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Abstract

In network science, one of the significant and challenging subjects is finding out the
community structure. Modularity optimization has emerged as one of the effective
methods for solving this problem in a graph. In this thesis, we show that modularity
optimization in unsigned graphs is equivalent to a minimization problem with a total
variation and a signless total variation. The Merriman—-Bence—Osher (MBO) scheme
is a classic technique for solving this minimization problem. Therefore, we derive an
adapted MBO algorithm for speeding up the iteration steps. We tested our method
on both synthetic and real datasets and got positive results compared to other well-
known approaches.
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1 Introduction

1. Introduction

1.1. Motivation

A complex network is a graph structure that depicts intricate systems as nodes and
edges, where nodes represent objects and edges express their relationships. There
is no relationship between objects if there is no an edge between nodes. The relation-
ships between members of complex real-world systems can be intuitively described
through visualization, such as urban transportation networks, airline networks, com-
puter communication networks, and social networks.

A typical aspect of networks is community structure, which is a segmentation of the
set of network nodes in which nodes in the same community are strongly connected,
while connections between nodes in other communities are sparse. Many complex
networks exhibit community structures, so studying the community structure of com-
plex networks is motivating. In addition, the community structure can be used to study
the common characteristics and properties of node groups. Moreover, the functions
of similar nodes and potential connections between nodes can be predicted based
on prior information [19], such as the number of communities is known.

A crucial aspect of community detection is that it can be used to retrieve important
information from the network, which is represented as community structures. In ad-
dition, community detection is of great theoretical and practical value for understand-
ing the topology and predicting the behavior of real-world networks and has been
widely used in many fields, such as protein function prediction [59] and criminology
[35]. Many real-world networks have weighted edges. When weighted networks are
used to describe complex systems, the connectivity between nodes can be better
expressed. One of challenges for community detection in networks is that the com-
munity structure is not universally defined [21]. As aresult, it is difficult to establish pre-
cise standards for evaluating and comparing the performance of various algorithms,
as these decisions frequently rely on the individual research issue and the system un-
der investigation. Current community detection algorithms can be mainly classified
as follows:

1) Graph partitioning algorithms [26]. These algorithms recursively remove the edges
from the network to obtain the communities such that there are only a number of
intergroup connections.

2) Clustering algorithms [55, 54]. The idea of this type of algorithms is to iteratively
merge small groups into large one. In general, communities are local, but the com-
putation of this class of algorithms is frequently global, resulting in higher complexity.

3) Optimization algorithms [28, 71]. This group of algorithms maximizes modular-
ity using spectral clustering, simulated annealing, or other optimization techniques.
Modularity is a metric for evaluating the quality of communities that have been found.

Zijun Li, A method for modularity optimization based on total variation and sign-
less total variation, 2021



1 Introduction

Numerous approaches have been proposed to find the optimal community in a rela-
tively short time, and most of these techniques are based on objective function opti-
mization. Modularity optimization is one of the most popular methods. Newman and
Girvan established the concept of modularity, O, to assess the partition of a commu-
nity [56], transforming community detection in complicated networks into a modularity
function optimization problem. A high similarity of nodes within the same community
and a low similarity of points in separate communities is an optimal depiction of the
partitioning outcome. Specifically, the higher the Q value, the more significant is the
community structure of the network. However, the modularity optimization is a NP—
hard problem [6], thus numerous heuristic algorithms have been developed for mod-
ularity optimization have been proposed, including extremal optimization [17], greedy
or Louvain algorithms [10, 3], simulated annealing [30] and spectral methods [26, 55].

Hu et al. [32] presented a total variation (TV)-based approach for optimizing network
modularity using the Merriman-Bence-Osher (MBO) scheme. The current work fol-
lows up on [32] both theoretically and computationally. In particular, we make the
following contributions.

1.2. Outline of contribution

Our main contribution is the development of an improved approach to modularity op-
timization, namely the modularity MBO scheme using projection. We reformulated
modularity optimization as the minimization of total variation and signless total vari-
ation in a graph. Moreover, we have demonstrated the competitiveness of our ap-
proach compared to Louvain method, spectral clustering, and the Clauset-Newman-Moore
method through extensive numerical tests on both synthetic and real data.

1.3. Structure of the thesis

This thesis is organized as follows.
Section 1 provides a review of the relevant literature on community detection.

Section 2 reviews the background information required for modularity optimization.
Then we develop an equivalent formula for modularity optimization as a minimization
problem with a total variation term and a signless total variation term.

Section 3 introduces the Ginzburg—Landau framework, the MBO scheme, and con-
vex splitting.

Zijun Li, A method for modularity optimization based on total variation and sign- 3
less total variation, 2021



1 Introduction

Section 4 implements our algorithm, i.e., the MMBO scheme. In addition, we present
the Nystrom extension, which uses the QR decomposition to compute the eigenval-
ues and eigenvectors.

Section 5 is conducted to evaluate our method on synthetic and real-world networks.
We also compared our method with Hu’s method [32] and other state-of-the-art tech-
niques, such as the Louvain method and spectral clustering.

Section 6 provides a summary of our results and possible future research directions.

There are additional appendices that provide further background and proofs.

Notation. Table 1.1 contains a summary of our notation.

Zijun Li, A method for modularity optimization based on total variation and sign-
less total variation, 2021



1 Introduction

Notation List
Symbol || Description Symbol || Description
A a partition of V m the number of the eigenvalues
used for the diffusion step
B modularity matrix N; number of repetitions of the diffu-
sion step
Ci the community where node i is | P null model
located
d; the strength (i.e., weighted de- || ® double well potential
gree) of node i
dt timestep Q modularity
Dy, degree matrix of W Qw signless Laplacian of W
e row vector containing —1 and 1 QW,ym signless symmetric normalized
Laplacian of W
E edge set Qw,., signless random walk Laplacian
of W
|E| the number of edges R, positive real numbers excluding
0
€ parameter of the GL functional U node-cluster association matrix
€ stopping criterion V node set
F. Ginzburg—Landau (GL) func-| |V]| the number of nodes
tional
fe graph Ginzburg—Landau (GL) || vol(V) the volume of G
functional
G graph w adjacency matrix
I identity matrix X eigenvectors matrix
K number of clusters y resolution parameter
A eigenvalue matrix I Iz, Taxicab norm operator
Ly graph Laplacian of W/ - |z, Euclidean norm operator
Lw,,. symmetric normalized Laplacian || (-, ") standard inner product
of W
Lw.., random walk Laplacian of W (3 ) inner product for Ly, and Q.

Table 1.1.: Summary of frequently used symbols throughout the thesis.

Zijun Li, A method for modularity optimization based on total variation and sign-
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2 Method

2. Method

This section introduces basic terminology and derives new formulations of modular-
ity, showing that maximizing modularity is comparable to minimizing a graph total
variation (TV) and a signless total variation.

2.1. Graphical framework

In this thesis, we consider connected, weighted, undirected graphs G = (V, £, w) with
a node set V, an edge set £ = {eij}%‘zl and edge weight w;; between node ¢ and
node j. The adjacency matrix W = (wij)%Ll is @ nonnegative and symmetric matrix
whose entries w;; are zero if i = j or (i,5) ¢ E. Degree d; = Z‘jv:'l w;; denotes the
weighted degree of node i. A volume (i.e., total edge weight) of the graph G is defined

as vol(V') = Z‘Zzll di = i jev Wij-

Let A = {A;}X, be a family of disjoint sets for partitioning the node set V, where A4,
satisfies V = U{il Arand A, N A, = 0ifl; # 1,. Note that A; could be empty, so the
number of partition A is at most K. The partition A is equivalent to a node assignment
{cj}‘j‘;'l, where ¢; € {1,..., K} denotes the community that node j belongs to. We
define A, = {j € V:¢; =1} forl € {1, ..., K}. Indicator function d(c;, ¢;) = 1 if nodes
i and j are in the same community and é(c¢;, ¢;) = 0 otherwise.

Norms ||-||., and ||- ||, represent the Taxicab norm operator and the Euclidean norm

operator, respectively. For a vector u = (uy, us, ..., u, ), the corresponding ||u||;, and
||ul|L, are defined as

ullz, == Juil, (2.1)
i=1

lully = = /()2 + (u2)? + o+ (un)2.

Given a graph G = (V, F,w) based on adjacency matrix W, and a function v =
(u1,ug,...,upy) : V — R, we can define the graph total variation (7'V') and signless
total variation (V") as

1
TV (u) :== 3 Z wijlui — (2.2)
i,jeV
1
i,jEV

Zijun Li, A method for modularity optimization based on total variation and sign-
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2 Method

2.1.1. Laplacians for unsigned graphs

Graphs with nonnegative edge weights are known as unsigned graphs. We assume
that all entries of adjacency matrix W are nonnegative and symmetric.

We defined the graph Laplacian matrix L [9] as
Li; ::{ % ifi:?’
—w;; otherwise.
A diagonal degree matrix D of IV is given by
(Dw);; = di.

Since G is connected, i.e., there is no isolated node, it is straightforward to have d; > 0.
Thus, matrix Dy is invertible. Then the graph Laplacian matrix L and its normalized
variants, namely, the random walk L,,, and the symmetric normalized L,,,, of W can
be written as

Ly = Dy — W, (2.4)
Lw.,, = Dy Ly = I — DWW, (2.5)
Lw.,, = Dy? LwDy? =1 — Dy WDy (2.6)

For all u € RV, the graph Laplacian Ly, satisfies the following equations

V]
(Lwu); Z wyj (u

In general, the standard inner product (-,-) on RVl is defined as (u, Lu) := u” Lu. It
follows

(u, Lyyu) = u” Lyu
= "' Dyu —u" Wu

4 4

i=1

5,j=1

1 (V] \4 \%4
=3 Zdu —ZZwUuqu+Zdu

i,7=1
A V] VI

=3 > wyui —2 ) wijuu Y wiu ) (Since d; = Z‘ |1 wij)

7,j=1 i,j=1 i,7=1

1 (Wl ) ,
1,]=
L W )

Zijun Li, A method for modularity optimization based on total variation and sign-
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2 Method

Note that the symmetric graph Laplacian Ly, ,, satisfies
1 VI Uj

2
<u, LWsme> = u' Ly, u = 13231 Wij (\/_Z - \/E) > 0. (2.8)

Similarly, for all « € RIV!, the signless graph Laplacian @, and its normalized variants
Qrv and Qs,,, of W are defined as

Qw = Dw + W, (2.9)
Qw,, = Dy Qw = I + Dy W, (2.10)
Qw.ym = Dy?QwDy? =1+ Dy*WDy?2. (2.11)

We obtain (u, Quu) and (u, Qw,,,.u) by

(u, Qwu) = u" Quu
= u! Dyu+u' Wu

14 14
—Zdu + Zw@]uuj
7,j=1
1 Wi
=5 2 wijui+u;)* >0, (2.12)
i,7=1
T 1 vl U; Uj ’
U, QW) = U Q=5 > Wi [ —=+—=] >0. (2.13)
< W, > 14 22';_:1 J \/Ez \/@

Note that Ly, and Qw,,, are not symmetric in general. To ensure that the operators
are self-adjoint, we define another inner product (-, -) . for Ly, and Qw,,, thatis, for
alli eV,

2%

Forall v € RVI, Ly, and Q. satisfy the following relationship:

(Lw,u); wa ),
jEV
(QWT’U) d Z wz] uz + u])
1 jev
Therefore, we obtain
1Vl ,
(s vt} = 5 22 wig (i = wy)” 20, (2.14)
ij=1
1 vl ,
(0, Qw,tt), = 5 2 wij (i + ;)" > 0. (2.15)

Zijun Li, A method for modularity optimization based on total variation and sign-
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2 Method

It can be seen that Ly, Lw,,., Lw,,, Qw, Qw.,,,. and Qw,, are all positive semi-
definite. According to spectral graph theory [9], the following theorem indicates that
the multiplicity of the O eigenvalue reveals the number of connected components of
the graph.

Theorem 1. The number of zero eigenvalues of the Laplacian L (i.e., the multiplicity
of the 0 eigenvalue) equals the number of connected components of the graph G.’

2.2. Review of the modularity function

Modularity is a structural graph metric that measures the quality of partitioning the
node set into clusters. Let graph G be partitioned into K clusters. We represent
this partition by a K x K unweighted symmetric matrix 2 where each element r;;
represents the fraction of edges connecting community ¢ to community j among all
edges of G. Thetrace Tr(R) = Y.k ri; indicates the percentage of edges connecting
the nodes inside the same community. For a good community partitioning, it should
have a trace with a high value. However, Newman [56] found that trace 7r( R) cannot
measure the quality of the partition thoroughly in some cases. For example, if all
nodes are put into the same community, then the value 7r(R) = 1 is maximal, but it
is evident that this partition is not meaningful for most cases.

Newman [56] illustrated this issue by considering a random graph G’ that has the
same community partition and the same number of edges as G but with arbitrary
random connections between nodes. If G has a community structure, the fraction of
within-community edges to the total number of edges should be greater than the ex-
pectation of that fraction in the random case. A greater difference between the actual
within-community edges and the expectation indicates that the network is significantly
distinct from the random network, i.e., the network has a community structure. Let
R; = 3" ek 1ij be the sum of the i—th row of R. Then the modularity is defined as

Q:= Y (ri — R?) = Tr(R) — || R?|1,, (2.16)

1€EK
where ||R?||;, is the sum of the all components of R?.

Although the preceding definition is basic and obvious, there is one flaw: it does not
consider the degree of nodes in the original network G = (V, £/, w) when constructing
a random graph G’ = (V, E', p), where p;; stands for the expected weights based
on an appropriate null model. A null model is a random structure that estimates the
quantity of edges that can be expected to randomly connect nodes within the same
community. Therefore, Newman [55] redefined the modularity based on a |V| x |V/|
weighted symmetric matrix W as

1
vol (V)

Q(A) = > (wij — pij) 6(ci, ¢5). (2.17)

ijeV

"The proof is shown in appendix A.1

Zijun Li, A method for modularity optimization based on total variation and sign- 9
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2 Method

In [53, 57], Newman generated a collection of random graphs. One of the common
null models is the Newman—-Girvan model, where the probability of connection be-

tween node i and node j is pi; = w55 Thus, the modularity can be written as

1
~ wol(V)

did;
Q(A) Z (wij - UOZ(V)) (5(61',63‘). (218)

i,5€V

For @ > 0, it shows that community structure might exist. When QO = 0, it indicates
that all nodes are assigned to the same community, or the connections within the
communities have no difference between the raw data and the null model. If Q < 0,
there is no community structure in the network.

Newman pointed out that in reality, the value of Q for a strong community structure
should be between 0.3 and 0.7, with greater values being rare [71]. According to For-
tunato and Barthelemy [20], there is a drawback in optimizing equation (2.18) to find
community partitions, i.e., it is impossible to find a community partition in networks
that contains many small communities. In particular, when the number of communi-

ties K in the network is greater than |/vol(V), the best modularity of the corresponding
network would be lower than that of K < \/vol(V'). The reason is that the modularity
optimization based on equation (2.18) seeks community partitions that tend to inte-

grate tiny communities into bigger ones, making this approach ineffective of detecting
small communities in the network.

To solve the above problem, Arenas [1] proposed a generalized modularity based on
the Reichardt and Bornholdt method [61]:

1
vol (V')

3 (Mj — yvj;?/)) 5(ci ¢i), (2.19)

i,jEV

Q(A) =

where ~+ > 0 is a resolution parameter [61]. The distinction between (2.19) and (2.18)
is the parameter ~, which allows (2.19) to be more flexible and find more network
community partitions. Nevertheless, there are still some issues with the modularity
optimization even in this case.

Lancichinetti and Fortunato [41] have showed that there is a problem with equation
(2.19): When ~ takes smaller values, namely v < 1, it tends to merge small com-
munities into large ones; when ~ is larger, i.e., v > 1, it splits large communities.
Moreover, it was not possible to eliminate both biases simultaneously. The best par-
titioning should correspond to a reasonable ~ resolution according to Jeub, Sporns,
and Fortunato [34] et al. However, predetermination is challenging when one does
not know about the network a priori.

In practice, the choice of v depends on a concrete experiment. The problem of how
to determine ~ is a matter outside the scope of this thesis. In addition, to compare the
performance of our method with other algorithms, the value we choose for v depends
on which value it is used in other papers.

Zijun Li, A method for modularity optimization based on total variation and sign-
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2 Method

2.3. Reformulation of modularity optimization for
binary segmentation

In this subsection, we consider only the case of two clusters and derive a new expres-
sion for the modularity 9, transforming the maximization problem into a minimization
problem.

Let u be a real-valued function on the node set V', with value u; on node i. We define
a {—1, +1}-valued function as

V= Vi€ V,u; € {—1,+1}}. (2.20)
Specially, if u € V?, one defines the sets

Vi={ieV:iy=1}andV_ ={ieV iy = —1}.

It is clear that if u; € V?, i.e., u; € {—1,+1}, then
uf + u? =2,

which implies that

1
(Ui'LLj + 1) = —§(UZ — Uj>2 + 2,

1
—(’LLZ"LL]' + 1) = —5( i -+ Uj)z.
If u; = u; € Vj oru; = u; € V_4, namely if node 7 and j are in the same cluster, then
5(01‘, Cj) =1= %(ulu] + 1) Slmllarly, if U; 7& Usj, then (5(61', Cj) =0= %(UZUJ + 1) Hence
the modularity Q for K = 2 clusters can be rewritten as

1
= o i — Dij) (wiuy; + 1
Q 200l(V) ”ZEV (wij — pij) (uiu; + 1)
1 1
- (s 1) — ———— (w4 1
2v0l(V) m.ze:ij(u Ui +1) 200l(V) MZG:VPJ(U Ui +1)
1 1 1
= wij(u; — uj)? + Wij — ———~ pij(u; + uy)?
4vol (V) ”ZE‘/ / ! vol(V) ”ZGV 7 4wol(V) ”ZE‘/ i s)
o [ 3wl — )+ 3 gl w | s 3wy (2.21)
= | = wij(u; — u; = pij(u; + u;j — wij. (2.
200l (V') 21.7].6‘, J J 22.7].6‘/ J J vol(V) Gy J

For all uw € V°, one obtains

(Ui — 'LLj)2 =0or (UZ — Uj)z = 4,
2|'UJZ - Uj| =0or 2|UZ - Uj| =4.
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Therefore, if u € V?, then it follows
<U,Z' — Uj)2 = 2|UZ - Uj|. (222)
Similarly, (ul + Uj)Q = 2‘“1 + Ujl if u € Vb.

For the third term in (2.21), we know that vol (V) = 3, ;cy wij, SO ﬁ(v) Yijevwij =1
and independent of u;. Let

1 1
Qbin = = B Z wij(u; — Uj)2 + B} Z pij(ui + Uj)Z
ijev ijev
= > wijlui — sl + Y pijlui +
i,jeEV i,jeEV

= 2TViy (u) + 2TV (u), (2.23)

then the maximization of modularity Q (2.17) is equivalent to the minimization of
Opin(u) over all functions v € V*°, which corresponds to minimizing the TV based
on G with W plus the signless TV based on G’ with P.

2.4. Generalization to multiple clusters

In reality, many networks consist of more than two communities. Therefore, it is im-
portant to extend the approach of Section 2.3 to identify appropriate partitions of the
node set into multiple clusters.

Given a vector-valued function u = (u™®,...,u)) : V' — RX, where u) is the I-th
component of u, and a non-negatively symmetric matrix 1/, the generalizations of
graph TV and signless TV are given as

K K
1
TV (u) = TVip(u®) =3 5 3 wilud —ul), (2.24)
=1 =1 “ i jev
X 1 O, 0
TViH(u) =S TViH () = % 5 S wilul? + ). (2.25)
=1 =1 7 i,jeV

In multiple clusters case, we can identify u,@ with an |V | x K matrix U where u;; = ugz)_

Definition 1. Let P#(V') be the set of all partitions of the node set V. For an arbitrary
partition {A, ..., Ax} defined in Section 2.1, we define an |V | x K indicator matriz
as

1, ific A,

ty = 2.26
: {—1, ifi € A?, (2:20)

where t; is an element of 7" for i € {1,...,|V|} and AY is the complement of 4;. In
other words, we say matrix 7" € Pt(V) if T is the indicator matrix of some partition.

Zijun Li, A method for modularity optimization based on total variation and sign-
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For matrix U € Pt(V'), we obtain that

lug —uy| =0ifi,j € Ajori,j e AY, (2.27)
luig —ujy| =2ifi € A, je A orie AYj € Ay, (2.28)
lug +uy| =0ifi € Aj,j € A ori € AY j € A, (2.29)
g + uy| = 2if i, j € Ajori,j € AC. (2.30)

Then the generalizations of graph TV and signless TV with respectto U € Pt(V') can
be represented as

K
TV (U) 12(2"’ Z + Z + Z)wijuiluﬂ
I=1 \i,jeAr  icA;jeAC €AV jed, ijeA¢
K
=D > wijlua —
I=1icA; jeAC
K

DI D DR D +Z)Wz‘j|uu+uﬂ

LIC€AL i€AjEAY  i€AL jeA, i jeAl

>+ > ) wijlui + ujl

Z]eAl ZaJE{Ala7AK}\Al

= Z P wij + (Z Z wij + (K — 2)@0[(V)>

=
i+
l\')\»—t
T
/ \/——\

I=1ijeA; I=1ij€A;
K
=2 wij + (K — 2)vol (V). (2.32)
I=1ijEA;

Consider a graph G and fix K. Let G’ = (V, E', p) be another graph, where E’ and p
are an edge set and edge weights of ', respectively. Since d(c;, ¢;) = 1 for any pair
of nodes that is in the same community, i.e., 7,5 € A, for [ € {1,2,..., K}, equation

Zijun Li, A method for modularity optimization based on total variation and sign- 13
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(2.17) can be written as follows

1 & 1 &
Q(A) = Wij — Pij
vol(V) EMGZ:AI 7 wol(V) Ei,jze;ll J
Ly s 5 Ly
= Wij — Wij | — Dij
UOZ(V) I=1 \i€A;jeVv ' i€A;,je AL ’ UOZ(V) I=114,j€A ’
= Wi Wij — Dij
wol ”Z:I 7 vol(V') gieA%:eAC 7 wol(V) ;i,jeAz J

Vi
Uol (Z Z Wi +Z Z pw) ll(‘/)i . Wi - (2.33)

l 126A136AC I=11,j€A

Similar to the binary case above, the third term in (2.33) is 1. Let

K
Qi (A Z Swii+ >, > pi

I=1icA,; jEAC I=114,j€A,;
1 1 1

The last term in (2.34) is a constant when K is fixed. Therefore, the maximization
of the modularity Q of the multiple clusters over all matrices U € Pt(V') is equivalent
to the minimization of Q,,,; over that same set. Note that Q,,.; is associated with
the graph TV in a given graph G = (V, F,w) and the signless TV in another graph
G' = (V,E' p).

In addition to W and P, another way to construct adjacency matrices is also consid-

ered in the thesis. Following the above definitions and notations of W and P, the
modularity matrix B [55] is defined as

B=W-P. (2.35)

Note that w;; and p;; may be overlapping, i.e., w;; < p;;. It results in B having both
positive and negative elements. We define the positive part of B as B and the
negative part of B as B, whose entries are

bj; := max{by;, 0} and b;; := —min{b;, 0}, (2.36)
so B = Bt — B~. Then (2.33) can be rewritten as
_ 1 + —
QM) = Zev (b = b5;) 8(ci )
N DD SICES 5P o] RE o
bi; + by (2.37)
vol =1 ie Ay e =1 ijen, Uol ” |

In this case, (2.34) is presented as

Qpt(A) = ;TVB+(U) + ;TV];(U) _ ;(K — wol(V), (2.38)

Zijun Li, A method for modularity optimization based on total variation and sign-
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3 Diffuse interface methods

3. Diffuse interface methods

Graph-based classification algorithms on unsigned graphs have been proven to be
useful in a number of real world applications [55, 2]. In particular, diffuse interface
methods [2], an approach that uses efficient PDE techniques to handle binary seg-
mentation problems, have been introduced with highly promising results. The Ginzburg—
Landau (GL) functional associated with a graph Laplacian, whose minimization is as-
sociated with the minimization of the total variation, is widely used in diffuse interface
approaches.

3.1. The classical continuum Ginzburg—-Landau
functional

The classical continuum Ginzburg—Landau (GL) functional is given by

F.(u) = ;/Q|Vu(x)|2dx+i/g®(u) dx, (3.1)

where v € W'2?(Q) is a phase field describing the different phases in the system, V
denotes the spatial gradient operator and ¢ > 0 is a real constant parameter. The
function ®(u) is a double well potential with two minima. For example, a classical
choice is polynomial ®(u) = ;(u?* — 1) that has minima « = —1 and u = 1. In this
case, we say node i is in one phase if u = 1 and it is in another phase if u = —1. For
small £ > 0, minimizing F. will cause the function u to approach the minima of ®. For
instance, ®(u) = ;(u? —1)? has minima at —1 and 1, then the minimizer of (3.1) tends
to have {u ~ —1} and {u =~ 1}.

It has been established that the functional (3.1) consists of two terms: a smoothing
term and a potential term. More specifically, the first term measures the differences
between the components of the field and the second term quantifies how distant each
component is from a target value (£1 in the example above). Consequently, minimiz-
ing the first term results in smoother fields, while minimizing the second term penal-

izes variations from the double well potential minima.

Consider v : 2 — R is binary, where 2 C R, and ®(u) has minima at +1 and —1.
It can be known from [37] that the GL functional I'—converges ' to the total variation
(TV) semi—norm:

Fu(u) —=r Folu) = o /Q IVl (3.2)

as ¢ — 0, where 1 is a constant. The proof of (3.2) goes beyond the scope of this
thesis, but it was discussed at some length in [37]. In addition, the graph version of
(3.2) is provided in [66].

'The appendix A.2 provides a summary of I'—convergence.
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3 Diffuse interface methods

In reality, multiclass classification is designed to handle situations where there are
more than two clusters. For K > 2 clusters, given a vector—valued function u =

(u(lh ...,u(K)), the classical GL functional of two components in (3.1) is generalized
as

e I & 1
F :f/ 02 f/cpmu dz, 3.3
W) =3 fy 22 Vude 2 [ @ () da (33)
where multi-well potential function ®,,,,(u) has K different minimizers instead of two.

One can utilize the L, gradient flow to minimize (3.1), resulting in the Allen—Cahn
(AC) equation as follow

1 /

where A is the Laplacian operator. The AC equation can be evolved by using the
following time-splitting approach for small «.

(1) Step 1 is propagation using % = eAu.
(2) Step 2 is propagation using % = —_®'(u).

For e — 0, the time-splitting scheme corresponds to iteration between step (i) and
step (ii), which is the Merriman—-Bence—Osher (MBO) scheme. The standard two
steps of the MBO scheme are as follows.

(i) Diffusion. Let u™"2 = S(6t)u", where S(dt) is a propagator by time dt and plays a
similar role to step (1), associating with heat equation

ou

(i) Thresholding. Let

1
_ 1 ifu 2 >0
— 1
—1 ifu?+2 < 0.

The iteration repeats until a convergence condition is achived.

3.2. Binary classification with the graph
Ginzburg-Landau functional

In the following section the corresponding problem based on graph information is
presented.

Zijun Li, A method for modularity optimization based on total variation and sign-
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3 Diffuse interface methods

Let L be the graph Laplacian, and « : V' — R be a real-valued function on V', where
u; is the value of node i. The (unsigned) graph GL functional is defined as

(u) .= = u, Lu E D (u;
Folu) = S T+ 3@ )
=Y w4 (). By@7)  (.7)
i,jeVv eV

The first term in f.(u) takes the place of the gradient term in (3.1) and the second
one is the double-well potential. In minimizing f.(u), the first one tends to promotes
u to assign similar values to nodes that are linked together by highly weighted edges;
while the second term forces u to be close to the minima of ®(u). Minimizers of f. are
therefore approximate indicator vectors of clusters with few highly weighted edges
connecting them [13].

Similar to the (unsigned) graph GL functional and following the idea of [36], the sign-
less graph GL functional is given as

NS 1%

Fy .- &
As previously, the Allen—Cahn equation for graphs is obtained by minimizing the graph
GL functional from (3.7) using the gradient descent approach, given by

‘?;Z — e [Lu], - icp' (W), (3.9)

where [Lu], denotes the i—th component of the vector Lu.

3.2.1. MBO scheme for binary classification

In [2], the authors presented a segmentation technique in a network framework in
order to minimize the GL functional using the methods of gradient flow and convex
splitting. Another method for approximately minimizing the GL functional is to use a
graph version of the Merriman—Bence—Osher (MBO) scheme (also called threshold
dynamics) [51]. The goal of the MBO approach in [51] is to produce an efficient and
straightforward way to approximate flow by mean curvature.

Following the idea in [49], we started by ignoring the term @’ (u) in (3.9) and then
discretizing (3.9) as follows

1
n+§ n

u e (3.10)

—Uu
dt

where dt is a timestep and (n + ) denotes an intermediate step between the n—th

step and (n + 1)—th step. Then the diffusion step of the MBO scheme is formed as

W = (Lupy + 2dtL) (3.11)
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3 Diffuse interface methods

where Iy, |v| is an identity matrix. Let X be a matrix whose columns are the eigen-
vectors of L, and A be a diagonal matrix with corresponding eigenvalues. When we
write L as its eigendecomposition version L = XAX7, then equation (3.11) becomes

1

W = [X (L) + 2dtA)XT] (3.12)

The role of the double well potential can be approximated using a thresholding step
since it forces the components u; to take only two values 1 or —1, i.e.,

e nti
nil 1, Ifu? 2 >0,

o { 1, ifulE <o
One continues the iteration between the diffusion step (3.11) and the thresholding step

(3.13) until a convergence criterion is achieved. Since u; can only take two values of
1 or —1 after the thresholding step, this approach is suitable for binary segmentation.

(3.13)

U

The minimization of f. is affected by the parameter ¢ since it sets a scale for the
diffuse interface. Besides, small ¢ also increases the relative weight of the potential
term in relation to the smoothing term. The problem of discrete length scales, on the
other hand, provides a restriction on the lower bound of . To avoid this issue, the
MBO scheme uses a thresholding step instead of ®'(u), which allows us to set ¢ = 1.

3.3. Multiple clusters extension

Recently, there have been a number of significant applications using the graph-based
Ginzburg—Landau method for data clustering, community detection, and image seg-
mentation [24, 43, 48, 49]. The majority of current studies and techniques address the
binary classification problem. The multiple clusters case, where the nodes is divided
into more than two clusters, is more difficult. Therefore, in this section, we show how
to extend the graph GL method from binary segmentation to multi-class clustering
and classification issues.

We define a set of row vectors

Cj = (617627’”76K) € {_171}K7 (314)
where components satisfy the j—th component equals 1 and all other components are
-1, i.e., Ci=j = 1 and Citj = —1.

Given |V| nodes, K > 2 clusters and a matrix U € Pt(V). Let ®(u) = ;(u®> — 1) In
the multi-class case, the graph GL functional in (3.7) generalizes to

K
fa(U) = <U’LU>+iZ (H i”Ui_ejHil) ) (3.15)

iV \j=1

DO ™

where (U, LU) = Tr (UTLU) and U; is the i—th row of U.
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3.3.1. Ginzburg-Landau relaxation

Given matrix U € Pt(V). The minimization of (2.34) defined over U € Pt(V) is
equivalent to the minimization of

S(U) ': Qmul(.A), if U € Pt(V), (3 16)
' +00,  otherwise. '

Given two |V| x |V| non-negatively symmetric matrices /" and H, the number of clus-
ters K, and partition { Ay, ..., Ak} defined in Section 2.1, we define the the Ginzburg—
Landau relaxation of (3.16) as

1 1 1 \4
S-(U) ::§<U,LFU>—|—§<U,QHU>—§(K—2 Yool (V qu)multz (3.17)
(By (2.8) and (2.12))
1 X 1 X )
= gz S fig (wa — )’ ZZ Z i (wa + uj)
l=11,5€V =115V
1 1Y
= (K =2)0ol(V) + 5 > Pass (V) (3.18)
i=1

where ¢ > 0, U; is the i—th row of U, and ®,,,,,;;; is a multiwell potential [23] with minima
on ¢; (3.14). The goal of ®,,,;; is to promote U; toward one of the minima. Moreover,
for the sake of this thesis, it is not important what the exact expression of ®,,,,;;; is,
since we would discard it while using the MBO scheme.

The following theorem shows a I'-convergence? result.

Theorem 2. The functional S. (3.18) defined over R!V!, I'-converges to S (3.16) as
e — 0.

Proof. Our proof largely follow [4]. By observing (3.18), it can be seen that the third
term is a constant when K is fixed, and the first and second terms are continuous and
independent of . Thus, they would not interfere with the results of I'-convergence [5].
Consequently, we only need to prove that ¢ (U) := 5% Z‘ZZ'I ®,,.14:(U;) I—converges to
wo(U) as e — 0T, where

(3.19)

oo(U) i { 0 ifU e PtV),

+o0o otherwise.

Let {¢,}>°, be a positive sequence such that ¢,, | 0 as n — oo. For the lower bound
condition, note that ¢.(U) > 0 for any U. Suppose that a sequence of matrices
{(U)1,(U)a, ...} satisfies (U),, —» U asn — oco. If U € Pt(V), then

po(U) = 0 < liminfep., ((U)n) (3.20)

2The appendix A.2 presents an overview of I'—convergence
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If U ¢ Pt(V), then ¢o(U) = +o00. Moreover, there exists a node ¢ such that U; ¢
{e;}1<1, i.e., node i is isolated or assigned to two or more clusters. Thus,

po(U) = +o0 < liminfp,, (U),) = +o0. (3.21)

For the upper bound condition, if U € Pt(V), then assume (U),, = U for all n gives
the required sequence and we obtain ¢., ((U),) = 0. Hence,

wo(U) = 0 > limsupg., (U),) = 0. (3.22)

n—oo

If U ¢ Pt(V), then (U), = U for all n still satisfies the upper bound condition. Thus,
. ['—converges to .

]

3.3.2. Multiclass MBO scheme

As discussed in Section 3.2.1, we choose ¢ = 1 in this thesis. Another parameter that
we need to determine is timestep dt. A method for choosing dt in the MBO scheme
is presented in [4]. Their method is an effective strategy and requires less manual
adjustment of dt¢ than other approaches?.

Fix the number of clusters K, and consider a |V'| x K indicator matrix U € Pt(V') with
elements ;. Then S. (3.17) can be minimized using the gradient-descent equation,
that is,

d 1 1 1

An approximate solution U™ is obtained by alternating between the following two
steps.

Step 1: Diffusion. Given U", we get U"+2 as the solution of

d
U= _; (L + Qu)U. (3.24)

So, an explicit solution of U™ with timestep d¢ would be
1 1
Untz = exp(—§dthm)U" =JU", (3.25)

where J = exp(—3dtLy,,) and Ly, = Ly + Qp.

Step 2: Thresholding. We can view the threshold processing as determining the
position of the largest element of U;, where U; is the i—th row of U. If u; is the largest

3See the appendix A.3 for more details.
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component of U;, then we assign u; = 1 and the rest of elements in U; are —1. In
other words, one obtains U™ by solving

(U)" = ¢; with j = argmax {(uil)’”%} (3.26)
=1, K

The iteration continues until a stopping condition is achieved. In the end, one gets
Un+1 — (Uln—H’ - U|7€/—&‘-1>T

Zijun Li, A method for modularity optimization based on total variation and sign- 21
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4 The modularity MBO algorithms

4. The modularity MBO algorithms

This section focuses on the description of the modularity MBO (MMBOQO) scheme. First,
we will demonstrate the algorithm of MMBO using projection on the eigenvectors.
Then, an alternative variant of the MMBO scheme, i.e., MMBO using finite differ-
ences, will be presented. Finally, we will explain how to compute the eigenvalues
and eigenvectors of L,,;, = Lr + Qy using the Nystrom extension with QR decompo-
sition.

4.1. The MMBO algorithm using projection on the
eigenvectors.

The most expensive part of this process is the assessment of the matrix exponential
in (3.25). In practice, computing the full spectrum of L,,;, may be impossible when
L. is large. As a result, it makes logical to use a pseudo-spectral technique, which
involves solving the matrix exponential using the eigenvalues and eigenvectors of
L. Specifically, employ the eigendecomposition of L,,;; = XnieAmiz X2,,, where
A,.i is a diagonal matrix of eigenvalues and X,,,;, is a matrix whose columns are the
eigenvectors of L,,;., then J in (3.25) can be rewritten as

1 1
J = exp(—ﬁdth,-x) = Xmmexp(—idt/\mm)XnTm. 4.1)
Therefore, (3.25) is expressed as
1 1
(w+2:<xmﬁmm—2ﬁAmgxﬁm>Uﬂ (4.2)

One method of approximating A,,;.. is to use a truncated matrix, which retains only the
m smallest eigenvalues rather than the full matrix. Likewise, we approximate X,,;, in
a similar way.

The MBO scheme is repeated until there is trivial difference between the current iter-
ation and the previous one. As in [24], the stopping criterion is denoted by

ma|[U7 — U7 3,

e[ 0717,

<ceR,. (4.3)

The MMBO scheme using projection on the eigenvectors is summarized in Algorithm
1. Unless otherwise stated, the parameters of our approach are defined as follows.

» K € N which is the number of clusters.

» m € N which is the number of eigenvalues and eigenvectors to use for (4.2).
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Algorithm 1 The MMBO scheme using projection on the eigenvectors

Require: K,m,e,v, F, H are |V| x |V| adjacency matrices
Initialize:

D,Lp <+ F > Computation L of matrix F’
Q<+ H > Computation O of matrix H
N, Xon < Linia > Eigendecomposition (L)
AT A, > Pick the smallest eigenvalue
U° = (=1) vk

fori=1—|V]do
[ = random.sample(K, 1)
ud =1

end for

Aoz < D > Pick the largest degree of D

0.15
dtlow = (’7+1)dmaz

At + g log (1U7]]1,)

dt < \[dt ity

M.y exp(—%thm)

n <+ 0
while Stop criterion not satisfied and n < 10000 do
Diffusion:
UTH‘% — XmMea:ng;LUn
Thresholding:
I=1,...K
n=n+1
end while

» Fyx v, Hyvxv) Which are adjacency matrices whose elements are non-negative.

» ¢ € R, which is the stopping criterion in (4.3).

The command random.sample( K, N') returns a list of length NV, with uniformly random

sampling from 1 to K of N distinct elements (N < K).

To obtain better performance, we employed the symmetric normalized L,,;,, and the
random walk L,,;,, in numerical experiments. Consequently, we need to compute

Lg,,, and Qg,,,, or L, and Qy,, atinitialization.
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4.2. Alternative variant of the MMBO scheme

The MMBO scheme using finite difference employs an alternative approach in the dif-
fusion step of the MBO iteration. When the diffusion step (3.11) is repeated N, € N,
times before the threshold processing (3.13), dt should be divided by N;. Conse-
quently, using (3.12) and the diffusion step of MBO scheme for the matrix U is equiv-
alent to

Urts — U1 il
T——§(LF+QH)U ,

— Ut = {1 + ;dt (Lp + QH)} o, (4.4)

To obtain U™z, we repeat this diffusion step /V, times for timestep ]‘é—i, and it leads to

dt —N¢
n+% = _— n
U [I T3, (Lr + QH)] U (4.5)

Let L;jx be the pseudoinverse matrix of L,,;,. Since L,,;, is symmetric, its eigen-
vectors matrix X,,;, is orthogonal, i.e., X.. = X1 Then we define a matrix Jta

mix mix*
as

—N,
dt

2N,
—N;
dt
- szx I 7Am7,x XT‘
—N;
Ny dt _
- XT I 7Amza: sza: e
e L

dt - Nt
— {Xmm <I+ 2]\7,5Amm> XnT%I] ) (4.6)

We use the same thresholding step, and stopping conditions as for the MMBO scheme
using projection. The MMBO scheme using finite difference is summarized in Algo-
rithm 2. The main difference between Algorithm 1 and Algorithm 2 is the diffusion
step, as seen in (4.1) and (4.6).
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Algorithm 2 The MMBO scheme using finite difference

Require: K,m,e, N;,v, F, H are |V| x |V| adjacency matrices

Initialize:
D,Lp <+ F
QH — H
Lmix — LF + QH
A, X < Loz
AT A,
U% = (=1)vixx
fori=1—|V|do
[ = random.sample(K, 1)
udy =1
end for
dmaa: «— D
0.15

dtlow — ('Y+1)dmaz
Atapp — 1109 (1107]]1.)

dt /At dlupy
—1
n <+ 0

while Stop criterion not satisfied and n < 10000 do

Diffusion:

fors=1— N, do
Urts « JpUm
s=s+1

end for

Thresholding:

> Computation L of matrix F’
> Computation ) of matrix

> Eigendecomposition (L)
> Pick the smallest eigenvalue

> Pick the largest degree of D

(Ui)"+1 =€ with _] = argmax {(uil)n+%}

n=n-+1
end while

=1

.....

K
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4.3. Nystrom extension with QR decomposition.

One recurrent difficulty in many fields of large-scale machine learning is how to mean-
ingfully and efficiently approximate a large matrix. The number of matrix entries for
these large-scale problems can range from tens of thousands to millions, making it
difficult to perform operations on the matrix or even to store it. The Nystrdm approxi-
mation, which generates a low-rank approximation of the original matrix from a subset
of its columns, is an effective way to solve this issue. The choice of sampling method
is critical for the Nystrom approximation performance, since various samples provide
different approximations of the original adjacency matrix £'. Figure 4.1 illustrates a
general workflow of the Nystrom extension with QR decomposition.

Consider a node set V' with NV points and a collection of functions w(z;,z;). An N—
dimensional symmetric positive semi—definite matrix 1/ ¢ RV*" is defined as

w(zy,z1) ... w(zy,zN)
W = : : . 4.7)

w(zy, 1) ... w(Ty,TN)

Suppose we sample k distinct points uniformly at random from N points, then the
matrix W € RY*¥ is partitioned as

T
w= | e (4.8)
W21 W22

where W; € R*** indicates weights between sampling points and W, € RF*(N—F)
denotes weights from sampling points to remaining points. The SVD of Wy, is Wy, =
UAUT, where U is the eigenvectors matrix whose columns are the eigenvectors of
Wi and Ay, = diag()\, ..., A) is a diagonal matrix with the corresponding eigenvalues.

Let a pseudoinverse of Wy, be W' = UA,'U”. We define Uy to the eigenvectors
matrix whose columns are the eigenvectors of the approximation of 1¥. According to
[2], Uw has the form

U

Uy —
Y W UAL
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Then approximation of W, namely W, can be written as

T

U U
WnUAL? WanUAL?
[ UAUT UANAUTWE
Wn UM ARUT Wy UA AN TUTW
[ UAUT wZ

Wa  WaUA'UTWE
Wi wZ
War Wa Wi Wi

W:UwAkU%/ = k

(4.9)

Comparing (4.8) and (4.9), we obtain that Wy, can be approximated by
Way ~ Wo Wiy W3,

Let 1, € R¥*! be a k dimensional unit column vector, then we defined the degree of

W as
6?1 _ Wi Wi 1;
dy | W Wo Wi W 1n_k

Wil + Whiy g ]

2 (4.10)
I Warly + (WmWnlWi) i N

As can be seen, the degree of I/ can be computed from its first & columns (i.e., Wy,
and 1W5;) without acquiring the full matrix 7.

The following relation holds [7]:

Wll

21

W { ] Wit (Wi Wi (4.11)
When the number of points N is large, matrix I requires a considerable amount of
memory to store. The Nystrom extension implicitly approximates W with W7, and the
first £ columns of . This avoids the need to use the W directly, thus greatly reducing
the computational and storage burden.

. W
Let D and D be the diagonal degree matrices of W and { M ] Wit (W W, re-

21
spectively. Then it satisfies D ~ D. The normalized W can be represented as

Wi -1 T T] -2
Wt IW Wo | D2
Wt ] 11 [ 11 21}

21

D
= { . ]WHl W] (4.12)
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where VAV” — Dz Wi . We perform the QR decomposition of VYH ,i.e.,
| W Wa 21
gﬂ = QR, where Q € RVI** js orthonormal and R € R*** is an upper triangular
21

matrix. Then the matrix Sy is defined as
Sw = RW;'RT. (4.13)

The eigendecomposition of Sy is Sy = ®gA,PL, where the columns of Uy are orthog-
onal. Thus, Ly, . and Ly, have the following approximate eigendecomposition

Lw. =I—D2WD 2

oI { ] Wi [ 1]
= I - QRW,'RTQ"

=1 -QSwQ"

=1 — QPsALPLQT

= Qs (I — Ap) 25Q"

= Usym S symU (4.14)

Lw,, = D2 Ly, D* & Usee (I — M) UL, (4.15)
where the eigenvectors in Uy, = Q®s are orthonormal, eigenvectors of Ly,  are

Usesi = D™2Uy, @nd Uyigns := D2U,,,,, and the eigenvalues of both Ly, and Ly,
are I — Ay,.

Generally, there are two choices of L,,;, = Lr + Qg in this thesis, based on the
following matrices F' and H:

» (JLet F=Wand H=P = Ufg'(d‘f;).

» (i)LetB=W — P,then F=B"and H = B™.
Similar to (4.8), the null model P € RY*¥ can be expressed as

P, PL
Py Py

pP= : (4.16)

where P;; € R¥** and P, € R**(V=k) are computed using (4.10).
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In either instance, we can compute the symmetric normalization of L,,;, by

Lmixs - LFSym + QHsym
_ 1 _1 _1 _1
— - F+I+H

— 9] _ 1?11 }:—1271 + [:Ill I:[,er
F21 F22 H21 H22

o [ Pu— i B
F21_H21 F22_H22

M ME
=: 2] — FHu T FHy (Defines a new matrix Mpy)
MFH21 MFH22
-~ MFHu -1 T T
~ 2l — Mzt [MEg, MLy, ] (By (4.11))
FHoy
—1 TNT iy MFH11
=21 - Q.R,Mppy R, Q, (Computes QR decomposition of )
FHy
=21 — QS Q (Let Sar,y = RMpjy, RT)
=21 — QP Ay ®L,,, QL (Eigendecomposition Sy, = PeymMeym P,
= Qu®uym (2 — Ayn) @7 QT (4.17)

We define the %,,;,, := 21 — A, as the eigenvalues of L,,;,,. Uiz, := QsPsym IS @
matrix whose columns are the eigenvectors of L,,;... Furthermore, the random walk
of L,,;. has the expression

Lomiz, = Lp,, +Qu,, =1 —Dp'F+1+D;'H
= -F+I+H
=Q, P, (21 — A,y) @1 QF (Similar to (4.17))
=: Uiz, Zmiz, UL (4.18)

mizTy?

According to the idea of (4.17), its eigenvalues and eigenvectors are 2/ — A,,, and
Qrérw-
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Raw data with N points

| |

/ k sampling points / / (N - k) remaining points /

Y A 4

Compute W14 between the Compute W54 from the sampling
sampling points points to the remaining points
Y A
Construct P44 Construct Pp4

Y

Choose Fand H

A

1 1 _1 _1
Compute )2 FD.* and D *HD, >

A

4 3 3 )
Compute Mpy = D" FDp® — Dy~HD,*

A

,”UFH“

QR decomposition
FHay

|

R -1 T
S—'WFH T Rslwb'HnRs

| - an

Compute eigendecomposition Syr,. = PgA k‘b:g:

y

Eigenvalues X3,,,;, = 2 — A, andeigenvectors Ui, 1= Q. Pyym

Figure 4.1.: The flowchart of Nystrom extension with QR decomposition.
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5. Numerical experiments

This section displays the results of numerical experiments for a variety of circum-
stances. All algorithms are implemented in Python 3.8. Since our approach uses
a random starting seed in the initialization part, we run the script 20 times and pro-
vide two types of tables: (1) the best modularity and the total time for 20 runs; (2)
the average modularity and the average time for each run. Furthermore, to improve
performance on networks with arbitrary weights, we use L,,;., in (4.17) and L,,;.. in
(4.18).

Our method is compared to Hu’s modularity MBO algorithm [32] and several well-
known algorithms, including the Louvain method [3] the Clauset-Newman—Moore
(CNM) approach [54], a classic Girvan—Newman (GN) method [56], and spectral clus-
tering [63]. The functions for Louvain, CNM, GN and spectral clustering can be called
directly in Python libraries as NetworkX [65], community [18], and scikit — learn [58].
Furthermore, our experiments were tested on a MacBook Air (13-inch, 2017), where
the processor is 1.8 GHz Dual-Core Intel Core i5 and the memory is 8 GB 1600 MHz
DDRS3. Itis notable that different hardware configurations may have an impact on the
running time of algorithms.

5.1. Related algorithms and evaluation metrics
introduction

5.1.1. Algorithms comparison

In [32], Hu et al. interpreted modularity optimization as a minimization problem for a
graph-based total variation functional. This allows the use of techniques from image
processing and PDEs to be used in community detection. However, their model is
non-convex, while the traditional total variation optimization is convex. This distinc-
tion restricts the available optimization tools and forces one to rely on some special
initialization procedures and multiple runs of the solver to obtain reliable results. This
method requires the number of clusters K as input.

The Girvan — Newman (GN) approach for detecting and analyzing community struc-
tures is based on iteratively removing edges that have the highest number of shortest
paths between nodes. The network is divided into smaller parts, called communities
or clusters, by removing one edge at a time from the graph. The number of shortest
paths across an edge is indicated by the edge betweenness score [56]. It is pos-
sible to detect which edges in a network occur more frequently by calculating the
edge betweenness. Then, the edges that connect different communities are more
likely to have a high edge betweenness since all shortest paths from one community

Zijun Li, A method for modularity optimization based on total variation and sign- 31
less total variation, 2021



5 Numerical experiments

to another have to transit them. Once the edges of the network with the highest be-
tweenness are removed, the network is split into small pieces, so-called communities.
At that time, community clustering will be easier. When the modularity score reaches
its maximum value, this approach stops clustering, turning it into an optimization prob-
lem. This approach does not require the number of clusters K as an input, in contrast
to Hu's method.

The Clauset — Newman — Moore (CNM) method employs modularity as its metric and
goal, which means it is constructed to maximize the modularity score Q. It accom-
plishes its goal by tracking possible combinations of two communities and their impact
on Q. In each iteration, the algorithm merges the two communities that would result
in the greatest improvement in Q, and then updates the knowledge about possible
combinations and impacts on Q. The algorithm terminates when no two communities
can be combined to produce a higher Q. Similar to GN, there is no need for this
method to take the number of clusters K as input.

The Louvain method is an unsupervised algorithm that attempts to maximize the mod-
ularity score and performs admirably in practice. This technique has the advantage
that the number of clusters and their size do not have to be entered before execu-
tion. However, Louvain has a has a big drawback in that it requires a large amount
of memory to store the network. It consists mainly of two phases that are repeated
iteratively.

Phase 1: Partition network greedily using modularity.
Phase 2: Agglomerate found clusters into new nodes.
In Phase 1, it has following steps:

(i) Start with every node in its own community.

(i) Nodes are ordered randomly and we do the following for each node i. Move node
1 to the community of neighbor j that leads to maximum A Q. Ifall AQ < 0, then node
7 remains in its current community.

(iii) Repeat the cycle through all nodes until AQ = 0.

Phase 2 aims to create a weighted network of communities from Phase 1. It performs
the following steps:

(1) Let each community ¢; form a new node .

(2) Then the edges between new nodes ¢ and j are the sum of edges between nodes
in ¢; and ¢;. The new node has self-loops to represent any connections between
nodes of the same community. Once the new network has been established, Phase
2 is complete and Phase 1 can be reapplied to it.

The Louvain method repeats Phase 1 and Phase 2 to the resulting network, and so
on until AQ = 0.

The Louvain method and the CNM algorithm are similar. In particular, they both ex-
ecute Phase 1 (i). However, the first difference between them is that CNM joins the
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two communities that have the greatest improvement in modularity rather than doing
Phase 1 (i7). The second point is that Phase 2 is not applied by CNM.

The spectral clustering is a clustering approach based on graph theory [67, 63]. The
basic idea is to cluster the data based on the eigenvectors resulting from the eigen-
decomposition of the Laplacian matrix. Data points are considered as nodes in a
connected graph, and clusters are found by partitioning this graph into subgraphs
based on its spectral decomposition. We use spectral clustering and then process
the data points using the k—-means algorithm so that they can be grouped into £ clus-
ters, where k needs to be specified in advance.

Louvain, CNM and GN are greedy optimization algorithms that aim to maximize mod-
ularity. This means that they will repeat their iterations until the modularity score is
maximized. This is different from the characteristic defined by the stopping condition
(4.3). The stopping condition (4.3) is determined by the actual clusters and is more
dependent on whether nodes are still being reassigned. Therefore, it is meaningless
to apply (4.3) to the Louvain, CNM and GN method. In the following examples, Lou-
vain, CNM, and GN are presented in a different table because they do not share a
stopping condition with the MMBO schemes and Hu’s method.

5.1.2. Evaluation metrics

We employ adjusted rand index (ARI) [25], purity [44], inverse purity, and normalized
mutual information (NMI) [40, 42] to evaluate these methods.

Purity is a statistic that quantifies the proportion of nodes in a cluster that are members
of the same class. Let C := {C}, ..., Cx } be the set of K clusters to be evaluated and
C':={C],...,C% } be the set of K’ clusters of the ground truth. Purity can be defined
as
K1
. AN T . /

Purity(C,C") —;ng%};{,w@ﬂcﬂ, (5.1)
where N is the total number of clustered nodes. Purity reaches its maximum value of
1 when each node is in a cluster containing only that single node. A high purity can
be achieved by having many clusters since this metric does not penalize cluster size.

Inverse purity is simply the purity of the second partition with respect to the first one,
that is, Purity(C’,C). Inverse purity is defined as
K’ 1
InP(C,C") = Purity(C',C) = ; N@%ﬁ’q NGl (5.2)
Since inverse purity has a bias opposite to the bias of purity, we can achieve a maxi-
mum inverse purity by grouping all nodes into a single cluster.

Given N nodes, and X = {X4,..., X, } and Y = {Y}, ..., Y} two arbitrary partitions of
these nodes, let n;; be the number of nodes that are in both cluster X; and Y}, i.e.,
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Partition Y
Y, Y, 35 ijl N4
X1 N | Ni2 | .« | Mis | A1
Partition | X5 No1 | Nag | .. | Nag | Qo
X
Xy Mp1 | M2 | eve | Nps | Gy
T Mg | b1 | by | .. | by

Table 5.1.: Contingency table [12], where a; is the sum of the i—row, that is a; =
So1 i and b; is the sum of the j—column, thatis b; = >7_, n;.
n;; = | X;NYjl|, a; be the sum of the i—row, that is, a;, = > 5—1 1y, and b; be the sum
N
of the j—column, thatis b, = >_/_, n;;, and let - represent the total number of

possible pairs from a given set. Table 5.1 can also be shown in another way, that is,
Table 5.2. In Table 5.2, TP means that a pair of nodes is placed in the same cluster

Partition Y
Pair in the same cluster | Pair in different clusters
Partition | Pair in the same cluster True positive (TP) False negative (FN)
X Pair in different clusters False positive (FP) True negative (TN)

Table 5.2.: Contingency Table for Comparing Partitions X and ).

in X and in the same cluster in )J; FN denotes a pair of nodes that are placed in the
same cluster in X’ but in different clusters in )); F'P signifies that a pair of nodes is
placed in different clusters in X but in the same clusters in J; TN means that a pair
of nodes is placed in different clusters in X and in different clusters in ). Moreover,
they can be calculated using the values in Table 5.1, that is,

TP = ;; ( 712] ) (5.3)
FN = Z ( ‘; ) — TP, (5.4)
ro-y (%) 55

TN:(];)—TP—FN—FP. (5.6)

The Rand index (RI) [60], a measure of the similarity between two data clusterings,
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can be calculated by

TP+TN TP+TN
RI = i _ Lo (5.7)
TP+ FP+FN+TN (N)
2

Intuitively, (TP + T'N) represents the number of agreements between X" and ) while
(FP + FN) represents the number of disagreements between & and ). One of
the drawbacks of Rl is that it it does not consider the possibility of a coincidental
agreement between the two partitions. The number and sizes of the clusters in each
partition, as well as the total number of nodes, have a significantimpact on the number
of agreements of two partitions. To solve this problem, adjusted Rand (ARI) was
proposed in [33], which can be calculated by

( > ) (TP +TN) = [(TP + FN)(TP + FN) + (FP + TN)(FN + TN)]
ARI =

( ];[ ) —[(TP+ FN)(TP+ FN) + (FP +TN)(FN +TN)]

(5.8)

or

P 19213 1 9 1 )|
(G ) =) B 5)=)

The ARI takes value in the range [—1, 1], where 1 represents the perfect match, and
0 indicates random labeling. Negative ARI suggests that the two partitions have less
in common than what is expected from a random result.

(5.9)

Other indicators commonly used to evaluate the clustering quality are normalized
mutual information (NMI), which is based on the concept of entropy and mutual infor-
mation. The entropy of a random variable is the average level of uncertainty inherent
to the variable’s possible outcomes, which is defined as follows based on the set of
clusters C

f; ('J(’\;') (5.10)

The joined entropy of C and C' is

L& |ane il (€N G5
joinH(C,C') :==>) ( ! ) (5.11)
P N N
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The mutual in formation (MI) evaluates the reduction in uncertainty in predicting sec-
tions of a system’s outcome after observing the outcome of other parts of the system.
Suppose we know the value of one of the random variables in a system. In this case,
there is a corresponding reduction in uncertainty for predicting the others, and mutual
information measures this reduction in uncertainty. We define the Ml of C and C’ as

MIC.C') = H(C) + H(C) — joinH(C,C") (5.12)
K K’ / /
|C; ﬂC <N|C’iﬂ0j\)
— I 513
L2 9\ Tane (5.13)

There are many variants of the concept of mutual information. We concentrate on a
well-known format, namely, normalized mutual in formation (NMI). It is defined as

2MI(C,C)

NMI(C,C) = 50 + 2

(5.14)

5.2. Zachary'’s karate club

Zachary’s karate club (ZKC) is a well known dataset proposed by Wayne W. Zachary
in his work [73] describing the interactions in a college karate club. After Girvan and
Newman [56] used the network, it became a typical example of community structure
in networks.

This dataset is well known for displaying community structure when nodes in a net-
work can be partitioned into densely linked clusters. The network illustrates the rela-
tionships among 34 members of a karate club: each node represents a person, and
the links/edges reflect people communicating outside of the karate club (e.g., spend-
ing social time together, like meeting up for a coffee, separate from the karate club).

According to the clustering result in [73], the network in Zachary’s karate club can be
divided into two groups, centered on the 'Officer’ John A (node 33), and the instructor
Mr. Hi (node 0), respectively. After an argument between Mr. Hi and John A., the
network accurately predicts how the karate club would split into two new clubs. It
is reasonable to assume that members’ interactions with other club members will
influence each member’s decision to join one of the two sides. The network is able
to predict which faction each person would join based on the relationships between
the individuals (i.e., the network).

Group leader Nodes
Mr. Hi (node 0) 0,1,2,3,4,5,6,7,8,10,11,12,13,16,17, 19, 21
John A (node 33) | 9,14, 15, 18, 20, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33

Table 5.3.: Nodes clustering result according to [73].
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Parameter Value

K 2,3,4,5,6,7,8
m Equalto K

€ 0

N, 3

¥ 1

Table 5.4.: Parameter setting of the MMBO schemes in ZKC for modularity optimiza-

tion and clustering.

Methods

Best modularity

K for obtaining the best modularity

Total time (sec.)

GN
CNM
Louvain

0.360
0.381
0.420

2
3
4

1.04
0.12
0.14

Table 5.5.: Performance of different algorithms in ZKC in terms of modularity and run-

time. Dashes indicate no calculation. The time is the total amount of time
required to execute each approach 20 times.

Methods | Average modularity | Average time (sec.)
GN 0.360 (£0.0) 0.052 (££0.006)
CNM 0.381 (£0.0) 0.006 (£0.002)

Louvain 0.416 (£0.004) 0.007 (£0.003)

Table 5.6.: The average modularity and average running time of different algorithms

in ZKC.
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Methods Best modularity | K for obtaining the | Total time (sec.)
best modularity
LWsym, QP,ym 0.420 4 0.16
MMBO using Wias @ Py 0.396 4 0.18
the projection B;,m’ Q By 0.401 4 0.18
Lp+, Qp- 0.388 4 0.19
Lw,,m> QP 0.420 4 0.20
MMBO using Ly.., Qp., 0.396 4 0.20
finite difference | Ly , Qp- 0.401 4 0.21
Lp+,Qp- 0.388 4 0.22
Hu's Lw,,. 0.406 4 0.20
method L., 0.382 4 0.21
Spectral clustering 0.410 4 0.76
Ground truth 0.358 2 —

Table 5.7.: Compare different algorithms in modularity and running time in ZKC.
Dashes indicate no calculation.

Methods Average modularity | Average time (sec.)
LW i @Paym 0.372 (£0.048) 0.008 (£0.004)
MMBO using Wowsr QP 0.341 (£0.055) 0.009 (£0.003)
the projection | Ly: , Qp- 0.367 (£0.034) 0.009 (£0.004)
Lp+, Qp- 0.356 (£0.032) 0.010 (£0.005)
L,y Q@Paym 0.372 (£0.048) 0.010 (£0.005)
MMBO using Lw..,, Qp., 0.341 (£0.055) 0.010 (£0.006)
finite difference B;m Qps. 0.363 (£0.038) 0.011 (£0.005)
L+, Qp- 0.356 (£0.032) 0.011 (£0.006)
Hu's Lw,,.. 0.360 (£0.046) 0.010 (£0.003)
method L., 0.310 (£0.072) 0.011 (£0.004)
Spectral clustering 0.410 (£0.0) 0.038 (£0.006)

Table 5.8.: The average modularity score and average running time of algorithms for
K =4in ZKC.
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Figure 5.1.: Best modularity score versus number of clusters on ZKC. The purple and
red lines cover the green dotted line and the yellow curve, respectively.

From a clustering perspective, Figure 5.2 depicts the ground truth and the perfor-
mance of the various approaches in Zachary’s karate club. It is important to note
that K’ = 2 was chosen for the MMBO scheme, Hu’s method, and spectral clustering,
meaning that they find no more than two clusters. While the Louvain method, CNM al-
gorithm, and GN method automatically select K to produce the best modularity score.
In this case, K is not necessarily 2. The case presented here shows that the MMBO
schemes perform better than Hu’s method and spectral clustering. In particular, when
compared to the ground truth, it is evident that the MMBO schemes misclassify only
one node, namely node 8. On the other hand, we can see that two nodes, namely
node 2 and node 8, are both misclassified by both Hu’s method and spectral cluster-
ing. It is noteworthy that the Louvain method clusters all nodes into 4 clusters and
provides as high modularity as the MMBO scheme using projection. Similarly, the
CNM algorithm finds 3 clusters. However, this contradicts the fundamental truth that
there are only 2 clusters.

According to [24], N; = 3 is the optimal value for the number of diffusion step itera-
tions. We ran each method 20 times and then reported the approach with the highest
modularity, as shown in Table 5.7. We present the results of the methods in terms
of modularity score and running time. As can be seen, both Louvain and the MMBO
scheme using projection with Ly, ., Qp,,, achieve the highest modularity score. In
addition, the running time of the MMBO scheme is lower than that of GN, CNM and
spectral clustering. Moreover, we found that m = 2K = 4 is the best value for clus-
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(g) CNM.

Figure 5.2.: Community detection on Zachary’s karate club network with different
methods.
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tering, which is the same as that suggested by Louvain’s algorithm. This means that
this could be the natural clustering of the network.

Although Zachary’s karate club graph is a simple case of the real network datasets, it
provides reasonable evidence that the MMBO scheme using projection might perform
better than other methods in analyzing certain real social networks.

5.3. MNIST

The MNIST handwritten digits database is a widely used dataset in computer vision
and deep learning [72]. It comprises of 70,000 28 x 28 pixel images of handwritten
digits ranging from 0 to 9. The dataset consists of pairs of handwritten digit images
and ground truth. We aim to group different digits into distinct communities. Animage
is represented by a node of the graph, and to create feature vectors, we project the
images onto 50 principal components as determined by PCA.

Parameter | Value
N 70,000
k 500
T 0.02

Table 5.9.: Parameter settings for Nystrom extension on MNIST.

An adjacency matrix I/ is created as follows. Firstly, for each image, the graph is built
by projecting it onto 50 principal components. Secondly, we choose an appropriate
weighted function. Let z; and z; be the coordinates of the input data node i and
node j, then ||z; — x|, represents the L, distance between node : and node j. The
Gaussian function w(z;, z;),

w(ws, ;) = exp (=7l — 313, (5.15)

is @ common weight function, where = = o2 is known as the Gaussian kernel of
variance 2. The weights w(z;,x;) # 0 if and only if either node i or j is one of the
other’s 10 nearest neighbors. In this section, the weighted matrix W is constructed
by using Gaussian function w(z;, z,) (5.15) with 7 = 0.02. Additionally, we choose the

Parameter | Value
Ny 5)
€ 107°
vy 0.5

Table 5.10.: Parameter setting of the MMBO scheme on MNIST.
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same N; as Hu et al. in [32] to compare the results of MMBO with those of Hu et al.,
that is, N, = 5.

The best partition obtained by the Louvain method is around K = 125. It is possible
that the input K does not result in a partition containing K clusters since the results
could contain empty clusters. As a result, the search should be extended to K >
10, since a greater K allows the MMBO scheme to explore partitions that maximize
modularity [32]. To conduct a fair comparison of modularity, we employ the same
number of clusters for the MMBO and Louvain. In other words, the Louvain approach
is first used to determine the optimal partition &. Then, we utilize the MMBO schemes
with K to compute the modularity score.

Methods Modularity | ARI | Purity | Inverse purity | NMI | Time (sec)
Louvain 0.939 0.147 | 0.959 0.124 0.596 2188.5
CNM 0.717 0 0.115 0.052 0.01 9828.7
Spectral clustering 0.914 0.563 | 0.758 0.816 0.745 | 42368.1

Table 5.11.: Performance of different algorithms in MNIST in terms of modularity and
runtime. The time is the total amount of time required to execute each
approach 20 times.

Figure 5.3 displays the spectra of the first 150 eigenvalues, excluding the first (zero)
eigenvalues, generated by the different choices of L,,;, and Ly, . Specifically, in
panel (a), the yellow dotted line and the green one overlap since the eigenvalues of
Lw,,.. and Ly, are identical. Additionally, the red dashed line is nearly hidden by
the purple one in panel (b). Different selections of L,,;, might result in differences in
the first 50 eigenvalues, but the eigenvalues of all L,,,;, are almost identical when the
index is greater than 130.

There are two main parts to the execution time of the MMBO schemes and the Hu’s
method: the computation of the eigenvalues and eigenvectors of L,,;, or Ly,,, and
the MBO iteration steps. In practice, the choice of programming language can af-
fect the speed, but the MBO iteration is often the most time-consuming part of the
computation, as shown in Table 5.13.

We obtain the eigenvalues and eigenvectors using the Nystrom extension with QR
decomposition. Let m = K, where K is determined by the Louvain method. When
m = 125, the size of the eigenvector matrix X,,,;, is relatively large. Table 5.13 demon-
strates the amount of time necessary to calculate these two aspects using various
methods. The MMBO scheme using projection requires the least amount of time to
execute MBO iterations.

Tables 5.14 and 5.15 summarize the results of the MMBO scheme and other algo-
rithms on the MNIST using m = K = 125 and the standard stopping criterion (4.3).
We run these methods 20 times and then report the best modularity scores. Based
on the highest modularity, Table 5.14 shows the results for that one run. Besides,

Zijun Li, A method for modularity optimization based on total variation and sign-
less total variation, 2021



5 Numerical experiments

"uona)lIo Buiddols 101)s pue GZT = 3 uaym | SININ Uo swiyiLioBie jo eouewlopad abeleAe ay] :'Z]'G o|gel

(1°L2TF) ¢'LT1E

(090°0F) €89°0

(070°0F) 92270

(280°0F) €L9°0

(€2T°0F) 0770

(6T0°0F) C68°0

Buieysn|o jesjoadg

(€°02F) 9°9¢8 (0°0F) 200°0 (0°0F) 2S00 (0°0F) STT°0 (00F) 0 (0°0F) L1L°0 IAND
(T1F) 77 10T | (€00°0F) 96S°0 | (800°0F) 210 | (T00°0F) 8¢6°0 | (£00°0F) €710 | (100°0F) 8€6°0 UIBANOT
(o®s) awi| IINN Alund asJaAu| Aungd Y Aieinpon SPoOYIa|N

43

Zijun Li, A method for modularity optimization based on total variation and sign-

less total variation, 2021



5 Numerical experiments

10007 2.00 1 [ —
0975 o e
0.950 : 1.95 //
0.925 A
] [}
3 3
£ 0.900 g 190
c c
[ [T}
o o
o 0.875 i
0850 1 1851
08251 !
e e Lw,, === Ly, +0Qp,
: 1.80
08004 - L, i -== Lw,,+0p,,
1 20 40 60 80 100 120 140 1 20 40 60 80 100 120 140
(a) Index (b) Index
Modularity with the different chioce of m.
201 A —— [ pmemm—— N
T 0.935 A S
P .’
255 -
184 Ve -
et - 0.930 7
14 ya
16 1] 0.925 - /
| pm—-
3 ! 2 /
% r ‘T 0.920 1
> 144 : o ]
z | H h
0] K B
2 [ 2 0915 ;
124 | /!
| 0.910 1 !
’ !
1.0 H
! 09054
f - Ls 408, !
084 | == lg; +0Q8;, 0.900 H -=- MMBO using projection with Ly,,, and Qp,
1 20 40 60 80 100 120 140 20 40 60 80 100 120 140

(c) Index (d) Number of eigenvalues used

Figure 5.3.: Comparison of the spectra of different models on the MNIST. In (a), the
green dotted line is covered by the yellow one. In (b), the purple curve is

almost hidden by the red one.
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Figure 5.4.: Modularity score versus the number of iterations on the MNIST.

Methods Average time for com- | Average timing | Number of
puting eigenvalues and | of MBO iteration | iterations
eigenvectors (sec.) steps (sec.)

L., @roy | 10.8 (£1.5) 31.9 (£4.2) 131 (£18)
MMBO Lw,,,Qp., |83 (£1.1) 33.2 (£8.8) 126 (£36)
using the Lps Qpz . | 10.7 (£2.0) 34.8 (£6.5) 137 (£27)
projection L+ ,Qp- | 10.3 (£2.3) 27.8 (£5.9) 115 (£25)

L,y @Poy | 10.8 (£1.5) 125.6 (£13.8) 142 (£16)
MMBO Lw,.,Qp. |83 (£1.1) 121.2 (£12.3) 139 (£14)
using finite | Ly: ,Qu- | 10.7 (£2.0) 125.0 (£10.2) 145 (£12)
difference | L ,Q,- | 103 (£2.3) 122.3 (£11.8) | 143 (£13)
Hu's L., 8.1 (£1.2) 247.8 (£11.9) 139 (£7)
method L., 8.5 (£1.3) 238.4 (£12.5) 134 (£7)

Table 5.13.: Average computation time on MNIST for the MMBO scheme and the Hu'’s
method when using m = K = 125 and the standard stopping criterion
(4.3). The number of iterations is rounded to the nearest integer.
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Methods Best modu-| ARI | Purity | Inverse| NMI | Total time

larity purity (sec)

Ly,yms Qp,,m | 0.938 0.463 | 0.782 | 0.512 | 0.626 | 860.5

MMBO Lw,.,Qp. |0.935 0.459 | 0.762 | 0.523 | 0.631 | 836.1
using the LB;M, QB;W 0.936 0.457 | 0.740 | 0.533 0.629 | 914.2
projection | Ly: ,Qp- | 0.929 0.448 | 0.640 | 0.686 | 0.618 | 768.7
Lw,,., Qp,,. | 0.938 0.454 | 0.789 | 0.495 | 0.629 | 2732.9

MMBO Lw,.,Qp. |0.935 0.446 | 0.816 | 0.482 | 0.642 | 2594.4
using finite | Ly Qp- | 0.939 0.462 | 0.751 | 0.511 0.632 | 2718.1
difference Lp+ ,Qp- | 0.934 0.453 | 0.777 | 0.532 0.639 | 2656.5
Hu's Ly, 0.926 0.433 | 0.689 | 0.530 0.601 | 5122.6
method Lw.. 0.898 0.414 | 0.596 | 0.758 0.638 | 5004.9

Table 5.14.: The best modularity of algorithms on MNIST when using m = K = 125
and the standard stopping criterion (4.3). The time is the total amount of
time required to execute each approach 20 times.

the times in Table 5.14 represent a total of 20 runs for each method, while Table 5.15
displays the average running time for each approach.

Observing the Figure 5.4, the modularity score for the MMBO schemes and Hu’s
approach increases dramatically in the first 25 iterations. After that, the modularity
then remains stable at a high level. This trend is similar to the results shown in [32].
It is noteworthy that the MMBO scheme generally provides better modularity than
Hu’s approach.

However, as can be seen in Figure 5.4, the modularity improves slowly after the first
25 iterations, but continues to iterate as the stopping condition (4.3) is somewhat too
strict. It is possible to choose a modularity — related stopping condition: if the abso-
lute change in modularity is less than 107, then the stopping condition has been satis-
fied. The best modularity and average performance of the MMBO schemes and Hu’s
method are shown in Tables 5.17 and 5.18 using m = K = 125 and the modularity-
related stopping condition. Figure 5.3(d) displays the modularity score of the MMBO
scheme using projection with Ly, ., Qp,,.. versus the number of eigenvalues used
under m = K = 125 and the modularity-related stopping condition.

As can be seen in Tables 5.13 and 5.16, the application of the modularity-related
stopping condition results in fewer MBO iterations than the standard stop condition
(4.3), drastically reducing the total running time. However, the modularity-related
stopping condition does not necessarily lead to higher average modularity. As shown
in Tables 5.15 and 5.18, the performance of the MMBO scheme using projection
appears to improve when the modularity-related stopping condition is used. However,
for the MMBO scheme using finite difference, it might be better to use the standard
stopping condition.

Zijun Li, A method for modularity optimization based on total variation and sign-
less total variation, 2021



‘uolJalllo

Buiddois pJepuels ay} pue ¢z = 3 = w usym | SINW uo wyjiobje uosuiedwoo ayj Jo asuewlopad obelone oH._. 'G1°G 9|qel
(T'222F) ¢L21¢ | (090°0F) 689°0 | (070°0F) 924°0 | (S80°0F) €29°0 | (€2T°0F) 0FF°0 | (610°0F) S68°0 Buneisno |esoeds
(8°¢2F) €05 | (670°0F) 8650 | (E€T°0F) 81G°0 | (LL0°0F) 01270 | (890°0F) 98€°0 | (800°0F) 9260 iy poyjaw
(T°¢1¥F) 1'9¢¢ | (L800F) €290 | (280°0F) 2850 | (FT0°0F) 22L 0 | (FS0°0F) 69%°0 | (S00°0F) 62670 “rm s.nH
(T71F) 82el | (T0T°0F) €25°0 | (LTT0F) €750 | (GOT°0F) 289°0 | (990°0F) 85€°0 | (180°0F) €060 | ~Z& +97 |  oousiayp
(Z2IF) 6561 | (880°0F) 65°0 | (880°0F) 0570 | (020°0F) 662°0 | (090°0F) 68870 | (L00°0F) 2860 | -2 47 | apuy Buisn
(F'e1F) 2621 | (8T0°0F) L1970 | (LF00F) 09%°0 | (€70°0F) 882°0 | (820°0F) T17°0 | (200°0F) ¢e6°0 | "4 ™M7 09N
(€'GTF) 9°9¢T | (900°0F) €29°0 | (€20°0F) 2LF0 | (8T0°0F) 12L°0 | (L£0'0F) LT¥°0 | (200°0F) 98670 | “"4¢y "M

(z8F) 78e | (G90°0F) €550 | (260°0F) #6570 | (€0£°0F) L8€°0 | (R€T0F) 01€°0 | (T€0°0F) 8680 | & +¥7 |  uonosfoid

(¢'8F) L'sv | (800°0F) 129°0 | (FIT0F) LF9°0 | (£70°0F) L69°0 | (520°0F) &8%°0 | (ST0°0F) 18670 ém@}mmq ay} Buisn

(66F) LTIF | (€10°0F) 819°0 | (F£0'0F) 6870 | (G00°0F) 2620 | (TFO'0F) 81F°0 | (T00°0F) #€6°0 | "9 ™7 09N

(2gF)oer | (0T0°0F) 919°0 | (€70°0F) 6970 | (0T0°0F) 2LL0 | (2G0°0F) T1F°0 | (£00°0F) Ge6°0 | “"d "M

(09s) awi] IINN Aund ssiany| Aund S\ Aenpoy spoyle|\

5 Numerical experiments

47

Zijun Li, A method for modularity optimization based on total variation and sign-

less total variation, 2021



5 Numerical experiments

Methods Average time for com- | Average timing | Number of
puting eigenvalues and | of MBO iteration | iterations
eigenvectors (sec.) steps (sec.)

L,y Qpyym | 10.8 (£1.5) 9.6 (£3.1) 30 (£10)
MMBO Lw..,,Qp., |83 (£l.1) 9.8 (£3.7) 30 (£12)
using the B;,m’QB;ym 10.7 (£2.0) 8.7 (£5.5) 33 (£21)
projection Lp+ ,Qp- | 10.3 (£2.3) 10.7 (£4.9) 36 (£16)

Lw,ym>@Poym | 10.8 (£1.5) 35.1 (£9.3) 35 (£9)
MMBO Lw,,,Qp., |83 (£l.1) 30.3 (£8.2) 31 (£8)
using finite Lgs QB;ym 10.7 (£2.0) 26.3 (£10.2) 28 (£12)
difference Lp+ ,Qp- | 10.3 (£2.3) 29.3 (£11.8) 42 (£13)
Hu's Lw,,, 8.1 (£1.2) 66.1 (£12.8) 30 (+6)
method Lw., 8.5 (£1.3) 79.8 (£12.5) 35 (£5)

Table 5.16.: Average computation time on MNIST for the MMBO scheme and the Hu'’s

method when using m = K = 125 and the modularity-related stopping
condition. The number of iterations is rounded to the nearest integer.

Methods Best modularity | ARI | Purity | Inverse| NMI | Time

purity (sec)

Lw,yms QPuym 0.939 0.459 | 0.836 | 0.475 0.649 | 556.1

MMBO Lw.,,Qp., 0.937 0.437 | 0.831 | 0.405 0.634 | 469.8

using the B:ym @B, 0.937 0.519 | 0.798 | 0.604 0.632 | 475.2

projection Lp+  Qp-. 0.936 0.433 | 0.783 | 0.643 0.612 | 422.5

Lw,yms QPuym 0.939 0.459 | 0.837 | 0.486 0.650 | 923.0

MMBO Lw..,,Qp., 0.935 0.446 | 0.816 | 0.482 0.635 | 776.2

using finite Lps Qp=,. 0.939 0.462 | 0.751 | 0.511 0.633 | 743.7

difference Lp+ ,Qp- 0.934 0.453 | 0.777 | 0.532 | 0.624 | 795.3
Hu's Lw,,. 0.935 0.449 | 0.763 | 0.544 0.629 | 1488.7
method Lw.., 0.934 0.454 | 0.787 | 0.615 0.641 | 1769.5

Table 5.17.: The best modularity of algorithms on MNIST when m = K = 125 and

the modularity-related stopping condition. The time is the total amount
of time required to execute each approach 20 times.
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5 Numerical experiments

We found that the MMBO scheme using projection on the eigenvectors always per-
forms better than Hu’s method, CNM and spectral clustering. Moreover, the MMBO
scheme using projection has as high modularity score as Louvain, but the running
time is much shorter and the ARI is much larger.

5.4. Stochastic block model

The stochastic block model (SBM) [31] evolved from the study of social networks.
The goal of SBM is to split nodes into separate groups, also known as blocks, so
all nodes in the same block have the same connection pattern as nodes in other
blocks. The stochastic block model is constructed by generating an undirected edge
between each pair of nodes independently. The probability of an edge linking two
nodes is solely determined by the block in which they are located. In network science,
statistics, machine learning, and other fields, the stochastic block model serves as a
useful benchmark for the problem of reconstructing community structure in graph data
[15, 45].

Parameter Value

Nodes N = 3000

Block 5,10,15

Block Size N / Number of blocks

Strong community structure:
Psame = 0.95, Pdiff = 0.01
Weak community structure:
Psame = 0.3, pairy = 0.1

Probability

Table 5.19.: Parameter setting of SBM.

Assume that N nodes are separated into several equally-sized blocks. The connec-
tions between nodes within the same community are stronger than those between
nodes belonging to different communities. The probability of connection of nodes lo-
cated in the same community is p....., Whereas the probability of an edge between
two nodes in different communities is pg; .

We construct two types of SBM: strong and weak community structures. In a strong
community structure, we set pyqme = 0.95, and pgirr = 0.01. In contrast, in the weak
community structure, the probabilities are p,,,. = 0.3 and pgiry = 0.1. In summary,
the SBM are generated using the set of parameters in Table 5.19. An example of
adjacency matrices of the strong and weak community structure at K = 5 is shown
in Figure 5.5, where the dark indicates 1 and the white represents 0.

Figures 5.6 and 5.7 depict the first 25 eigenvalues of L, .., Lz, and Ly, including
the first (zero) eigenvalues, in SBM when K = 10, 15. It is worth to note that almost
all the eigenvalues are distinct, except for Qp_ , despite the fact that they sometimes

sym
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Parameter Value

Clusters K =5,10,15

Size Equal to block size
m Equal to K

N; 3

€ 1074

vy 1

Table 5.20.: Parameter setting of the MMBO schemes in SBM.

(a) SBM with the strong community structure (b) SBM with the weak community structure

Figure 5.5.: Adjacency matrices of the strong and weak community structure at K =
5.

appear identical on graphs. In SBM with the strong community structure, the eigenval-
ues in Figures 5.6 and 5.7 seem to remain constant because the difference between
them is too small. However, the change in the eigenvalues is more apparent in the
weak community structure, as shown in Figure 5.7(e) and (f).

Let \;(1W) be the i-th eigenvalue of . Suppose a matrix W € R¥*YN have real
eigenvalues ordered as follows:

MW) < (W) <. < An(W).

We say there exists a jump in the eigenvalues if two consecutive eigenvalues change
by more than 0.01, i.e.,

At (W) = M(IP) oo

In the case of K = 10, L,,;,, reveals a sudden jump between 9 and 10, while Ly, .
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Figure 5.6.: The spectra of L,,;,, and L, in SBM with strong community structure,
where (a) and (b) are for the case K = 10 and (c) and (d) are for K = 15.
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where the left column is the case of K = 10 and the right column is the
case of K = 15. In (e) and (f), the purple and pink curves are covered by
red and brown ones, respectively.

Zijun Li, A method for modularity optimization based on total variation and sign-

less total variation, 2021

53



5 Numerical experiments

demonstrates a similar jump between 10 and 11. By observing the jump of Ly, ., it
shifts not only to the left but also upwards.

The theory of rank—one matrix updates' [8, 29] illustrates the behavior that the jumps
inthe eigenvalues of L,,,;,, or L., shifted one to the right. Take L,.;,, = Lw,,,,+Qp.,..
as an example, Weyl's inequality? [22, 70] explains well the relationship of the upper
and lower bounds of the eigenvalues of L,,;,, and the eigenvalues of Ly, ,, and Qp,,,.,

i.e.,

Al(LW%ym) _|_ Al(QPsym> (Lmlxs> S )\N<stym> + >\N<Qpeym)7
Ai(LWsym) + )\1 (QPsym) LWsym) + AN(QPsym)

The inequalities above demonstrate that the upper and lower bounds of the eigenval-
ues of L,,;,, are restricted by the eigenvalues of Ly, and Qp, .. In addition, only
one eigenvalue of Qp, . is equal to 2, and the rest of the eigenvalues equals 1, i.e.,
\i(@p,,,) = 1forie {1,..,N —1} and A\y(Qp,,,.) = 2. Hence, it is straightforward to
get

>\1<Lmi:rs> >\N
by (

< <

This explains why the eigenvalues of Ly, are shifted upward to L,,;,,.

In order to investigate the effect of the number of eigenvectors used on the final result,
in Figures 5.8 and 5.9, we plot the modularity score produced by varying m. Different
L. options are utilized by the MMBO scheme. When m = 9, all L,,;,, and L,,;.,
reach the highest modularity, and Hu’'s method reaches a peak at m = 10. Combining
Figures 5.6, 5.8 and 5.9, we determine that the number of eigenvectors chosen is at
least the same as the number of clusters, i.e., m > K.

Tables 5.22 to 5.27 show the best modularity scores and total running times obtained
for 20 runs of various approaches. Tables 5.28 to 5.33 show the average modularity
of the methods and the average time for each run.

The Louvain method and the MMBO scheme using projection provide comparable
modularity scores. When K is large, however, the running time of the MMBO scheme
using projection is significantly lower than that of Louvain and CNM. Moreover, the
MMBO schemes perform better than CNM and Hu’s method in the weak community
structure since it provides high modularity and is closer to ground truth.

It is worth noting that L,,;,, generally has a slightly shorter running time than L,,;,..
Moreover, L,,;., and L,,;. using B™ and B~ both have greater modularity score than
that of W and P.

As can be seen from these tables, spectral clustering has the highest modularity score
for both strong and weak community structures, and it always assigns the proper
community. With respect to the strong community structure, both Louvain and CNM
provide a better modularity than MMBO, but the running time of the MMBO scheme

'See the appendix A.4 for more details.
2Also see the appendix A.4 for more details.
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5 Numerical experiments

Modularity with the different choices of m.
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----- MMBO using finite difference with Ly, Qp,
----- MMBO using finite difference with Lg: Qs
0.74
6 8 10 12 14 16 18 20

Number of eigenvalues to used

Figure 5.8.: Modularity in the number of eigenvectors used in the strong community
structure of the SBM when K = 10. All MMBO schemes are overlapping.

is significantly faster than either. However, for the weak community structure, both
MMBO schemes always provide a higher modularity than the Louvain method, es-
pecially when K = 10, 15. In addition, CNM has the worst performance in the weak
community structure.
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5 Numerical experiments

Modularity with the different choices of m.
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Figure 5.9.: Modularity in the number of eigenvectors used in the strong community
structure of the SBM when K = 15. The green and brown lines cover the
purple dotted line and the red curve, respectively.
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5 Numerical experiments

Community | Methods | Blocks | Best modularity | ARI | Purity | Inverse| NMI | Time
structure purity (sec)
5) 0.759 1.0 1.0 1.0 1.0 | 1268.5
CNM 10 0.813 1.0 1.0 1.0 1.0 | 8214
15 0.804 1.0 1.0 1.0 1.0 | 713.7
) 0.759 1.0 1.0 | 1.0 1.0 | 187.3
Strong Louvain 10 0.813 1.0 1.0 | 1.0 1.0 | 104.0
15 0.804 1.0 1.0 1.0 1.0 | 71.0
Spectral 5 0.759 1.0 1.0 | 1.0 1.0 | 39.6
clustering 10 0.813 1.0 1.0 | 1.0 1.0 | 28.8
15 0.804 1.0 1.0 1.0 1.0 | 30.6
5 0.227 0.995 | 0.998 | 0.998 0.991 | 1268.2
CNM 10 0.107 0.363 | 0.385 | 0.920 0.627 | 1237.0
15 0.068 0.227 | 0.2 | 0.981 0.657 | 1260.7
) 0.228 1.0 1.0 1.0 1.0 | 142.9
Weak Louvain 10 0.143 0.810 | 0.8 | 1.0 0.934 | 156.3
15 0.104 0.726 | 0.733 | 1.0 0.919 | 232.7
Spectral 5 0.228 1.0 1.0 | 1.0 1.0 | 36.0
clustering 10 0.149 1.0 1.0 | 1.0 1.0 | 32.9
15 0.109 1.0 1.0 1.0 1.0 | 384

Table 5.21.: The best modularity of algorithms on SBM, where the best modularity is
obtained for 20 runs.
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5 Numerical experiments

Methods Modularity | ARI | Purity | Inverse | NMI | Time | Number
purity (sec) | of itera-
tions

Lwvyyms Qpoyn | 0.759 10| 1.0 |10 1.0 [ 342 |5
MMBO Lw,.,@p. 0.759 10 | 1.0 |1.0 1.0 | 307 |6
using the LB;W,QB;/m 0.759 1.0 1.0 1.0 1.0 | 32.2 4
projection | L+ ,Qp | 0759 | 1.0 | 1.0 | 1.0 10 | 322 |4
L,y Qpy | 0.759 1.0 | 1.0 |10 1.0 | 357 |5
MMBO Lw,.,Qp., 0.759 10| 1.0 |10 1.0 [319 |6
using finite | L+  Qp- 0.759 1.0 1.0 | 1.0 1.0 | 345 |4
difference Lng,QBf 0.759 1.0 | 1.0 |1.0 1.0 [ 342 |4
Hu’s Ly, 0.759 1.0 1.0 1.0 1.0 | 12.2 2
method Lw,., 0.759 1.0 1.0 | 1.0 1.0 106 |3
Ground truth 0.759 1.0 1.0 | 1.0 1.0 | = -

Table 5.22.: SBM with a strong community structure at K = 5. The best modularity

are obtained for 20 runs.

Methods Modularity | ARI | Purity | Inverse| NMI | Time | Number
purity (sec) | of itera-
tions

L,y Qpyyn | 0.228 1.0 | 1.0 |10 1.0 [227 |6
MMBO Lw,.,Qp., 0.228 1.0 | 1.0 |10 1.0 [220 |6
using the LB;M, QB;M 0.228 1.0 1.0 1.0 1.0 | 204 5)
projection | Ly , Qs | 0228 | 10 | 10 | L0 10 1207 |5
L,y Qp,| 0228 1.0 | 1.0 |10 1.0 [27.7 |6
MMBO Lw,.,Qp., 0.228 1.0 | 1.0 |10 1.0 | 263 |6
using finite LB;W, QB;ym 0.228 1.0 1.0 1.0 1.0 | 26.5 5)
difference LB;ZJ’ QB;W 0.228 1.0 1.0 1.0 1.0 | 229 5
Hu’s Lw,ym 0.205 0.782 | 0.8 | 1.0 0.906 | 12.7 |3
method Lw.,., 0.205 0782 | 0.8 | 1.0 0.906 | 14.0 3
Ground truth 0.228 1.0 1.0 1.0 1.0 | - =

Table 5.23.: SBM with a weak community structure at X = 5. The best modularity

are obtained for 20 runs.
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5 Numerical experiments

Methods Modularity | ARI | Purity | Inverse| NMI | Time | Number
purity (sec) | of itera-
tions

L.y, Qr,| 0777 | 0811 08 | 1.0 0.936 | 282 |5
MMBO L., QP 0.777 | 0811 | 0.8 | 1.0 0.936 | 25.6 |5
using the LB;%: QB;W 0.795 0.898 | 0.9 1.0 0.969 | 27.9 4
projection | L+ ,Q,- | 0.795 | 0898 0.9 |10 | 0969|261 |5
L, s @Puym 0.795 0.898 | 0.9 | 1.0 0.969 | 320 |5
MMBO Lw..,Qp. 0.777 | 0.811| 0.8 | 1.0 0.936 | 30.4 |5
using finite LB;M, QB;W 0.795 0.898 | 0.9 1.0 0.969 | 30.9 4
difference | L., Q- 0.777 | 0811 | 08 |10 0.936 | 30.2 |5
Hu’s Ly, 0.759 0.736 | 0.7 1.0 0.901 | 16.4 3
method Lw.,, 0.759 0.736 | 0.7 | 1.0 0.901 | 159 |3
Ground truth 0.813 1.0 1.0 | 1.0 1.0 | - —

Table 5.24.: SBM with a strong community structure at K = 10. The best modularity

are obtained for 20 runs.

Methods Modularity | ARI | Purity | Inverse| NMI | Time | Number
purity (sec) | of itera-
tions

L, ym> @Poym 0.146 0.898 | 0.9 | 1.0 0.969 | 33.8 6
MMBO Lw.,,Qp., 0.143 0810 | 0.8 | 1.0 0.936 | 32.3 4
using the Lpt Qp:. 0.146 0.898 | 0.9 | 1.0 0.969 | 31.9 5
projection | Ly: ,Qy | 0146 | 0.898 | 09 |10 0.969 | 30.0 | 6
Waym s @ Paym 0.146 0.898 | 0.9 | 1.0 0.969 | 37.8 6
MMBO Lw,.,,Qp.., 0.143 |0.810| 0.8 | 1.0 0.936 | 34.1 | 4
using finite | L+  Qp- 0.146 0.898 | 0.9 | 1.0 0.969 | 36.5 5
difference Ly+ ,Qp- 0.146 0.897 | 0.9 | 1.0 0.969 | 35.8 6
Hu’s L,y 0.143 0810 | 0.8 | 1.0 0.936 | 22.9 5
method Lw.,., 0.143 0810 | 0.8 | 1.0 0.936 | 22.5 3
Ground truth 0.149 1.0 1.0 1.0 1.0 | - —

Table 5.25.: SBM with a weak community structure at K = 10. The best modularity

are obtained for 20 runs.
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5 Numerical experiments

Methods Modularity | ARI | Purity | Inverse | NMI | Time | Number
purity (sec) | of itera-
tions

L., Qp.,,| 0781 0819 08 |10 0.946 | 20.3 | 4
MMBO Lw,.,@p. 0.774 | 0.770 | 0.8 | 1.0 0.939 | 19.7 | 4
using the LB:W, QB;W 0.789 0.872 | 0.87 | 1.0 0.965 | 21.8 4
projection | L+ Q- | 0781 | 0819| 08 |10 | 0946 | 205 |4
L.y, Qp,,| 0781 0819 08 | 1.0 0.946 | 24.7 | 4
MMBO Lw,.,@p. 0.774 0770 | 0.8 | 1.0 0.939 | 242 |4
using finite LB;M, QB;W 0.789 0.872 | 0.87 | 1.0 0.965 | 26.0 4
difference LB,T;NQB* 0.781 0.819 | 0.8 1.0 0.946 | 25.4 5
Hu’s Ly, 0.777 0.811 0.8 1.0 0.936 | 16.7 3
method Lw,., 0.766 0.726 | 0.73 | 1.0 0919 | 159 |3
Ground truth 0.804 1.0 1.0 | 1.0 1.0 |- -

Table 5.26.: SBM with a strong community structure at K = 15. The best modularity

are obtained for 20 runs.

Methods Modularity | ARI | Purity | Inverse| NMI | Time | Number
purity (sec) | of itera-
tions

Lw,yms QPyym 0.106 0.818 | 0.8 | 1.0 0.946 | 28.0 6
MMBO Lw..,Qp., 0.105 0.770 | 0.73 | 1.0 0.927 | 26.6 6
using the Lgs . Qp:,. 0.106 0.819 | 0.8 | 1.0 0.946 | 27.5 5
projection LB;Qw? - | 0.106 0.818 | 0.8 | 1.0 0.946 | 26.1 5
L, ym> @Poym 0.106 0.818 | 0.8 | 1.0 0.946 | 31.6 6
MMBO Lw..,Qp., 0.105 0.770 | 0.73 | 1.0 0.927 | 30.9 6
using finite | L+ Qp- 0.106 0.819 | 0.8 | 1.0 0.946 | 304 |5
difference Lp+ ,Qp- 0.106 0.818 | 0.8 | 1.0 0.946 | 28.5 5
Hu's Lw,,m 0.104 0.770 | 0.8 | 1.0 0.937 | 22.7 5
method L., 0.104 0.770 | 0.73 | 1.0 0.927 | 23.6 6
Ground truth 0.109 1.0 1.0 | 1.0 1.0 |- —

Table 5.27.: SBM with a weak community structure at K = 15. The best modularity

are obtained for 20 runs.
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5 Numerical experiments
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5 Numerical experiments

Methods Modularity ARI Purity Inverse NMI Time (sec) | Number of
purity iterations
Lw,, s @pyyn | 0.210 (£0.018) | 0.830 (£0.17) | 0.84 (£0.16) | 1.0 (£0.0) | 0.923 (40.077) (£0.3) | 5.5 (£0.5)
MMBO Wyws @Pr | 0.208 (£0.020) | 0.818 (£0.182) | 0.84 (£0.16) | 1.0 (£0.0) | 0.918 (£0.082) (£0.3) | 5.5 (£0.5)
using the mu@sv @mm@s 0.210 (£0.018) | 0.830 (£0.17) | 0.84 (£0.16) | 1.0 (£0.0) | 0.923 (£0.077) (£0.4) | 5.4 (£0.4)
projection | Ly ,Qp- | 0.210 (£0.018) | 0.830 (+0.17) | 0.84 (£0.16) | 1.0 (£0.0) | 0.923 (£0.077) (£0.3) | 5.6 (£0.6)
Lw,, s @Pyym | 0.210 (£0.018) | 0.830 (£0.17) | 0.84 (£0.16) | 1.0 (£0.0) | 0.923 (0.077) (£0.4) | 5.5 (£0.5)
MMBO Lw,,,Qp., | 0.208 (£0.020) | 0.818 (£0.182) | 0.84 (£+0.16) | 1.0 (+0.0) | 0.918 (+0.082) | 1.3 (+0.3) | 5.5 (£0.5)
using finite mws“ @p;,, | 0210 (£0.018) | 0.830 (£0.17) | 0.84 (£0.16) | 1.0 (£0.0) | 0.923 (£0.077) (£0.4) | 5.5 (£0.5)
difference | L+ ,Qp- | 0.210 (£0.018) | 0.830 (£0.17) | 0.84 (+0.16) | 1.0 (£0.0) | 0.923 (£0.077) (£0.3) | 5.6 (£0.6)
Hu's Ly, 0.198 (£0.007) | 0.732 (£0.50) | 0.74 (£0.06) | 1.0 (£0.0) | 0.872 (£0.124) (£0.3) | 3.2 (£0.2)
method L., 0.198 (£0.007) | 0.732 (£0.50) | 0.74 (£0.06) | 1.0 (£0.0) | 0.872 (£0.124) (£0.2) | 3.2 (£0.2)

Ground truth 0.228 1.0 1.0 1.0 1.0 - -

Table 5.29.: Average performance of approaches in SBM with weak community structure for K = 5.
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5 Numerical experiments
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5 Numerical experiments

Methods Modularity ARI Purity Inverse NMI Time (sec) | Number of
purity iterations
Lw,, s @pPyym | 0.142 (£0.004) | 0.796 (£0.102) | 0.78 (£0.12) | 1.0 (£0.0) | 0.929 (4:0.040) (£0.5) | 5.3 (£0.7)
MMBO Wows QP | 0.142 (£0.004) | 0.796 (£0.102) | 0.78 (£0.12) | 1.0 (£0.0) | 0.929 (£0.040) (4£0.5) | 5.0 (£1.0)
using the musa Qg | 0.142 (£0.004) | 0.796 (£0.102) | 0.78 (£0.12) | 1.0 (£0.0) | 0.929 (0.040) (£0.4) | 4.8 (£0.2)
projection | Ly ,Qp- | 0.142 (£0.004) | 0.796 (+0.102) | 0.78 (£0.12) | 1.0 (£0.0) | 0.929 (£0.040) (£0.4) | 5.5 (£0.5)
L, s @Pyy | 0.142 (£0.004) | 0.796 (£0.102) | 0.78 (£0.12) | 1.0 (£0.0) | 0.929 (£0.040) | 1.9 (£0.5) | 5.5 (£0.5)
MMBO | Lyw.,,,Qp., | 0.142 (£0.004) | 0.796 (£0.102) | 0.78 (£0.12) | 1.0 (£0.0) | 0.929 (40.040) | 1.7 (£0.6) | 5.0 (£1.0)
using finite muév Qg | 0142 (£0.004) | 0.796 (+0.102) | 0.78 (+0.12) | 1.0 (+0.0) | 0.929 (+0.040) (£0.7) | 4.8 (£0.2)
difference | L+ ,Qp- | 0.142 (£0.004) | 0.796 (£0.102) | 0.78 (+0.12) | 1.0 (£0.0) | 0.929 (£0.040) (£0.8) | 4.8 (£0.2)
Hu's Ly, ,m 0.138 (£0.005) | 0.736 (£0.074) | 0.72 (£0.08) | 1.0 (£0.0) | 0.900 (£0.036) (£0.3) | 4.5 (£0.5)
method L., 0.138 (£0.005) | 0.736 (£0.074) | 0.72 (£0.08) | 1.0 (£0.0) | 0.900 (£0.036) (£0.3) | 4.5 (£0.5)

Ground truth 0.149 1.0 1.0 1.0 1.0 - -

Table 5.31.: Average performance of approaches in SBM with weak community structure for K = 10.
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5 Numerical experiments

Methods Modularity ARI Purity Inverse NMI Time (sec) | Number of
purity iterations
Lw,, s @Pyy | 0.104 (£0.002) | 0.744 (£0.074) | 0.71 (£0.09) | 1.0 (£0.0) | 0.916 (£0.030) | 1.4 (£0.5) | 6.2 (£0.2)
MMBO Wows QP | 0.104 (£0.002) | 0.742 (£0.028) | 0.71 (£0.02) | 1.0 (£0.0) | 0.915 (£0.012) | 1.3 (£0.4) | 5.7 (0.3)
using the mu@sv @mm@s 0.104 (£0.002) | 0.744 (£0.075) | 0.71 (£0.09) | 1.0 (£0.0) | 0.916 (£0.030) | 1.4 (£0.4) | 5.5 (£0.5)
projection | Ly ,Qp- | 0.104 (£0.002) | 0.742 (+0.076) | 0.71 (£0.09) | 1.0 (+0.0) | 0.915 (+0.034) | 1.3 (+0.4) | 5.1 (£0.1)
L, s @Pyy | 0.104 (£0.002) | 0.744 (£0.074) | 0.71 (£0.09) | 1.0 (£0.0) | 0.916 (£0.030) | 1.6 (£0.5) | 6.3 (£0.3)
MMBO | Lw,,,Qp., | 0.104 (£0.002) | 0.742 (£0.028) | 0.71 (£0.02) | 1.0 (£0.0) | 0.915 (£0.012) | 1.5 (£0.5) | 5.7 (£0.3)
using finite mws“ @p;,, | 0-104 (£0.002) | 0.744 (£0.075) | 0.71 (£0.09) | 1.0 (£0.0) | 0.916 (£0.030) | 1.5 (£0.4) | 5.5 (£0.5)
difference | L+ ,Qp- | 0.104 (£0.002) | 0.742 (£0.076) | 0.71 (£0.09) | 1.0 (£0.0) | 0.915 (£0.034) | 1.4 (£0.5) | 5.1 (£0.1)
Hu's Ly, ,m 0.103 (£0.001) | 0.723 (4£0.047) | 0.69 (£0.011) | 1.0 (£0.0) | 0.909 (£0.028) | 1.1 (£0.3) | 5.6 (£0.6)
method L., 0.103 (£0.001) | 0.719 (4£0.051) | 0.69 (£0.04) | 1.0 (£0.0) | 0.907 (£0.020) | 1.2 (£0.4) | 5.5 (£0.5)

Ground truth 0.109 1.0 1.0 1.0 1.0 - -

Table 5.33.: Average performance of approaches in SBM with weak community structure for K = 15.
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6 Conclusion and Discussion

6. Conclusion and Discussion

In this thesis, we have developed an improved approach for modularity optimization,
namely the MMBO scheme using projection. We reformulate the modularity opti-
mization as minimizing the total variation and the signless total variation on a graph.
When working with large networks, one of the most important aspects of our tech-
niques is computing the leading eigenvalues and eigenvectors, which allows us to
use the Nystrom extension described in [7] with QR decomposition. In addition, we
have proposed MBO techniques that can handle large datasets (such as the MNIST
dataset) while requiring low computational costs. Numerical experiments show that
our method is not only competitive in terms of modularity scores but also significantly
faster than both the method of Hu et al. and of Louvain.

Our research highlights several potential direction for future investigation. A signed
graph is a graph where every edge has a positive or negative sign. Signed graphs
can be employed to describe positive and negative interactions between groups of
objects. Forinstance, positive edges represent connections such as friendship, while
negative edges express enmity. Considering that currently many node classification
methods focus on unsigned graphs, the first interesting potential direction is to investi-
gate how to adapt methods from unsigned graphs to signed graphs. Second, it would
be beneficial to investigate how well the MBO method performs in directed weighted
graphs. A community in directed graphs, is defined as a collection of nodes having
more edges within a cluster than between different clusters. Many algorithms were
developed for undirected weighted graphs for applications such as clustering and
community detection. Some complications arise when dealing with directed weighted
graphs. For example, adjacency matrices of directed weighted graphs are generally
asymmetric, making the spectral analysis of directed weighted graphs more complex
than that of undirected weighted graphs. Therefore, extending the proposed MBO
scheme to directed weighted graphs is a promising research topic for the future.
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sors, Dr. Yves van Gennip and Prof. Dr. Volker John, for their invaluable patience
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A Appendix

A. Appendix

In this section, we give the definition of '-convergence and proofs of theorems stated
earlier in the thesis.

A.1. The zero eigenvalue

Theorem 1 The number of zero eigenvalues of the Laplacian L (i.e., the multiplicity
of the 0 eigenvalue) equals the number of connected components of the graph G.

Proof. Given a graph G = (V, E) with a node set V' and an edges set E. Let k be the
number of connected components in G, which corresponds to the division of V' into
disjoint sets Ay, A,, ..., A;.

First, we show that the number of zero eigenvalues is at least the number of con-
nected components k. We defined k vectors (u(l), s u"f)) by

1 it
ugl): Ifleflll, (A1)
0 otherwise.

where u\” is the i—th component of 4.

Since A; and A; are disjoint, <u(i),u(j)> = 0 for i # j. Besides, Lu®”) = 0 for all
i€ {1,2,....k}. Thus, there is a set of k£ orthonormal vectors that are all eigenvectors
of L corresponding to the eigenvalue 0, i.e., the number of zero eigenvalues of L is
at least k.

Next, we prove that the number of zero eigenvalues is at most k. Letu = (u(l), s u(’f))

be a vector—valued function. By (2.7), we know that v” Lu = 0 if and only if u; = u; for
(1,7) € E, which means u is constant on every connected component. So if Lu = 0,
it is straightforward to have «* Lu = 0, which means there exist scalars o, ..., g, such
that

k
u="3gu, (A2)
i=1

where (A.2) indicates that each eigenvector of L that corresponds to the eigenvalue
0 is contained in the subspace spanned by {u"), ..., u®}. Thus, there are at most k
linearly independent eigenvectors corresponding to the eigenvalue 0. H
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A Appendix

A.2. ['—convergence

Definition. (I'-convergence) Let X be a metric space and let F, : X — RU{%o0}
be a sequence of functionals on X. Then, F,, are said to I"-converge to the functional
F: X — RU{xoo} if the following two conditions hold:

» Lower bound condition: For every convergent sequence u, — u, it satisfies that

F(u) < liminfF), (uy,). (A.3)

n—o0

» Upper bound condition: There exists a sequence {u,}> ; such that

F(u) > limsupF, (uy,). (A4)

n— o0

A.3. The choice of timestep

In [4], Boyd et al. provided a method to automatically determine timestep dt in the
MBO scheme. In particular, recursive implementations will greatly benefit from this
approach. When the size of a graph gets smaller, the suitable timestep empirically de-
creases, and it would be impractical for a person to manually check at each recursion
step.

Proposition. (Lower bounds on dt) Let U° be the partition matrix of some partition. If
U satisfies LU = —1(Lp + Qy)U with initial U°, then the following inequalities holds:

|U(dt) — U°|so < exp (2(y + 1)dmazdt),

where ~ is the resolution parameter in modularity Q and d,,... is the largest degree
of D. In particular, for the number of clusters K = 2, this bound implies that if the
timestep dt in the MBO scheme satisfies

log2 N 0.15

dt < ~ )
2(7 + 1)dma3: (7 + 1)dmax

(A.5)

then the MBO iteration is stationary.

Although (A.5) is restricted to K = 2, the authors consider K = 2 to be the worst case.
Therefore, we utilized the time step restriction regardless of K.
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A Appendix

Proposition. (Upper bounds on dt) Given U° be the partition matrix of some partition.
Let U satisfies %U = —%(LFJFQH)U with initial U, then we have the following bounds:

Uz, < exp(=dtA)]|U°|L.,

where )\; is the smallest eigenvalue of %(LF + Qp). Furthermore, let %(LF + Qpu) be
nonsingular. Then for any ¢ > 0, we have ||U(dt)||« < € if

0
dt > ;lag (”U”L> . (A.6)
1

€

In practice, dt is determined by the geometric mean of (A.5) and (A.6). We always
chose the parameter ¢ = 1 in the numerical test.

A.4. Weyl’s inequality and rank—one matrix updates

Since an integer or real matrix is Hermitian if and only if it is symmetric, we obtain that
L. is Hermitian. Thus, L,,;, has real eigenvalues. We write an eigenvalue \;(A) to
represent the the k—th largest eigenvalue of A.

Weyl’s inequality states a bound on the eigenvalues of the sum of matrices. The the-
ory of rank—one matrix updates illustrates why the eigenvalues of the original matrix
and the rank—one update matrix are interleaved.

Theorem. (Weyl’s inequality [70]) Let A and B be n x n Hermitian matrices, and
matrix C' := A 4+ B. Suppose A, B and C have real eigenvalues ordered as follows:

A A(A) < Xa(A) < .o < A(A),

B : M(B) < \y(B) <.< An(B),
C:M(C) < (0) <. < A\(0).
Then the following inequalities hold:
Ai(A) + A (B) < N(C) < N(A) + M\ (B), i=1,..,n. (A7)
and in particular
AM(A) + M (B) < M(C) < A(C) < M(A) + Mu(B). (A.8)

Particularly, if B is positive definite, i.e., all eigenvalues of B are positive, then above
inequalities result in

A(A) < X(0). i=1,..,n. (A.9)

Given a real symmetric n x n matrix M with M = QDQ”, where ) € R™*" is an
orthonormal matrix (i.e., QQ7 = QT Q = I,,,) whose columns are the eigenvectors of
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M, and D € R™" is diagonal matrix containing corresponding eigenvalues, ordered
as \(D) < ... < M\(D). Letu € R**! be a vector and z := Q~'u, then the rank—one
update matrix M

M =M+ UUT = Q(D + ZZT)QT = QDupdateQT'

We are interested in the eigenvalues of 1. So, the issue is the eigenvalue decompo-
sition of matrix Dydqte-

Theorem. (Rank—one matrix updates in [8]) With of the above notation and con-
sider Dypdate. Let \(D) < ... < \,(D) be the eigenvalues of D, A\i(Duypdate) < ... <
An(Dupdate) b€ the eigenvalues of D44t Then

)\i(Dupdate) :Al(D>+N17 1= Lan (A1O)
where p; € [0,1] and Y7 u; = 1. Furthermore, it holds that
)\1<D) < )\l(Dupdate) < )‘Z(D) <..< )‘n(D) < )\n<Dupdate)- (A11)

The Weyl inequalities provide a wealth of information regarding the low rank pertur-
bations, and (A.11) restrict each eigenvalue of M to the interval bounded by two
consecutive eigenvalues of M. Take L,,;,, = Lw,,,, +@p,,,, as an example, we know

Lmixs - LWgym, + stym
1 _1 _1 _1
=1—DyWDy?+1+ Dp?>PDp?
_1 _1 _1 _ 1
:2I_DW2W'DW2+DP2PDP27

1

1 _1
and H := 2 — D,2WDy? is symmetric and so Hermitian. The eigenvalues of H are
1 1
M(H) < ... < M\, (H). For simplicity, we write K := D,?PD,?. Since we use the

1 1
292
Newman-Girvan null model (i.e., P;; = %), it is straightforward to get K;; = joilgi{,').

With the theory of the rank—one update matrix, we can rewrite K as

1 _1
K = Dp?PDp? = 22",

NI

where z; = (ﬁ(v))

,i=1,...,n. Then L, is represented as
Lz =H+K =H + 22",
By (A.11), it is straightforward to have
MNi(H) < Ni(Linie) < Nig1(H). ie{l,..,n—1} (A.12)

We say there exists a jump in the eigenvalues if two consecutive eigenvalues change
by more than 0.01, i.e.,

Ais1 (W) = (W)

> 0.0L. (A.13)
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Consider L,,;.. in the experiments of SBM. (A.12) explains the jumps in the eigen-
values of L,,;,. shifting from one to the right, i.e., if the sudden jump in L,,;,., occurs
between the 9—-th and 10-th eigenvalues, it follows that

Mo(H) < Xg(Liiz,) < Mo(H) < Mo(Limiz,) < A1 (H). (A.14)

It indicates that there may be a jump between the 9—th and 10—-th or between the 10—
th and 11-th eigenvalues of H, or even possibly no jump at all. More specifically, if
there exists a jump in L,,;,., then according to (A.14) and (A.13) we have

A0 (Limiz,) = Ao (Limiz,) < A1(H) — Ao(H)
Mo(Lomizy) = Ao(Lmiz,) - An(H) = Aao(H) + Mao(H) = Ao(H)
)‘9(Lmil’s) N )‘9<Lmixs)
Ma(H) = olH) | Auo(H) = No(H)
) | ) e
A1 — A1o 10 — Ag
S V7S B W(7) B

0.01 <

Ao (H)—Xo(H) A1 (H)=Ao(H) ~ Ai(H)-)
which is not guaranteed that % > 0.01 or “Ag(LmiO) > 0(H1)° > 0.01.

Therefore, it is likely that there is no jump in A\(H), even if \(L,,;,,) satisfies (A.13).

In addition, (A.8) explains well the relationship between the upper and lower bounds

of the eigenvalues of L,,;, and the eigenvalues of Ly, . and Qp,,, . Specifically, we
have

The above inequality shows that the upper and lower bounds of the eigenvalues of
L., are related to the sum of the eigenvalues of Ly, ,, and Qp,,,,. In addition, only
one eigenvalue of Qp, . is equal to 2, and the rest of the elgenvalues equals 1, i.e.,

Ai(@p,,,,) = 1fori € {1 ,n— 1} and A\, (Qp,,,.) = 2. Consequently, (A.15) can be
rewritten as

Ai( Lwy) + 1 < XNi(Limiz,) < Ai(Lw,,,) + 2.

This explains the eigenvalues of Ly, . are shifted upward to L, .
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