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Chapter 1

Introduction

1.1 Motivation

The incompressible Stokes equations are a fundamental model in fluid me-
chanics, describing the motion of viscous fluids in the absence of external
forces. They consist of the conservation of mass equation and the momen-
tum equation and play an essential role in understanding a wide range of
fluid flows. However, the numerical solution to these equations is challeng-
ing. One aspect is that pairs of velocity and pressure finite element spaces
that lead to well-posed problems lead simultaneously to solutions that violate
the conservation of mass.

The grad-div stabilization method is an effective approach to address this
issue, as it reduces the divergence of velocity and enhances the mass con-
servation properties, resulting in a more accurate numerical solution. This
method is typically applied in the Taylor-Hood finite element space, which
consists of continuous piecewise polynomial functions for velocity and pres-
sure. The effectiveness of this method is highly dependent on the choice of
stabilization parameter. Furthermore, the value of viscosity also has an im-
pact on the numerical solution.

In this thesis, we investigate the application of grad-div stabilization to the
incompressible Stokes equations, with a focus on its impact on the accuracy
and mass conservation properties of the numerical solutions. We provide er-
ror estimates for different grad-div stabilization methods in the Taylor-Hood
finite element space, to compare their performance. Additionally, we analyze
the effect of the different factors on the numerical solutions.



1.2 Structure

This thesis is organized as follows:

Chapter 2 begins with a physical derivation of the incompressible Navier-
Stokes equations and their non-dimensionalization for numerical anal-
ysis. The Stokes equations are also introduced.

Chapter 3 starts with the weak formulation of the Stokes equations,
followed by the inf-sup condition and the construction of finite element
spaces. A detailed explanation of the Galerkin finite element method
and standard error analysis is also provided. Then, an example of the
inf-sup stable pairs on finite element spaces, specifically the Taylor-
Hood elements, is given which will be used as the basis for the numerical
experiments in later chapters.

Chapter 4 introduces two grad-div stabilization methods, namely the
standard and sparse methods, with a summary of the properties of the
sparse method. The impact of these methods on the accuracy of the
finite element solution and the convergence properties of the Taylor-
Hood finite element space is analyzed.

Chapter 5 presents the results of several numerical experiments con-
ducted on 2D and 3D examples. The experiments focus on three main
aspects: the performance of different grad-div stabilization methods,
the impact of varying degrees of the Taylor-Hood spaces, and the influ-
ence of different values of viscosity. Furthermore, the efficiency of two
grad-div stabilization methods is compared in a 3D example.

Chapter 6 concludes with a discussion of the main findings and poten-
tial future research directions.



Chapter 2

Incompressible Navier-Stokes
Equations and their Finite
Element Discretization

2.1 Derivation of Navier-Stokes Equations

Fluid mechanics has numerous applications in fields such as environmental
science, marine engineering, and atmospheric science. The Navier-Stokes
equations, which were introduced in the 19th century, are dynamic conserva-
tion equations used to describe viscous incompressible fluids. The equations
can be derived from the fundamental principles of conservation of mass and
momentum.

2.1.1 The Conservation of Mass

Remark 2.1.1 (The conservation of mass) Consider a control volume
Q) < RYd = 2,3, with a sufficiently smooth surface 9, the flow velocity
vector is v(t,x) and density is p(¢,x). According to the conservation of
mass, it states that the change of mass in time plus the flow of mass through
the boundary equals 0,

0
— pdﬂ+f pv -ndS =0, (2.1.1)
ot Jg o0

where n is the outward pointing unit normal on S € 0f).

Since all functions and 02 are assumed to be sufficiently smooth, we can
apply the divergence theorem to transform a surface integral into a volume
integral. The divergence theorem states that:



JQ V- (pv)d§) = J pv - ndS. (2.1.2)

o0
So the final differential form can be written as
J (Gtp+ V- (pv))dQ = 0. (2.1.3)
Q

Since the choice of € is arbitrary, then (2.1.3) becomes
owp + V- (pv) = 0. (2.1.4)

This equation (2.1.4) is the differential form of the conservation of mass, also
known as the continuity equation for fluids. D

Remark 2.1.2 (Incompressible, Homogeneous Fluids) Assuming that
the fluid is incompressible and homogeneous, meaning that its density re-
mains constant and is represented as py > 0, it can be observed by expand-
ing the divergence operator in equation (2.1.4) that the velocity divergence
is zero as follows

Vv = (0,01 + 0yva + 0,v3)(t, &) =0, (2.1.5)

where v = (v1,v9,v3). On the other hand, the divergence of velocity is 0, if
the fluid is incompressible and homogeneous. =

Remark 2.1.3 (Time-Dependent Domain) Let F(x,t) be some field
variable defined as a function of space and time, () be a time-dependent
control volume that encloses some finite region in space at each instant
of time, the time-dependent surface of the control volume is S, then the
Reynolds transport theorem has the form

d
— FdQ = J O FdQ) + J Fov - ndS. (2.1.6)
dt Jog Q) (1)

Let ' = p, where p is the density of the fluid. The conservation of mass and
the divergence theorem gives

d
L o f (upd + V - (pv)) 2. (2.1.7)
Q) Q@)

dt
The left-hand side of the equation is the rate of change of the total mass
inside the control volume. If there is no source of mass within the control
volume, the left-hand side of the equation must equal zero. Since the choice
of the control volume is arbitrary, the kernel of the right-hand side of the
equation must therefore equal to zero at every point in the flow. Thus the

continuity equation in the absence of mass sources has the same form as
(2.1.4). o



2.1.2 The Conservation of Momentum

Remark 2.1.4 (Conservation of Momentum) Newton’s second law states
the rate of a change of momentum = force = mass x acceleration.

By the conservation of momentum, it reformulates as
0
— J podS) + J (pv)(v-m)dS = | TdS + f fod€2, (2.1.8)
ot Jo o o Q

where f, is the body force, o is the symmetric Cauchy stress tensor, and T is
the stress vector, T' = n - 0, depending on the outward pointing unit normal
vector m. Applying Reynolds’ transport theorem and divergence theorem,
then

f P00 + (v V)wdS) — f V. 0dQ + f £, (2.1.9)
Q Q Q
Since () is arbitrary, we have
p(0v+ (v-V)v) =V -0+ f. (2.1.10)
O

Remark 2.1.5 (Decomposition of the Cauchy Stress Tensor) The
Cauchy stress tensor can be decomposed into the isotropic part and anisotropic
part:

o=—-PI+r, (2.1.11)

where trace(7) = 0, the pressure is defined as P. The parameter 7 usually
depends on the rate of strains and the spatial derivative of velocity. In the
case of a Newtonian fluid,

7= (Vo + Vol), (2.1.12)
where p is the viscosity, then (2.1.10) is reduced to
p(ov + (v-V)v) = =VP + pAv + fp. (2.1.13)

Assume the parameters p and p are positive constants, the Navier-Stokes
equations are

P
ov—vAv+ (v-V)jv+V— = ﬁ,
p P (2.1.14)
V-v=0,
where v = u/p is the kinematic viscosity of the fluid. o

7



2.1.3 Dimensionless Equations

Dimensionless quantities make it easier to define scales in some cases, such
as Navier-Stokes equations, which allow us to derive physical meaning more
easily. In addition, they are well suited for numerical simulations, see [1].

Remark 2.1.6 (The Navier—Stokes Equations in Dimensionless Form)
With length scale L, time scale T' and velocity scale U, the dimensionless
variables are introduce as following

/ v r t r_ €z
V=1 t' = 7 =7 (2.1.15)
The Navier-Stokes equations (2.1.14) become
L 2v 1 L
— 0w — —Av'+ (v -V)v'+ —=VP=—
T T gpeY VY o Picke (2.1.16)
Vv =0.
Define the Strouhal number and Reynolds number
—— = Strouhal numer = 5%,
ULTU (2.1.17)
—— = Reynolds number = Re,
v
and introduce pressure and body force scales as
P L
= — = ——f. 2.1.18

For simplicity of notation, the variables are renamed again. With 2’ = =z,
t' =t, v = u, one gets the dimensionless Navier-Stokes equations

1
Stou — —Au+ (u-V)u+ Vp = f,

Re (2.1.19)
V-u=0.

In order to simplify (2.1.19) again, one chooses the characteristic time scale
T = L/U and v = Re™!, then gets

ou—vAu+ (u-V)u+ Vp = f,

2.1.20
V-u=0. ( )



2.1.4 Special Cases for Incompressible Flow

Remark 2.1.7 (Steady-State Navier-Stokes Equation) The flow of a
fluid is steady if its velocity and pressure are independent of the time at
every point in the flow field. Hence one can skip the time derivative to get
the steady-state Navier-Stokes equations as follows

—vAu+ (u-V)u+ Vp = f,

2.1.21
V-u=0. ( )

O

Remark 2.1.8 (Stokes Equation) The Stokes equations describe the flow
of a viscous and incompressible fluid at small Reynolds numbers, which can
be obtained by neglecting the nonlinear convection term in (2.1.21). The full
Stokes equations take the form as

—vAu + Vp = f,

2.1.22
V-u=0. ( )

[m]

Remark 2.1.9 (Oseen Equation) As a model problem for linearized Navier-
Stokes equations, the most general form of the Oseen equation is written as

—vAu+ (b-V)u+ Vp+cu = f,

2.1.23
V-u=0, ( )

where ¢ > 0 and b is a known convection field. o

2.2 Galerkin Discretization with Inf-Sup Sta-
ble Pairs of Finite Element Spaces

In the previous section, we derived the Navier-Stokes equations, however, due
to the nonlinear terms it contains, the equations are difficult to solve exactly,
except under specific conditions. In practical situations, simplification of the
equations can be achieved by neglecting certain terms. For instance, when
the Reynolds number is small, the inertial forces in the equations can be
considered negligible in comparison to the viscous forces, thus reducing the
equations to the Stokes equations. The study of the numerical solutions
of the Stokes equations not only offers insight into certain aspects of fluid



dynamics, but also serves as a foundation for further research on the Navier-
Stokes equations, see [2].

To approximate the numerical solutions of the Stokes equations, the Galerkin
finite element method can be employed to discretize the variables of the
weak formulation using standard finite element spaces. In this section, we
first derive the weak formulation of the Stokes equations, and subsequently
apply this formulation to obtain the so-called inf-sup condition, which is
utilized to analyze the well-posedness of the Stokes problem. Furthermore,
we demonstrate the discrete inf-sup condition within finite element spaces,
and derive standard error estimates for the analysis. Finally, a typical family
of inf-sup stable finite element spaces is presented.

2.2.1 Weak Formulation and Inf-Sup Condition

Remark 2.2.1 (The Stokes Equations in Weak Form) Consider the
Stokes equations with homogenous Dirichlet boundary conditions

—vAu+Vp=f in €
V.u=0 in £, (2.2.1)
u=0 on 09,

where wu is the velocity field of an incompressible fluid motion, p is the asso-
ciated pressure. It is obvious that all the solutions to the Stokes equations
(2.2.1) should fulfill uw € C?(Q) n C(Q) and p € C*(£2). However, the pres-
sure is not unique since only the pressure gradient enters the equation, not
the absolute value of p. Hence, the pressure solution is only unique up to
a constant. One can fix this by demanding SQ pdx = 0, define the pressure
space consisting of functions with zero mean value on ).

Multiplying a test function v € H}(2)? and ¢ € LZ(Q) in (2.2.1), integrating
over €2, and using integration by parts, we obtain the corresponding weak
formulation of the Stokes equations: Find a (u,p) € V x @ in a Lipschitz
domain with the polyhedral boundary 2 < R?, for all (v,q) € V x @ such
that

(vVu,Vv) — (p,V -v) = F(v),

Vg =0 (2.2.2)

where the operator F : H1(Q)? — R, F(v) = (f,v) = {,f v, and V =
HI ()Y Q = L3(Q). Since it requires Vu € L?(Q2), the velocity w should
satisfy the Dirichlet boundary condition, and the pressure p has to be unique.
The setting for the Stokes equations is:

10



e Space:
V = H}(Q)* with norm vy = | Vv||2q),
Q= LiN) = {q ‘g€ LQ(Q),J qdr = O} with norm |gq| 120,
Q

V' = H ! is the dual space of V,
Q' = @ is the dual spcae of Q.

e Bilinear forms :

a(,):VxV >R b-,-):VxQ—R,

a(u,v) = f v(Vu : Vv)de ,with norm |al = sup a(v, w) 7
Q v,weV,v,w#0 HvHvaHQ
b
b(v,q) = —J (V - v)qde, with norm |b]| = sup _(U’Q) _
@ vev,geQua-0 [V[v]afe

e Operators :
Aec(v, V), Aec(v. v,
defined by (Au, vy, = (u, A/U>V7V/ = a(u,v) = v(Vu, Vuv).
BeL(V,Q), B eL(@V),
defined by (Bv, q)q o = (v, qu>v,v’ = b(v,q) = (V-v,q).

Two continuous bilinear form a(-,-) and b(-, -) mentioned above are bounded,
a(u,v) < Cillullv[lvllv, (2.2.3)

b(v,q) < Cfvlviiale, (2.2.4)

for all u,v € V and q € Q.
Using the bilinear form, the weak formulation (2.2.2) can be written as

(v),

Il
T

a(u,v) + b(v,p)

(s, q) (2.2.5)

0.

With the introduced operators, the weak formulation (2.2.2) also has an
equivalent form as follows:

Au + B'p = f,

2.2.6
Bu = 0. ( )

11



Remark 2.2.2 In order to investigate whether there is a unique solution
(u, p) to the Stokes equations (2.2.1), we first restrict ourselves to a divergence-
free velocity space to consider the velocity w and then prove that there exists
a corresponding pressure p satisfying the Stokes equations (2.2.1). =

Lemma 2.2.1 Let ® be an linear operator, from V' x @ onto V' x (),
®(v,q) = (Av + B'q, Bv).
Thus, (2.2.6) is called well-posedness if ® is an isomorphism. o

Remark 2.2.3 (Divergence-Free Space) For incompressible flow prob-
lems, the mass conservation property is described by

f V-ugdr =0, VYqge L3(Q), (2.2.7)
Q

in the weak formulation. Hence, V-« = 0 holds on Q in L? sense. Then, the
space of vector fields in L?*(2) where the divergence also belongs to L?*({),
is defined as

H(div,Q) = {ve L*(Q): V- -ve L*Q)}.

A particular space of divergence-free functions is defined by

Hyivo ={ve H(div,Q): V-v=0and v-n =0 on 052
in the sense of traces}.

The function ¢ € L, () is called the weak divergence of v € LP(Q) such
that

J Yodr = —f Vo -vdx, Yo e CF(Q).
Q Q

Then, the vector field v € LP(Q) is called weakly divergence-free if

J Vo - vdr =0, Yo e CL ().
Q

Using the above operator, the space of weakly divergence-free functions is
defined as follows, Vv € H}(Q)?,

Vi = {b(v,q) = 0,Yq e L3(Q)},
= {Bv =0} = Ker(B),

where the Ker(B) is the kernel of operator B .
The orthogonal complement of V¥ in HJ(2)? is denoted as

Vil . — fwe H}(Q), a(v, w) = 0,Yv e V), (2.2.8)

]

12



Lemma 2.2.2 V%" is a linear, closed subspace of V, it is also a Hilbert
space.

Proof: By the definition of V% _ it is a subset of V.
Since 0 € V¥4 Vdv + 5 Consider any two vectors v, w € V¥ and any
two scalars a, f € R, then the linear combination

blav + fw) = —J V- (av + fw)qdx
0

=—a L(v - v)qdr — BL(V -w)qdz (2.2.9)

= ab(v,q) + pb(w,q) = 0,

also belongs to the space V%?. Thus, the space V%" is linear.

Let {v,}*_, be an arbitrary Cauchy sequence with v,, € V4. Since V is
complete, there exists a v € V, such that lim, ,, v, = v. To show the
closeness of V4" one has to show that v € V¥, By the continuity of the
bilinear form b(-,-), we have

b(v,q) = b(lim vy, ) = lim b(vp, g) = 0. (2.2.10)

n—aoo

Hence, v € V4,
As a linear, closed subspace of a Hilbert space is a Hilbert space itself, thus,
Vdiv is a Hilbert space. [

Theorem 2.2.1 (Lax-Milgram Theorem) For a bilinear form a(-,-) on
V x V, if it satisfies

1) Continuity: a(uw,v) < g||lullv||v]v, B € R,
2) Coercivity :  a(u,u) = aofju|?, a > 0,
then for any f € V', there exists a unique u € V' such that
a(u,v) = (f,v), (2.2.11)

and
1
lellv < Z ISl (2.2.12)

Proof: Applying the Riesz Representation Theorem, the existence and unique-
ness of u € V satisfying (2.2.11) can be proved in [3] on pages 315 and 316.
For (2.2.12), we have

allulli < au,u) = (f,wy <[ flvlullv,

which completes the proof of the Lax-Milgram Theorem.

13



Remark 2.2.4 For (2.2.5), we remove the pressure term and consider only
the velocity u € V%, For a given f € H~(Q), find u € V" such that

a(u,v) = (f,v), Vv e V¥, (2.2.13)

Since V¥ is a Hilbert space with the inner product, the bilinear form a(-, )
is bounded and coercive which fulfills the conditions in the Lax-Milgram
theorem. Thus, there exists a unique solution to (2.2.13). The remaining
question about the well-posedness of (2.2.5) is whether there exists a unique
p such that (u,p) is a solution to (2.2.5) when u € V¥ solving (2.2.13)
exists.

Assume u € V% is the solution to (2.2.13), the first equation of (2.2.5) can
be written as

b(v,p) = —a(u,v) + F(v), YvelV. (2.2.14)
Problem (2.2.14) also has the following form,
b(v,p) = F(v), YveV, (2.2.15)

where F'(v) = 0, for all v € V4%,

The Lax-Milgram theorem cannot be applied to prove the existence problem
of the solution to this equation, because the bilinear form b(-, -) is not coer-
cive. Therefore, we introduce the equivalent condition to solve this problem,
namely the inf-sup condition. O

Definition 2.2.1 (Inf-Sup Condition) Consider the bilinear form b(,-) :
V x @ — R, if there exists a constant 5 > 0 such that

inf  sup —b('v, 9

> (>0, (2.2.16)
q€Q\{0} veV\{0} ||U||V||Q||Q

then this is the so-called inf-sup condition. O

Remark 2.2.5 The equation (2.2.16) can be written as that for all ¢ € Q

b(v, q
Blllo < sup 2249
veV\{0} ||UHV

this inequality relates to the coercivity condition (2.2.4),

a(u,u) a(v,u)
allully < sup ———= < _
ueV\{0} ||U||V veV\{0} HUHV

The inf-sup condition (2.2.16) can be regarded as a new coercivity condition
for (2.2.14).

14



Lemma 2.2.3 The following properties are equivalent:

(i) There exist a constant > 0 such that

inf  sup bv. 9)

— > > 0. (2.2.17)
q€Q\{0} veV\{0} ||UHV||Q||Q

(ii) The operator B’ is an isomorphism from Q onto V' and
I1B'qllv: = Bllallq, YaeQ (2.2.18)
where V' := {ge V', {g,v)yry = 0, Vv € VI"}.
(iii) The operator B is an isomorphism from V%1 onto @’ and

|Bv|g = Bllvlly, Yve Vit (2.2.19)

Proof: See [4] on pages 58 and 59. |
Definition 2.2.2 Define a linear continuous operator I € L(V’, (V%)) by:
<Hf, U>V’,V = <f, U>V’,V7 Vf S V/, Vv e de. (2220)

This operator IIf restrict f from V' onto (V4*)’. With this operator, we
complete the conditions for satisfying the well-posedness of the Stokes prob-
lem (2.2.6). o

Theorem 2.2.2 (Well-posedness of the Stokes Problem (2.2.6)) Prob-
lem (2.2.6) is well-posed (i.e., the operator ® is isomorphism) if and only if
the following conditions hold:

(1) the operator IIA is an isomorphism from V to V’,
(2) the bilinear form b(-, -) satisfies the inf-sup condition (2.2.16).
Proof: See [4], page 59. |

Corollary 2.2.1 Assume that the bilinear form b(-, -) is V-elliptic, i.e., there
exists a constant a > 0 such that

a(v,v) > alfoll?.

Then, the problem (2.2.6) is well-posed if and only if the bilinear form b(-, -)
satisfies the inf-sup condition (2.2.16).

Proof: See [4], page 61. |

15



2.2.2 Finite Element Space and the Discrete Inf-Sup
Condition

The uniqueness and existence of solutions to the Stokes equations were proved
in the previous section. The next step is to find approximate solutions since
the function spaces V' and () are in infinite dimensions, making numerical
computation intractable. Then, a better-suited finite element space will be
introduced.

Remark 2.2.6 (Finite Element) A finite element can be defined as a triple
{K,P, N} which consists of

e K is a bounded closed set of R" with nonempty interior and piecewise
smooth boundary.

e P is the finite-dimensional space that consists of polynomials defined
on K.

o N = {Ny, Ny, ..., N} is the set of nodal variables which forms the basis
for the space P’.

]

Definition 2.2.3 (Unisolvence) The space P is called unisolvent with re-
spect to functionals A if for each a = (ay,..,a;) € R¥, there is exact one
p € P such that

]

Definition 2.2.4 (Local Nodal Basis) By the meaning of unisolvence,
there exists a set of {¢y}¥_, such that

Ni(¢;) = dij, (2.2.22)
which is called local nodal basis. o

Definition 2.2.5 (Triangulation) Let 7, be a triangulation of Q. The
domain is subdivided into a finite number of subsets K in such a way that:

° ﬁzUKeﬁLK‘

e Each K € T, is a closed polyhedron and K is nonempty.

e For any two elements K7, K5 we have either K| = K5 or [%1 = I%Q = .

16



o If e = K1 n Ky # J, then e is either a common face, edge, or vertex
of K1 and KQ.

e For every K € T, the boundary 0K is Lipschitz continuous.

O

Definition 2.2.6 (Finite Element Space, Global Basis) In order to
uniquely determine a finite element space, continuity requirements between
mesh cells must be specified as follows: the function v defined on finite
element space §2 with v |ge P for all K € 7T, is called continuous with
respect to the functional N; e N : Q — R if

Ni(v |K1) = NZ(U |K2)7 VKl,KQ € wy, (2223)

where w; is the union of all mesh cells Kj, for which there is a p € P(K;)
with N;(p) # 0.
The space

S ={veL?(Q):v|ge P and v is continuous with respect to N;,7 =1, ..., k},

is called the finite element space.
The global basis {¢;}¥_, of S is defined by the condition

qbi € S, N]<¢z) = 51]', Z,j = ]., ,]{3

In each cell, a global basis function coincides with a local basis function,
which implies the uniqueness of the global basis function.

The continuity of the finite element functions is not always guaranteed by
the continuity of the global functionals {N;}%_ |, as it is determined by the
definition of the functionals defining the finite element space. o

Remark 2.2.7 (Piecewise Polynomial Spaces) Let Pg be the set of all
polynomials whose degree is less than or equal to k& with variables x1, ..., x4.
Then, for any p € Pk is defined as following:

p(T1, T2y .y ) = anx‘;“lng...;cgd, a; + ... +ag <k, (2.2.24)

where o = (a4, ..., g). Thus the number of different terms is the same as the
number of choosing k elements from the set {1, z1,...,x + d} with repetition

allowed. Thus g
dimP;, = < _/: ) (2.2.25)

The functional variables N, € N that uniquely determine the function in the
space P are called the degrees of freedom, and we often use ) ;- to denote
the set of the degrees of freedom. =
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Definition 2.2.7 (The Finite Element Discretization of the Stokes
Equations) Finite element methods for solving the Stokes equation can
be viewed as a specific application of the Galerkin method. This involves
choosing subspaces V;, < V and @, < @ based on a triangulation 7, of
the domain 2, and considering the variational problem (2.2.5) in a finite-
dimensional setting. Specifically, the goal is to find (wp,pr) € Vi x @ such
that for all (v, qn) € Vi, X Qp:

ap(up, vp) + by (pr, vi) = F(vn),

2.2.26
br(wn, qn) = 0, ( )

with bilinear forms:

ay . Vh X Vh —> R, ah(uh,vh) = Z V(Vuh,V'vh)K,
KeTy,

by, : Vi x Qn — R, by(vn, qn) = — 2 (Von, qn) k-

KeTy,

O

Remark 2.2.8 Regarding the existence and uniqueness of solutions to the
Stokes problem, Theorem 2.2.2 and Corollary 2.2.1 state that the variational
problem (2.2.5) needs to satisfy the requirement that bilinear form a(-,-) is
coercive and b(-, ) fulfills the inf-sup condition (2.2.16). Similarly, the same
conditions should be satisfied for the discrete problem (2.2.26). Since the
subspace V;, < V and Q) < @, the bilinear form by(-,-) is identical to the
bilinaer form b(-, -). o

Theorem 2.2.3 (The Discrete Inf-Sup Condition) The discrete inf-sup
condition for the finite element approximation is defined as follows:

b
inf sup (Uh; Qh)

_ AR _ 550, (2.2.27)
ane@i\ 0} vrevin (0} [|ORlvi llanllQ,

]

Remark 2.2.9 If the bilinear form ay(-,-) is Vj-elliptic, and the bilinear
form by, (-, -) satisfies the discrete inf-sup condition (2.2.27), the finite element
Stokes equations (2.2.26) has a unique solution. o
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2.2.3 Galerkin Finite Element Method and Standard
Error Analysis

Remark 2.2.10 (Galerkin Discretization of the Stokes Problem) Con-
sider a finite-dimensional subspace V}, and @, let

Vi, = span{¢; }77,

4, N o\ o\ Y
= span 0 v oy V) 0 ,
0 j=1 0 j=1 ?; j=1

be the basis of the vector-valued velocity space. Each basis function has
non-zero coefficients in more than one component.

Let {¢}M, be the basis of the pressure finite element spaces Q. Hence,
dim (V) = 3N,dim(Qp) = M. Then, for any function w, € V), and p, € @y,
there is a unique representation:

3N
up = Z o;P;,

j=1

- (2.2.28)
pr = Bt

k=1

Then, taking them to the finite-dimensional variational problem (2.2.26) to
get

3N M
a(@is di)oy + O (@i i) B = (fu i), i =1,2,...3N,
"~ o (2.2.29)
(e, i)y =0, i— 1,2, M.

It reveals that the Galerkin method transforms the problem of solving partial
) . . . . 3N M
differential equations into finding the coefficient vector {a;},_, and {8},_,

so that the (2.2.29) is satisfied.
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By introducing

Ap = (ay)nxn with ag; = a(;, ¢5) = . v(Ve,, Ve,)k,

KeTy,

By, = (bij) mxn With by := b(;, i) = — Z (Vo;, Vii)k,
KeTy,
(fi=fi= D, (fu0) feRY,
KeTy,
(w); = aj, ue RN, (p)p = B, pe RY,

the coefficient vector can be obtained by solving the following linear system
of block matrix form as follows

EDO-6 e

O

Remark 2.2.11 The previous section shows ay(-,-) is coercive and by(-,-)
satisfies the discrete inf-sup condition, thereby proving the existence and
uniqueness of solutions for the discrete Stokes equation. D

Definition 2.2.8 The A, block represents the contributions of velocity with
the momentum equations’ test functions. They have interactions of V¢, with
V¢, only if © = j. Thus, the A, is a block-diagonal matrix. Moreover, the
non-zero components of Vg, with V¢, have the same value. Hence, the
matrix A; has the structure

Ay 0 0
A= 0 Ay o0 | (2.2.31)
0 0 Ap

[m]

Lemma 2.2.4 (Properties of the Matrix A;) A is symmetric and pos-
itive definite.

Proof: From the definition of A, it is easy to prove the symmetry.
In order to prove the positive definiteness, one can choose an arbitrary vy, €
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Vi, with v, # 0 which is defined as v, = Z‘;’fl vjp; with v, € R*™\ {0}, then

of Ay, = Z vivi > v(Ve;, Ve)k

i,5=1 KeTy,
3N
= > w( > Ve, Z vV, K
KeTy, i,5=1 1,j=1
= Z l/(V’Uh,V’Uh)
KeTy,
= a(vh,'vh)
= |lwnll¥;, > 0.

Lemma 2.2.5 (Properties of the Matrix Bj,) The discrete inf-sup condi-
tion (2.2.27) implies that the matrix By, has full rank and dim(V},) = dim(Qy,).

Proof: The matrix B;, € RM>*3Y ig defined as

(Bn)ij = b(¢;, 1)

From the discrete inf-sup condition (2.2.27), it follows that for every ), €
Qn,¥n # 0, there exists ¢, € V3, such that b(¢,,,¥y,) # 0. Thus for every y €
RM,Q # 0, there exists z € R*" such that gTBhg # 0, and also &TB}:CQ # 0.
This means that all columns of B]" and all rows of By, are independent. A
necessary condition for this is M < 3N. |

Remark 2.2.12 Lemmas 2.2.4 and 2.2.5 guarantee the solvability of the
linear equation system described in (2.2.30). The application of the Galerkin
finite element method to solve the Stokes equations is complicated by the
coupling of pressure and velocity spaces. Lemma 2.2.5 provides guidance
on suitable choices for finite element spaces, based on the discrete inf-sup
condition, indicating that the velocity space V}, should be larger than the
pressure space Q.

To analyze the errors in the velocity and pressure solutions of the Stokes
equations, a discrete divergence-free space can be introduced. =

Remark 2.2.13 (Discrete Divergence-Free Space) In the discrete prob-
lem, with the finite element spaces V}, and @), for velocity and pressure re-
spectively, one obtains the variational equation

J V- ’U,hqhdﬂi = 0, th € Qh, (2232)
Q
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where the discrete velocity solution u, € V), such uy is called discretely
divergence-free. The space V@ of discretely divergence-free functions is de-
fined as follows:

Vi = {v, e Vi, b(vn,qn) =0, Yan € Qul, (2.2.33)

which is the kernel of Bj,. The operator Bj, maps from V}, to )5, such that
(Brvn, qn) = b(vp, qn). Usually this does not imply V - u;, = 0 in Q due to
Qn # L2(Q). It means a discrete divergence-free function may not be exactly
divergence-free, i.e., V,% ¢ Vv  This will lead to the violation of mass
conservation which we have to be aware of in finite element discretization. o

Theorem 2.2.4 (Error Estimate for the Gradient of Velocity) Let
(u,p) be the unique solution of the Stokes equation (2.2.5). This problem is
discretized to (2.2.26) using the inf-sup stable finite element space Vj, x Qp, <
V x Q, with the velocity solution represented by uj, € V,%°. Then, the
following error estimate holds

||V(u - uh)HLQ(Q) <2 inf ||V(u — ’Uh)HLZ(Q) + v~ inf ||p — qhHLQ(Q).

v eV an€Qn

(2.2.34)

Proof: Firstly, one needs to choose a proper test function to formulate weak
equations. With the property in Remark 2.2.13, the discretely divergence-
free functions from V;% € V can be used in both original (2.2.5) and discrete
(2.2.26) problem, then subtract one from the other to obtain

a(u — wy, vy) + b(vy,p) =0, Yo, € VA, (2.2.35)

due to the discretely divergence free b(vy, py) = 0. Moreover, the pressure
term cannot be removed from the equation since V;%* ¢ V4. Then, add the
term b(vy, qn) to the left-hand side of the equation, and the error estimate is
reduced to

a(u — up,vp) + b(vn,p — qn) = 0, Yo, € V2, (2.2.36)
For arbitrary v, € V,%, the error is decomposed into
u—up = (u—vp) = (up —vp) :=1— @,

Since ¢, € V%, it can be used as a test function that takes the place of vy,.
Thus, by taking the error decomposition and using the test function v, = ¢,
in (2.2.36), one obtains

V||v¢h||%2(ﬂ) =v(Vn,Vé,) — (V- du,p — an). (2.2.37)
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Using the Cauchy-Schwarz inequality to the first term and the second term
on the right-hand side, yields

V||V¢h||2L2(Q) < vVl Vonll2 e (2.2.38)
+ IV dull2ll(p — an)ll 22 @) -

Applying the divergence estimate ||V -, r2(q) < [|V@y | 12() by the gradient
of functions from H{}(€), see [5], then (2.2.37) is divided by v||¢||12@) # 0
which leads to

IVbull2) < 1Vl + v (0 — an)llz2@)- (2.2.39)
This estimate trivially holds if ||V, ||12(q) = 0. With the triangle inequality
of the gradient of the error decomposition, it gives
1V =)z < [Vl + [Vnll 220
<2Vl + v (0 — @)l 2 e)-
The resulting estimate in terms of the best approximation errors is obtained

in (2.2.34). |

Remark 2.2.14 The error estimate (2.2.34) shows that the velocity error
|V (w — up)| r2() is bounded by the best approximation error of pressure,
which is scaled with the inverse of the viscosity. The error estimate would
be large if the viscosity is small. o

Corollary 2.2.2 (Error Estimate for the Divergence of Velocity)
From (2.2.34), one obtains
IV -unll2@ <2 inf [[V(w—wp)ll2 + v inf [Ip— agull2)-

vy eV v an€Qn

(2.2.40)

Proof: Combining with the V - w4 = 0 and the divergence estimate by the
gradient, gives

IV w2 = V- (w0 = un)l20) < [[V(w = wn)lr2()-
Thus the estimate in (2.2.40) is obtained. |

Theorem 2.2.5 (Error Estimate of Pressure) The finite element error
estimate for the Ly norm of the pressure is

2v
— inf V-(u—v 200y
Br weiinl * (% Ol

2 .
I+ — inf |lp — qullL2(0)-

1P — prllz2@) <
(2.2.41)

Br ) a€Qn\{0}
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Proof: Choosing the test function (vy,qn) € Vi x Qp, one gets the following
with the triangle inequality

Il = prllz) < |l — anllz2@) + [lpn — anll 2@ (2.2.42)

By subtracting the first equations in each of Stokes equations (2.2.5) and
discrete problem (2.2.26), one finds the relation

G,(’U, — UWp, ’Uh> = b(vh,p — ph). (2243)
With the inf-sup condition and the Cauchy-Schwarz inequality, one gets

||ph - Qh||L2(Q)

1 b(vn, ph — qn)
<— sup ———r——-—>
Bh wpevinioy [VUnllrzq)
1 b(vn, pr — p) + b(Vh, P — qn)
= — sup
B vpeV,\{0} vah||L2(ﬂ)
1 a(u — up, vy) + b(Vh, p — qn)
= — sup
Bh v,evi\{0} ||thHL2(Q)
< V||V (u = w2 IVl 2 + [[Vorll 2@ llp — anlli2@
Bh wpevy\{0} INCAIFESS:
1
<3 IV (w = w2 + lp = anll 2 (@) -
Inserting the error estimate (2.2.34) and plugging it into (2.2.42), we obtain
the resulting error estimate for the L, norm of the pressure (2.2.41). |

Theorem 2.2.6 (Error Estimate for the Velocity in L?(Q)) To obtain
the optimal error estimate for velocity in L?((2), we introduce the dual Stokes

equations. For given f € fﬂ(ﬂ), find (¢3,8;3) € V x @ such that

—vA$; — V& =F inQ, (2.2.44)
V- ¢;=0 inQ. (2.2.45)

Then the following error estimate for the velocity holds

iz < (1960 = wliz + 7 inf I~ aulio
ar€Qn

1 l - ‘
sup  ——— | inf [[V(d;— @)llr2@ + Inf [|€; _Th||L2(Q)]'
gerz@o I Fllzaey Lenevie” 7 reQn >t
Proof: See [5], Theorem 4.28. -
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2.2.4 The Inf-Sup Stable Pairs of the Finite Element
Spaces

The Taylor-Hood pairs which have been introduced firstly in [6] are a popular
choice for solving incompressible fluid problems, as they have been proven to
satisfy the discrete inf-sup condition (2.2.27) in two and three dimensions,
see Theorems 8.1 and 8.2 of [7].

Definition 2.2.9 (The Family of Taylor-Hood Finite Element Spaces)
Given a triangulation 7;, of the domain Q € R?, d = 2,3. The family of Tay-
lor-Hood finite element spaces on triangular grids is given by Py/Ps_1, the
k-th piecewise continuous polynomial spaces for the velocity space, and the
(k — 1)-th continuous piecewise polynomial spaces for the pressure space,
which consist of

Pe(Tn) = {vn € C(Q) s vy ke P, VK € Trf, (2.2.46)
Pei(T) = {an € C(Q) : qn ke Pt , VK € Ty § (2.2.47)
where k > 2. o

Remark 2.2.15 (Error Estimates for Taylor-Hood Pairs of Finite
Element Spaces) Consider the discrete Stokes equation (2.2.26) with Taylor-

Hood pairs of Finite Element Spaces, assume the unique solution (u,p) of
(2.2.5) lies in H™(Q2) x H™1(Q), then the following errors hold

IV (u— wn)llzzy < OB (lullenoy + v plme) . (2.2.48)
IV - up|2i0) < OB (Jullgrsio) + v 1||p||Hk ) (2.2.49)
lw — wn| 2 <Chk+1(HUHH'€+1(Q)+V HPHH'@(Q)), (2.2.50)
I = palzz) < CR* (vlull oy + plliece)) - (2.2.51)

with a constant C' depends on the inverse of constant 3, in the discrete
inf-sup condition (2.2.27).

Remark 2.2.16 The error estimates (2.2.48), (2.2.49), and (2.2.50) reveal
that when the viscosity is small, the error estimate for velocity will become
large, while the error estimate for pressure will be small, as shown in (2.2.51).
The pressure terms in the velocity error estimates arise due to the fact that
the discrete finite element space is not weakly divergence-free, i.e., V;% ¢
V4 which means that the conservation of mass cannot be guaranteed. This
leads to a pressure-dependent consistency error that affects the computed
velocity and is known as the lack of pressure-robustness, as discussed in [8].
To address this issue, we introduce the grad-div stabilization method, which
is applied to the Taylor-Hood finite element method. In the next chapter, we
will present a discretization that improves the mass conservation property. o
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Chapter 3

Grad-Div Stabilizations for the
Stokes Problem

3.1 Standard Grad-Div Stabilization

In fluid mechanics, the mass conservation is a fundamental law. A numerical
algorithm used to solve fluid problems should satisfy this property in order to
obtain physically accurate results. Therefore, in this chapter, we investigate
the use of the grad-div stabilization method which is known to improve the
mass conservation property of the numerical solution.

In recent decades, the grad-div stabilization method has been extensively re-
searched in theoretical and computational aspects, see [9], [10] and [11]. This
simple and practical technique was first proposed for the incompressible flow
in [12], and it adds a stabilization term YVV - u to the momentum equation,
which does not affect the solution of the continuum problem since the stabi-
lization term is zero. Utilizing the Galerkin finite element method mentioned
in the last chapter, the term v(V - up,, V - uy,) is obtained by replacing the
infinite-dimensional space with the finite-dimensional space through integra-
tion by parts in the weak formulation. For most of the common choices of
finite element pairs like Taylor-Hood, V - u;, # 0, thus the grad-div stabiliza-
tion term is not zero in the finite element discretization. It can influence the
discrete solution, which in turn improves the mass conservation in the finite
element method, and also further increases the accuracy of the approximate
solution of the Stokes equations by reducing the effect of pressure on the
velocity error, see [10] and [13].

Definition 3.1.1 (The Grad-Div Stabilization ) The weak formulation
of the Stokes equations (2.2.2) is extended with the grad-div stabilization
term. Then, the stabilized finite element discretization is represented as
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follows: for fixed v > 0, find the solution (wp, ps) € Vi x Qp, for all (vp, qp) €
Vi x @y, such that

v(Vup, Vo) +9(V -up, Vo) — (Vo pn) = (F,01),
(3.1.1)
(v " Up, Qh) = 0.

Here, v is the stabilization parameter. O
Remark 3.1.1 Let
an(up, vy) = v(Vuy, Vo) + (V- up, V - vy,), (3.1.2)

on the left-hand side of the (3.1.1), the first term is positive definite, and
the second term is semi-positive definite. Thus, the bilinear form a(-,-) is
coercive. The existence and uniqueness of the solution of (3.1.1) could be
proved in a similar way as Corollary 2.2.1. =

Remark 3.1.2 (The linear system of the Stokes Problem) Assembling
the discretized equations

an(up, vp) + by(pn, vi) = F(vn),

3.1.3
bh<uh7qh> = Oa ( )

which results in a linear system of the form like (2.2.30),
Ay B (w\ _ (f
(s 0) ()= () 614

Ah = (&ij)NxN with

(@) == ald;. ¢,) = > v(Vo, Vo) + > (V- $;,V ¢k,

KeTy, KeTy,

where

where 4,7 = 1,.., 3N, and the stabilization parameters are {yx} with yx > 0.
Applying the grad-div stabilization, the matrix A;, has the following form

§ An 00 Ay Ay A
Ay = 0 An 0 |+ {121 {122 {123 ) (3.1.5)
0 0 An Ay Ay Ass

where the matrix entries are
(Akl)zy = ’Y(alqﬁja ak¢z)7 kal = ]-7 o 7d7 7’7] = ]-7 o 73N

The symmetry of the off-diagonal blocks of A, follows directly from the
symmetry of the grad-div term. The grad-div term affects only the velocity-
velocity coupling, and thus using this term will make Aj, block-full. =
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Lemma 3.1.1 (Stability of the Solution) The solution of the Stokes
equation with the grad-div stabilization (3.1.1) exists uniquely and satisfies

v[|Vunll7z) + 29IV - wnllfe) < v I F 7 (3.1.6)
Proof: Choosing the test function v, = u;, in (3.1.1) ylelds
IVl Bagay + Y -y = (F ). (317)
On the right-hand side of the equation, using Cauchy-Schwarz and Young’s
inequality, one obtains

vl v
VI ey + A - wley < o F s+ SVl (318

Eliminating the same term and multiplying both sides by 2, the final result
is proved. |

Remark 3.1.3 The Lemma 3.1.1 indicates that the grad-div stabilization
with the parameter v can effectively control the divergence error. =

Definition 3.1.2 (Optimal Approximation Property of a Sequence
of Divergence-free Subspaces) Consider a sequence of triangulations {7}

with characteristic mesh size h and the corresponding space Vo := {v), €
Vi, V - vy, = 0}. If for all the solenoidal v;, € V,, n H**1(Q),
inf ||V('U — vh)HLQ(Q) < Oy Inf ||V(’U — ’Uh)||Hk+1(Q), (319)
vrRe€Vho vREV)

where the constant Cy;, is independent of &, then the sequence of spaces V}, o
is said to possess optimal approximation properties.

Remark 3.1.4 Whether the sequence possesses the optimal approximation
property influenced by the pair of inf-sup stable finite element spaces and
the triangulation of the domain, which is not expected to exist in the general
case. However, there are special cases such as Taylor-Hood pair of spaces
P./P;_; with k > d on barycentric-refined simplicial grids in [14].

]

Theorem 3.1.1 (Error Estimate for the Velocity in Standard Grad-
Div Stabilization) Let (up,pn) € Vi x @ be the discrete approximation
solution to the Stokes equation (2.2.1) with grad-div stabilization. The finite
element error in the L? norm of the velocity gradient and the divergence is

IV (2w — )20 +—||V (u — un)|72() <

. 4 .
it (419000 + I (= o)l ) + o int o=l

eV an€Qn

(3.1.10)
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Proof: Consider w —uy, = (w —vy,) + (v, —up) =1+ ¢, for all v, € Vv,
one obtains the following equation by subtracting discrete equations (3.1.1)
from the original (2.2.5),

v(Vao,, Vo, +v(V - ¢,V -vy) =—v(Vn,Vou,) —v(V -1,V vy)
+ (V : 'Uh,]?)-
(3.1.11)

Since (V - vy, qn) = 0,Yg, € Qp, this term can be added in the right-hand
side of the equation (3.1.11). Choosing v;, = ¢,,, then (3.1.11) becomes

V||V¢h||L2 "‘VHV ¢h||L2 =—v(Vn,Vo,) —v(V -1,V - ¢,)

(3.1.12)
+ (V-0 —qn).
Applying the Cauchy-Schwarz and Young’s inequality (p = ¢ = 3), one
obtains
IV + |V - <v ||V +7|V -
IV@ulliz) + IV - Dulliz) < IVAlL@ + IV Ay o g

+2[|p — QhHL2(Q)||V : ¢hHL2(Q)

The right-hand side of the equation can be estimated by the Peter-Paul
inequality, then

_ g
2|lp — qh||L2(Q)||v : ¢’h||L2(Q) < 2y 1||p - QhH%?(Q) + §||V : ¢h||%2(ﬂ)
(3.1.14)

which results

o
||V¢>hHL2 +—”V ¢h”L2(Q) ||V77H%2(Q)+;HV‘WH%%Q)
5 ) (3.1.15)

+_1/ inf |lp — aullz2(0

an€Qn

By the triangle inequality and Young’s inequality (p = ¢ = 1), one gets

g
IV (= w20y + 5 IV - (@ = wn) 720y <

_ A (3.1.16)
inf <4||V77HL2(Q) +— ||V 77||L2(Q)> +— inf [[p— (Ih||L2
vpeVIw VY qrneQn
which gives the final error estimate, for all v, € V4. |
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Remark 3.1.5 If the grad-div stabilization finite element method with the
Taylor-Hood pairs possesses the optimal approximation property. By stan-
dard approximation theory in [15], we have that

vy 1
190 = w0) o+ 2219 = wn) gy <C* (Rl + L1
(3.1.17)

The error estimate (3.1.17) suggests that the choice of the parameter v can
influence the error bound. A larger value of v can be chosen without increas-
ing the error bound. Moreover, as the value of v increases, the impact of the
pressure term on the error can be reduced to some extent. =

Theorem 3.1.2 (Error Estimate for the Pressure) Let (uy, p) € Vi, xQp,
be the discrete approximation solution of the Stokes equation (2.2.1) with
grad-div stabilization and assume the inf-sup constant 0 < 5 < O(1). For
vy, in the discretely divergence-free space V; 5, the pressure error is bounded

by
N\ /2
lp = pallz2() < C(B7) { (1 + (—) ) inf |lp — qnllr2(0
8 an€Qn
+ inf (1/ + (u7)1/2> IV (w — o) |22 (3.1.18)
'UhEVO,h
(@0 49) 19 - o)z}
Proof: See [11]. .

Remark 3.1.6 The paper [11] analyzes the optimal choices of the grad-div
stabilization parameters based on (3.1.11) and (3.1.18). By possessing opti-
mal properties, one can see to what extent the violation of the conservation
of mass is reduced using the grad-div stabilization method.

Overall, the grad-div stabilization method reduces the impact of the inverse
of the viscosity and pressure on the error bound compared to Galerkin dis-
crete methods. However, it does not entirely eliminate this effect. Too large
values of the stabilization parameter can lead to over-stabilizing the problem,
resulting in increased computational time in solving the corresponding linear
algebraic system. O
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3.2 Sparse Grad-Div Stabilization

Although the standard grad-div stabilization is considered effective in im-
proving the mass conservation of the finite element method, the fully coupled
block matrices (i.e., block-full) produced by it increase the coupling in the
linear system. And the matrix arising from the stabilization terms is singular,
which leads to a linear algebraic system that is more difficult to solve in [16].
In order to increase the sparsity of the matrix and reduce the coupling of
the velocity coefficient matrix generated by the stabilization terms, a sparse
grad-div stabilization method is proposed, see [17] and [18]. This new diver-
gence operator, which has a similar positive effect on the error as standard
grad-div stabilization, penalizing the lack of mass conservation, reduces the
effect of the pressure error on the velocity error. It can improve the efficiency
of the solution compared to the standard grad-div operator since the matrix
is sparse.

Definition 3.2.1 Let Q € R% d = 2 or 3 be a bounded domain, and
u,v € H'(Q). The sparse grad-div stabilization (i.e., divergence penaliza-
tion) operator ¢ is defined by

ggd(u,'v) = j (Ulmle + UQyUQy + 2UQy'le), (321)
Q

g3d<u7 ’U) - JQ(ulmvlm Uy B0, (3'2'2)

-+ 2’UJ2y’UlI + 2U3Z7}1I + U3Z’l)2y + UQyng).

There is no interaction between the u; and vy functions in (3.2.1), which
means the resulting matrix is upper triangular. In (3.2.2), the u; function
has no interaction with vy or vz, which reveals the 2,1 and 3,1 blocks are
empty of the formed 3 x 3 block matrix. This is different from the standard
grad-div operator

grad-div(u,v) = J (w1, + ug, + us,)(v1, +va, + v3,), (3.2.3)
Q
which gives the full block matrix. O

Lemma 3.2.1 Define the L*(Q2) inner product (u,v) := {,uvdz. The op-
erator g has the following properties which imply the positive impact it has
on the incompressible flow simulation:
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1. The operator g can be written as

g2d(w,v) = (V-u,V-v) — (u1,,va,) + (ug,,v1,), (3.2.4)

ga(u,v) = (V-u,V-v) = (u,,vy,) + (ug,,v1,)

— (u1,,v3.) + (us,, v1,). (825)
2. The operator g satisfied
g(u,u) = ||V - ul? (3.2.6)
in 2d and 3d.
3. If V-u =0, then in 2d or 3d
g(u,v) = —(uy,, V- v). (3.2.7)

Proof: Using the definition (3.2.1) of sparse grad-div stabilization, combing
the L2(2) inner product, one can easily get the (3.2.4) and (3.2.5). For
(3.2.6), let w = v, the result is trivially obtained.

For (3.2.7) in 2d form, since V - u = 0, let u;, = —uy,, we have

g2a(w,v) = (V- u,V - v) = (uy,,v2,) + (uz,, v1,)
= _(u1z7 U2y) + (_u1z7 vlz)

= —(ulx,V . ’U).

To prove (3.2.7) in 3d form, we use a similar way as in the 2d form. Let
Uy, = —uz, — U3, We get

x

gza(u,v) = (V-u, V- v) = (u1,,v2,) + (uz,,v1,) — (w1,,v3.) + (us., v1,)
= —(u1,,v2,) + (ug,,v1,) — (u1,,vs,) + (us,,v1,)
= (ug, +us.,v1,) — (u1,,v2,) — (u1,,v3.)
= (_Ulw le) - <u1ac7 v2y) - <u1w7 ng)

Thus, Lemma 3.2.1 is now completely proved. |

Remark 3.2.1 From Lemma 3.2.1, the results suggest that the sum of grad-
div stabilization and the gradient of u;_ in the weak formulation interprets

32



the operator g in another way. For divergence-free u and v € H}(£2), it holds
that

—V(V-u),v)+ (Vuy,,v) = (V-u,V-v) - (u,,V-v) = g(u,v). (3.2.8)

In this case, the gradient terms can be added to the true pressure to create a
modified pressure P = p + yuy, that has no impact on the velocity solution.
The most common use is the Bernoulli pressure Ppernous = p + |u/|?/2 when
computing with rotation form of the Navier-Stokes equations, see [19]. o

Remark 3.2.2 By analysing (3.2.8), the gradient term of u;, could be re-
place by the uy, in 2d, uy, or us, in 3d as follows by defining

ggd(u,v) = J (ulﬁvlw + UQyUQy + 2u1wvgy), (329)
Q

ggd(u, ’U) = JQ(Ulzvlz + UQyUQy + Uz, V3, (321())
+ 2U11U2y + 2U3z1)2y + ng'l)lx + Ulzﬂgz),

or

g3a(u,v) = fg(ulmvlz + Ug, Vg, + U3, V3, (3.2.11)
+ 2uy,v3, + 2up, v, + Uz, V1, + U1, V2, )

The (3.2.9), (3.2.10) and (3.2.11) also have the same properties in Lemma
3.2.1:

1. The operator can be written as

g2d(w,v) = (V-u,V-v) — (uy,,v1,) + (u1,,v2,),

g3d(u,v) = (V- -u,V-v) - (Uzyavlm) - (Uzy,U?,z)
+ (u1,,v2,) + (us,, va,),

or

g3d(u7v) = (V u, V- U) - (u3z7vlz) - <u3z7v2y)

+ (Ulz,’l)g,z) + (Ugy,vgz).
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2. The operator g satisfied
g(u,u) = ||V - ul? (3.2.12)
in 2d and 3d.
3. If V-u =0, then in 2d or 3d
g(u,v) = —(uy,, V- v), (3.2.13)
or
g(u,v) = —(us,, V- v) (3.2.14)
in 3d.

The proof is similar to that of Lemma 3.2.1. The empty blocks will also
appear in the velocity matrix but in different locations. In the solution of
practical problems, it is expected to get a better-modified pressure by adding
the smallest term of u,,, uy,, and ug, in [20]. O

Remark 3.2.3 As the matrix in (3.1.5), in order to represent the sparse
grad-div matrix Ay, we write the discrete divergence operator in its three
components X7 = (X, XTI XT) e RV*3N corresponding to the derivatives
in the three spatial directions. For a given non-singular matrix M € RV*V,
the matrix A, has the following form:

Ay 0 0 XoM7IXT 2xX,M—LXT 2X MLxT
Ay=10 Ay 0 |++ 0 XoM7IXT X,M—1XT
0 0 Ay 0 XsM7IXT  XsM—'XT

In this way, the standard grad-div matrix A, can be written as

 [Au 00
Ah = 0 All 0 +’7XM71XT.
0 0 Ap

O

Definition 3.2.2 (The Stokes Equation with Sparse Grad-Div Op-
erator g) For the fixed stabilization parameter v > 0, the weak formulation
of the Stokes equations (2.2.2) with the sparse grad-div operator is given by:
find the solution (wy,pr) € Vi, x Qp, for all (v, qn) € Vi, x @y such that

v(Vuy, Vo) +yg(un, vn) — (V- vn,pr) = (f, 1), (3.2.15)
(V-up,qn) = 0. (3.2.16)
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It needs to be noted that the pressure py, in (3.2.15) is not the approximation
to the Stokes equation, since a modified pressure p+~yuy, is created, and this
modified pressure converges optimally to the true Stokes pressure.

Theorem 3.2.1 (Error Estimate for the Velocity in Sparse Grad-
Div Stabilization) Let (wp,pn) € Vi x @ be the discrete approximation
solution of the Stokes equation (2.2.1) with sparse grad-div stabilization, the
L? norm of the velocity gradient and the divergence is bounded by
IV (= ) 20y + 2NV - (= ) g < 2t Jlp— vy, a2
v an€Qn
2

. 2y by

'thV};iw
(3.2.17)

O

Proof: The proof is similar to Theorem 3.1.1, let u —u;, = (u — vy,) + (v, —
uy) =: M + ¢, where vy, € V4.

Add the sparse operator vg(u,v;) to both sides of the variational form of
the Stokes equations (2.2.2). Since V-u = 0, using the property (3.2.7) from
Lemma 3.2.1, one gets

V(V’U,, vvh) + /Y.g(ua ’Uh) - (v ’ ’Uhap)
= (f,vn) = (u1,, V- vp).
By subtracting (3.2.15) from (3.2.18), one obtains

(3.2.18)

v(V(u —uyp), Vo) +v9((uw —up),vy) = (V- vp,p—yuy,).  (3.2.19)

Using the decomposition of w —wuy, and choosing v, = ¢;,, So we modify our
error equation as

vIVelZz) + YV - dpllie = —v(Vn, V)
—79(n, @) + (V- @, p — Yur, — an), Yan € Qn.
We will take the absolute value of the right-hand side of (3.2.20) and treat
each term separately.
Then, for the first and third terms on the right-hand side of the equation

(3.2.20), using Cauchy-Schwarz inequality and Young’s inequality, the esti-
mates are obtained as follows

v(Vn, V)| < v||IVn|l2@ol|Véul L2
1%
< vIVnllZzq) + Z||V¢h||2L2(Q),

(3.2.20)

(3.2.21)
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|<v ’ ¢h7p - Yui, — Qh>| < ||V : Qbh”L?(Q)Hp — YU, — QhHLQ(Q)
y 1
< §||V : d)h”%Q(Q) + %HP — Yu1, — C]h||%2(m-
(3.2.22)

To bound the g function on the right-hand side of (3.2.20), we also use the
properties of the g operator from Lemma 3.2.1, to get

v
79(n, dn)| < ’Y||V77||L2(Q)||V¢h||L2(Q) < ZHV‘%H%%Q)
2 (3.2.23)
+ 7HV77H%2(Q),
and combining this estimate with (3.2.21) and (3.2.22), then it gives
g 29°
V6l + 21Vl < (24 25 ) 19l
1

+— inf [|p —yur, — @l 22(q)-
YV qreQn ol

(3.2.24)

By the triangle inequality and Young’s inequality (p = ¢ = 1), one gets
g
|V (u— Uh)”%mz) + ;HV (u— Uh)”%m))
2y 2y
< 2[[Vnllia + 20Venl7aq) + 7||V N7z + 7||V - Dull 720
(3.2.25)
Plug the estimate (3.2.24) into (3.2.25), it gives the final result
\VA 2 7 v 2 < (6 4* vnl2
IV(u —wun) 720 + ;H (u—up)[72q) < |6+ el V072
2’)/ 2 2 . 2
+ —||V- + — inf ||p— — .
IV mllzaq) o q;thHp Yur, = qull120)
(3.2.26)
|

Remark 3.2.4 Let (u,p) be the solution of (2.2.5), and the discrete Stokes
equation (2.2.26) is solved by the grad-div stabilization method with Taylor-
Hood pairs. If Vo has optimal approximation properties, we have that

gl
IV (e = wn)llz2g@) + IV - (w = wn) 72

3.2.27)
gl 1 (
< Ch* ((1 + ;) uli,, + V_’V’p - ’YU1z|i> :
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Proof: The proof closely resembles that of Theorem 3.2.1 until reaching equa-
tion (3.2.20). Then, we take the vj, € V},, since V -1 = 0, for the operator
g, it gives

~
vg(n,vn)| = |v(m,, V- ép,)| < Z”V : ¢h||%2(ﬂ) + 27HV7)‘|%Q(Q)' (3.2.28)
The first and third terms on the right-hand side of (3.2.20) are bounded as

v(Vn, V)| < vVl Vol L2

<l + VB, PP
and
(V- bnp —yur, —an)| < IV - @yl llp — u1, — anll2@)

<219 Bullsey + o= in. — i, (3230

Combining these with (3.2.28), the final estimate is

IV (u — uh)”%Z(Q) + gHV (u— uh)H%%Q) < <4 + 8%) anH%?(Q)
| 2 (3.2.31)
+ ZHP —yur, — @ullz2 o)

Then, one applies standard approximation theory to get (3.2.27). |

Remark 3.2.5 It is commonly observed that the sparse grad-div stabiliza-
tion parameter reduces the impact of pressure on the velocity error, especially
for scenarios where pressures are large and complex relative to velocities, and
viscosities are small. Additionally, a value of v = O(1) is often considered a,
suitable choice in terms of error scaling with respect to v in [21]. o

Remark 3.2.6 The standard and sparse grad-div stabilizations have been
introduced in the projection method for solving the Navier-Stokes equations,
as studied in [17]. Error estimates for the velocity field in the unstabilized,
standard grad-div stabilized, and sparse grad-div stabilized projection meth-
ods have been derived. These estimates demonstrate that either of the sta-
bilized methods can significantly reduce the error, as the divergence term
contributes a significant portion to the total error, which is supported by
numerical evidence. In addition, both stabilized methods reduce the diver-
gence error and yield more accurate solutions than the unstabilized method,
thereby improving the conservation of mass to some extent. To delve deeper

37



into these two stabilized methods, let the stabilization parameter v be set as
1, and the Bicgstab method is used to solve the linear systems with differ-
ent preconditions (Jacobi, Gauss-Seidel, and approximate block Gauss-Seidel
with varying levels of accuracy). According to the numerical results, the
sparse grad-div stabilization reveals a slight improvement over the standard
grad-div method in terms of the number of iterations required to converge,
as well as a reduction in the average iteration time of approximately 20%
due to the sparser matrix structure. O
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Chapter 4

Numerical Studies

This section focuses on presenting the numerical results obtained from a set
of 2D and 3D examples with known solutions. The aim is to compare the
performance of the proposed stabilized methods, including standard grad-
div stabilization and sparse grad-div stabilization, against the unstabilized
method. Error estimates are also supported for the various methods. Addi-
tionally, the impact of the grad-div stabilization parameter on the velocity
divergence error is analyzed. The section proceeds by exploring the char-
acteristics of different Taylor-Hood finite element spaces with the standard
grad-div method, and the influence of different values of viscosity v on the
numerical solutions of the 2D example. Finally, the efficiency of the two grad-
div stabilization methods is compared through computations performed on a
3D example with analytical solutions. The simulations were performed with
the code MooNMD [22].

4.1 2D Example

The two-dimensional problem we consider is a steady-state example with the
exact solution as Example D.3 in [5] on the unit square domain Q = (0,1)
with homogeneous Dirichlet boundary conditions u = 0 on 0€2. The velocity
field is defined using the stream function

¢ = 10002°(1 — 2)*y*(1 — y)*,

and given by
we () = () = oo (o e 2e) - e
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The velocity is divergence-free which can be verified by the Theorem of
Schwarz as follows

V-u=70d,u + é’yu2 = ggy¢ - aym¢ = aﬂcy¢ - azvy¢ = 0.

Based on the boundary conditions, the pressure must be in L3(2). In this
case, the pressure was chosen as

(4.1.2)

1
p = 7 (zy’cos(2ma?y) — 2?ysin(2nzy)) + 3

4.1.1 Error Comparision of Different Grad-Div Stabi-
lization Methods

The approximations for the prescribed solution (4.1.1) and (4.1.2) are com-
puted for v = 1, using the unstabilized method (i.e., v = 0), standard
grad-div stabilization (i.e., v = 1) and sparse grad-div stabilization method
(i.e., v = 1, based on wuy,) in the finite element spaces P,/P; of Taylor-Hood
pair. Due to the necessity of the modified pressure in the sparse grad-div
stabilization method, we will restrict our attention to velocity errors.
Figure 4.1 shows that all velocity errors have the orders of convergence as
predicted in the numerical analysis. While no significant difference exists
among the velocity errors obtained by using different methods in general,
some variations on the coarse levels are noticeable in Figure 4.1c. Then,
the different stabilization parameters are chosen to compare the divergence
velocity error using P,/P; Taylor-Hood pairs in different methods in Figure
4.2. Tt is evident that, with large parameters, both two stabilization methods
show good performance in minimizing the divergence error of velocity, which
improves the issue of mass conservation on coarse grids. However, as the
mesh is refined, this effect weakens gradually.

Since the simulation results are so close, the standard grad-div stabilization
with parameter v = 1 is elected to show the magnitude of the velocity ap-
proximation on level 5 for the 2D example in Figure 4.3. As can be seen,
the velocity field is essentially composed of one large vortex, and it is exactly
zero at the boundary.

4.1.2 Comparison of Different Degrees of the Taylor-
Hood Spaces

In this section, we use two different Taylor-Hood finite element spaces, namely
P3/P, and P,/P;, on successively refined irregular triangular meshes from
Figure 4.4 to approximate the solution of the 2D example given by equations
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Figure 4.1: The L*-norm of velocity error (a), the gradient velocity error (b),
and the divergence velocity error (c) on different levels for the 2D problem
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Figure 4.3: 2D example. Grid (left) and velocity (right) were solved by the
standard grad-div stabilization method on level 5

42



(4.1.1) and (4.1.2) with v = 1.
Table 4.1 summarizes the comparison of the degrees of freedom, the velocity
error in the L? norm, and the convergence order between the two different
finite element spaces. It is apparent from the table that the P;/P» space
exhibits higher numerical accuracy and convergence order than the P»/P;
space. However, the former requires more degrees of freedom than the latter.
Therefore, solving large-scale problems using P3/Ps space will demand more
computational resources and time.

Figure 4.4: Initial irregular grid

Table 4.1: Degrees of freedom (dof), the velocity error in the L? norm (||u —
up | 12()) and convergence order (Rate) in different spaces

PQ/Pl P3/P2
dof |lu — up| 20 Rate dof  [Ju —upl2 Rate
190 1.02E-01 439 3.20E-02
701 2.14E-02 2.2568141 1667 2.22E-03 3.84825958
2695 2.91E-03 2.87908082 6499 1.44E-04 3.95049914
10571 3.71E-04 2.97298003 | 25667 8.99E-06 3.99732877
41875 4.66E-05 2.99293779 | 102019 5.63E-07 3.99721235
166691 5.84E-06 2.99784403 | 406787 3.53E-08 3.99702323
665155 7.30E-07 2.99923684 | 1624579 2.21E-09 3.99790089

4.1.3 Comparison of Different Values of the Viscosity

We have obtained error estimates of the following form: (2.2.48) for the un-
stabilized method, (3.1.17) for the standard grad-div stabilization method,
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and (3.2.27) for the sparse grad-div stabilization method. All three error
estimates are in particular for the P,/P; Taylor-Hood space and with the
inclusion of the viscosity term v~!. Therefore, we choose different values of
viscosity to investigate its relationship with velocity errors in different meth-
ods. It is expected that as v becomes small, the velocity errors will increase.
Figure 4.5 shows the representative results obtained using the Taylor-Hood
finite element space P»/P; on the unstructured grid in Figure 4.4 with dif-
ferent methods. The visibility of the dependency of velocity errors on v—! is
apparent. The velocity error decreases with large v as predicted. However,
the strength of this effect significantly weakens, when the value of viscosity
increases to a certain degree. In general, the three methods exhibit good con-
vergence properties with respect to the velocity errors of the solution for the
2D examples. However, both grad-div stabilization methods typically have
smaller errors in the solution approximation than the unstabilized method

with a small value of viscosity (i.e., v = 107°).

4.2 3D Example

Let = (0,1)3 be a domain and consider a family of velocity and pressure
fields as follows:

Uy f(x)0y9(y)h(z) + f(z)g(y)o.h(z
u=|uy | =|-0f(x)gy)h(2) + f(x)g(y)d.h(2) |, (4.2.1)
u3 —0:f(x)g(y)h(z) — f(2)dyg(y)h(z)
with
f(z) = sin®*(rx), g(y) = sin®(2my), h(z) = 2*(1 — z)2
and

p(z) = 3z — sin(y + 4z) + C, (4.2.2)

where the constant C' has to be chosen so that the integral mean of p vanishes
under Dirichlet boundary conditions at 0§2. The approximations computed
by the sparse grad-div stabilization method in P,/P; Taylor-Hood finite ele-
ment space are shown in Figure 4.6.
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Figure 4.5: 2D Example. The L2-norm of the velocity error with different
values of viscosity using the unstabilized method (a), standard grad-div sta-
bilization method with v = 1 (b), and sparse grad-div stabilization method
with v =1 (c)
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Figure 4.6: 3D Example. The solution of velocity (a) and pressure (b) on
level 3

4.2.1 Efficiency of Different Grad-Div Methods in 3D
Example

The main advantage of the sparse grad-div stabilization method over the
standard is that the linear system matrix can be explicitly decoupled as we
mentioned before. Thus, the standard grad-div stabilization and sparse grad-
div stabilization (based on wus,) are used in solving a same 3D problem with
solution (4.2.1) and (4.2.2) in the P,/P; Taylor-Hood space. The parameter
~ and the value of viscosity v are set as 1 for both stabilized methods, then
the computation time for each level that uses the geometric multigrid solver
of MooNMD is compared in Table 4.2. It is obvious that the computational
advantage of the sparse grad-div method becomes more prominent, as the
grid is refined.

Table 4.2: 3D example. Solve time for the sparse and standard grad-div
stabilized method

Level  Solve time for sparse grad-div  Solve time for standard grad-div

0 0.215996 0.186439
1 2.42281 2.50395
2 33.3776 36.6226
3 404.782 436.483
Z! 3190.02 3492.43
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Chapter 5

Summary

In this thesis, the existence and uniqueness of solutions to the Stokes equa-
tions were proved. We proposed different grad-div stabilization methods to
improve the mass conservation of the solution and estimated the error and
convergence rate of these methods.

The errors were compared in the 2D example for three different methods,
namely unstabilized, standard grad-div stabilization, and sparse grad-div
stabilization, which all demonstrated good convergence rates. We also found
that the addition of the grad-div stabilization term can decrease the error
of the divergence of the velocity, especially on coarser grids. However, as
the grid became finer, the reduction of the divergence velocity error was less
significant. Additionally, we found that a higher-order Taylor-Hood finite
element space resulted in more accurate solutions but with higher computa-
tional costs. Further investigation was the sensitivity of the velocity error
to the value of viscosity and found that all methods decreased the velocity
error as the viscosity increased. But, this reduction became less significant
at a certain point. Moreover, for small viscosity values, the velocity errors of
the two grad-div stabilization methods are significantly smaller than those
of the unstabilized method. Finally, we have compared the efficiency of the
sparse grad-div stabilization method with that of the standard grad-div sta-
bilization method in the 3D example and found that the sparse way is more
efficient.

In conclusion, the grad-div method has been shown to be effective in improv-
ing the mass conservation of solutions, particularly when the viscosity value
is small or the grad-div stabilization parameter is large. The sparse method
is also a more efficient approach than the standard grad-div method.

The comparison of velocity errors for the three methods in the first part of
the numerical study did not show clear differences, which may be due to the
limited complexity of the test example. This suggests that further research is
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needed to explore more complex scenarios. Specifically, concerning the selec-
tion of the grad-div stabilization parameters for different values of viscosity,
we did not investigate their optimal range. Therefore, future research can
delve into this issue, particularly in more complex models, to obtain more
universal conclusions.
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