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ANALYSIS OF THE PRESSURE STABILIZED PETROV-GALERKIN
METHOD FOR THE EVOLUTIONARY STOKES EQUATIONS
AVOIDING TIME STEP RESTRICTIONS*

VOLKER JOHNT AND JULIA NOVO?*

Abstract. Optimal error estimates for the pressure stabilized Petrov—Galerkin method for the
evolutionary Stokes equations are proved, in the case of regular solutions, without restriction on the
length of the time step. These results clarify the “instability of the discrete pressure for small time
steps” reported in the literature. First, the limit situation of the continuous-in-time discretization is
considered and second the numerical analysis for the backward Euler scheme is carried out. The main
results are applicable to higher order finite elements. The analytical results are strongly based on an
appropriate approach for computing the initial velocity, which is suggested in this paper. Numerical
studies confirm the theoretical results, showing in particular that this instability does not occur for
the proposed initial condition.
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1. Introduction. It is well known that stable mixed finite element approxima-
tions to the Stokes and Navier—Stokes equations are required to satisfy a discrete
inf-sup condition. This condition prevents the use of many attractive mixed finite
elements, such as equal-order continuous elements. If these kinds of elements are
chosen, then one has to introduce some stabilization term to circumvent the inf-sup
condition. One of the most popular stabilization schemes is the pressure stabilized
Petrov—Galerkin (PSPG) method, which was first introduced in [7].

In this paper, the PSPG stabilization of the evolutionary Stokes problem

o —vAu+Vp=f in (0,7] x Q,
(11) V-a=0 in [0,7] x 9,
' =0 on [0,T] x 99,
w(0,z) =wo(x) in €,

will be considered. In (1.1), @ C R, d € {2,3}, is a bounded domain, (0,7) with
T < oo the time interval, @ is the velocity field, ug the initial velocity, p the pressure,
and v is the kinematic viscosity.

Finite element error analysis of the PSPG method can be found already in the
literature. In [12], the PSPG method applied to a steady-state problem was analyzed.
The stability and convergence of the PSPG method applied to the evolutionary Stokes
equations have been already considered in [1, 3]. In [1], it is stated that if the time
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step is sufficiently small, then the fully discrete problem necessarily leads to unsta-
ble pressure approximations. Similar conclusions were drawn in [3]. In this paper,
stability and optimal convergence were proved for the velocity for piecewise affine
approximations and the backward Euler method. For higher order polynomials, the
results in [3] hold under the assumption At > h?/v. Concerning the pressure, the
condition At > h?/v is also required for piecewise affine approximations. The case of
higher order polynomials or the use of the Crank—Nicolson method remain open.

Our interest in the numerical analysis of the PSPG method arose from the re-
ported instabilities for small time steps. In this paper, first the limit case of small
time steps will be studied, which is the continuous-in-time problem. Any instabil-
ity for small time steps will be reflected in the analysis of the continuous-in-time
discretization. Second, an analysis of the PSPG method in combination with the
backward Euler scheme will be presented. In both cases, the derivation of the error
bounds relies on an appropriately chosen initial condition for the discrete velocity.

The main result for the continuous-in-time situation consists in the derivation of
optimal error bounds for both the velocity and pressure approximations, Theorem 4.5.
This result holds also for higher order finite element discretizations. Its derivation
assumes sufficient regularity of the solution and that for the finite element pressure
space it holds Q;, C H'(Q). The latter property is satisfied for commonly used
equal order discretizations. To obtain the estimates for the evolutionary problem,
in section 3 error estimates for the PSPG method applied to a steady-state Stokes
problem will be proved. The error bounds for the pressure do not deteriorate for
small values of the viscosity parameter v. In addition to the main result, two error
estimates will be proved that apply for the P;/P; and affine Q1/Q; pairs of finite
element spaces. The first estimate, Theorem 4.2, is similar to the main result but it
needs fewer regularity assumptions. In the second estimate, Theorem 4.7, the error
of the pressure in L2(0,T;L?) is considered. Finally, Theorems 4.10 and 4.11 are
analogous to Theorems 4.5 and 4.7 but in the particular case in which an appropriate
initial condition for the discrete velocity is chosen.

In the case of piecewise affine approximations, the error bound for the velocity
depends on the velocity approximation error at the initial time ¢ = 0, e.g., as in [3].
However, the error bound in the case of using higher order polynomials depends both
on the velocity and pressure approximation error at t = 0. From our point of view, this
issue is a key point for the better understanding of the higher order polynomial case.
Whereas the initial velocity is part of the definition of the problem, the initial pressure
is not. However, following [5], the initial pressure can be defined as the solution of
an overdetermined Poisson problem with Neumann boundary conditions. It will be
suggested in Remark 4.8 to consider as an initial approximation for the velocity the
finite element function obtained by solving the corresponding steady-state Stokes
problem with right-hand side }'(O) — 9;u(0) using the PSPG method. In practice, the
right-hand side is replaced by a finite element approximation of —vAdy+Vp(0), where
@ and p(0) are the initial velocity and pressure. With this approach, it is proved
in Theorems 4.10 and 4.11 that error bounds can be obtained that depend only on
the velocity approximation error at ¢ = 0 but not on the pressure approximation
error at time ¢t = 0. These results are analogous to those obtained for the Galerkin
discretization using inf-sup stable elements, e.g., in [5, 6]. The difference is that in
the inf-sup stable case the results hold for any standard initial approximation to the
velocity at ¢t = 0 such as the interpolant of o or the L? projection of .

After having worked out the key role of choosing the initial condition as described
above, the finite element error analysis for the backward Euler/PSPG method is
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presented. It turns out that optimal estimates can be proved, for regular solutions,
without restrictions on the length of the time step in the case of using the proposed
initial condition, Theorem 5.1. Special care has to be spent in analyzing the first time
step.

In the numerical simulations it will be shown that a pressure instability for small
time steps does not occur for the proposed choice of the discrete initial velocity.

The outline of the paper is as follows. In section 2, preliminaries and notation are
stated. Section 3 studies finite element error estimates of the PSPG method for the
steady-state case. The numerical analysis for the continuous-in-time case is presented
in section 4 and for the backward Euler/PSPG method in section 5. Section 6 presents
numerical studies which discuss the instabilities reported in the literature and which
support the analytical results. The paper finishes with a summary in section 7.

2. The PSPG method for the evolutionary Stokes problem. For perform-
ing the numerical analysis of (1.1), it is of advantage to apply the change of variables
(u,p) = e~ *(u,p) with « € Ry. A direct calculation shows that one obtains with
this transform a problem with a positive zeroth order term:

ou—vAu+au+Vp=f in (0,7] x 9,
2.1) V.ou=0 in [0,7] x Q,
' u=0 on [0,T] x99,

u(0,z) =uo(x) in L,

where f = e""t}'. For problems with bounded time intervals, as they are studied
here, one can choose, e.g., a = 1/T. By construction, the error bounds for (u,p)
are the error bounds for (u, p) multiplied by the factor e*. Choosing a = 1/T, this
factor is bounded by e.

Throughout the paper, standard notation is used for Sobolev spaces and corre-
sponding norms; see, e.g., [4]. In particular, given a measurable set w C R?, the inner
product in L?(w) or L?(w)? is denoted by (-, -),, and the notation (-, -) is used instead
of (-,-)o. The norm (seminorm) in W™ ?(w) will be denoted by || - ||, . (| - lm.p.w);
with the conventions | - ||m,w = || - [Im,2,w a0d || - [|lm = || - [lm.2,0-

A variational formulation of (2.1) reads as follows: Find w : [0,7] — V = H}(Q)
and p : (0,7] — Q = L3(Q) such that for all (v,q) € V x Q

22) (G, v) +v(Vu, Vo) +a(u,v) = (V-v,p) + (V- u,q) = (f,v).

In this paper, the analysis will be carried out for a family {7,}r>0 of uniform
triangulations. The consideration of uniform triangulations, instead of quasi-uniform
triangulations, serves for concentrating on the main topic of this paper without over-
burdening the error analysis with technical details. It will be assumed that the family
is regular in the sense of [4]. Let h = hg denote the diameter of a mesh cell K € Tp,.

On T, the fixed-in-time finite element spaces V;, C V and Q) C L3(2) N H(Q)
are defined. The regularity assumption Q; C H*(£2) will be needed in the analysis.

Since the triangulations are assumed to be regular, the following inverse inequality
holds for each v, € V}, and each mesh cell K € T}, (e.g., see [4, Theorem 3.2.6]),

oy ,
(2.3) ||'Uh||m,q,K < Cinvhy ||'UhHl,q',K7 0<I<m<1,1<q <qg< 0.

Let g € [1,00] and let s € {0,1} with s <t <7+ 1. Then, I} denotes a bounded
linear interpolation operator I, : W"%(Q) — V}, that satisfies for all v € WH%(Q)
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and all mesh cells K € Tj,
(2.4) v — Iwls g < Ché(_s|v|t7q71<;

e.g., see [4]. This interpolation bound also holds for the pressure space Qp. In this
case, the interpolation operator, denoted by J, with J, : WH4(Q) — Qp, is acting
on scalar-valued functions instead of vector-valued functions.

The PSPG approximation of (2.1) that will be considered has the form find wy, :
[0,T7] = V3, and pp, : (0,T] — Qp, satistying for all (vp,qn) € Vi X Qp

(2.5) (Qvup,vp) + v(Vup, Vop) + a(up, vp)
- (v : vhvph) + (v *Up, Qh) + ILL(V *Up, V- 'Uh)

= (f, 'vh) + Z 5(f — Owup, + vAuy, — aup, — Von, VQh)K
KeTn

with an approximation up(0) of the initial velocity uo(z). The actual choice of up,(0)
will be discussed in Remark 4.8. The so-called grad-div term, the last term on the
left-hand side, is often used in combination with the PSPG method [2]. It is well
known that the majority of commonly used finite element methods does not give
divergence-free solutions and that the violation of the divergence constraint might be
even large [11]. The grad-div term is a penalty term with respect to the continuity
equation and it serves for improving the conservation of mass. It is included in the
error analysis just for completeness. The analysis can be carried out, with only slight
modifications, also without this term.

A common approach for performing a finite element error analysis of a transient
problem consists in incorporating steady-state problems and utilizing estimates for the
latter problems. This approach will be also applied here. To this end set g = f — 0;u
and consider the following problem: Find (s, z1,) such that for all (v, qn) € Vi X Qn

(2.6) v(Vsp,Vop) + a(sp,vn) — (V-vp,2n) + (V- sn,qn) + (V- 8,V -vp)

=(g,vn) + Z 6(g +vAsy —asp, — Vzp, Van ) k-
K€7—h

The solution of the corresponding continuous problem is (u,p).
The result of the following lemma will be applied to bound the pressure error.
LEMMA 2.1. Let Ty, be a uniform triangulation and let qn, € Qp C HY(2). Then
it holds

7V'
2.7) lanllo < CHIVanllo + C sup @Y vh)
VREVh thHl

Proof. The proof follows [3, Lemma 3]. Since Qn C L3(Q), it is well known
from the theory of saddle point problems that there is a unique v € V such that
~V v = q, and ||Vollo < C|lqnllo. Let 7, denote the L?(Q) projection onto V,

having the following properties:
(2.8) [mhv —vllo < Chllvll,  [mav]y < Cllvfs.
Using these properties, integration by parts, and Poincaré’s inequality yields

lanll2 = (qn, =V - v) = (Van, (v — mpv)) — (qn, V - Thv)
< Ch|Vanlollvlly = (gn, V - mv)
< Ch|Vanllollanllo + [(gn, V - mpv)] -
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Applying the estimate of the pressure from below by the velocity, Poincaré’s inequality,
and the stability of the projection gives

[(an, V- mn0)| _ o [(an, V- mho))| [(qn, V - mhv)]
llanllo B [v]l1 mnolla
such that
|(Qh,V'7Th’U)|

lanllo < ChlIVanllo + C
vl

Since v € Vi, (2.7) follows. O

3. Finite element error analysis for the steady-state problem. This sec-
tion presents a finite element error analysis of the PSPG method for the steady-state
Stokes problem with reactive term. Error bounds will be derived which will be ap-
plied in the analysis of the transient problem. The numerical analysis keeps track
of the dependency of the error bounds on the coefficients of the problem v, a and
the parameters of the discretization §, p. It turns out that the error bounds for the
pressure do not deteriorate for small values of the viscosity parameter v.

The strong form of the steady-state problem looks as follows:

—vAs+as+Vz=g in
(3.1) V-s=0 in £,
s=0 on 0.

Here g is a given function. This problem will be discretized with the PSPG method
(2.6) giving the finite element solution (s, 2p).

LEMMA 3.1. Let (s,2) € (H’H‘l(Q))d x HTYQ) with k > 1 and | > 0 and let
(8h,2n) € Vi X Qp, be the solution of (2.6). If Qn, C HY(Q) and if

h? 1
. 2<§<mind — —
(3.2) doh _5_mm{8yC.2 ,4@}

mv
with 09 > 0, where Ci,y 1s the constant of the inverse inequality (2.3), then the

following error bound holds:

I1(s = sn,2 = 20)llln < CR® (#1724 hat/2 4 1172 4 652 |1sllis

(3.3) + COR! (51/2 + hu‘l/z) 2|1,

where |||(v, @)l = (V2[5 + al[v|[§ + ullV - w3 + 8] Vallg)*/>.
Proof. Denote by Is the Lagrange interpolant of s; in V;, and by Jpz the
Lagrange interpolant onto Q. The errors are split in the usual way:

s—sp=(s—1Ins)— (s, —Ips) = (s — Iys) — Ey,
(3.4) z—zp=(z2—Jnz) — (zn — Jnz) = (z — Jpz) — Ry.
Since the PSPG method is consistent, the solution (s,z) of (3.1) satisfies also

(2.6), i.e., a Galerkin orthogonality holds. Using this Galerkin orthogonality and
adding and subtracting Is and Jyz yields, with a straightforward calculation, an
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error equation. Taking as test functions (v, qn) = (Ep, Rp) in this error equation
leads to

V| VERL[ + al|Enllg + ]|V - Enllg + 6 VR[5
= Z O(WAE), — aEn,VRy)k +v(V(s — Iys),VE,) + a(s — I8, E},)

KeTy

+ (V- Ep, oz —2)+ (V- (s = Ins), Rp) + (V- (s — Is),V - Ey)

+ Z d(vA(Ips —s) —a(lps —s) = V(Jhz — 2), VRy) K.

KeTy,

Now, the terms on the right-hand side of (3.5) have to be bounded. The bounds will
be obtained for all terms individually, using always the Cauchy—Schwarz inequality

and Young’s inequality. For the first term, applying also the inverse inequality (2.3)
and the condition on the stabilization parameter (3.2), one obtains

> S(WAERVRy)K <6 Y h'wCin|[VEw|o.x | VRAll0.x
KeTy KeTn

_ 1
<62 (h 2v203nv||VEh|3,K+ZHVRMS,K)
KeTn

(3.5)

v 1)
< SIVELG + ZIVEAS.
Using again (3.2), one gets for the second term

1) « 6
Z §(aEp, Ry) < 02| Ep|§ + ZHVRILHg < ZHEhH(ZJ + ZIIVR;LIIS
K€7—h

The right-hand sides of these two estimates can be absorbed into the left-hand side
of (3.5). The remaining estimates will use the interpolation error estimates (2.4) and
they will contribute to the error bound. Straightforward calculations lead to

14
v(V(s = 1n8), VER) < Cvh*|sl[iy1 + 7 VEIG,
a(s = Ins. En) < Cah®*||s|[% 1, + T Ev3,
1 _
(V- B iz —2) < LIV Balld + Op 12422
The next estimate uses integration by parts, where Q, C H*(2) is exploited,
152k |2 g 2
(V- (s = Ins), Bn) = —(s = Ins, VR) < C6g " h™|Isllir1 + 161V Eo-
One obtains in a straightforward way
WV - (3 = 18), VE) < Cuh® sy + £V - By 3.

Using the definition (3.2) of the stabilization parameter yields

1)
S o0Ans = 5). YRk = 3 (16021800 - o)+ 15 VRl
KeTy, KeTy,
)
< Oon™ sl + VRS

B
> ba(lys —s), VRy)k < Cah®™*2|s|2,, + Envmug.
KeTy,
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Finally, one gets

)
> 8(V(Jnz = 2), VRr) K < COI™||z]41 + EHVRhH?J'
K€7—h

Collecting all estimates, one obtains
(3.6) 1By Ballln < CHF (0172 4 020 4 6512 4 1172 sl

+CH (u‘l/zh + 51/2) 2|1

Now, (3.3) is proved by applying the triangle inequality to the splitting of the errors
given at the beginning of the proof and the interpolation estimates (2.4). d
Remark 3.2. From the error estimate (3.3), an appropriate asymptotic value for
the stabilization parameter i can be derived. One has to take into consideration that
this parameter does not appear only on the right-hand side of (3.3), but also in the
definition of the norm on the left-hand side of (3.3). It turns out that for obtaining an
optimal order of convergence for ||V -(s—sp)||o, one has to choose p to be independent
of the mesh width.
LEMMA 3.3. With the assumptions of Lemma 3.1, the L?(Q) error of the pressure
is bounded as follows:
(3.7)

2
2= znllo < CBF (V72 4+ ha/2 + 12 4 5577) [l

+ Ch! [(V1/2 + hal/? 4+ /% 4 50’1/2) (61/2 + h;fW) + h} 12|11
Proof. The splitting of the error (3.4) is applied again. With (2.7), one obtains

Ry, V-
[Brllo <C <h||VRh||0 1+ sup M)
wevi  llvnlh

Using the definition of the stabilization parameter (3.2), one gets for the first term

h _
RV Rwllo < 175021V Rallo < & /|I|(En, R)|||1-

= 51/2
To estimate the second term, g, = 0 is used in the error equation, giving with the
Cauchy—Schwarz and the Poincaré inequality

(Rh, V . 'vh)
sup —————

<O (w2 4 V2 4 1) |||(En, Ra)lln
vREVR thHl

+Ch* (v+ah+ u) |8k + Chl+1||z|\l+1.

Adding both estimates, using (3.6), and applying the triangle inequality gives the
statement of the lemma. d

Remark 3.4. Considering the steady-state problem (3.1) with the right-hand side
Otg, then the solution of this problem is (9;s,0;z), thanks to the linearity of the
problem and the independency of time of the coefficients. Exactly the same analysis
leads then to error estimates for |||(9:(s — sn), 0i(z — z))|||n and ||0:(z — 2z1)||0, where
the error bounds depend on Sobolev norms of (9;s, 0:z).
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4. Finite element error analysis for the evolutionary problem. This sec-
tion will present several convergence results. In Theorem 4.2, an error bound is derived
whose proof uses a rather restrictive assumption such that the result applies only for
piecewise linear or affine bilinear finite element spaces. In this estimate, the pressure
appears only together with the time derivative of the velocity. The estimate of Theo-
rem 4.5 is valid for higher order elements and it bounds also the pressure error in the
norm appearing in ||| - |||n. The proof requires stronger regularity assumptions and
the bound involves a pressure error at the initial time. A way to handle this term,
by an appropriate choice of the initial condition for the discrete velocity, is described
in Remark 4.8. An estimate for the pressure error in L?(0,¢; L?), again for piecewise
linear or affine bilinear finite element spaces, is presented in Theorem 4.7. Finally,
it is shown in Theorems 4.10 and 4.11 that the initial pressure error can be removed
from the bounds if the proposed initial discrete velocity is used.

Remark 4.1. For the finite element error analysis, the errors are split

u—up = (u—sy)— (up — sp) = (u—s) —ep,
p—pn=(—2) = (pr — 2n) = (P — 2n) = Th,

where (sp, zp) is the solution of (2.6) with right-hand side g = f — dyu. Hence, the
solution of the corresponding continuous problem is (s, z) = (u,p) and the first terms
on the right-hand sides can be bounded with the estimates derived in section 3.
THEOREM 4.2. Let (u,p) be the solution of (2.2) with

o uc L>®0,T; H**1(Q)), w € L*(0,t; H*Y), 0yu € L?(0,t; H1),

e pc L>(0,T; H*(Q)), p € L*(0,t; H'Y), 0yp € L2(0,t; H'*1)
with k > 1, 1> 0. Let (up,pr) be the solution obtained with the PSPG method (2.5),
let the stabilization parameter satisfy (3.2), and let 6 < 1/4. If the velocity finite
element space satisfies

(4.1) Av, =0 V K €T, Vo, €V,
then the following error estimate holds for all t € (0,T)
4.2
| H()u =) ()3 + vV (w — un) (O + pd|V - (w —un) ()3
+ IV (u = wn)|[Z2042) + ol = wnlZo (o) + HIV - (0= wn)|Za04:22)
+ 010 (w = wn) + V(= pn)ll72(0,602)
< C (I(u = up)(0)[I5 + 18]V (u — un) O)II + 10|V - (w — ) (0)]3)
+ C1h** (v + hPa+p+65") + Cob® (54 B2p")
with

Cr = C1 (8 a7 ull3a o,y |9l 3e0 iy, I, o[ )

Cz = Cz (8,07 Ipl3a 0,110y 19421320 iy PO 1, 12 (O) )

Proof. The proof starts by introducing the decomposition of the error given in
Remark 4.1. A straightforward calculation, subtracting (2.6) from (2.5), shows that
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for all (vp,qn) € Vi X Qp,

(8teh, vh) + I/(Veh, V’Uh) + a(eh, vh)
—(Vevn,rn) + (V- en,qn) +1(V-en, V- vp)

(4.3) = (T, v1) + 6(Ter, Van) — Y 6(dren, Van)
KeTy,
+ Z o(vAey —aep, — Vry, Van)k
K€7—h

with the truncation error Ty, = Oyu — 9;8y,.
Arguing like in [3], one picks two sets of test functions in (4.3) and the resulting
equations are added. The first set is (vp, gn) = (en,rn) which gives

1d

2dt

(4.4) = (T, en) + (T, Vrn) + Y 6(vAen — aen, Vri)k
KeTy

lenlls + vIIVenlls + allenlls + pllV - enlls + 6(8ren, Vrn) + 6] Vrall

Taking next (vp, qn) = (60:ep,0) and applying integration by parts, using that Qp C
H(Q), leads to

45) Slorenld + 2 L iventy+ % Lienl +s(@en, Vi) + A L)V e
= 5(Ttr,8teh).
Adding (4.4) and (4.5) and taking into account that

5)|0ren + Vrally = 6l|0venlls + 26(Deen, Vrn) + 6| Vrall

yields
1d
% (lenlls +volIVenlls + adllenll + udllV - enll3)
(4.6) +v||[Venlls + allenlls + ullV - enlls + 6l0ren + Vrall3
= (T, en) + 06(Tyr, Oven + Vrp) + Z S(vAeyn — aen, Vry) Kk
KeTn

By assumption (4.1), the viscous term vanishes. For the reactive term, one has

- Z d(aen, Vry)k = — Z d(aen, Oren + Vi) + Z d(aep, O0en) K

KeTy, KeTy, KeTy,
1 ad d
< dallenlld + Solaren + Tl + 50 L3

Using 0 < 1/4, inserting this estimate into (4.6), and estimating the other terms on
the right-hand side with standard arguments gives

(4.7)

N =
&|g‘

«
- (lenlls + volVen[§ + udl|V - enlg )+V||Veh||§+§||eh||3

1
+ 9 - enll+ loen + vl < (5 +0) Il
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Applying now Remark 3.4 in combination with estimate (3.3) yields

C
(4.8) |ITwllf <

(07

(%% (v + RPa+ p+ 651 |07y + 12 (5 + 2 Y) (|07, 4] -

Inserting (4.8) into (4.7) and integrating between 0 and ¢ leads to
% (len®§ + vl Ven )3 + 1ollV - en()3) + vlIVenlZao 412
+ %Heh||2L2(O,t;L2) + pl[V - eh”%2(07t;L2) + g”ateh + VThH%%oﬂ:;L?)
(4.9) < (len(0)I[5 + 6 Ven ()15 + 1d]lV - en(0)3)

=2
1 5 2k 2 —1 2
+ C ﬁﬁ-a {h (V+h OC+M+50 ) ||at’u’HL2(07t;H’“+1)

+ h2l (5 + hzu_l) ||8tp||%2(0)t;H1+1):| .

The final step of the proof consists in using the decomposition of the errors given in
Remark 4.1 and applying the triangle inequality. a

Remark 4.3. Assumption (4.1) restricts the analysis to V}, = Py, to the space
of unmapped @ finite elements (which are defined directly on K), or to mapped Q1
finite elements on grids consisting of mesh cells which are obtained by an affine trans-
formation of the reference cell [0,1]? or [—1,1]%. Thus, estimate (4.2) is particularly
of interest for £ = [ = 1. If the initial condition is approximated sufficiently well, then
the terms on the right-hand side of (4.2) are of order O(h?). Thus, for all errors on
the left-hand side, a first order convergence was shown.

Remark 4.4. As is well known (see [5]), the required regularity for the solution
assumed in Theorem 4.2 (and the regularity that will be assumed in Theorems 4.5,
4.7, 4.10, and 4.11 below) holds only in the presence of nonlocal compatibility condi-
tions of various orders. For example, if the norm ||0yu(t)||1 remains bounded as t — 0,
then the nonlocal compatibility condition Vp(0) |ao= (vAug+ f(+,0)) |so must hold,
where p(0) is the solution of an overdetermined Neumann problem; see (4.31) below.

In the case that the compatibility conditions are not assumed, as in [5], error
bounds can be obtained that contain negative powers of ¢, such that convergence is
achieved except at time ¢ = 0. The extension of the technique from [5] to get er-
ror bounds for the PSPG method, valid in the case in which nonlocal compatibility
conditions will not be assumed, is outside the scope of the present paper. In all numer-
ical studies presented in this paper, the analytical solution satisfies the compatibility
conditions.

The unsatisfactory aspects of Theorem 4.2 are that it does not provide an error
estimate for the pressure and that assumption (4.1) restricts the analysis to lowest
order pairs of finite element spaces; see Remark 4.3. The pressure occurs only in
combination with the temporal derivative of the velocity. In what follows, error
bounds for the pressure and for higher order finite elements will be studied. The
derivation of these bounds requires us, however, to assume higher regularity of the
solution and one obtains terms on the right-hand side which involve the pressure error
at the initial time. The last issue will be discussed below in Remark 4.8 and resolved
for a special choice of the discrete initial velocity in Theorems 4.10 and 4.11.

THEOREM 4.5. Let (u,p) be the solution of (2.2) with

e u € L™(0,T; H*1(Q)), w € L?(0,t; H**Y), dpu € L2(0,t; H*1Y), dyu €
L2(0, t: Hmax{l,kfl});
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e p € L>®(0,T; H'H(Q)), p € L*(0,; HTY), dp € L*(0,t; H'FY), dup €
LQ(O, t; Hmax{l,l—l})
with k > 1, 1> 0. Let (up,pr) be the solution obtained with the PSPG method (2.5),
let the stabilization parameter satisfy (3.2), and let

1
2 < — [
(4.10) 3(1+80%) < 5, 9<

Then the following error estimate holds for all t € (0,T]:
1w = wn) ()5 + VIV (= un)lZ20,422) + allw = unllZeo422)
+ [V (w = un)ll72 0,602 + IV = P)ll720,012)
(4.11) < C{Il(u—%)(o)llg+5V||V(U—Uh)(0)||3
+0ulV - (w = un) )3 + 62V (p = pa) O)]F]
+ C1h* (v+ hPa+p+65") + Coh® (6 + 1P t)
with
C1 =0 (57 «, 0[71, /1’717 ||u||%2(0,t;Hk+1)’ ||atu||%2(0,t;Hk+1)’
(4.12) 182617 20, prmax -1y () s l2ollf 1 100w (0) a1 61 ) -
( )
Co =0Cs (57 a,a”t ||p||2L2(o,t;Hz+1)7 ||8tp||%2(0)t;Hl+1)a

(4.13) HattpHiz(o,t;Hmax{ufl})a ||p(t)||l2+1, ||p(0)||l2+17 ||8tp(0)||r2nax{1,l—1}) :

Proof. Applying standard estimates to (4.4), like the Cauchy—Schwarz inequality,
Young’s inequality, the inverse inequality (2.3) and (3.2), and integration in (0,t)
leads directly to

(4.14)

«
len ()18 + v VenlZao.nnn + 2 lenlFao s + #IY - enlaonn
1
+ 019 ey < Nen(O13 +4 (64 2 ) 1Tl + 4610ren 000y

The last term has to be bounded now. Using v, = §0;e;, and g, = 0 in (4.3) leads to

, vid asd, o pd
Olidrenllo + 5 7 2 dt 2 dt

(4.15) = (T, 50ven) + 5(V - dhen, )

IVenll3 + lexlld + IV - enlls

)
< 40|Tul3 + < |Ovenll? + [5(V - Duen, ).

To estimate the terms on the right-hand side of (4.15), differentiate (4.3) with respect
to time, take v, = 0 and ¢, = drp, as test functions to obtain
o0(V - Oep,rn) = 6(04 Ty, 0V TY) + 6(—0nen — adrey, — Voyry, 6V T)

(4.16) + ) 6(vAden, V).
KeTy,
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The first term on the right-hand side of (4.16) is bounded by adding and subtracting
00sep, and applying standard estimates

5(8tTtr, 5V’I"h) = 5(8,5Ttr, 5(8,56}1 + VTh)) — 5(8tTtr, 58t6h)
52 52 0
< S 19 Twll§ + 5 l19ren + Vrallg +49° |0 T 1§ + 75 10venll5:
For the second term on the right-hand side of (4.16), one also adds and subtracts
d0rep, to obtain
52(_8tteh — a@teh — V@trh, V’I"h)
= (52(—8,5 ((‘9teh + VT‘h) ,O0cep + VT}L) + 52(8151&6}1 + aoiep, + Vo, Bteh)

(4.17) — 52(a8teh, Orep, + VTh)

d 5
—5QE||8teh + V|3 + E||ateh||3 +4025°||0sen + Vrp |3

+ 62 ((0; (Orep, + ey, + V1), Oren)| .

Differentiating (4.3) with respect to time, applying the test functions v, = §%0;ep,
and ¢ = 0, and using integration by parts yields for the last term on the right-hand
side of (4.17)

52(815 (8t6h + Vr, + Oéeh) , 8teh)
= —52V||V8teh||g — (SQILLHV . ateh”% + 52 (8tTtr, 8t6h)

0
< =0V Vorenlls = 0°ullV - drenllg + 40°(10: Tl + 5 l19renlls.

The last term on the right-hand side of (4.16) is bounded by using the Cauchy—
Schwarz inequality, the inverse inequality (2.3), the definition (3.2) of §, and Young’s
inequality

c2
> d(vAden, sVTL) K < 52uﬁ||6teh||o|\Vrh||o

KeTy
1
(4.18) —HatehHOHVThHo < 16H5teh”0 6||V7“h||3~
A straightforward calculation inserting the estimates leads to
11 ad d ué d
—6||0renlly Ve V-enld
S olokenlls + 2T Tenl+ 5 el + A0 v e
52
2 dtHateh—|—V7‘h||0—|—521/|\V3tehH0—|—52u||V Orenl|2

(4.19) 52
< | Tullf + 5 (1+8) [0 Tl

52 5
+ 5 (1+80%0) [9ren + Vruls + 5 197l

For the next to last term, the triangle inequality and the upper bound (4.10) for the
stabilization parameter are applied,

52
5 (14 8a%6) ||0ren, + Vru g < 6% (1 + 8a268) (||0renl|d + [ Vrall})

[« 9}

(4.20) 10eend + 6HVThIIS-

=16
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Absorbing the first term into the left-hand side of (4.19) gives

5 9 vod 5 ad d o b d 9
§5||3t€h||o + 7%||V€h||o + Taﬂehno + 7%||V ~enlls
5% d
(4.21) + ?anateh + V|2 + 62v||Vosen||2 + 62u||V - Oren |3

52 0
< 40| Tl + - (1+89) 10:T oI5 + gHV?‘hII%-

Integrating (4.21) between 0 and ¢, applying an appropriate scaling, denoting unim-
portant constants by C, and restricting on the only important term on the left-hand
side gives
(4.22)
2
45H5teh||L2(o,t;L2)

< C (v0]|Ven(0)[§ + adllen(0)[3 + nolIV - en(0)I[5 + 6% (Bren + Vra) (0)][5

46
+ 5||Ttr||%2(07t;L2) + 52(1 + 5)||8tTtr||%2(07t;L2)) + €||VT}I||%2(O7,5;L2).

The last term on the right-hand side will be absorbed into the left-hand side of (4.14).
The first factor in front of HatTtr||2L2(o,t;L2) can be estimated with (4.10) and then the
terms with ||| £2(0,¢;,22) and ||0¢T ;|| £2(0,¢;22) are estimated with (4.8), noting that
(4.8) was derived without using assumption (4.1).

For the errors at time ¢ = 0, the crucial term is the last one. First, the triangle
inequality is applied. Taking in (4.3) v, = d0;e, and ¢, = 0, and using (3.2) and
(4.10), one gets

(4.23)  dlloenlls < C (vIIVenll§ + da®(lenll§ + dIVrnllg + ullV - enllg + 8l Te17) -

Using this estimate for ¢ = 0 yields
(4.24)
82| (Oeen + Vra) (0)]3

< C6 (v Ven(0)|[5 + 502 [len(0)I§ + ullV - en(0) I3 + | Tec (0)5 + 8l Vra(0)I[5) -

Inserting (4.24) into (4.22), then inserting the result into (4.14), applying (4.8) in
combination with (4.10) to estimate 62, the triangle inequality, (3.3), and noting that
da < 1/4 gives the statement of the theorem. O

Remark 4.6. With assumption (4.1) it is not necessary to perform the estimate
(4.18) such that the last term on the right-hand side of (4.19) does not appear. Also,
the term on the left-hand side of (4.20) can be estimated in a different way. Integrating
(4.19) between 0 and ¢ and applying (4.10) yields

52||0sen + Vrh||g
< vi|Ven(0)[|5 + adllen(0)[|§ + ||V - en(0)|[5 + 62| (Oren + Vrn) (0)]I5
1)
+ 80 Teel| 720,012y + 02 (1 + 80T wel|7 20 4,12y + Ellateh + VT2 0,002)-

Now, the last term on the right-hand side can be bounded by (4.9). This alternative
way leads to an estimate of form (4.22) without the last term on the right-hand side.
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THEOREM 4.7. Let all assumptions of Theorem 4.5 be satisfied and assume more-
over that (4.1) holds, then

o= pnl32(0.22) < C[lw = wn) O + vV (w — wn) (0)]3
19 - (2 = ) )3 + 811V (0 = pn) O)]3]
(4.25) +C1h* (v+ hPa+ p+ 65 1) + Cob® (64 B7p")
with
Ci=0C (||u||%2(0,t;Hk+1)7 ||3tu||iz(o,t;Hk+1)a ||3tt“||%2(o,t;Hk)v
(4.26) ()17 11, ol ||3tu(0)lli1ax{1,k_1}) ;
Cy = Cy (HPH%?(O,t;HH—l)v ||8tp||2L2(o,t;Hl+1)a ||3ttp||2Lz(o,t;Hmax{1,l})a

(4.27) P71, 1P O)IF 1, ||5tp(0)||max{1,z_1}).

L but not on negative powers of v

All constants depend on v, 0, 50_1,o<,o<_1,u,,u_
and 0.

Proof. Using (2.7) and (3.2) gives

_ V-
(4.28) l7nllo < C6 V25102195, |0 + C sup (V- vp, )
vREVR ”'Uh”l
From (4.3) with ¢, = 0, one obtains
rh, Vv
sup Y00 54y + v Venllo + allenls + IV - enllo + [ Tulo
wneV  |lonll

Inserting this estimate into (4.28) and integrating in (0,7") yields
Hrh”%2(07t;L2) <C (5515||V7"h||2L2(07t;L2) + V2||veh||%2(07t;L2)

+ a2||eh||%2(0,t;L2) + 2V €h||2L2(o,t;L2)
1Tl 3e 002 + I19enlFao s ) -

Applying (4.14) leads to

Hth%?(Oﬂt;L?)
_ 1
< Cmax(35" v (enO)F + (34 2 ) Il nn) + S10ven T
+C (ITuel 0,122 + I0venlFoo i)

1
<0 (len@IB+ (3 5 +1) ITulisen + 0+ O0enlErpnn ).

where the constant in the last line depends on max{d, ' v,a,p}. To conclude the
proof, one needs to bound ||3teh||2L2(o7t;L2)- This term was estimated already in (4.22),
where one has to take into account that with assumption (4.1) the last term on the
right-hand side of (4.22) vanishes; cf., Remark 4.6. Now the proof finishes as the
proof of Theorem 4.5. d
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Remark 4.8. In the bounds (4.11) and (4.25) an error of the initial pressure
(p — pr)(0) is contained. Whereas the initial velocity is part of the definition of the
problem, an initial pressure is not given. However, there are temporal discretizations
which require an initial pressure, like higher order Runge-Kutta schemes (e.g., see
[10]), such that this issue does not appear only in the analysis presented in this paper.
Next, a way for computing an initial approximation to the velocity will be described
that has the advantage that the error of the initial pressure on the right-hand side of
(4.11) and (4.25) disappears from the bounds.

As an approximation for the initial velocity it is suggested to take uy(0) = s5,(0).
From the definition of s;, (see (2.6)), it follows that a steady-state Stokes problem at
the initial time has to be solved with the PSPG method. More precisely, the problem
consists in computing (85(0), 2,(0)) € Vi, x @y, such that for all (vp,qn) € Vi X Qp

v(Vsp(0),Vop) + a(sp(0),vn) — (V- vp, 21(0)) + (V - 81(0), gr)
+ 1(V - 81(0), V- vp)

(4.29) = (f(0) — 9yu(0), vp)
+ ) 8(£(0) — 91w (0) + vAs,(0) — asn(0) — V2 (0), Van) k.
KeTy,

Since d;u(0) is generally not known, the term f(0) — 9,u(0) is replaced by the limit
of the momentum balance equation for ¢ — 0

(4.30) £(0) — Ou(0) = —vAug + aug + Vp(0),

where p(0) is the pressure at time ¢ = 0. Following [5], the initial pressure p(0) is the
solution of the problem

Ap(0) = V- £(0) in Q,

4.
. PO _ (v + £0) - m on 90,

where n is the outward pointing unit normal vector. Problem (4.31) defines a unique
pressure up to a constant, which is however not important if the pressure is inserted
into (4.30). The solution of (4.31) can be approximated by solving a discrete problem.

It will be proved in Theorems 4.10 and 4.11 that choosing as initial discrete
velocity up(0) = s5,(0) has the advantage that error bounds of forms (4.11) and (4.25)
can be obtained where the bounds depend only on the initial error of the velocity but
not on the initial error of the pressure.

Remark 4.9. Tt should be noted that if any other discrete initial velocity is
considered, the so far presented error analysis can also be applied. However, the error
bounds will depend on the error of the pressure at the initial time.

THEOREM 4.10. Let the assumptions of Theorem 4.5 be satisfied and assume
moreover that up(0) = s, (0), then

1w = wn)ONF + VIV (w0 = un) T2 4.2 + ollte = wnllF20 412
+ pl|V - (u— uh)”%2(07t;L2) +0[IV(p — ph)”%2(0,t;L2)
< O[Il(u —un)(0)[Ig + vV (w — up)(0)[I + u]|V - (w — wn) (0)]3
+ C1h* (v+ RPa+p+65") + Cob® (6 + WPt

(4.32)

where the constants’ dependencies are the same as given in (4.12) and (4.13).
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Proof. With the initial condition uy(0) = sp,(0), the term ||(Oren + Vrp)(0)]]o can
be estimated in a different way as in the proof of Theorem 4.5.
Using u,(0) = s,(0) and considering (2.5) with ¢, = 0 at time ¢ = 0 yields

(4.33) v(Vsn(0), Vo) + a(sn(0),vn) + (Vpr(0),vr) + p(V - 84(0), V- vy)

= (F(0) = 9un(0), vn).
Similarly, one obtains from (4.29) with ¢, =0
(4.34) v(Vsyp(0),Vop) + a(sn(0),vr) + (V2zr(0),vr) + (V- 81(0),V - vp,)

= (£(0) = 9ru(0), vn).
Subtracting (4.34) from (4.33) leads to
(4.35) (Vpa(0) + 9run(0),vn) = (Vz1(0) + O¢u(0), vp).
Considering again (2.5) at time ¢ = 0 with v, = 0 gives
(V- 5n(0),qn)

(4.36) = Z 0(£(0) — rup(0) + vAsp(0) — asp(0) — Vpr(0), Van) k-
KeTy,

Likewise (4.29) with v;, = 0 yields

(V- 81(0),qn)

(4.37) = ) 8(£(0) — Qu(0) + vAsL(0) — sk (0) — V24 (0), Van) k.,
KeTn

such that the difference of (4.37) and (4.36) is

(4.38) (Vpr(0) + 0:un(0), Van) = (Vzr(0) + 0,u(0), Vgr).

Adding (4.35) and (4.38), and then adding and subtracting d;s,(0) gives
((Oren + V) (0),v5 + Var) = (O¢u(0) — 0¢sp(0), vn + Var)

for all (vp, qpn). Choosing vy, = dre,(0) and gy, = r1,(0), one obtains

(4.39) 1(Oren + Vrn)(0)llo < [[0:w(0) = drsn(0)llo = [|T(0)[lo-

Now, one can follow the steps of the proof of Theorem 4.5 until (4.22). Instead of
the estimate used in Theorem 4.5 to bound 62||(d;en + Vr1,)(0)]|o, one applies (4.39)
together with (4.10) and then (4.32) follows immediately. O

THEOREM 4.11. Let all assumptions of Theorem 4.10 be satisfied and assume
moreover that (4.1) holds, then

Ip = prllEe 0.2y < €[l = wn) O + VIV (u = un)(O)F + 1V - (= un) O)]]
+C1h?* (v+ hPa+ i+ 05 1) + Cob® (54 12u 1),

where the constants posses the same dependencies as given in (4.26) and (4.27) and all

constants depend on v, 4, 50_1, a,a”t p,uTt, but not on negative powers of v and 6.

Proof. The proof follows the steps of the proof of Theorem 4.7 with the only
difference that one now applies (4.39) to estimate §2(|(d;en + Vry)(0)]]o in (4.22). O
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5. Fully discrete case with backward Euler scheme. This section transfers
the results of Theorem 4.5 to the fully discrete situation, where the backward Euler
scheme is used as the time integrator. It turns out that the analysis of the first time
step needs special care and that again the use of the initial condition as proposed in
Remark 4.8 is important to derive the desired results.

The fully discrete approximation reads as follows: Find (u}, p}) € Vi X Qp, such
that for all v, € Vi, qn € Qn C HY(Q)

u? —ult
(MR o) + (T, Ton) + et on) = (7005 + (V)

51) VUV
n—1
= (f",vn) Z 1) ( % + vAuj — au) — Vpy, th)
KeTy K

Here, u) = up(t,) and 7 denotes the length of the equidistant time step.
Derivation of an error equation. The error is decomposed in the following way:
u(tn) —up = (u(tn) — sj) — (up — s3) = (u(tn) — sp) —ej,
(5:2)  plt) =B = (plta) — ) — B — ) = (pltn) — 21) — 77,

where (sj, r}) is the PSPG solution to (2.6) with right-hand side g = f(t,) — dru(ty).
Using (2.6), one finds readily that

(5.3)
sp—sp!
(7, h) +v(Vsy, Vo) + a(sy,vp)
- (v * Uh, Z;:) + (v ! SZ?Qh) + u(V ' SZ? V- 'l)h)
n—1
s
— (o) + (Ton+ Y 8 (5= BT ag s - v )
KeTn T K
+ Z (=T, Van)k

KeTy

where the truncation error is given by

n n Sh — SZ '
= (Oru(tn) — Orsy) + | Orsy — e

The backward difference between values of functions at subsequent time steps will be
denoted with the subscript 7, e.g., e} = (e}, — e'’"!)/7. Subtracting (5.3) from (5.1)
yields the error equation

(5.5)

(GZ T vh) + V(Vezv V'vh) + a(ezvvh) - (V ’ vthZ) + (V - €, Qh) + M(V e, V- vh)

= (T3}, 0n) + 0(T33, Van) — 6y -, Van) + Y S(vAej —aef — Vri}, Van)x
KeTh

n __ n—1
(5.4) Ty = Opu(tn) — & TSh

Inserting the error as test function. Taking v;, = e} and g, = 7} in (5.5) gives
(5.6)
(ez T 62) + V(ve?}’sz veZ) + O[(GZ, 62) - (v ! 627712) + (v ! 627712) + ,LL(V ' 62, V- 62)
= (T3 ep) + 0(T3, V) = blef . Vi) + > d(vAey — aef — Vry!, Vi) k
KeTy
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With the Cauchy—Schwarz inequality, the inverse estimate, Young’s inequality, and
(3.2), one obtains

(e ef) + 22V 3 + S lefl3 + IV - ef 3 + 2193
1
< (26+ 5) IT202 + 25 en 12

Taking into account that (e} ) = (|lerl|3 — [lef '3 + llef — e '[|3)/(27) and
summing up from j =1 to n, one gets

" 37T — ; TO — ; - ;
G7) lepld+ 5 S vIvelld+ 52> llefld +2ru > IV - el
j=1

=1 =1

# 70 3 IVHIE < el + 27 (284 3 ) S ITAIR +470 Y- el 1B
j=1 j=1 j=1
Estimate of the last term on the right-hand side of (5.7) for n > 2. Using

vy, = dej and g, = 0 in (5.5) leads to

(58) 5Hez,‘r||(2) + V(S(veZa Vez,r) + O45(627 eZ,T) + ILLKS(V ! eZ? V- ez,f)

5 n n n
—llen -5 +16(V - ef -, ).
16

Now, one needs to estimate the last term on the right-hand side of (5.8). Taking first
v, = 0 in (5.5) yields

< 45| TG +

(5.9) (V-er,qn) = 6(T3, Van) — b(ef . +aep + Vril, Van) +6 > (vAe}, Van)k.
KeTn

The same equation is considered for ¢,,_1, both equations are subtracted, the result
is divided by 7, and gp, = dr}; is taken. Denoting 2} = e}  gives for n > 2

5(Y - e o 7h) = (T8, 6VIT) = 8(2F, + aefl , + VT, 09rF)

(5.10) + > d(vAep ., 0V K.
KeTn

Note that with the initial conditions proposed in Remark 4.8, one has €} = 0. The
first term on the right-hand side of (5.10) is bounded by adding and subtracting dep, -
and applying the Cauchy—Schwarz inequality and Young’s inequality

(5.11)  6(TL,, 6917 = 8(T2..8(€f, + Vi) — 6(TL,, bef.)
52 n 2 62 n |2 3 n 2 J n 2
< E”Ttr,T”O + EHehﬂ' + vTh ”O + 46 HTtr,T”O + 1_6Heh,THO'

For the second term on the right-hand side of (5.10), one also adds and subtracts
den,r in the second argument and uses the definition of z}:

- 52 (ZZ,T + an,T + V’I"Zﬂ., V’I"Z)
o
(5.12) < =0%((zh + Vri)r, 25 + Vi) + gellen 6 + 40?0 lef, - + Vrit g

+ 8((e}., + aef + Vri)r e ).
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Subtracting (5.5) with ¢, = 0 for ¢,,—1 from the same equation for t,, and dividing
the result by 7 yields

(513) (=, 0m) + W(Vel, Vou) +alel.,vn)
- (V- 'Uhﬂ"z,f) + u(V - eZ,T? V) = (Tﬁ,rvvh)'

Choosing v, = 5262,7 in (5.13) and applying integration by parts gives

(5.14) &*((ef . + Vry + aep)r, ef )

< _52U||Vez,‘r”(2) - 62/1’||v : ez,‘r”(% + 453||Tt7;b,7||(2) + E”eZTHg

The last term on the right-hand side of (5.10) is bounded by using the Cauchy—Schwarz
inequality, the inverse inequality, the definition (3.2) J, and Young’s inequality

n n CIQI’IV
(5.15) Z é(vAey ., 6Vry )k < v 72 ||ehr||0||V7“h||07 16”6’””0 16||V7“h||o
KeTy,

Inserting (5.10), (5.11), (5.12), (5.14), and (5.15) into (5.8) leads to

(5.16)

11
To0lleR 13 + v3(Vep ., VeR) +ad(ef. . ef) + ud(V - ef .,V - ef)

+0%((eh - + Vri)r,ef o + Vi) + 8| Vep 1§+ 0%V - ef -3

< 0| T2IE + S+ 160) T2 3+ 1+ 8020, + T3+ Vg
The next to last term is bounded by applying the triangle inequality and (4.10)
T+ s%)lef, + Vil < ek I+ VIR
2 ’ 16" ™ 16
Absorbing the first term into the left-hand side of (5.16) gives

5
Sllep I3 + (Ve ., VeR) + ad(e] . ef) + ub(V - ef, .,V - ef)
(5.17) +02((€f, + Vri)r €h + Vi) + 0% Vep 3+ 2]V - €13

n 5 n g n
< AO||TEIG + 5 (L + 16| T - 15 + S IVrR 6.

Summing up from j = 2 to n, observing that, e.g.,
n 1 n
618)  S(ehel) 2 o SR ~ el IR) = 5-(leklE - lleh ).
j=2 j=2

applying an appropriate scaling, and restricting on the important term on the left-



1024 VOLKER JOHN AND JULIA NOVO

hand side gives
(5.19)

n
467 e, llg < C<V5|Vei||3 +adlle, |3 + pdl|V - e 13
j=2

+ 0%llel, . + Vryllg +8 D TITLIE +6%(1 +6) ZTIIT&JII%)

j=2 j=2

"L 46 ;
+ZgT||V7"fL||3-
j=2

The last term on the right-hand side of (5.19) will be absorbed into the left-hand side
of (5.7).

Estimate the terms for the first time step. The other terms on the right-hand side
of (5.19) and the term

46
(5.20) 467/len .15 = —llenlls

from (5.7), where € = 0 has been used, have to be bounded.
Considering (5.5) for n = 1, v, = dej, and ¢, = 0, and applying integration by
parts yields

0
(5:21)  —llenlls + ov|[Verllg + dallerl§ + oullV - e lls = 8(Te, 1) — d(ey, Vry).

With the Cauchy—Schwarz inequality and Young’s inequality, one gets for the terms
from (5.19) and (5.20)
(5.22)

46

Pleklz + € (vollVekI3 + adler 3 + sV - ebl3) < (7IThlE + 67 VrhR)
Then, from (5.19) and (5.22), apart from the truncation errors, one needs to bound
(5.23) SrlIVrallg, % llen - + V.

For n = 1, and using €) = 0 one obtains from (5.6)

1
(5:24)  —llexll +vIIVenll§ + alleplls + 1l V - exlls + o Vry s

0
= (TL, e})+6(TL,Vr}) — ;(e}l,Vr,ll) + Z S(vAe) — aer, Vri)k.
KeTy

From (5.5) with v, = 0 and ¢" = 0r}, one gets

52
(5.25) §(V-e},,r}) = 52(Tt1r,V7“,11)—7(e,11,V7“,11)+ Z 52(vAej —ae} —Vr} Vi) K.
KeTy
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Inserting (5.25) into (5.24) gives

1
;I\eillﬁ+V||Vei||3+0@H6;11||3+MIIV'eil1||3+5||V7“iH3
52
(Ttlrveh)+6( travrh) ( travrh Z 5(VA6;11—046;11,V7’;11)K

(5.26) =

52
+ Z uAeh ae) Vi) — —2(6,1I + 7V}, Vr}).
KGTh T

The last term can be expanded in the form
52 el 52 /el
(——I—Vr;ll,—h—kv >—|——2<—h—|—V7“,1l,e,1l).

T T T T T

The first term goes to the left-hand side of (5.26). Choosing in (5.5) v), = ‘Ts—ie,ll,
grn = 0, and applying integration by parts gives

52 5%v a 2u 52
L (24 vrheh) = - ZAvedl - SRed - ZA1 - ehi + S Theb
Inserting the last terms into (5.26) and multiplying with 7 leads to

lenlls + v Venll§ + rallenlls + 7l V - ellg + 78 Vry I3

2 2 52

0°v @ 2
+67 +THveil’L”(Q)_'—THeil’L”(Q)_'_THV.eflng

(5.27) =1(TL, e}) +70(TL,Vrl) + Z Té(vAe) — aer,Vr})
K€7—h

el
+ 62 Z (l/Aeh — ae;, Vry) + 6° < et —h + Vri) .
KeTh

The terms on the right-hand side of (5.27) are bounded with the Cauchy—Schwarz
inequality, Young’s inequality, and (3.2):
m(The}) < ZITHIE+ T llehl.
70(TLyy, Vry) < 270|| TG + —IIV wl,
> rilvael Vi) < Wh—;ﬂuwzné + 29k < ekl + vz
KeTh

70 T 70
ri(ach, Vrh) < 2ro0?e} 2 + T IVrhlE < T eh3 + T2 w3

530121“, 70 5%v 70
> 8*(vhey, V) < 7||V LIS + —||V7“;11H3 < ?HV%H?& glIVTiH%’
KeTy,
2632 5o or
(oeh, Vrh) < 22 eb 3+ T 19kl < T2 ekl + 2T vk,

61 e 2
52 (TJY, —h 4 w,ﬁ) < 8| TL |2 + T Hf +Vrt

0



1026 VOLKER JOHN AND JULIA NOVO

Inserting these bounds into (5.27) yields

3 T 3716
lex 5 + ZTVHVGHI(% + Illeillg +TullV - esll5 + ?HV?‘}III%
362 || ek > 35 5%a 524
(5.28) t Th + V7, . + ?Hve}lng + 7”6;11”(2) + V- enlls

.
< —ITlg + (276 + %) TG
The right-hand side of (5.28) is bounded following [9, (5.30)]. One obtains

T3 < 1% 4 120t 5 )0l e
o+ W26+ B2 0upl e 0,1yt | + ClGu0n 20,0058
(5.29) < g [h?k(u +h2a i 6 )0l o4y i)
126+ RO 0 )| + 7 9uen e 001,29y

In this way, the terms in (5.23) are bounded, since both appear on the left-hand side
of (5.28).

Estimates of the truncation errors. The truncation errors in (5.7) and (5.19) have
still to be bounded. One obtains, again following [9, (5.30)]

. . 2
n ) n ) 8] _ 8]—1
SOTITENG < 2> 7 | 10eults) — disn(t))|§ + ||Ors), — —"—
Jj=1 Jj=1 0
C
(5.30) <= (m [h%(y + B2+ 1+ S5 1Ol 0.0, ey

+ 12O+ RO 0.0, 10| ) + CT2 10008100, 58

where 7n < T'. Using the definition (5.4) of T{?

tr.~ leads to the decomposition

; Oru(t;) — Oru(t;—
1, = (=0 ) ) 4 0t - (1)
J_ggi—l gi=?
+ <3ttsh(tj) _Zh 8}2_2 5h > )

The first and second term can be bounded as before and the third one is an O(r)
approximation to Oy sp(t;). Hence, one gets with (4.10)

n

. O _
> roIT N < (m [h?k(y + B2+ 4 05 )0l g, ppmsiin—1r)
j=2

+ A h2u_1)||attp||im(o,thmm_l})})
+ 0(527—2 (Hattt’u/”%z(o)tn;[/z) + ||8tttsh||%2(0,tn;L2)) .

Final step of the proof. To obtain the error estimate, the decomposition (5.2) is
used, the triangle inequality is applied, and norms of u(t,) — s} and p(t,) — 2} are
estimated with (3.3). Note that (s, z) = (u,p).
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THEOREM 5.1. Let (u,p) be the solution of (2.2) with
o u,0pu € L®(0,t,, H*(Q)), Opu € L¥(0,t,; H>{1F-1H(Q)), k> 1,
Ot € L? (0, tn; L? (Q)),

L] 8tt8h, Ot S € L2(O,tn; L2(Q)), Ousn € LOO(O,tl; L2(Q)),

e p,0ip € L=(0,t,, H(Q)), Oup € L0, t,; HP>{LI-1H 11> 0.
Let (uy,p}) be the solution computed with the backward Euler-PSPG method (5.1),
let the stabilization parameter satisfy (3.2) and (4.10), and let the initial conditions
be computed as proposed in Remark 4.8, then the following error estimate holds:

lutn) —wplg +7v Y 1V (ulty) —up)ll +7a ) llulty) —up 3
j=1 j=1

Fru 3 V- (ulty) — w3+ 703 [9(p(ty) - #)IE

j=1
< C(R?* +h* 4+ 17),
where
C= 0(55 a,al, HuHiN(O,tn;H’C‘*’l)v HatU”QLoo(mtn;HkH)a ||attu”iw(o,tn;Hmax{lvk*U)v
10eeewel|7 200,120 1958011 220,12y (e8| T o0 0,40 12y 10ste 80N T2 0 1, 1.2)
||p||2Loo(o,tn;Hl+1)a |\5tp||2Loo(o,tn;Hl+1)a ||3ttp|\%oo(o,tn;Hmax{u—l}))~

Note that the norms with s;, can be estimated with norms of (u,p) = (s, z) by
applying the triangle inequality and using (3.3). At the initial time, there is only an
error between ug and 8.

6. Numerical studies. This section first studies two examples for which “in-
stabilities” for small time steps were reported in the literature. It is shown that with
the choice of the initial condition proposed in Remark 4.8, these “instabilities” do not
arise. It is also discussed that for other initial conditions, the results for small time
steps are not unstable in the sense that the error explodes. Finally, an example is pre-
sented that supports the analytical results of section 4. We also checked the analytical
results of section 5 numerically, but for the sake of brevity, we omit their presentation.
All numerical studies were performed with the research code MooNMD [8].

Ezample 6.1. First, the motivating computational experiment of [1] will be stud-
ied. In [1], problem (2.1) with Q = (0,1)?, v = 1, and o = 0 was considered with a
steady-state solution, whose P;/P; finite element approximation computed with the
PSPG method (2.5) with ¢ = 0 will be denoted by (wp,pp). Simulations were per-
formed on uniform grids and different levels of refinement. Starting with the L?*(Q)
projection of ug as initial finite element velocity, it was observed that for small time
steps, after the first time step, the finite element pressure p; does not resemble py,. We
repeated this study with different initial conditions. Using the Lagrangian interpolant
of ug as u,(0), we could observe the same behavior as in [1]. With u,(0) = s5,(0)
(see Remark 4.8), we obtained (u},,p;) = (up,ps) for all considered refinement levels
and time steps, with At € [1071°,107!]. Performing simulations in a longer time
interval, it could be observed for the Lagrangian interpolant as initial condition and
for all time steps and refinement levels a fast convergence of the computed solution
to (wp,pr). This behavior corresponds to the analytical results derived in section 4.

In [1, p. 581] it is stated “after one time step, the unsteady approximation (u}t,p}L)
should be an O(At) perturbation of the steady-state solution (wp, pr).” We think that
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e
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length of the time step

FiG. 1. Ezample 6.1, P1/P1, h = /2/64, backward Euler scheme, § = h%/4. Error of the
pressure in L?(Q) after the first time step.

this expectation is not justified if the L2(2) projection or the Lagrangian interpolant
of the steady-state solution is used as initial condition. Neither the first nor the second
choice fulfills the discrete equations together with p,. Thus, the corresponding finite
element pressure at the initial time is not known. In the first time step, one expects
that the initial velocity does not change much (as it was always observed), but the
result of this step will not yet give the steady-state solution. In particular, after the
first time step, a finite element pressure p} is computed such that the approximation
of the continuity equation by the PSPG method is satisfied. For small time steps,
one expects an approximation of the pressure which accompanies the chosen initial
velocity uy, (0). In fact, we could not observe an instability in the sense that ||p—p}||o
explodes as At — 0. In our simulations, this error was bounded and the values of
the error seem to converge; see Figure 1. This behavior indicates that pj converges
to some (unknown) function as At — 0.

In [1], the instability of the pressure for small time steps was not observed by
solving the equations with the Galerkin discretization using (inf-sup stable) Taylor—
Hood finite elements. The analysis for inf-sup stable mixed finite elements can be
found, e.g., in [5, 6], where error bounds for mixed finite element approximations to the
Navier—Stokes equations were obtained without assuming that nonlocal compatibility
conditions are satisfied. In contrast to considering non inf-sup stable elements, the
error bounds depend only on the initial approximation of the velocity and not on
the initial approximation of the pressure. The analysis is performed by projecting
the equations into the space of discretely divergence-free functions, getting an error
estimate for the velocity in this space, and then using the discrete inf-sup condition to
get the error bound for the pressure. From our point of view, the absence of the error
for the pressure at the initial time is the basic difference between both the case of inf-
sup stable finite elements and the case in which an appropriate initial approximation
to the velocity is chosen (Theorems 4.10 and 4.11) and the estimates of the pressure
errors in Theorems 4.5 and 4.7 for a general initial velocity approximation.

Ezample 6.2. This example is taken from [3] (note that there is a misprint in the
definition of the velocity field). The domain is Q = (0,1)? and the prescribed solution
has the form

_ in(rx — 0.7) sin(ry + 0.2)
w = cos(t) (208(71’33 -0.7) zos(ﬂgyj + 0.2)> ’
p = cos(t)(sin(x) cos(y) + (cos(1) — 1) sin(1)).
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FiG. 2. Ezample 6.2. Simulations with At = 10~ and Ps/Ps3 finite elements, h = v/2/16,
velocity after 50 time steps. Left: with Lagrange interpolant as initial velocity; right: with solution
of steady-state PSPG problem at t = 0 as initial velocity.

pressure pressure
0.337- 0.454-
0.4
k. '
E 0.2
=) E
F =0
E*O-Q EOQ
-0.385- -0.387-

FiG. 3. Ezample 6.2. Simulations with At = 10~8 and Ps/Ps3 finite elements, h = v/2/16,
pressure after the first time step. Left: with Lagrange interpolant as initial velocity; right: with
solution of steady-state PSPG problem at t = 0 as initial velocity.

Appropriate Dirichlet boundary conditions were applied. The viscosity was set to be
v =1 (there is no value given for v in [3]) and o = 0 was used.

In [3], an instability of the velocity field was observed for very small time steps
and the P/ P;5 finite element method. We tried to reproduce this result. To this end,
a uniform triangular mesh with diagonals from lower left to upper right was used with
h = \/2/16. The mesh resulted in 4802 degrees of freedom for the velocity (including
Dirichlet nodes) and 2401 degrees of freedom for the pressure. The Crank—Nicolson
scheme was applied as temporal discretization and the PSPG method was used with
§ = 0.005h% /v = 0.005h2. The grad-div stabilization was not applied.

Results after having performed 50 steps (as in [3]) with At = 1078 with the La-
grange interpolation of ug as initial velocity as well as with the solution (s, (0), z,(0))
of (2.6) (see Remark 4.8) as initial velocity are presented in Figure 2. In contrast
to [3], there are absolutely no instabilities. Also for long term simulations, e.g., with
100 000 time steps, we could not observe instabilities. However, we like to note that
for larger stabilization parameters, e.g., 6 = h?, the time stepping scheme diverged
quickly in our studies. But according to [3], also in this paper small values of the
stabilization parameter were tested.

Next, the effect of different discrete initial velocities on the discrete pressure after
the first time step will be illustrated; see Figure 3. Using the Lagrange interpolant,
then after a very short time step, the pressure is quite different from the actual solu-
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FiG. 4. Ezample 6.3. Simulations with Pa/Pa, At = 5-107%, § = 0.01h2. Convergence of
several errors. Left: o =0,u = 0; right: o = 0.2, p = 1.

tion. As explained in Example 6.1, this effect comes from the fact that the Lagrange
interpolant is not related to the PSPG discretization of the problem. Using instead
(s1(0), z,(0)) as initial solution, the discrete pressure at ¢ = 1078 is an approximation
of the continuous pressure which is as good as the underlying grid admits.

Altogether, the behavior of the discrete solutions observed here is in agreement
with the analytical results from section 4.

Ezxample 6.3. Finally, an example will be presented which serves for supporting
the analytical results with respect to the order of convergence. Again, the solution
from Example 6.2 will be considered. For the sake of brevity, only results for the
P, /P, finite element and v = 1 will be shown. Simulations were performed in the
interval [0, 5] and the initial velocity suggested in Remark 4.8 was used. The PSPG
stabilization parameter was set to be § = 0.01h2. In one series of simulations, o = p =
0 was used and in a second series o = 0.2 and p = 1. As temporal discretization, the
Crank-Nicolson scheme was applied with the small time step At = 5-1075. With this
length of the time step, the spatial errors dominate. Level 3 of the mesh refinement
has a mesh width of h = v/2/8 (578 velocity degrees of freedom, 289 pressure degrees
of freedom) and all other meshes were obtained with a uniform red refinement.

Results for different errors are presented in Figure 4. Most of the errors are second
order convergent, exactly as the theory predicts. The errors that involve the L?(Q)
norm of the velocity are even third order convergent. It is well known that this higher
order of convergence cannot be proved within the framework of the energy argument
used in the analysis of section 4.

7. Summary. The finite element error analysis of the PSP G stabilization for the
evolutionary Stokes equations was studied. An optimal error estimate was derived in
the continuous-in-time case under the assumption of a regular solution, which holds
also for higher order finite elements. An important feature of this estimate is the
appearance of the pressure error in L2(f2) at the initial time. The construction of a
discrete initial velocity was suggested that allows us to remove this error from the
bound. For this discrete initial velocity, an optimal estimate for the fully discrete
case with the backward Euler scheme as time integrator was derived. Using the pro-
posed discrete initial velocity, no instabilities of the pressure for small time steps were
observed in the numerical simulations. The observations reported in the literature
were explained on the basis of the derived error estimates. The analytically predicted
results were confirmed in numerical studies.
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