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Abstract. In Large Eddy Simulation of turbulent flows, the Navier—Stokes equations are con-
volved with a filter and differentiation and convolution are interchanged, introducing an extra
commutation error term, which is nearly universally dropped from the resulting equations. We
show that the commutation error is asymptotically negligible in LP?(R?) (i.e., it vanishes as the
averaging radius § — 0) if and only if the fluid and the boundary exert exactly zero force on
each other. Next, we show that the commutation error tends to zero in H~1(Q) as § — 0.
Convergence is proven also for a weak form of the commutation error. The order of convergence
is studied in both cases. Last, we study the influence of the commutation error on the energy
balance of the filtered equations.
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1. Introduction

The space averaged Navier—Stokes equations for the space averaged fluid velocity @
and pressure P are the basic equations for large eddy simulation (LES) of turbulent
flows. They are derived in many papers and in nearly every book on turbulence
modeling, e.g. Aldama [2], Lesieur [20], Pope [21] or Sagaut [23], from the Navier—
Stokes equations as follows:
1. One chooses a filter g(x) and an averaging radius ¢ > 0. The large eddies
u (of size > O(9)) are defined by filtering the underlying fluid velocity u:

u:=g*u.

2. To derive the equations for u, the Navier—Stokes equations are convolved
with g(-).
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3. Ignoring boundaries and commuting convolution and differentiation leads
to the space averaged Navier—Stokes equations, given by

-V -S@p+V-(uul)=f V-u=0, (1)

where the stress tensor associated with the velocity and pressure averages
(4,p) is given by
— —T
S(®, p) := 2vD (@) — pl where D(@) = w 2)
is the velocity deformation tensor.

One central problem in LES is the closure problem of modeling V - (F) in
terms of W, see, e.g., Sagaut [23]. We shall show herein that there is in fact another
possibly serious closure problem in steps 2 and 3 above leading to the incorrect
space filtered equations (1).

It is often reported in the LES literature that difficulties exist for simulating
turbulence driven by interaction of flows with boundaries. In this report, we will
show one reason: when the flow is given in a bounded domain with typical no-
slip boundary conditions and the strong form of the space averaged Navier—Stokes
equations is used, steps 2 and 3 lead to an O(1) error near the boundary. A
correct derivation of (1) (Section 2) reveals that an extra commutation error term
As(S(u,p)), see Definition 2.1, must be included in (1). We show, Proposition 4.2,
that [|As(S(u,p))||lLr@re) — 0 as & — 0 if and only if the traction or Cauchy stress
vector of the underlying flow is identically zero on the boundary of the domain! In
other words, the equations (1) are reasonable only for flows in which the domain’s
boundary exerts no influence on the flow.

An inspection of the proof of Proposition 4.3 reveals that the commutation
error As(S(u,p)) is largest at the boundary and decays rapidly as one moves away
from the boundary.

If the commutation error term is simply dropped and then the strong form
of the space averaged Navier—Stokes equations is discretized, as by, e.g., a finite
difference method, the results of Section 4 show that the error committed is O(1).
On the other hand, variational methods, such as finite element, spectral or spectral
element methods, discretize the weak form of the relevant equations. These meth-
ods are known to depend on the size of the H '-norm of any omitted terms. We
show in Section 5 that variational methods are possible since the H~1(2)-norm of
the dropped commutation error does approach zero as 6 — 0, Proposition 5.1.

Section 6 studies the weak form of the commutation error, (A4s(S(u,p)),v) for
v fixed. The third main result, Proposition 6.1, is that the weak form of the
commutation error tends to zero as § — 0. The order of convergence in two
dimensions is at least O(§'~¢) with arbitrary e > 0.

The issue of the commutation error has appeared occasionally in the engineering
community, e.g. see Fureby and Tabor [9], Ghosal and Moin [12], or Vasilyev et
al. [25]. Its critical importance is beginning to be realized, see Das and Moser
[6]. One approach, [12, 25], has been to shrink the averaging radius d(x) as x
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tends to the boundary of the domain; the correct boundary conditions are then
clear: m = 0. This approach requires extra resolution and another commutation
error due to the non-constant filter width occurs. This other commutation error
is usually ignored in the engineering literature on the basis of a one-dimensional
Taylor series estimation of it for very smooth functions. Interesting and important
mathematical challenges remain for this approach as well.

Other special treatments of the near wall regions, such as near wall models,
see [23, Section 9.2.2] for an overview, are common in LES to attempt to correct
for the error. Recently, there are new approaches to LES without modeling, such
as post processing [16] and the variational multiscale method by Hughes and co-
workers [15].

2. The space averaged Navier—Stokes equations in a bounded do-
main

To derive the correct space averaged Navier—Stokes equations in a bounded do-
main, we will extend all functions to R? and derive the equations satisfied by these
extensions. Then, the new equations will be convolved.

We will always use standard notations for Sobolev and Lebesgue spaces, e.g.
see Adams [1]. For vectors and tensors (matrices), we use standard matrix-vector
notations.

Let Q be a bounded domain in R%, d = 2,3, with Lipschitz boundary 9Q with
outward pointing unit normal n and (d — 1)-dimensional measure |09 < co. We
consider the incompressible Navier—Stokes equations with homogeneous Dirichlet
boundary conditions

u, —2vV-D(u)+ V- (uul)+Vp = f in(O,T)xQ
V~u:0 in [0, 7] x
= [O,T]xaﬂ 3)

u ‘t:O = Ug in Q,
fﬂp dx =0 in (0,7,

where v is the constant kinematic viscosity.
It will be helpful to recall that the stress tensor S(u,p) is given by

S(u,p) := 2vD (u) — pI,

where I is the unit tensor, and that the normal stress / Cauchy stress / traction
vector on 0f) is defined by S(u,p)n

Our analysis will require that solutions (u,p) of (3) are regular enough such
that the normal stress has a well defined trace on the 92 which belongs to some
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Lebesgue space defined on 0€2. We assume that

d
ue (HQ(Q) N H&(Q)) , pe€HYQ)NL3(Q) for ae. t€[0,T], W
d
u€ <H1((0,T))> for a.e. x € Q.

Lemma 2.1. If (4) holds then S(u,p)n belongs to (H1/2(8Q))d. In particular,
Jor a.e. t € (0,T), S(u,p)n € (LU(NQ))* with1 < g< oo if d=2 and1<q<4
if d=3 and

IS(w, p)nll(Ls(anye < C (VIlullzz@ye + Iplla @) - ()

Proof. This follows from the usual trace theorem and embedding theorems, e.g.,
see Galdi [10, Chapter II, Theorem 3.1]. a

Remark 2.1. The result that S(u, p)n € (L2(0Q))? for 1 < ¢ < 4 suffices for our
purposes but it can be sharpened considerably. For example, Giga and Sohr [13,
Theorem 3.1, p. 84] show that provided f is smooth enough and the initial condition

uy € (W2_2/S’S(Q))d, s > 0, holds, then for a.e. t > 0, u; and V - (uu’) belong
to (L4(2))" and further S(u,p)n € (L9(N)) for a.e. t > 0 when 3/q + 2/s = 4.

In writing down an equation like (1), f must be extended off Q and then (u,p)
must be extended compatible with the extension of f. For f to be computable,
f is extended by zero off Q. Thus, (u,p) must be extended by zero off Q, too.
This extension is reasonable since u = 0 on 9f). An extension of u off ) as an
(H 2(Rd))d function exists but is unknown, in particular since u is not known.
Using this extension, instead of u = 0 on R? \ Q, would make the extension of f
unknowable and hence f uncomputable in (1). Thus, define

u=0, u=0 p=0 f=0 ifx¢N.

The extended functions posses the following regularities

d
uc (H&(R‘ﬂ) , p€L2(RY) for ae. t €[0,T),
d (6)
uc (Hl((O,T))> for a.e. x € R? .

From (4) and (6) follow that the first order weak derivatives of the extended
velocity u;, Vu ,V-u and V- (uu?) are well defined on R?, taking their indicated
values in €2 and being identically zero off .

Since u ¢ (H2(Rd))d, p & H'(RY), the terms V-D (u) and Vp must be defined
in the sense of distributions. To this end, let ¢ € C§°(R%). Since p =0 on R?\ €,
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we get

(V8o = - [

R4

P Vex)dx = [

Q

(%) Vp(x)dx — / o(s)p(s)n(s)ds.  (7)

o
In the same way, one obtains

VD) (p) = [ D () Telx)dx Q

= [ ¢60V D) x| o(s)D () (s)n(s)ds.
Both distributions have compact support. From (7) and (8) it follows that the
extended functions (u, p) fulfill the following distributional form of the momentum
equation

w;,—2vV-D (u)+V-(uu’)+Vp = f+/ <21/]D) (u) (s)n(s)—p(s)n(s))ga(s)ds. 9)
o0

The correct space averaged Navier—Stokes equations are now derived by con-

volving (9) with a filter function g(x) € C*°(R%). Let H() be a distribution with

compact support which has the form
Hg) =~ [ 1600 0(x)ax

where 0, is the derivative of ¢ with the multi-index a. Then, H * g € C*°(R?),
see Rudin [22, Theorem 6.35], where

H(x) = (H * g)(x) == H(g(x =) = — g F(¥)0ag(x —y)dy. (10)

Applying the convolution with g to (9), using the fact that convolution and dif-
ferentiation commute on R?, Hérmander [14, Theorem 4.1.1], and convolving the
extra term on the right hand side accordingly to (10), we obtain the space averaged
momentum equation

w—2vV-D(@) + V- (uul) + Vp

=f —|—/ g(x —s)[2vD (u) (s)n(s) — p(s)n(s)]ds in (0,7] x RL.  (11)
o0

Remark 2.2. If the viscous term in the Navier—Stokes equations is written as
vAu instead of 2vV - D (u), the resulting space averaged equation is given by
replacing 2vD (T) in (11) by vVu.

Definition 2.1. The commutation error As(S(u, p)) in the space averaged Navier—
Stokes equations is defined to be

Ax(S(up) = [ glx = 5)(S( pm)(s)ds

o0
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The correct space averaged Navier—Stokes equations arising from the Navier—
Stokes equations on a bounded domain thus posses an extra boundary integral,
As(S(u,p)). Omitting this integral results in a commutation error. Including this
integral in (1) introduces a new modeling question since it depends on the unknown
normal stress on 99 of (u,p) and not of (W, p).

3. The Gaussian filter

We will present the results in the following sections for the Gaussian filter. This
filter fits into the framework of Section 2. We shall briefly present the filter’s
properties that are used in the subsequent analysis in this section.

3 :
— 5=1
5=05
2, |
l, |
0 I I I
-2 -1 0 1 2

Fi1G. 1. The Gaussian filter function in one dimension for different &

The Gaussian filter function has the form

/2
6 6
w00 = (52 ) o (- Rl )

see Figure 1, where || - ||» denotes the Euclidean norm of x € R? and ¢ is a
user-chosen positive length scale. The Gaussian filter has the following properties,
which are easy to verify:

— regularity: gs € C™ (Rd)

d
— positivity: 0 < gs(x (5 ) 2
— integrability: wwMRd< 1<p< 00, llgsllrrny = 1,
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— symmetry: gs(x) = gs(—x%),
— monotonicity: gs(x) > gs(y) if [|x]l2 < |ly]|e-

Lemma 3.1.

i) Let o € LP(RY), then for 1 < p < oo
%ii% llgs * & — @llLeway = 0.

ii) Let ¢ € L®(R?) and if o is uniformly continuous on a set w, then gs*p —
o uniformly on w as § — 0.
iii) If ¢ € C§°(RY), then for 1 <p < o0, 0 <7 < 00

lim [lgs * ¢ — pllwrsga) = 0.

Proof. The proof of the first two statements can be found, e.g. in Folland [8,
Theorem 0.13]. The third statement is an immediate consequence of the first one.
O

For convenience, the Gaussian filter function with a scalar argument z is un-
derstood in the following to be

oy () o (-52).

4. Error estimates in the (L?(R?))%norm of the commutation er-
ror term

In this section, it is shown that the commutation error As(S(u,p)) belongs to
(LP(R%))4. We show that As(S(u,p)) vanishes as § — 0 if and only if the normal
stress is identically zero a.e. on 92. As noted earlier, this condition means the wall
have zero influence on the wall-bounded turbulent flow. Thus, it is not expected
to be satisfied in any interesting flow problem!

In view of Definition 2.1 and Lemma 2.1, it is necessary to study terms of the
form

/a gslx = s)(s)ds (12)

with 1 € L1(99), 1 < ¢ < oco. We will first show, that (12) belongs to LP(R%),1 <
p < oo.

Proposition 4.1. Let ¢ € L9(00Q), 1 < q < oo, then (12) belongs to LP(R?),1 <
p < 00.
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Proof. By the Cauchy-Schwarz inequality, one obtains with r ' +¢~1 =1, ¢ > 1,

1/r
< (/ gf;’(x—s)ds) 19| e a02)
o0

rd/2 1/r
6 67
= </an (m) exp <—§—Q||X - S|§) dS) %1 Laa62)-

As 2||x — s||2 > |Ix[|3 — 2]|s||2, it follows that

6 _ 2 _ 2 2 2
o (S ¢ o (g, I 201,

/ gs(x — s)Y(s)ds
Ele)

92 92

and

/ gs(x — 8)(s)ds
a0

6 \** 6rls|3 v 3)x13
< (55)  Woloeon ([ exo(*EE)as) e (<2E) iy

< 00,

since 0f) is compact and the exponential is a bounded function. This proves the
statement for L>(R?). The proof for p € [1,00) is obtained by raising both sides
of (13) to the power p, integrating on R? and using

3pl|x||3
/Rdexp (— 52 dx < 0.

If g =1, we have for 1 <p < o0

/ / g5(x — s)u(s)ds
R4 o0
_ /]R gE(d(x, 09))dx [[9]5 0, .

We choose a ball B(0,R) with radius R such that d(x,0Q) > |x||2/2 for all
x ¢ B(0, R). Then, the integral on R? is split into a sum of two integrals. The first
integral is computed on B(0, R). This is finite since the integrand is a continuous
function on B(0, R). The second integral on R?\ B(0, R) is also finite because

/ gﬁ(d(x,aﬂ))dxg/ p (@) i
R4\ B(0,R) .y 9

and the integrability of the Gaussian filter. This concludes the proof for p < oc.
For p = 0o, we have

/ g5(x — s)(s)ds
o0

P
dx</ sup g% (x — s)dx ||¢||¥
i oo 5 ( Jdx | HLl(aQ)

ess sup
x€R4

< esssupesssup g5(x — s)[[¢|[ 1 a0) < 95(0)[[¥]| 11 (a0) < oo O
xERd seoN
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In the next proposition, we study the behaviour of the L?(R%)-norm of (12) for
0 —0.

Proposition 4.2. Let v € LP(09), 1 < p < oo. A necessary and sufficient
condition for

lim

6—0 0’ ( )

/ gs(x — 8)(s)ds
a0

Lr(R%)

1 < p < o0, is that 1 vanishes almost everywhere on OS).

Proof. It is obvious that the condition is sufficient.
Let (14) hold. From Hélder’s inequality, we obtain for an arbitrary function

p € C5°(RY)
[ e ( | astx— sm(s)ds) dx

/ gs(x — s)Y(s)ds
a0

lim
5—0

< lim [|pf| Lara) =0 (15)

Lr(R?)
where p~1 4 ¢71
filter, we have

= 1. By Fubini’s theorem and the symmetry of the Gaussian

5—0

iy [ o0 ([ aste = sputsnas ) ax

=ty [ o) ([ astx - shotax ) ds= [ uis)tsyis
=0 Jan R a0

The last step is a consequence of Lemma 3.1 since ¢ € L>(R%) and ¢ is uniformly

continuous on the compact set 9Q. Thus, from (15) follows

0=/ t(s)p(s)ds

o0

for every ¢ € Cg°(R%). This is true if and only if 1(s) vanishes almost everywhere
on 0N2. g

We will now bound the LP(R%)-norm of (12) in terms of 6. The next lemma
proves a geometric property which is needed later.

Lemma 4.1. Let Q C R%, d = 2,3 be a bounded domain with Lipschitz boundary
0. Then there exists a constant C' > 0 such that

[{x € RYd(x,09) < y}| < Cly +y?) (16)

for every y > 0, where | - | denotes the measure in R.
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Proof. For simplicity, we present the proof for € being a simply connected domain.
The analysis can be extended to the case that 02 consists of a finite number of
non-connected parts.

F1G. 2. Mesh on 9 for d = 2

We will start with the case d = 2. We fix a point xg on J{2 and an orientation
of the boundary. Next, we construct x; such that the length of the curve between
xo and x; is y. Continuing this construction, we obtain a sequence (x;)o<;<n such
that for every 0 < i < N the length of curve between x; and x; 41 is y. The length
of the curve between xx and xg is less or equal than y, see Figure 2. The number
of intervals is N + 1 with N < |09]/y < N + 1. Obviously, we have

{x e RYd(x,00) <y} = |J B(x,y).
x€0Q
But for every x in 9§2, there exists an i such that x is on the part of the curve from

X; to X;41 or from Xy to xg. By the triangle inequality, this implies B(x,y) C

B(x;,2y). Thus

{x € RYd(x,00Q) <y} C U B(x;,2y),
0<i<N

from which

N
— 15)9]
o € RO, 00) <) = 3 (B 2] < (0 4 1) am?
=0

4m|0Qy + 4my?

follows.

In the case d = 3, 99 is a compact manifold. Then, for every x € 052, there
exists a neighborhood Uy C 02 such that its closure Uy is homeomorphic to
a closed square V, C R? through the homeomorphism ¢, : V, — Uy. The

homeomorphism is Lipschitz continuous with a constant L. We cover the manifold
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by
0= | Ux

x€00

and, because 0 is compact, we can choose a finite cover (Ux,)o<i<n which will
be fixed. Let the length of the sides of Vy, be equal to a;. We create a mesh

y/L

F1c. 3. Homeomorphic map to the square in, d=3

over on Vy, of cells of size y/L (or smaller). On this mesh, there are less than
(a;L/y+2)? vertices and we denote them by (z;)o<;<p, where P; < (a;L/y +2)?.
The order of the vertices is not important. Next, we consider z € Ux,. Then, we
find the closest vertex on the mesh to ¢~1(z) and denote it by z. It is easy to see
that y
=67 @)l < ¥

and the Lipschitz continuity of ¢ gives

16(zr) — zll2 < Ll|zi — ¢~ (2)|2 < y.
By the triangle inequality follows now

B(Z’y) C B(¢(Zk)52y)' (17)

Because z € Uy, was chosen arbitrary, for every z € Uy, there exists z; € Vy,
such that (17) holds. Combining (17) for Uy,, 0 <i < N, gives

{xeRdx,00) <y}c |J U Blelz),2y).

0<i<N 0<k<P;

By the sub-additivity and monotonicity of Lebesgue measure, we obtain

5 N P; - N az-L Qé 5
[{x € R%d(x,00) <y} < D> [B(d(zr),2y)| <> , T2) 3
=0 k=0 =0

< CW+vy)



12 A. Dunca, V. John and W. J. Layton JMFM

for an appropriately chosen positive constant C. Note, the quadratic term in y
can be absorbed into the linear term for y < 1 and into the cubic term for y > 1.
|

Proposition 4.3. Let Q be a bounded domain in R? with Lipschitz boundary 09,
Y € LP(OQ) for somep > 1 and p~* + ¢~ = 1. Then for every o € (0,1) and
k € (0,00) there exist constants C > 0 and € > 0 such that

J.

for every § € (0,¢) where C and € depend on o,k and |09

k (d—Da 7d)

dx < C(SH’“( a ||¢||]Zr(an) (18)

/ gs(x — 8)(s)ds
90

Proof. We fix an « € (0,1). From Holder’s inequality, we obtain

k/q
/ acs [ ([ dtx-sas)  ax oo
R4 R4 o2

Let B(x,6%) be the ball centered at x € R? and with radius 6%. Then, the term
containing the Gaussian filter function can be estimated by the triangle inequality

k

/ gs(x — 8)(s)ds
a0

gl(x —s)ds e dx < C(k) Bfx)dx + [ CF(x)dx (19)
R4 o0 R4 R4

where

1/q 1/q
By(x) = ( / gllx— s)ds) Cslx) = ( / gllx— s)ds>
OONB(x,6%) OO\ B(x,5%)

with the constant C(k) depending only on k. We estimate the terms in (19)
separately.
Using the monotonicity of the Gaussian filter, one can obtain the following
inequality
k(Sa : «
" gh(6%) i d(x,00) < 69,
Crlx) < C { gk (d(x, 00)) if d(x,09) > 6,

where C' = C(]09]). We refer to the function behind the brace as bounding
function, see Figure 4 for a sketch in a special situation.

Let C(t) = {(z,t)|d(z,00) < y,t = g¥(y), 6> <y < 0o} be the cross section of
the bounding function at the function value ¢ and A(t) = |C(¢)| the area of the
cross section. Then

gk (6)
CF(x)dx < C’/ A(t)dt.
R4 0

From Lemma 4.1, we know A(t) < C(y? +v), with C depending only on 2. Using
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NOo BN W

y -2 -2 X

Fi1c. 4. Bounding function of C(];“(x), d=2,00=B(0,1),§=01, =099, k=1, C =27

g¥(y) = t, changing variables and integrating by parts yield

a5 (5%) N R
/ At)dt < © / (v +y)dt = C / (v + ) 5 (o )1
0 0 [e'e)
o o
=C ((5d"‘ +6%)g5(6%) — d/ y gk (y)dy —/ 9§(y)dy> :

The integrals on the last line will be estimated using the change of variables y =
0/t and by monotonicity considerations of the arising integrand. For § sufficiently
small, one obtains

6k
k d(a—k) a—kd _
g Cs(x)dx < C ((5 +9 ) exp < —62(10‘)) ,

from what follows, since o < 1,

lim [ CF(x)dx = 0.
6—0 Rd

Now we will bound the second term in (19). The function B¥(x) can be esti-
mated from above in the following way

BE(x) < | 1997 B(x, 59)| 7 gk (d(x, 09)) if d(x,09) < 52,
=0 if d(x,09) > 6,

see Figure 5 for an illustration of the bounding function in a special situation. The
bounding function is discontinuous, having a jump from the value 0 to the value
Cgk(6%) at {x € R? | d(x,08) = §}.
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2

Fia. 5. Bounding function of B(x), d =2, 90 = B(0,1), 6 = 0.1, «=0.99, k=1, C = §*

Since 99 is smooth, we have [9Q N B(x, )| < C5(¢=D if § is small enough.

It follows
& (d=Dak
/ By (x)dx < C 0 g5(d(x,00))dx.
Rd {d(x,09)<éo}

We will estimate the integral by integrating over the cross sections of the function
in the integral. For the function values t, 0 <t < g¥(6%), all cross sections have
the same form. For function values t = g(’;(y), 0 < y < §% the cross section
is {x € R? | d(x,09Q) < y}. We denote the area of the cross sections by A(t).
Integration of the areas gives

95 (0)

95 (8%)
/ b (d(x,00))dx = / At)dt + / At)dt
{d(x,0Q)<5>} 0 gk ()
95 (0)
= Aghe b6 + [ A,

G
We will use now the estimate of the areas of the cross sections given in Lemma
4.1. If y is small enough, the term y? can be absorbed into the term g in this
estimate. Thus, if § is small enough, we have |{x € R? | d(x,09) < y}| < Cy,
0 <y < §“ We obtain, changing variables and applying integration by parts

95 (0) o, X o
/ A(t)dt < —C/ Y, 9o (y)dy =C —5“95(5")+/ g5 (y)dy | .
g 0 Y 0

5(62)

The last integral can be estimated further with the substitution y = Js

504
/0 g5 (y)dy < 5K, (20)
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with C' depending on k. Collecting estimates, using A(gs(6%)) < C3§%, which
results in the cancellation of the terms §%g¥(6%), we obtain

/ Bg(x)dx < C(glfkd+W.
Rd >

The estimate for Cs(x) converges exponentially for § — 0. Thus, for § suffi-
ciently small, the estimate of Bs(x) will dominate. This proves the proposition.
O

5. Error estimates in the (H~'(Q2))%norm of the commutation er-
ror term

The main result of this section is that the commutation error tends to zero in
H=YQ) as 6 — 0, see Proposition 5.1. The order of convergence is at least
0(51/ 2).

Lemma 5.1. There exists a constant C, which depends only on d, such that
[0 = ol e @ay < C6Y2 0]l g gy (21)
for any v € HY(R?) and any & > 0.

Proof. By using the definition of || - || 1/2(gay, We have
17 = vli7/2may = /Rd(l +[1x[13) (1 — g5 0] dx
B / (1 + [I[13)" /(1 — gs | [0]*dx
{lIxll2>m/6}

w [ B - g Ploax,
{lIxllz<m/6}

where ¥ denotes the Fourier transform of v and the Fourier transform of the Gaus-
sian filter is given by

35030 = exp (113 22

First, we prove a bound for the first integral. There exists a constant C' > 0,
which does not depend on § and v, such that (1+ ||x||3)~'/2 < C6 for ||x||z > 7/4.
From (22) follows the pointwise estimate |1 — gs(x)| < 1 for any x € R?. Thus,



16 A. Dunca, V. John and W. J. Layton JMFM

the first integral can be bounded by

/ (1 + [xI2) 211 — g5 PJol2dx
{lIxll2>n/d}

< / (14 x5 (1 + [1x]13) /2 [0]*dx
{lxll2>/5)

<Cs / (1+ [x[2)[01%dx. (23)
{lIxll2>=/d}

A Taylor series expansion of (22) at ||x||2 = 0 and for fixed § gives

. 6%[x|13
= ]_ e
9s(x) 24

such that we have the pointwise bound

+ 0|13,

1= 3s(x)I* < Cd|x]2

for any ||x||2 < 7/d where C does not depend on § or x. In addition, ||x|2 <
(1 + [|x][3)*/? and consequently the second integral can be bounded as follows

/ (1+ [xI2)2]1 — G [0l2dx
{lIxll2<7/d}

< ca/ (14 [x|2)Pdx. (24)
{lixll2<m/8}
Combining (23) and (24) gives

17 = 0ll21/ ey < €5 / 1+ [XIB)Edx = Collulm . O

Let H=1(Q) be the dual space of H}() equipped with the norm

v, W
||w||Hfl(sz)= sup 7< ) )
vEHL(Q) ||”HH1(Q)

where (-, -) denotes the dual pairing.

Proposition 5.1. Let 1) € L?(0)), then there exists a constant C' > 0 which
depends only on  such that

Proof. Let v € H (). Extending v by zero outside €2, applying Fubini’s theorem,
using that v vanishes on 012, applying the Cauchy—Schwarz inequality, the trace

< C51/2||¢||L2(69)
H-1(0)

/ gs(x — 8)Y(s)ds
90

for every § > 0.
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theorem and Lemma 5.1, give

/Q (/ag 9a(x = S)w(s)ds) v(x) dx = - Y(s)v(s)ds
= [ ¥(s)(v(s) —v(s))ds

o
< | = vlL200) 1Y 2 (002)

< Ol = vl g2 @)ll¥llz200)
< O 2|0l (@ 191l 200 -
Division by [[v]| g1 () and using the definition of the H~'(£2) norm gives the desired
result. ]
Let

H={ve HY(RY) : v|pq = 0}
and let the assumption of Proposition 5.1 be fulfilled. An inspection of the proof

shows that then also
(o [ ostx=syuisias)
< sup Ele)

< C3Y2||]| 22 (o0 -
H;tl(Rd) veEH ”v”Hl(Rd)

/ gs(x — 8)Y(s)ds
Ele)

6. Error estimates for a weak form of the commutation error term

In this section, we consider a weak form of the commutation error term, As(S(u, p)),
multiplied with a suitable test function 7(x) and integrated on R%. The following
proposition shows that this weak form converges to zero as J tends to zero for
fixed T(x). For d = 2, Corollary 6.1 and Remark 6.1 show that the convergence is
(at least) almost of order one if v is sufficiently smooth.

Lemma 6.1. Let v € H'(RY) such that vl € Hy(Q) N H*(Q) and v(x) = 0 if
x ¢ Q and let p € LP(02), 1 <p < oco. Then

iy [ 500 ([ astx— 9)u(s)as) ax =0,

6—0

where U(x) = (gs * v)(X).
Proof. By Fubini’s theorem and the symmetry of g5, we obtain

i [ 960 ([ antx—syutsyas) ax

5d—0

= lim | u(s) ( /R g5l - x)ﬁ(x)dx) ds.

6—0
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By a Sobolev imbedding theorem, we get v € L>®(Q) from what follows by the
construction of v that v € L>®(R?). Holder’s inequality for convolutions gives
7 € L>(R%). In addition, ¥ is uniformly continuous on the compact set 9. The
same holds for v since v € C°(Q) by a Sobolev imbedding theorem. Applying
twice Lemma 3.1 gives

iy [ o) ( / Qgé<x—s>¢<s>ds) ax= [ wls)uls)s =0,

6—0

since v vanishes on 0f2. O

With the result of Proposition 4.3, we want to study the order of convergence
with respect to § of the weak form of the commutation error term.

Proposition 6.1. Let v and ¥ be defined as in Lemma 6.1 and let the assumption
of Proposition 4.3 be fulfilled. Then, there exists an € > 0 such that for § € (0,¢)

[0 [ astx = sputs)as

where k € [1,00), 3€ (0,1) if d=2and B3=1/2if d=3,p ' +q 1 =1,p>1,
and C and € depend on o, k and |09)|.

k
dx < C§H+H(—d+ g 4pa

)k”"/]HIZP((‘BQ)HU”];I?(Q)’

Proof. Analogously to the begin of the proof of Proposition 4.3, one obtains

J.

< c) | [ Ieamseol ax+ [ aCs60l* ax| 191 o

k
dx

7(x) /Em gs(x — s)Y(s)ds

where Bjs(x) and Cs(x) are defined in the proof of Proposition 4.3. The terms on
the right hand side are treated separately.

In Proposition 4.3, it is proven that C¥ € L'(R?) for every k € (0,00). This
implies

(C3)" =57 = Cf e L'(RY),

since k' € (0,00). That means C¥ € LP(R?) for p € [1,00). From the bounding
function of C¥ it is obvious that C¥ € L>(R?), too. Using Holder’s inequality for
convolutions, see Adams [1, Theorem 4.30], and ||gs| 11 (ray = 1, it follows

191l Lo rey < g5l @aylv] Laray = 0] Lare)
where 1 < g < co. With the same argument, we get for gk > 1
")l Lo ray = ||7leqk(n§d) < Hvll’zqk(w)-

By the regularity assumptions on v, it follows v € C°(R?). This implies, together
with v = 0 outside ©, that v € LP(RY) for every 1 < p < oco. Consequently,
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|v]| Lk (ray < co. Applying Hélder’s inequality, we obtain

/Rd [0(%)Cs (%) |"dx < [[v]| o () |C5 ()| o se)-

For the second factor, we can use the bound obtained in the proof of Proposition
4.3, replacing k by kp. Thus if § is small enough, we obtain

_ _ o conl/ 6k
/Rd [5(x)Cs (%) Fdx < €67 (59 + 5°) " exp <52(1_Q)) [Vl Far@ay — (25)

for every test function v which satisfies the regularity assumptions stated in Lemma
6.1.

The estimate of the second term starts by noting that the domain of integration
can be restricted to a small neighbourhood of 92

v(x x)|Fdx = v(x x)|Fdx
| eoBstxax = [ 5(x) B3 30"

{d(x,0Q)<5}
. Hﬁ”’cx ) . / Bk(X)dx
L= (0D [ o s0y<sny

B o (d=Da
< HUHIZN({d(x,BQ)S(S”})(SlJr( GOk, (26)

where o € (0,1) and p~! + ¢! = 1. The last estimate is taken from the proof of
Proposition 4.3. It remains to estimate the norm of . By the triangle inequality,
we obtain

19l ({ax00) <501 < 10 = vl aoy<oet) + [0l qamomy<seyy- (27)
Since v € H%(Q), we have v € C%#(Q) with 8 € (0,1) if d = 2 and 3 = 1/2 if
d = 3. That means, there exists a constant C'y > 0 such that

lv(x) —v(y)| < Cul|lx — y||§ for all x,y € Q.

By the Sobolev imbedding theorem, this constant can be estimated by Cy <
C()|[v| g2(q)- We fix an arbitrary x € {d(x,09) < 6“} and we take y € JQ with
|x — yll2 = d(x,y). Since v vanishes on 9Q, we obtain |[v(x)||s < Crd(x,00Q)".
It follows

o/l (taeom<a0y) < CHd™”.
The first term on the right hand side of (27) is, using that the L'(R¢) norm of the
Gaussian filter is equal to one,

[ asx =960~ vy

[0 — v Lo (fa(x,00)<s2}) = €SS sup
xe{d(x,00)<s>}

Since v vanishes outside €2, it can be easily proven that

lv(x) — v(y)| < Crllx — ylls
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holds for all x,y € R?. We obtain, using the symmetry of the Gaussian filter,

[ s =300~ oy

< Cur [ astx=y)lx - yldy = Cur [ 95(62)6" 2]}
R R

CCud® [ exp(=6]alf) aldz.
R
The last integral is finite. Thus, we can conclude
[T — ’U”Loo({d(m,ag)gga}) < CCHéﬂ.

Since 6° decays faster for small § than 6°®, we obtain the estimate

1% (fao0) <soy) < Cr6™"

Combining this estimate with (26) and using the estimate for Cg, we get

(d—1) o

[ GBS < C5 T

This dominates estimate (25) for small §. Collecting terms, gives the final result.
]

An easy consequence of Proposition 6.1 is the following

Corollary 6.1. Let the assumptions of Proposition 6.1 be fulfilled. Then, the weak
form of the commutation error is bounded:

(d—1a

[ 69 [ astx = s)uls)as|ax < O8I o ol e (29
R

Remark 6.1. Let d = 2 and p < oo arbitrary large. Then ¢ is arbitrary close to
one. Choosing « and (3 also arbitrary close to one leads to the following power of
0 in (28)

1+(—2+(1—61)+(1—62))21—(€1+62)=1—63

for arbitrary small €1, €2,€5 > 0. In this case, the convergence is almost of first
order.

The result of Proposition 6.1 does not provide an order of convergence for
d = 3. Lemma 2.1 suggests choosing p = 4, i.e. ¢ =4/3. Then, the power of § in
(28) becomes 2(« — 1), which is negative for o < 1.
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7. The boundedness of the kinetic energy for u in some LES mod-
els

The space averaged Navier—Stokes equations
u;, —vAu+ V- (uul)+ Vp (29)
=f+ / g(x —s) [vVu(t,s)n(s) — p(t,s)n(s)] ds in (0,T) x R?
oQ

V-u=0 in (0,7 x R? (30)
U |—o = Tp in R? (31)

are not yet a closed system since the tensor uu? is a priori not related to T and
P. One central issue in LES is closure: modeling this tensor in terms of @ and p.

In this section, we will apply the results of Section 6 to show that the kinetic
energy of u is bounded for a number of LES models including the previously
omitted As(S(u,p)) commutation error term if § is sufficiently small.

7.1. The Smagorinsky model

We consider first one of the simplest LES model which goes back to Smagorinsky
[24]. This model is obtained by

uwu? ~au’ — C,6?||VU|| VU + terms absorbed into Vp,

where C,, > 0 and ||Val||r = (VU : Vi)!/2 is the Frobenius norm of V.

The existence and uniqueness of a weak solution of the Smagorinsky model
posed in a bounded domain, with homogeneous Dirichlet boundary conditions
and without the boundary integral in (29) has been proven by Ladyzhenskaya
[17, 18] and Du and Gunzburger [7].

The momentum equation of the Smagorinsky model has the form

- V- ((v+C,8%Vallp) Va) + V- (uu’) + Vp
= f—l—/ gs(x — s)(t,s)ds in (0,7) x R? (32)
o9

with ¢(t,s) = vVu(t,s)n(s) —p(t,s)n(s). We assume, there exists a solution (u, p)
of (32), (30), (31) Multiplying 32 by T and integrating on R¢ give
8 Iz ayya

— . 2 u u) - ua
= /Rdv (v + C,8| V) Va) - dx

+ [ V-@u")-udx+ [ Vp-udx
Rd Rd

= /Rdf -udx + /Rd u(t,x) - (/BQ gs(x — s)(t, s)ds) dx. (33)
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Next, the terms on the left hand side are studied. Using the definition of W, chang-
ing variables, noting that u vanishes outside 2 and applying Fubini’s theorem, we
obtain

Vp(x) - u(x)dx

. </ Vp(y +2)gs(z )dZ)d
(/pr—i—z ()d)dz

Jost2) (= [y + (7 Wiy + [ pls+ uts) nisas )

Il
p%\\\

since u is divergence free and vanishes on J€). With an index calculation, using
that @ is divergence free in R%, and applying the same arguments as for the pressure
term, one obtains

1
V-(@u') -udx=- [ V(u-u)- udx = 0.
Rd 2 Jpa

By applying the Fubini’s theorem in the same way as before, follows that
—/ V- ((v+C,0°||VU| ) V) - udx

/ (v + C, 82|V ) Vi) : Viidx
> 0.

The first term on the right hand side of (33) is estimated by the Cauchy—Schwarz
inequality and Young’s inequality

/ f-udx < [[f] ] BNz oy Iz ey
g < IEll 2o ey [l 2y < —5 I

‘We obtain

8 1ls2 (gaya
ot 2

[EIEce e IOEe gy -
< + + [/ ut,x)- gs(x — s)(t,s)ds | dx.
2 2 R4 o9
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Assuming f € L2(0,T; (L*(R9))?), so that Gronwall’s lemma can be applied, gives
W) 2, g
2

w07 r [0l
< exp(T) LD [V e — D (31)
0

+f " exp(T - 1) ([ ue0- ([ astx=spute.spas) ax) a.

Thus, the kinetic energy of u at time 7' is bounded by the kinetic energy of the
initial data, by the right hand side and by a third term, which vanishes as § — 0 by
Proposition 6.1. For d = 2, it follows from Remark 6.1, (5) and Young’s inequality

[E(T)1F12 g22
2

a|? T £(1)17
Ug
< exp(T)in ”(L;(Rz”z +/ exp(T—t)ill ()ll(;z(Rz”zdt (35)
0

T

with arbitrary ez > 0.

Remark 7.1. One obtains the same result for the deformation tensor formulation
of the momentum equation and a Smagorinsky model of the form

uu? ~uu’ — C,6%|D(W)||rD(W) + terms absorbed into V7.

7.2. The Taylor LES model

The second model which we will discuss is called variously gradient method of the
Taylor LES model developed by Leonard [19] and Clark et al. [4]. In the mixed
Taylor LES model, a Smagorinsky model for the turbulent fluctuations is included
in the model of the non-linear convective term given by

2
uu? ~au’l — C,6%| V|| pVa + %VﬁVﬁT.

The existence and uniqueness of a weak solution of the Taylor LES model in a
bounded domain, equipped with homogeneous Dirichlet boundary conditions and
without the boundary integral in (29) has been proven for C, large enough by
Coletti [5]. We study the energy balance of the Taylor LES model including the
term As(S(u,p)).

Inserting the Taylor LES model into (29), multiplying by @ and integrating
by parts, the non-linear convective term and the pressure term vanish as in the
Smagorinsky model. The bilinear viscous term is obviously non-negative. The
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non-linear viscous term is treated in connection with the third term in the Taylor
LES model. Using the same arguments as in the Smagorinsky model, one finds

2
/ V- (—Cy62||Vﬁ||FVﬁ+ 5—VﬁVﬁT) -adx
Rd 12
52
:/ C,,52||Vﬁ||FVﬁ:Vﬁ—E(VﬁVﬁT):Vﬁdx. (36)
R4

By norm equivalence in R? x R¢,

. i . ;
(ZI%‘F‘) < Al < €(d) <Z|aij|3> )

i=1 i=1

we get
/ C,8%||Va||pVa : Vadx
Rd
_ /]R C, 8 |Vl[dx > €02V -
The second term in (36) is estimated in a similar way. Using twice the Cauchy—
Schwarz inequality, one obtains

62 _ 6 62
/Rd E(VuvuT) : Vadx < /Rd E|\vu||§;olx < C’(d)EHVuH%g(Rd).

We get finally
52
—/ (—C,,52||Vu||FVu+ —VuVuT) : Vadx
Rd 12

_ 62
> C,6%|Vullis gay — C(d)EHVuHiS(Rd) >0
if C,, is sufficiently large.
Now, we can continue as for the Smagorinsky model and obtain also the esti-
mates (34) and (35) for the kinetic energy of u if C, is chosen large enough and

if § is sufficiently small.

7.3. The rational LES model

The rational LES model was proposed in [11]. Including the Smagorinsky model
for the effects of turbulent fluctuations, there are two variants of this model, one
of them has the form

2

— )
wu? ~uu’ - C,6%|Vul|pVa + 139 * (vava’).
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The existence and uniqueness of generalized solutions of the rational LES model in
the space periodic case for small data and small times has been proven by Berselli
et al. [3].

Proceeding as in the Taylor LES model, the only difference is the term

62
/ C,8%|Vull} — —=gs * (Vuva’) : Vudx.
Rd 12
The application of Fubini’s theorem and the symmetry of the Gaussian filter yield

/ gs * (Vaval) : Vadx = [ vaval : (gs * Va)dx.

Rd Rd

It follows with the same arguments as in the estimate for the Taylor LES model,
using in addition Holder’s inequality for convolutions,

/Rd gs * (VﬁVﬁT) :Vadx < /]Rd |Val||%|lgs * V|| pdx

IN

V|75 gayllgs * V|| L3 Ray

A

< IValsgay 95l o @y = VTl 75 gay-
This gives the estimate
52
/ C,8%||Vul|} — g5+ (Vava') : Vudx
Rd 12

52 _
> (Cu52 - C%C(d)ﬁ) IV gay > 0

if C), is large enough.

That means, also for the rational LES model, the kinetic energy of u can be
estimated in form (34) and (35) if C,, is chosen sufficiently large and § sufficiently
small.
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