, orthogonal complement of a
subspace. Let X be a normed space endowed with an inner product (-, -).
Two elements x,y € X are said to be orthogonal if (z,y) = 0.

Let Y C X be asubspaceof X,then Y+ ={z € X : (z,y) =0forally €
Y} is the orthogonal complement of Y. O

Lemma A.17. Orthogonal complement is closed subspace. Let W C
V be a subspace of a Hilbert space V. Then, W is a closed subspace of V.

Lemma A.18. Young’s inequality. Let a,b € R, a,b > 0, then the follow-
ing inequality is called Young’s inequality:
t—a/p 1 1

t
ab< —al + —b1, —+-=1, 1<pg<oo, t>0. (A.5)
p q P q

Proof. The proof is based on the strict convexity of the exponential, which follows from
the strict positivity of the second derivative. This property reads for o, 3 € R and p, q as
in (A.5)

exp (E + é) < L exp(a) + - exp(8).
P q p q

Choosing a = In (ta?) and 8 = In (t*‘I/pbq) gives (A.5). |
Lemma A.19. Estimate for a Rayleigh quotient. Let A € R™*" be a
matriz, then it is
. 2T AT Az
inf =————

zeRm a0 zlx

= )\min (ATA) ’

where Amin (ATA) is the smallest eigenvalue of AT A. The infimum is taken,
i.e., it is even a minimum. The quotient on the left-hand side is called
Rayleigh quotient.

Proof. The matrix AT A is symmetric and positive semi-definite. Hence, all eigenvalues
are non-negative, the (normalized eigenvectors) {¢,}7_; form a basis of R", and they are
mutually orthonormal. Let the eigenvalues be ordered such that

0 < Amin (ATA) =21 < X2 <. <

Each vector z € R™ can be written in the form z = 2?21 Z'L?z Using that the eigenvectors

are orthonormal, it follows that 27z = >°"" | «? and
n n n n n
AT Az =2 ) @i ATAY, =) Y Nwjwid b, =D Aiwi 2 Amin (ATA) Y af.
i=1 j=li=1 i=1 i=1
Hence, one gets o
gERig’lg#Q % > Amin (ATA) .

Choosing z = m1gl, z1 # 0, leads to

zT AT Ax /\1:10%
—— = =1 = >\min (ATA) ’
zTx z?
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such that the equal sign holds. |

A.2 Function Spaces

Definition A.20. Derivatives and multi-index. A multi-index o is a vec-

tor o = (g, . .., ) with a; € NU{0}, 4 =1,...,n. Derivatives are denoted
by
D* ol h ;
=———  wit al = Q.
ozt ... 0zp" i ; ’
Low order derivatives are also denoted by subscripts, e.g.,
ou
Opu = —.
* oz

]

Definition A.21. Spaces of continuously differentiable functions
cm(£2), C™(£2), and CF(£2). Let m € NU {0}, then the space of m-times
continuously differentiable functions in {2 is denoted by

cm(2) = {f : f and all its derivatives up to order m
are continuous in £2}.
It is -
Co(R) =) C™().

m=0

The space C™(£2) for m < oo is defined by

cC™(2) = {f . f € C™(£2) and all derivatives can be extended

continuously to ﬁ}.
One defines -
Cc>()= ) c™(%).
m=0
Finally, the following space is introduced
Cp(2)={f : fe€C™(£) and f is bounded}. (A.6)
O

Remark A.22. Spaces of continuously differentiable functions C™(£2), C™(£2),
and CF(£2).
e If 2 is bounded, then C™(2), equipped with the norm
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[ fllem@ = Y, max|D*f(=z)],

(9]
0<|af<m T€

is a Banach space.
e The space CF(£2) becomes a Banach space with the norm

m = Da .
Il @) = dax  sup [D%f(z)]

o It is
C™(£2) C CH(02) C C™(£2).

Consider, e.g., 2 = (0,1) and f(x) = sin(1/z), then f € Cp(£2) but
f&CQ).

]

Definition A.23. Support. Let f € C(£2), then

supp(f) = {z : f(z) # 0}

is the support of f(z). The closure is taken with respect to R?. A function
f € C(£2) is said to have a compact support, if the support of f(x) is bounded
in R? and if supp(f) C 2. O

Definition A.24. The space C§*(2). The space C§*({2) is given by
Co (2)={f : f e C™(£2) and supp(f) is compact in 2}.

In the literature, the space C§°({2) is often denoted by D({2).
An important space for the study of the Navier—Stokes equations is

Coan(2) ={f : feC5°(£2), V- f=0} (A7)
O

Definition A.25. The spaces C"%({2), spaces of Hélder continuous
functions. Let M € R% d € {2,3}, be a set and let a € (0,1]. Then, the

constant
|f‘CO,a(M) = sup {M}

«
zAyeM |z — y|

is called Holder coefficient or Holder constant. For o = 1, it is usually called

Lipschitz constant.
Let £2 be bounded. For m € NU {0}, the following spaces are defined

Cme(2) = {f € C™(D) = [DP | on gy < 001 18] = m}.

For m = 0, these spaces are called spaces of Holder continuous functions and
for a = 1, space of Lipschitz continuous functions. a
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Remark A.26. The spaces C™(§2). The spaces C™*(2) are Banach spaces
if they are equipped with the norm

Cm(ﬁ) + Z [Dﬁf]co,a(ﬁ)-
|B]=m.

[fllgm.a@ =171

]

Definition A.27. Spaces of (Lebesgue) integrable functions LP(f2).
The Lebesgue spaces are defined by

L”(Q)—{f [ r@r d:c<oo}, pe L),

where the integral is to be understood in the sense of Lebesgue. The space
L*°(£2) is the space of all functions that are bounded for almost all € 2

Le(2) ={f : |f(z)] < oo for almost all x € 2}.

Remark A.28. Lebesgue spaces.
e The space LP({2) is a normed vector space with norm

1/p
||pr<m(/Q If(:c)l”dw> . pell,o0).

e An important special case is L?(f2) since this space is a Hilbert space.
The inner product (f,g)r2(o) of L*(£2) and the induced norm are given
by

(f.9)r2(0) = /Q F@)g(x) de, ([l 20 = (. D) o)
e The space L ({2) becomes a Banach space if it is equipped with the norm
£l oe () = esssup | f(x)],
xef?

where esssup,c(; is the essential supremum.
oeLet 2] <ocoand 1 <p<g<oo. IfueLi(), then u e LP(§2) and

1/p—1/q
el oo < ( / dsc) . (A8)

see (Adams, 1975, Theorem 2.8).
O

Example A.29. Cauchy—Schwarz inequality and Holder’s inequality. Let f €
LP(£2) and g € L7(2) with p,q € [1,00] and 1/p + 1/q = 1. Then it is
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fg € LY($2) and the Hélder inequality holds

179l i@y < W1FllLoca 19l Lage) - (A.9)

For p = ¢ = 2, this inequality is called Cauchy—Schwarz inequality

1£9ll 1) < If1lp2go) N9l p2ce) - (A.10)

O

Definition A.30. Sobolev spaces W*?(2). Let k € N and p € [1,0]. The
Sobolev space W#P(£2) consists of all integrable functions f : 2 — R such
that for each multi-index o with |a| < k, the derivative D® f exists in the
weak sense and it belongs to LP((2). O

Remark A.31. Sobolev spaces.
o It is LP(2) = WOP(0).

e A norm in Sobolev spaces is defined by

1/p
(Z|a|<k | D f||Lp(Q)) if p € [1,00),

Hf”wk,p((z) = ]
| <k €SS SUDge |D>f|  if p=oo.

Sobolev spaces equipped with this norm are Banach spaces, e.g., see
(Evans, 2010, p. 262).

e The Sobolev spaces for p = 2 are Hilbert spaces. They are often denoted
by W™2(£2) = H™(2) and they are equipped with the inner product

(f, D mr ) = Z (D*f,D%g) 20 -

|| <Kk

e In particular, the Sobolev spaces of first order are important for the study
of the Navier—-Stokes equations

wire) ={r [ @I+ 1Vi@P de <o} pelioo)

which are equipped with the norm

1/p
|f|w1,p(m—(/g f(w)l”+|Vf(w)lpdw> . pelloo).

e The definition of Sobolev spaces can be extended to k € R, e.g., see Adams
(1975).
O

Definition A.32. Sobolev spaces W (£2). The Sobolev spaces Wi (£2)
are defined by the closure of C§°(§2) in the norm of WP (). O



A.2 Function Spaces 211

Remark A.33. On the smoothness of the boundary. The Sobolev imbedding
theorem requires that {2 has the so-called cone property or the strong local
Lipschitz property. In the case that (2 is bounded, these assumptions reduce
to the requirement that {2 has a locally Lipschitz boundary, (Adams, 1975, p.
67). That means, each point & on the boundary 942 of {2 has a neighborhood
U, such the 92 N U, is the graph of a Lipschitz continuous function. O

Theorem A.34. Trace theorem, (Lions & Magenes, 1972, Theorem 9.4),
(Galdi, 2011, Theorem II.4.1 for m =1). Let 2 be a bounded domain with
locally Lipschitz boundary 0f2. Then, there is a bounded linear operator T :
Wha(02) — L"(912), q € [1,0), such that
i)re[l,qd—1)/(d—q)] if ¢ <d andr € [1,00) else,
i) Tf = flog if f € WH(2)nC (2),
W) |Tfllro00) < C I fllwiag) for each f e Wha($2), with the constant
C depending only on q and 2.
The mapping

o of o
S s$—7 1/2 —
H(2) j|:|0H 09), f {anj, j= 0,1,...,50} (A.11)

is continuous, where so is the greatest integer such that sp < s —1/2, and
n is the outward pointing unit normal vector. The mapping is surjective and
there exists a continuous Tight inverse.

Theorem A.35. Functions with vanishing trace, (Galdi, 2011, Theo-
rem I1.4.2), (Evans, 2010, p. 273). Let the assumptions of Theorem A.34 be
given. Then f € Wol’p(.Q) if and only if Tf =0 on 052.

Theorem A.36. Poincaré’s inequality, Poincaré—Friedrichs’ inequal-
ity, (Galdi, 2011, Theorem I1.5.1), (Gilbarg €& Trudinger, 1983, p. 164). Let
feWyP(R2), then

2]\
1l o) < < IV Al ooy = Cre IVl pE[loo), (A12)

Wd
where wq is the volume of the unit ball in RY.

Remark A.37. Poincaré’s inequality. Poincaré’s inequality (A.12) holds also
for functions v € H' (£2) with v =0 on Iy C I" with |I] > 0.

Poincaré’s inequality stays valid for vector-valued functions v if (2 is
bounded with a locally Lipschitz boundary, v € WhH9(02), 1 < ¢ < o0,
and v -1 = 0 on 942, see (Galdi, 1994, Section IL.4). O

Theorem A.38. Density of continuous functions in Sobolev spaces,
(Gilbarg & Trudinger, 1983, p. 154). The subspace C>(2)NWkP(2) is dense
in WhP($2).
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Remark A.39. Density of continuous functions in Sobolev spaces. For C™(§2)
to be dense in W’“’(Q)7 one needs some smoothness assumptions on the
boundary 042, like 012 is C' or the so-called segment property, e.g., see
(Gilbarg & Trudinger, 1983, p. 155). This segment property follows from
the strong local Lipschitz property, see (Adams, 1975, p. 67). a

Theorem A.40. Interpolation theorem for Sobolev spaces, (Adams,
1975, Theorem 4.17). Let 2 C RY be a bounded domain with a locally Lip-
schitz boundary and let p € [1,00). Then there exists a constant C(m,p, (2)
such that for 0 < j <m and any u € W™P({2)

ltll oy < Cmap, ) lull il Frcn)™ - (A.13)
In addition, (A.13) is valid for all u € Wy"P(2) with a constant C(m,p,d)
independent of (2.

Remark A.41. Imbedding theorems. Imbedding theorems for Sobolev spaces
are used frequently in the analysis of partial differential equations. The imbed-
ding theorems state that all functions belonging to a certain space do belong
also to another space and that the norm of the functions in the larger space
can be estimated by the norm in the smaller space. Let V' be a Banach space
such that an imbedding W™? (£2) — V holds. Then, there is a constant C
depending on {2 such that

lolly < C ol ooy

for all functions v € W™P (§2). The validity of imbeddings depends on the
dimension d of the domain 2. The larger the dimension, the less imbeddings
are valid, compare Example A.44. a

Theorem A.42. The Sobolev imbedding theorem, (Adams, 1975, The-
orem 5.4, Remark 5.5. (6), Theorem 6.2). Let £2 C R? be a bounded domain
with a locally Lipschitz boundary. Let j and m be non-negative integers and
let p satisfy 1 < p < o0.

i) Let mp < d, then the imbedding

WItme(Q) — Wii(2), 1<q< dp (A.14)
holds. In particular, it is

WmP(Q) = LI(Q), 1<q<

(A.15)

it) Suppose mp = d. Then the imbedding

WmP(0Q) = LI(0Q), 1<q< oo (A.16)
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is valid. If in addition p = 1, then this imbedding holds also for ¢ = oo
Wl(0) — L>=(0). (A.17)

and even

wl(0) = Cp(0),

see (A.6) for the definition of latter space.
ii1) Suppose that mp > d, then the imbedding

W™P((2) = Cp(£2) (A.18)
holds.
iv) Suppose mp > d > (m — 1)p, then
Witme(Q) - ¢IX (2) for 0<A<m-— g (A.19)
p

v) Suppose d = (m — 1)p, then
Wj+m’p(~(2) s OIA (ﬁ) for 0< A< 1.

This imbedding holds for A\=1ifp=1 and d =m — 1.

vi) All imbeddings are true for arbitrary domains provided the W spaces
undergoing the imbedding are replaced with the corresponding Wy
spaces.

vii) Rellich-Kondrachov theorem: The imbeddings (A.14) — (A.16) are
compact with the conditions on (2 stated at the beginning of the theo-
rem, i.e., the imbedding operator is compact, see Definition A.63.

Remark A.43. Spaces of continuous functions in £2. Since the compact imbed-
ding S o
C ()= CI(R) j=00<A<1,

holds for bounded domains, (Adams, 1975, Theorem 1.31), one can derive
from Theorem A.42, cases iv) and v), also imbeddings for C7 (Q) if mp >
d>(m—1)p, p€[l,00), then

Witme(Q) — C7 (). (A.20)
O

Example A.44. Important Sobolev imbeddings. Let d = 2. Then, it follows
from (A.16) that

HY () =W'(0) = L1(2), q€[l,00). (A.21)

For d = 3, one gets with (A.15) that
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HY(2) = Wh2(02) - LY(2), qe[L,6]. (A.22)
O

Remark A.45. Spaces of functions defined in space-time domains. Let X be
any normed space introduced above that is equipped with the norm || - || x
and let (to,t1) be a time interval. Then, the following function space on the
space-time domain can be defined

L”(to,tng)—{f(t,:c) : /tl|\f||§((7') d7'<oo}, p € [1,00).

The norm of LP(tg,t1; X) is

1/p

t1
||f||m07n;x>=(/t ||f||é;<7>d¢) . pelloo).

The modifications for p = co are the same as for the Lebesgue spaces. a

A.3 Some Definitions, Statements, and Theorems

Remark A.46. Convolution. The convolution of two scalar functions f and g
is defined by

(f*g)(y)=4f(y—x)g(w) dx:Af(w)g(y—w) de = (g% f)(y),

provided that the integrals exist for almost all y € R. |

Remark A.47. Fourier transform: definition and some properties. The Fourier
transform of a scalar function f is defined by

FW = [ 1@ da (A.23)
and the inverse Fourier transform of F (y) by
FHF) (z) = % /R F (y) €™ dy. (A.24)
It holds
F(fxg)=F(NF(9), Ff9=F(H)*Flg).  (A25)

If f is differentiable and lim ;| f(x) = 0, integration by parts yields

yF () (y) = =iF (') (v).-
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This formula implies the relations

lyll3 F (f) = =F (Af), (A.26)
|yl”2f(f) ——F(a7(f). (A.27)
1 -1

The L" (2) norm of f * g, 1 < r < oo, can be estimated by Young’s in-
equality for convolutions (sometimes also called Hélder’s inequality for con-
volutions), e.g., see (Hormander, 1990, Section IV.4.5). Let 1 < p,q < oo,
plt+gt>1andr ' =pl4¢ ! -1 For f € LP (R?) and g € L7 (R?),
itis fxge L™ (]Rd) and Young’s inequality for convolution

I/ *QHU(Q) = ||f||Lp(Q) ||9HLq(Q) (A.29)

holds. If p~' 4+ ¢ ' —1 =0, then fxg € L" (Rd) is continuous and bounded.
O

Definition A.48. Absolutely continuous function. Let I C R be an
interval. A function f : I — R is called absolutely continuous if for every ¢ >
0 there is a 6 > 0 such that whenever a finite sequence of pairwise disjoint sub-

intervals (zy, yx) of I satisfies >, (yx — xx) < &, then >, [f(yx) — f(zx)| <e.
O

Remark A.49. Absolutely continuous functions. Absolute continuity of a func-
tion is a stronger condition than continuity and even uniform continuity. On
a compact interval I = [a, b], absolute continuity of a function f is equivalent
to the property that this function has a derivative f’ almost everywhere, the
derivative is Lebesgue integrable, and it holds

f(t):f(a)+/ f'(r)dr Ytela,b

(fundamental theorem of calculus). O

Theorem A.50. Local existence and uniqueness theorem of Cara-
théodory, (Carathéodory, 1918, Kap. 11), (Kamke, 1944, p. 34), (Filippov,
1988, Section 1.1). Let fm(t,y1,.--,yn), m=1,...,n, be defined in

.QT = (to,to +T) X .Qy

with 2y = {y = (W1, yn)"T : ly—yolly, < b} for some b > 0, let the
functions fi1, ..., fn for each fixed system yi, ..., yn be measurable with respect
to t, let for each fixed t the functions f1,..., fn be continuous with respect to
Y1y Yn, and let
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|fm(t7y17ay’n)|§F(t), mzl,...,n,

where F(t) is a Lebesgue integrable function in (to,to+T). Then there exists
a system of absolutely continuous functions y1(t),...,yn(t) that satisfies for
all t in some interval [to,to+a], 0 <a <T,

t
Ym () = Yom + | fm(S$,91(8), ..., yn(s)) ds, m=1,... n. (A.30)

to

At each point where the term in the integral is continuous, the functions
satisfy the ordinary differential equation

d
@ym(t) = fm(t, Y1,y yn), m=1,...,n. (A.31)

If in addition for any two points (t,Yq,...,Yn)s (& 01, 0n) € Qp the
Lipschitz condition

|fm(tvyla ce 7?71) - fm(tvﬁl(t)7 te 7y7l(t))| < G(t) Z |yl - gl(t” ’

1=1
m=1,...,n, with a Lebesque integrable function G(t) is satisfied, then there
exists exactly one solution of (A.30) in [to,to + al.

Remark A.51. On Carathéodory’s theorem. The theorem of Carathéodory is
an extension of the theorem of Peano to ordinary differential equations of
type (A.31) with discontinuous right-hand side. O

Remark A.52. On Gronwall’s lemma. Gronwall’s lemma is an important tool
for the analysis and finite element analysis of time-dependent problems. Two
versions of this lemma in the continuous setting will be given below, see
Emmrich (1999) for complete proofs and a discussion of the differences of
these versions. O

Lemma A.53. Gronwall’s lemma in integral form. LetT € RT U oo,
f,9,€ L= (0,T), and A € L' (0,T), A (t) > 0 for almost all t € [0,T]. Then
t
f@)<g(@® +/ A(s)f(s) ds a.e. in[0,T) (A.32)
0
implies for almost all t € [0,T)] that

F@)<g()+ /Ot exp </: A(T) dT) A(s)g(s) ds. (A.33)

If ge WHi(0,T), it follows that

F(t) < exp (/Otx(f) dT) (g(O)—i—/OteXp <—/OSA(T) d7'>>g/(s) ds.
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Moreover, if g(t) is a monotonically increasing continuous function, it holds

t
f(t) <exp (/ A(T) dr) g(t). (A.34)
0
Proof. For illustration, the derivation of (A.33) and (A.34) will be presented.

(A.33). Let
f(t) =exp (7/0 (1) d‘r) /0 A(s)f(s) ds,

then one obtains for almost all ¢t € [0,7] with the product rule, the Leibniz integral rule,
(A.32), and A(t) >0

P =eo(- [ A ar) (- [ A (s) ds + A0S
<o (= ["Anar) (0 00 - 50) + A0 0)

t
= exp (7/0 A(T) dT) Alt)g(t).

Integration yields, using f(0) = 0,

fe) < /Ot exp (— /OS,\(T) dT) A(s)g(s) ds.
With (A.32), one obtains
oo (- [ A ) () - o) < oo (- [ A w) [ AT (o) ds
=ft) < /Ot exp <7 /05 A(T) dT) A(s)g(s) ds.

Multiplying this inequality with exp ( JEx(@) d'r) and bringing g(f) to the right-hand side
gives (A.33).

(A.34). If g(t) is a monotonically increasing continuous function, one gets from (A.33),
using that g(t) takes its largest value at the final time and that A(¢) > 0, and applying the
fundamental theorem of calculus

=90 (1+exp (/Otx(r) dr) /Otexp (—/OSMT) dT))\(s) ds)

S0 (Hexp (/:A(T) dr) /Otd% (7exp (f/osx(ﬂ df)) ds)
(o[ 30 ) (oo (- [ 30 07) 1)

e ([ 30 ar) o
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Lemma A.54. Gronwall’s lemma in differential form. Let T € RT Uoo,
fewhrt(0,T), and g, A € L* (0,T). Then

FO<g®)+2x@)f@#) ae inl0,T) (A.35)

implies for almost all t € [0, T

£(t) < exp (/OtA(T)dT> f(O)—I—/OteXp (/:)\(T)d7>g(s) ds.  (A.36)

Proof. Defining

¢
fy=eso (= [ A@ar) 1) = expi- @) 100, (A.37)
0
applying the chain rule, the Leibniz integral rule, and (A.35) gives

F'(8) = =/ (1) exp(=A() £ (£) + exp(=AD) f'(t) = exp(=A(1)) (f'(t) = M) £ (1))

< exp(=A(1))g(t)-
Integration in (0,t) and using (A.37) yields

t

_ _ t
)= 0 =exo (= [ Amyar) 10 - 50 < [ o2 as.
Multiplication with exp (f[f A(7) d7—> gives (A.36). |
Lemma A.55. Variation of Gronwall’s lemma in differential form.
Let T e R*Uco, f € WHL(0,T), h,g, )\ € L' (0,T), and h (), X (t) >0 a.e.
in (0,T). Then,
FO+ht)<gt)+A®) ft) ae.inl0,T] (A.38)

implies for almost all t € [0,T)

F(t)+ /0 h(s) ds (A.30)

< exp </0t)\(7') dT)f(O)—F/Otcxp(/:)\(T) dT)g(s) ds.

Moreover, if g (t) > 0 a.e. in (0,T), it holds

f(t)+/0th(s) ds < exp </0t)\(7') dT) (f(O)Jr/Otg(s) ds). (A.40)

Proof. From (A.38), it follows a.e. in [0, T] that

fr(8) =A(s) f(s) +h(s) < g(s).

The positivity of the exponential implies
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exp (— /0 A dT) (' (5) = A(5) () + 1 (5)) < exp (— /0

Integration on (0,t) C [0,T] gives

exp [ — t)\(T) dr ) f () — f(0)+ texp — S)\(T) dr | h(s) ds
0 0 0
t s
g/o exp <7/0 A(7) dr) g (s) ds. (A.41)

Using the monotonicity of the exponential yields

exp (—/;A(T) df) /Oth(s) dsg/otexp (—/OSA(T) dr)h(s) ds.

Applying this inequality to bound the left-hand side of (A.41) from below and multiplica-
tion of the resulting inequality with exp <f0t A(T) dT) proves (A.39).

If g is non-negative, one obtains

/Otexp (/:A(T) d'r)g(s) ds < exp (/OtA(T) dT) /Otg(s) s,

from which (A.40) follows. |

E]

A7) dT) g(s).

Lemma A.56. Discrete Gronwall’s lemma, (Heywood & Rannacher,
1990, Lemma 5.1). Let k, B, an, by, Cn,an be non-negative numbers for in-
tegers n > 1 and let the inequality

N+1 N41 N+1
aN+1+kan§B+chn+kZanan for N >0 (A.42)
n=1 n=1 n=1

hold. If kay, <1 for alln=1,...,N + 1, then

N+1 N+l N+1
aN+1+knz:lbn§exp<knz:ll_mL> <B+knz:lcn) for N > 0.

(A.43)
If the inequality
N+1 N+1 N
aN+1+k:an§B+chn+kZanan for N >0 (A.44)
n=1 n=1 n=1

s given, then it holds

N+1 N N+1
ant+1+k Z b, < exp (kZan> (B +k Z cn> for N >0. (A.45)
n=1

n=1 n=1

Definition A.57. Weak convergence and weak* convergence, (Yosida,
1995, p. 120, p. 125). A sequence {x,}°2; in a normed linear space X is said
to be weakly convergent if a finite limit lim,,—,~ f(z,) exists for each f € X',
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where X’ is the (strong) dual space of X. If

lim f(z,) = f(x) VfeX,

n—o0

then {z,,}2°, is called to be weakly convergent to x, in notation x, — x.

A sequence {f,}52; in the (strong) dual space X’ of a linear space X is
said to be weakly* convergent if a finite limit lim,,—, fn(x) exists for every
z € X. The sequence is said to converge weakly* to an element f € X’ if

lim f,(z)= f(z) VzelX,

n—oo
in notation f, — f. a

Remark A.58. On the weak and weak* convergence.
e If the limit  or f exist, then the limit is unique, (Yosida, 1995, p. 120).
o If X is a reflexive Banach space and if {z,}52; C X is bounded, then
there exists a subsequence {z,,}7°; C {,}52, and an element z € X
such that z,, — z, see (Evans, 2010, p. 723).
o If {f,}22, C X’ is bounded in the dual X’ of X and X is a separable
Banach space, then there exists a weakly™ convergent subsequence.
O

Definition A.59. Linear operator, range, kernel. Let X and Y be real
Banach spaces. A mapping A : X — Y is a linear operator if

A(axy + Bre) = @Az + BAzs V21,20 € X, o, f €R.
The range or image of A is given by
range(A) ={y €Y : y = Az for some z € X}.
The kernel or the null space of A is defined by
ker(A)={zr e X : Az =0}.
O

Definition A.60. Bounded operator, continuous operator. An opera-
tor A : X — Y, X,Y Banach spaces, is bounded if

| Az||
JA] = sup Y= sup |Azlly = sup  [Azfly < oo
vex lzllx  wex ull <t zeX, ol =1

(A.46)
The operator A is continuous in g € X if for each € > 0 there is a 6 > 0 such
that for all v € X with ||z — 29| y < J, it follows that ||Ax — Axol|y < €. The
operator A is called a continuous operator if A is continuous for all z € X. O
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Remark A.61. Equivalent definition of a continuous operator. The operator
A : X — Y, X,Y Banach spaces, is continuous in zyo € X if and only if
for all sequences {z,}32,, , € X, with z,, — z¢ it holds that Az, — Axg

inY. O

Lemma A.62. Properties of bounded linear operators, (Kolmogorov
& Fomin, 1975, §4.5.2, §4.5.8), (Yosida, 1995, p.483). Let X,Y be Banach
spaces.

i) A bounded linear operator A : X — 'Y is continuous.

it) A continuous linear operator A : X =Y is bounded.

i11) The set

L(X,Y)={A : A is a bounded linear operator from X to Y}
is a Banach space endowed with the norm (A.46).

Definition A.63. Compact operator. An operator A : X — Y is com-
pact, if A(x) is precompact in Y for every bounded set X C X. O

Theorem A.64. Rank-nullity theorem. Let A : V — W be a linear map
between two finite-dimensional linear spaces V' and W, then it holds

dim V' = dim (ker (A)) + dim (range(A4)) .

Definition A.65. Linear functional. A (real) linear functional f defined
on a Banach space X is a linear operator with range(f) C R. a

Definition A.66. Bounded bilinear form, coercive bilinear form, V-
elliptic bilinear form. Let b(-,-) : ¥V x V — R be a bilinear form on the
Banach space V. Then, it is bounded if

b 0)] < M [lully [lolly ¥ u,v € V.M >0, (A.47)

where the constant M is independent of u and v. The bilinear form is coercive
or V-elliptic if
b(u,u) > mully, YueV,m>0, (A.48)

where the constant m is independent of u. a

Remark A.67. Application to an inner product. Let V be a Hilbert space.
Then the inner product a(-,-) is a bounded and coercive bilinear form, since
by the Cauchy—Schwarz inequality

la(u, )| < lully [y, Vu,0eV,

and obviously a(u,u) = Hu||3/ Hence, the constants can be chosen to be
M =1and m=1. a
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Theorem A.68. Banach’s fixed point theorem, (Gilbarg & Trudinger,
1983, Theorem 5.1). A contraction mapping T in a Banach space B has a
unique fized point, that is there exists a unique solution x € B of the equation
Tr =.

The statement holds true if B is replaced by any closed subset, see (Gilbarg
& Trudinger, 1983, p. 74).

Theorem A.69. Brouwer’s fixed point theorem, (Gilbarg & Trudinger,
1983, Theorem 11.1). Let S be a compact convex set in a Banach space B
and let T be a continuous mapping of S into itself. Then T has a fixed point,
that is, Tx = x for some x € S.

Theorem A.70. Theorem of Banach on the inverse operator, (Kol-
mogorov & Fomin, 1975, p. 225). Let A : X — Y be a bounded linear
operator that defines a one-to-one mapping between the Banach spaces X
and Y. Then, the inverse operator A~ is bounded.

Theorem A.71. Closed Range Theorem of Banach, (Yosida, 1995,
p. 205). Let X,Y be Banach spaces, let A : X — Y be a bounded linear
operator, and let A : Y' — X' be its dual. Then, the following statements
are equivalent:

i) range(A) is closed in'Y,
ii) range(A) = {y €Y : (y,y)y'y =0 forally € ker(A")},
iii) range(A’) is closed in X',
i) range(A’) = {2’ € X’ : (¢, 2)x.x =0 for all x € ker(A)}.

Theorem A.72. Hahn—Banach Theorem, (Yosida, 1995, Section 1V.1),
(Triebel, 1972, p. 67). Let X be a Banach space, let Y be a subspace of X,
and let f be a bounded linear functional defined on Y. Then, there exists an
extension g of f to X, where g is a linear functional with the same norm

as f.



