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To my father

Mathematicians do not study objects, but relations between objects.
Thus, they are free to replace some objects by others so long as the
relations remain unchanged. Content to them is irrelevant: they
are interested in form only.

Henri Poincaré






Abstract.

Population balance systems model the interaction of the surrounding medium
and the particles which are described by the particle size distribution (PSD).
This way of modeling results in a system of partial differential equations where
the incompressible Navier—Stokes equations for the fluid velocity and pressure
are coupled to convection-diffusion equations for species concentration and the
system temperature, and a transport equation for the PSD. The equation for the
PSD may even contain an integral operator that models, e.g., the aggregation of
the particles. Whereas the flow field, the concentration of dissolved species, and
temperature are defined in a three-dimensional spatial domain, the PSD depends
also on the internal coordinates, which are used to describe additional proper-
ties of the particles (e.g., diameter, volume). In particular, uni-variate and
bi-variate population balance models are based on one- and two-dimensional
geometrical characterizations of the individual particles (diameter, volume, or
main axis in the case of anisotropic particles), resulting in four-dimensional
(4D) and five-dimensional (5D) population balance systems. There are several
classes of numerical methods for solving population balance systems. With the
ongoing rise of computer power, the option of using direct discretizations for
simulating those systems becomes more and more interesting since these dis-
cretizations do not introduce an additional error by circumuventing the solution
of the higher-dimensional equation for PSD, like momentum-based methods or
operator-splitting schemes. In this thesis, it is shown for uni-variate popu-
lation balance systems that for an appropriate choice of the unknown model
parameters in aggregation kernel good agreements can be achieved between the
experimental data and the numerical results computed by the numerical meth-
ods. A mized finite difference/finite volume method is used for discretizing
the PSD equation in the case of bi-variate population balance systems. In this
case, it is demonstrated that even in the class of direct discrerizations, different
numerical methods lead to qualitatively different numerical solutions.






Zusammenfassung.

Populationsbilanzsysteme modellieren die Wechselwirkung zwischen Teilchen,
welche durch ihre Partikelgrofienverteilung beschrieben sind, und ihrem umge-
benden Medium. Aus mathematischer Sicht fihrt das auf ein gekoppeltes Sys-
tem von partiellen Differentialgleichungen. Die inkompressible Navier—Stokes—
Gleichungen, welche die Fluidgeschwindigkeit und den Druck beschreiben, sind
hier an Konvektions—Diffusions—Gleichungen, welche die Konzentration der
Spezies sowie die Temperatur des Systems modellieren und an eine Trans-
portgleichung fiir die Beschreibung der Partikelgréfsenverteilung gekoppelt. Die
Gleichung fiir die Partikelgrifienverteilung kann sogar einen Integraloperator
enthalten, der zum Bespiel die Aggregation von Partikeln modelliert. Das Stré-
mungsfeld, die Konzentration der gelésten Spezies und die Temperatur des Sys-
tems sind in einem dreidimensionalen Gebiet definiert. Die Partikelgroffenver-
teilung hdingt dariber hinaus von den internen Koordinaten ab, welche zusdtzli-
che Figenschaften der Partikel (z. B. Durchmesser, Volumen) beschreiben. Ins-
besondere sind univariate und bivariate Populationsbilanzmodelle dadurch
gekennzeichet, dass sie eine ein- oder zweidimensionale geometrische Charakte-
risierung der einzelne Partikel darstellen (Durchmesser, Volumen der Teilchen
oder Hauptachse von anisotropen Teilchen ). Dies resultiert in vierdimensionale
(4D) und finfdimensionale (5D) Populationsbilanzsysteme. Zur numerischen
Lésung von solchen Systemen konnen verschiedene Klassen von Methoden ge-
nutzt werden. Mit dem Anstieg der Rechenleistung werden direkte Diskretisie-
rungen fir die Simulation zunehmend interessanter. Solche direkten Schema-
ta haben gegeniiber Momentenmethoden oder Operator-Splitting-Methoden den
Vorteil, dass kein zusdtzlicher Fehler durch die Dimensionsreduktion entsteht.
Fiir univariate Populationsbilanzsysteme wird in der Arbeit gezeigt, dass un-
ter Benutzung von geeigneten Modellparametern fiir den Aggregationskern gute
Ubereinstimmungen zwischen den numerischen Resultaten und den experimen-
tellen Messungen erzielt werden kénnen. Fir die Diskretisierung der Parti-
kelgriofienverteilung fiir bivariate Populationsbilanzsysteme wird ein gemischtes
Finite-Differenzen/Finite—Volumen—Verfahren benutzt. In diesem Fall wird ge-
zeigt, dass sogar direkte Diskretisierungsmethoden zu qualitativ unterschiedli-
chen Lésungen fithren kénnen.
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1 Introduction

In the most general sense, a population is a collection of the same species of
individuals, e.g., particles, which due to the process of synthesis are connected
with each other.

Population balance modeling has gained a lot of attention in the last few
years, since it can be used to describe many particulate processes, e.g., crys-
tallization, comminution, precipitation, polymerization, aerosol, and emulsion
processes.

Particulate processes are characterized by the presence of dispersed systems
[21]. In these systems, the dispersed phase is surrounded by a continuous one,
the so-called dispersion or suspension medium. In general, a dispersed phase
may represent solid particles, drops or bubbles. In particular, in the context of
crystallization, the dispersed phase is represented by solid particles, i.e., crystal
particles.

Crystallization is a separation and purification process which is frequently
used in the chemical and pharmaceutical industries. The process starts by a
phase change in which the crystalline product is obtained from a solution (sus-
pension), which is made up of two or more species, where one is the solvent
(liquid) and the other the solute(s) (solid) [60]. Industrial crystallization can
operate continuously or batch-wise. Moreover, depending on the creation of
supersaturation, it can be distinguished between the following types of crystal-
lization from the solution: cooling crystallization, evaporative crystallization,
drawing-out crystallization, and reaction crystallization. In our applications,
we focus on the process of cooling crystallization. An advantage of the con-
tinuous over the batch process is that the optimal supersaturation can be easily
maintained by a certain flow for a given volume suspension. Therefore, for
continuous operations, the spatial separation of different population dynamical
phenomena, i.e., nucleation, growth, aggregation, and breakage, is possible. On
the other hand, kinetic data can be obtained by batch crystallization, which is
less time consuming and less expensive. These data can be applied also to the
design and operation of different types of continuous crystallizers [59].

The understanding of such processes has become a key issue for the optimal
control of chemical, agrochemical, and pharmaceutical products. Hence, mod-
eling and numerical simulations of population balances have become more and
more important in the last few years [33, 64].

Since particles may have different sizes and properties, a population balance
aims at investigating averaged properties of the whole population rather than the



2 1 Introduction

behavior of each individual particle. Such averages can be described by particle
size distributions (PSD), whose behavior can be modeled by population balance
systems. Moreover, the interaction between the particles and the continuous
phase leads to different thermodynamical and mechanical phenomena, e.g., nu-
cleation, growth, aggregation, breakage, and transport of particles [21, 33].

From a mathematical point of view, population balance systems are modeled
considering a flow field transporting the particles. This modeling results in a
system of partial differential equations where the Navier—Stokes equations for
the fluid velocity and pressure are coupled to convection-diffusion equations for
the species concentration and the system temperature, and a transport equation
for the PSD as it is illustrated in Fig. 1.1. In the considered applications, the
temperature gradient is small enough, the solution is sufficiently dilute, and the
size of the particles is also sufficiently small. All these aspects imply that the
influence of the temperature, concentration, and particles on the flow field can
be neglected.

fluid
. ) locit: ) e
Navier-Stokes equations veod YE convection-diffusion
for the flow field equation for temperature
7,
L@/oﬂoo,

%
fluid V2

@ )
velocity é,b@ concentration | |temperature

balance equation for > convection-diffusion
particle size distribution| -——— | equation for concentration
concentration

Figure 1.1: Schematic representation of the coupled problem.

Since analytic solutions to these systems are not available, the recourse to
numerical methods is a self-evident consequence.

Altogether, a population balance system contains equations which are defined
in domains with different dimensions. In fact, the flow field, the concentrations
of dissolved species and the temperature are defined in a three-dimensional spa-
tial domain, while the PSD depends also on the internal coordinates, which are
used to describe additional properties of the particles (e.g., diameter, volume ).

In particular, uni-variate and bi-variate population balance models are
based on one- and two-dimensional geometrical characterizations of the indi-
vidual particles (diameter, volume, or main axis in the case of anisotropic parti-
cles), resulting in four-dimensional (4D) and five-dimensional (5D) population



balance systems. If more properties of the particles are utilized to characterize
the crystallization processes, the extensions to the multivariate models might
yield more reliable models of such processes, improving the accuracy of simula-
tions.

From a computational point of view, the accurate and efficient simulation
of such population balance systems poses a great challenge. Since the inter-
nal coordinate extends the dimension of the system at least by one, in many
applications the assumption of an ideally mized tank is considered, i.e., the de-
pendency on space is neglected [54, 55, 56]. There are still only few approaches
for the simulation of the equation for the PSD in the higher-dimensional domain
[24, 44, 45, 71]. Currently, more widely used are several proposals for model
simplification, which replace the higher-dimensional equation for the PSD by a
system of equations in three dimensions. The most popular approaches in this
direction are the quadrature method of moments (QMOM) [58] and the direct
quadrature method of moments (DQMOM) [57]. These methods approzimate
the first moments of the PSD. However, the reconstruction of a PSD from
a finite number of its moments is a severely ill-posed problem [14, 36]. An-
other approach for tackling the high-dimensionality of the population balance
systems is based on operator-splitting schemes, i.e., the high-dimensional pop-
ulation balance equation is decoupled into two low-dimensional equations which
are discretized separately [18, 19, 20]. Also this class of methods introduces an
additional error by circumventing the solution of the higher-dimensional equa-
tion for PSD. So, the development of accurate and efficient numerical schemes
to solve population balance systems is currently an important topic of research.

This thesis focuses on the treatment of fully coupled problems, e.g., (3D/4D)
and (3D/5D), with methods based on direct discretizations. The considered
(3D/4D) coupled system is an extension of the work proposed in [67]. In con-
trast to [67], our application, which models the process of urea synthesis, takes
into account the temperature of the system and aggregation phenomena. In
addition, the considered (3D/5D) coupled system, which models the process of
potassium dihydrogen phosphate crystallization, presents a new contribution to
the population balance community. All numerical simulations have been per-
formed with the open-source finite element software MooNMD [38], which had to
be extended for the considered application. A number of the numerical methods
solving coupled systems of type (3D/4D) were available to be used in MooNMD,
e.g., from the applications proposed in [7, 40]. While for the (3D/4D) coupled
problem only a few modules of the used algorithms had to be implemented, the
algorithms for the (3D/5D) coupled problem have been completely new imple-
mented.



4 1 Introduction

1.1 Owutline of the thesis

Chapter 2 introduces the prototype equations which are usually contained in pop-
ulation balance systems, e.g., the Navier—Stokes equations, scalar convection-
diffusion equations, and transport equations. General formulations of conserva-
tion laws provide the derivation of each individual equation. Since these equa-
tions are hard to solve analytically, or sometimes it is impossible, the alterna-
tive numerical treatment is an obvious issue. In order to solve these equations
numerically, some general aspects are introduced, i.e., dimensionless formula-
tion, incorporation of initial and boundary conditions, variational formulation,
time and space discretization. Whereas the numerical methods for solving the
Navier—Stokes and scalar convection-diffusion equations are based on finite el-
ement methods, less expensive schemes based on finite difference ideas are used
for the computation of the PSD equations. In particular, the inf-sup stable
Q2/ Ps¢ finite element method (FEM) used for the Navier-Stokes equations, a
linear finite element method fluz-corrected transport (FEM-FCT) [46] used for
scalar convection-diffusion equations, and different finite difference schemes,
e.g., forward Euler upwind finite difference method (FWE-UPW-FDM), back-
ward Euler upwind finite difference method (BWE-UPW-FDM), and a total
variation diminishing (TVD) Runge—Kutta scheme combined with an essential
non-oscillatory method of order three used for the transport equations (RK-
ENO-FDM) are presented.

An important issue for solving population balance systems is the coupling of
the equations. In our model, we consider a one-way coupling, which means
that the flow field used for the computation of concentration, temperature, and
PSD equations is not influenced by these quantities. The back coupling will
be neglected here since sufficiently small amount of particles are suspended in
a dilute dispersion medium and sufficiently small temperature gradients are
present in the system.

Chapter 3 considers a laboratory experiment [6], a synthesis of urea particles
for which measurement data are available. The uni-variate population balance
system modeling the considered application takes into account the nucleation,
the growth, the aggregation, and transport of urea particles. Direct discretiza-
tions for simulating the uni-variate population balance system including the
distribution of temperature and concentration as well as including aggregation
seem to be first time presented. The model of [67] was extended by taking into
account a temperature profile and including an aggregation kernel, which is of
utmost importance from the point of view of chemical engineering, since the
behavior of the particles is driven by aggregation. The used kernel consists of
two parts, one describing the aggregation by Brownian motion and the other
one describing shear-induced aggregation.
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An important aspect for reliable comparisons is the use of accurate numer-
ical methods. Thus, the flow field will be simulated by a higher-order finite
element method, the equations for the concentration of dissolved urea and for
the temperature are computed by one of the most accurate stabilized finite el-
ement methods [46], and the aggregation integrals are computed by a modern
approach from [28, 29, 30]. Only the convective part of the equation for the
PSD is discretized, for efficiency reasons, with rather simple schemes, based
on finite difference ideas. Results with the examined schemes are illustrated in
Fig. 1.4. With these methods, parameters for the aggregation kernel could be

experiment experiment

09 —— FWE-UPW-FDM 09 —— FWE-UPW-FDM
——BWE-UPW-FDM ——BWE-UPW-FDM
0| ——RK-ENO-FDM 08 ——RK-ENO-FDM

.
200 400 600 800 1000 1200 1400 1600 1800 2000 200 400 600 800 1000 1200 1400 1600 1800 2000
Lipm] Lipm]

Figure 1.2: Space-time-averaged normalized volume fraction at the outlet for
different methods; flow rate V. = 30 ml/min (left); flow rate V,. =
90 ml/min (right).

identified for two experimental setups which give results that agree well with
the experimental data. Reasons for differences of the optimal parameters be-
tween both examples are discussed. Detailed studies of the PSD for different
nodes of the grid at the outlet highlight the impact of the individual terms of
the aggregation kernel.
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Figure 1.3: Initial distribution for KDP model.
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In Chapter 4, the bi-variate modeling of the potassium dihydrogen phosphate
crystallization process is derived. A lot of particulate products encountered in
pharmaceutical and chemical industries show anisotropic morphologies. Thus,
extensions to the multivariate population balance systems yield more reliable
models of such processes, improving the accuracy of simulations. However,
only particle transport, growth and nucleation will be taken into account, since,
to date, there are no predictive models for the aggregation kernels. To our
best knowledge, the proposed numerical methods for solving bi-variate popula-
tion system are new contribution to the field of a population balance modeling.
Considering the same experimental setup as in Chapter 3, the five-dimensional
domain will be a tensor product of intervals. Measurement data are not avail-
able for this example. Therefore, this chapter will highlight the differences in
the numerical results in the cases that a very cheap but low order method is
used for the discretization of the 5D transport operator versus a more expen-
sive but higher order method. These methods are examined for a given initial
distribution, a square pulse, see Fig. 1.3.

The numerical results based on the examined finite differences schemes are
tllustrated in Fig. 1.4. In these plots, it can be observed that the PSD computed
with FWE-UPW-FDM is much stronger smeared with respect to the internal
coordinates than the PSD computed with RK-ENO-FDM. A detailed compar-
ison of the results obtained with both schemes will show that some aspects of
these results are qualitatively different.

X107 maximal value 11.99 X107 maximal value 12.55
4 4
12 12
3 3
— 10"’2 — 10'“§
E hash E -
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3 8 9 3 8 P
[2] j2]
ie] ke]
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Figure 1.4: (Logarithm of the) PSD at the center of the tube close to the outlet;
FWE-UPW-FDM (left) and RK-ENO-FDM (right).

In Chapter 5 the considered approaches will be summarized. This chapter
concludes with an outlook to future investigation.



2 Aspects of the numerical stmulation of population
balance systems

In this chapter, the system of equation modeling population balances is de-
rived. Such systems contain equations which are defined in domain with dif-
ferent dimensions. Whereas Navier—Stokes describing the flow field and the
convection-diffusion equations describing the concentration of dissolved species
and the temperature are given in three-dimensional spatial domain, the trans-
port equation describing the behavior of the whole population of particles, i.e.,
particle size distribution, is defined in higher dimensional domain, e.g., four-
dimensional and five-dimensional domain. In general, each individual equa-
tions accounting for the population balance system is hard or in the most of
the cases impossible to be solved analytically. Therefore, numerical methods
have to be applied to compute approrimations of the solutions. For solving
the incompressible Navier—Stokes equations and the scalar convection-diffusion
equations methods based on finite element schemes are introduced. Cheaper
schemes based on finite difference ideas are considered for the computation of
the PSD equations.

Moreover, population balance systems describe the interaction between par-
ticles and surrounding medium which are present in dispersed systems. For
the considered applications, this fact leads to different thermodynamical and
mechanical phenomena, e.g., nucleation, growth, and aggregation.

2.1 The Navier—Stokes equations

From the point of view of continuum mechanics, the motion of isothermal New-
tonian fluids, e.g., water, air, oil, etc, can be described by the Navier—Stokes
equations.

Unsteady incompressible flows can be described by the Navier—Stokes equa-
tions for the velocity and pressure:

Py — pAu+ 5 ((@-V)a) +Vp = pg in (0,fena] x Q,
x Q)

2.1
V a = O m (Oatend] ( )

where
e QCR3 [mﬂ is the flow domain,
e u {?} is the velocity field,
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| kg | .
D 5 | is the pressure,
m s
k
°/ [gg] is the fluid density,
m

k
° L Lr;gs} is the dynamic viscosity of the fluid,

e g is the body force (gravity, centrifugal and Coriolis),
e tona [s] is the final time.

Problem (2.1) has to be equipped with an initial condition and with boundary
conditions.

From a mathematical point of view, the Navier—Stokes equations represent a
nonlinear partial differential equations, since the third term in the first equation
of (2.1), p((-V)Q) is a nonlinear term. The first equation in (2.1) describes
the conservation of linear momentum and the second one describes the con-
servation of the mass. The first and third term in the momentum equation in
(2.1) represent a convective transport and the second term a diffusive or viscous
transport. The convective term is called the convective acceleration and it is
caused by a change in velocity over position.

A characteristic parameter of the Navier—Stokes equations is the Reynolds
number
Prte le )

I

Re = ,
m

where Unso [—] is a characteristic velocity of the flow and lo [m] is a charac-
S

teristic length scale of the problem. Based on the Reynolds number, flows can

be classified as follows:

e Re small: (U, p) does not depend on the time, the flow is steady-state,
e Re medium: the flow is laminar but time dependent,
e Re large: the flow is turbulent.

The applications considered in this thesis can be described by a steady flow,
1.e., velocity and pressure do not change in time. In this case, the stationary
Navier—Stokes equations read:

—pAu+p((@-V))+Vp = pg inQ, (2.2)
V-u = 0 inQ, '

equipped with appropriate boundary conditions.
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normal vector nn

control volume
cVv

boundary of the

flux pa control volume

Figure 2.1: Control volume.

2.1.1 The derivation

Below, we shortly introduce the derivation of Navier—Stokes equations, following
[17, 32, 50, 76].

The classical way of continuum mechanics for deriving these equations is
based on a closed system, the so-called control mass system (CMS), which is
defined as an arbitrary quantity of mass of fixed identity. In fluid flows it
is difficult to follow the path of a specific particle of fluid. Therefore, it is
more convenient to deal with a specific spatial region in the neighborhood of the
product of interest, the so-called control volume system (CVS). It is assumed
that 0, p, p are sufficiently smooth functions in the domain Q and the time
interval (0, %enq)-

Let CV be an arbitrary volume in Q fized in space and with a sufficiently
smooth surface Q. The volume CV , illustrated as in Fig. 2.1, is called control
volume. The conservation of mass states that the mass of a closed system will
remain constant over time. Thus, mass is:

m(i) = /C | B{E ) = const [k

Further, if mass is conserved in the control volume CV then the rate of
[k
change of mass in CV has to be equal to the flur of mass pu [f] across
m? s

the boundary OCV of CV
d . d e\ e e
—m(t) = —~/ p(t, X)dx = / (pa)(t, s)n(s)ds, (2.3)
dt dt Jov acv

where n(s) is the outward pointing unit normal on s € OCV.
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Using Gauss’ divergence theorem (all function are assumed to be sufficiently
smooth), one obtains:

90(3,%) + V- (pi)(F, X)dx = 0
cv Ot
Thus,
<g§ +V- (ﬁﬁ)) (£,%) = 0 VI € (0, fena], X € Q, (2.4)

since CV was chosen as an arbitrary control volume. Equation (2.4) is the
so-called continuity equation.

A fluid is called homogeneous if density does not vary over space and it is
called incompressible if density does not vary over time. Thus, for incompress-
ible and homogeneous fluids, one has p(t,X) =: const = p > 0 and the last
equation becomes

V-tu=0Vie (0], X€Q,

which is the second equation in (2.1).

The conservation of linear momentum states that the rate of change of the
linear momentum must be equal to the net force acting on a collection of par-
ticles. This aspect describes Newton’s second law of motion

F=m-:a,

where F [N] is the net force, m [kg| is the mass, and a [%} is the acceleration.
s

The momentum m in a control volume CV 1is given by

m(f) = / puadx.
cv
By Newton’s second law, the change of momentum is given by the sum of
forces acting on the volume, that means

d - ~
(D) = > f

In the given physical situation, there are the following kinds of forces:
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e wvolume forces (e.g., gravity or other external forces, including sources and
sinks), which are given by a volume integral

/ P,
CcVvV

o surface forces (e.g., pressure, viscous forces, or other internal forces),
which are given by a surface integral

/ onds,
acv

011 012 013
O = | 021 022 023

where

031 032 033
1s the symmetric stress tensor.

Now, one can express Newton’s second law as

im(f) :/ ﬁgdfc—k/ onds.
dt ov acv

Further, one considers a fluid particle at time t and position X = (1, o, ¥3)7
with the velocity (t,X) = (@1, U2, U3)T and a small time interval At.

A linear extrapolation of the particle path states the particle has the position
X + AtQ at the time t + At. The acceleration of the particle is

a(t + At x + Ata(f, x)) — a(t, x)) '

a({, 5{) = E 11 =
AT—0 At

By using the linear Taylor series approximation with respect to x , it follows
that

da - _ A S U ou ou ou
E(t,x = Al}szloﬁ{u(t X) + 07 U AL + pF quAt—i- oF 3U3At
ou - .
TP ALEO((A )2)+O((At)3)+~-~—ﬁ(t,5<)]
ou _ ou ou ou -
= A1115r_r)10[6‘$1u + 075 — 1 + EF 3u3+ 5 + - (’)(At)},
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where O is the Landau notation which is used to describe the limiting behavior
of the function when the argument tends to a particular value. Assuming that
At — 0, this reduces to

%) = v+ (- V).

In other words, the term m - a is modeled by the first order approximation in
an arbitrary control volume C'V

/ Ay + (- V)i)dk.
cv

This term has to be in balance with the net forces acting on CV. Therefore, it
follows that

/ ﬁ(ﬁt—i-(ﬁ-V)ﬁ)di:/ ﬁgdfc+/ onds.
cv cv oCcvVv

Applying Gauss’ divergence theorem for

—/ onds = V- odx,
acv cv

A+ (- V)i) = 5~ V- 0.

one obtains

This is the equation of motion of the velocity field. In the case of viscous fluids,
the stress tensor can be decomposed into a pressure part and a viscosity part

o= —pl + 7(Vu),
~— ——
pressure  viscosity

where T is the strain tensor and I is the unit tensor. In the case of Newtonian
fluids, (V) has to fulfill:

e linearty in Vu,
e rotationally invariant,
e symmetry.

This leads to the model

7(Va) = (V- a)l + 2uD
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where
Va+ (Vﬁ)T
2

is the deformation tensor and < is a viscosity constant. Using the identities:

D=

V-Va = Aa,
v-(va)yl = Vv(V-a),
V- [(V-a)l = V(V-a),

and the relation for incompressible fluids
V.-ua=0,
the first equation in (2.1) will be obtained.

2.1.2 The dimensionless form

Our numerical simulations are based on the dimensionless form of Navier—
Stokes equations, which can be derived introducing the following dimensionless
quantities:

u p
u=—,p=—
Uco P
Ty Ty T3 Lo loo .
X = (71, T2, 73) = ) DPoo = Pl g:u78~
(oo} (oo} (oo} oo

Inserting these relations into (2.2), leads to

p <(uoou - V)uoou) + pﬁVp — VX Au = Pg.

loo Ioo 12

By rescaling the dimensionless form of (2.2) the following is obtained:

—Re7'Au+ (u-V)u+Vp = g inQ,
V-u = 0 inQ,
with

ZOO o0
e Re= Y the Reynolds number,
v

o U= Lt the kinematic viscosity,
p

o () the dimensionless domain.
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Based on dimensional analysis, two steady-state flows are similar if they have
the same Reynolds numbers [23].

2.1.3 Boundary conditions

In order to close the Navier—Stokes equations, appropriate initial and boundary
conditions need to be applied. Since (2.5) is not time-dependent, only spatial
boundary conditions are required. There are several types of boundary condi-
tions which can be prescribed for incompressible flows. Only those boundary
conditions are introduced which are used in the considered application.

The Dirichlet boundary condition prescribes the velocity field on a part of the
boundary:

u(x) =up(x) at I'p C T,

where I = 0Q) is the boundary of Q2.
The no-slip boundary condition is a particular case of the Dirichlet boundary
condition, namely
uD(x) =0 at FD.

One can prescribe also the normal stress at a part of the boundary. It takes
the form
o-n=uy atI'y CT.

In particular, the outflow or do-nothing boundary condition, namely
uy =0atTyy CT,

1s used in flow problems where no other boundary conditions are prescribed
at the outflow. This condition states that the mormal stress vanishes on the
boundary part Tyt .

2.1.4 The variational formulation

The stationary Navier—Stokes equations (2.5) will be closed with the following
boundary conditions: Dirichlet boundary condition at the inflow, do-nothing
boundary condition at the outflow, and no-slip boundary condition for the rest
of the boundary, as below

—Re7'Au+ (u-Vu+Vp = g inQ,
V-u = 0 mn €,
u = up onlp, (2.6)
on = 0 on Lout,
u =0 on T\ (Tp UTout)-
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In order to achieve the variational or weak formulation some suitable function
spaces are introduced.

Sobolev spaces of order m are given by
H™Q) =< u: / > 0%ulPdx < oo
Q
lor|<m

They can be endowed with the norm

2

- / S Jorupx |

al<m

and the inner product

(u,0) g = / 3 10" udvldx.
)

aj<m

In particular, the Lebesgque space L?(S2) is given by
L*(Q) = H(Q) = {u: / lul*x < oo},
Q

with the corresponding norm and the corresponding inner product

n=(f |u|2dx)%,

(u,v):/ﬂuvdx.

The choice of the function spaces depends on the specific boundary condition
imposed for the considered application and they are given by:

Q={q:qe L*(Q)},
Vo={v:ve(H (D) vrr,. =0}

Vb={v:ve (Hl(Q))SvV\FD = Up, VIP\("pUTen;) = O}
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For deriving the weak formulation, the equations (2.5) must be multiplied
with test functions and integrated on €.
Thus, the variational formulation of the problem is to find (u,p) € Vp x Q

Jo(=Re7'Au+ (u-Viu+Vp)-vdQ = [,g-vdx, Vve,

Jo(V-u)-gdx = 0 Vg € Q. (2.7)

Applying integration by parts, (2.7) can be written as:

/Re_IVu-Vvdx + /(u-V)u-Vvdx—/p-V~vdx
Q Q Q

= /g-vdx—i—/na-vds (2.8)
Q r
/(V-u)~qu = 0.
Q

The second term on the right-hand side in (2.8),

/ no - vdl',
r

vanishes on the boundary due to the choice of function spaces Vp, Vi and
no =0 at Iy,

v=0 at T\ Tou.

Now (2.8) can be written in the form:
Findua € Vp and p € Q such that

Re Y (Vu,Vv)+ ((u-V)u,v) — (p,V-v) = (g,v), VveV,

(V-u,q) = 0 Yq € Q. (2.9)

2.1.5 The linearization

The problem (2.9) corresponds to a nonlinear algebraic system of equations.
Therefore, these equations have to be linearized. The nonlinear system (2.9) is
solved iteratively. An iterative procedure consists in:

e fix an initial guess (g, po);

e while (no convergence) do

— linearization of the nonlinear equations based on previous solution
(uk7pk) = (uk—lvpk—l);
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— solve the resulting system of linear equations.

We are using here a fized point iteration. For the time-dependent Navier—
Stokes equations, better results were obtained with a fixed point iteration in
comparison with Newton’s method [35]. The fix point linearization consists in
treating explicitly the convective velocity:

(uk : V)uk ~ (uk,1 . V)uk.

Using this linearization in the equation (2.9) leads to the following:
Given (ag—1,pr—1), compute (ug,pr) by

Re Y(Vug, Vv) + (g1 - VIug, v) — (pr, Vv) = (g, v),

(V- up, ) 0, (2.10)

forall (v,q) € Vo x@Q, k=1,2,3---. The linearized form of NSE (2.10) yields
so-called Oseen equations.

2.1.6 The space discretization

There are various methods for solving numerically partial differential equations:
finite difference methods (FDM), finite element methods (FEM), finite volume
methods (FVM), spectral methods, vortex methods, boundary element methods
and this is not a complete list. No one method dominates in computational fluid
dynamics. Here, the method of choice for solving the Navier—Stokes equations
is the finite element method [8, 9, 11, 22, 25]. The Galerkin finite element
method consists in replacing infinite dimensional spaces by finite dimensional
spaces.

Let V[})‘ be an approximation of Vi, VJ* be an approzimation of Vi, and Q" be
an approximation of Q. The finite element spaces are based on a triangulation
of the domain. Let Ty, be a triangulation of Q0 which can consist in the three-
dimensional case of tetrahedra or hexahedra.

The finite element problem reads as follows:

Find (u”,p") € V& x Q" such that

Re~1(Vu", Vvh) + ((uh . V)uh,vh) —(p",V-vh) = (ghv")
(V : uhv qh) = 07

for all v € V{* and for all " € Q".
For simplicity of presentation, let {(pf} be a basis of VJ* and {wlh} be a basis
of Q":
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h Nu
®i 0 0
VE) = span O ’ QO:L ) O 9
0 0 er) ).,

Q" = span (v}

where Ny, N, is the number of unknowns (degrees of freedom) for the velocity
and pressure, respectively.
Therefore, the unknown solution has the representation:

3N, Np
Jj=1 Jj=1

with the unknown values {u;}, {p;}. The function uy must be chosen such that
u” satisfies the essential boundary condition, which means:

Uy = chmI‘D, (213)
up = 0onT\ (TpUTou). (2.14)

Inserting (2.12) into (2.11) one obtains:

dNu
(Re7'Vu", Vo) = Zw(Re-lwﬁ,w?) + (Re™'Vug, Vi),
((ﬁh 'v)uhv@?) = Zuj @j"pz) ((ﬁh 'v)uoﬂo?)?
", V-l = ij(lﬂj»v o), (2.15)
j=1

where " is the current approximation of the velocity, see Sec. 2.1.5. The
system (2.10) is a finite dimensional linear system of equations. The following
matrices and vectors are defined:

A= (ay) = (Re—lw V) + (@ - V)@l o),
B” = (b;;) W}, V-,
B=(b;) = (V-91),¢}),

u = (ug,...,uaqn,)’,
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p = (plv"prp)Ta
g (8", 1) — (Re™' Vg, V') — ((@" - V)uo, o).

This leads to the following form of the linear system, which is called saddle

point form,
3 )0)-0)

The dimension of the system depends on the dimension of V' and Q" with
dimension = 3 - dim(VJ") + dim(Q").

The choice of the pair spaces is very important, since this choice has to ensure
the uniqueness of the solution of the system. The system has a unique solu-
tion if and only if V&' and Q" fulfill the following inf-sup condition (known as
Babuska—Brezzi condition) [9, 22]:
There exists a constant k > 0 (independent of triangulation) such that
(v ) uh7 qh)

inf sup =77 > K. (2.17)
2o S T i

Concrete pairs of spaces fulfilling this condition are introduced in Sec. 2.1.7.
One considers K as closed reference cell. The reference transformation from
K onto a mesh cell K is denoted by Fi.
We denote by Qk(f() and Pk(f() the following sets of polynomials on K : and
the global finite element spaces by

k
Qn(K) = {4= ) aiud'y’z'},

q/\:
1,5,1=0
i<k
Po(K) = {p= Y bui'g/z'}.
i.5,1=0

The space on the arbitrary mesh cell K is given by:

QrK) = {g=qdoFg': ¢ Qu(K)},
Py(K) = {p=poFg':pe P(K)},
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and the global finite element spaces by

Qk = {UEHl(Q):U|K€Qk(K)}7k>L
Qo = {veL*(Q): vk €QuK)},
Plise = {ve L*(Q):v|g € Po(K)}, k> 1.

2.1.7 Numerical methods

There are a lot of proposals for stable pairs of finite element spaces, e.g.,
[13, 66]. We will use here an inf-sup stable pair of finite element spaces with
discontinuous pressure, Qo /P{*¢, which is a popular choice [25]. In compari-
son with the inf-sup stable pair Q2 /P, the discontinuous pressure in Qo /P
ensures a better local mass conservation. The efficiency of the numerical simu-
lations depends on the solver which is chosen to solve the saddle point problem
(2.16). Due to the finite element discretization, (2.16) possesses a sparse struc-
ture in the system matrices. Iterative solvers are often used for solving systems
with large sparse system matrices. We use a solver based on coupled multigrid
methods. The flexible GMRES (generalized minimal residual) method proposed
by [70] with multiple discretization multigrid preconditioner has been proved to
be an efficient solver for the forthcoming saddle point problem [34, 37] and the
choice of inf-sup stable pair Qz/PI5¢ of finite element spaces.

2.2 Scalar convection-diffusion equations

From a physical point of view, phenomena where species or energy (or other
quantities) are transported inside a physical system, due to diffusion and con-
vection can be modeled with convection-diffusion equations. From a mathemat-
ical point of view, these equations are partial differential equations and they
can be deriwed in a straightforward way from the continuity equation. The
time-dependent scalar convection-diffusion equation has the form:

¢ — DA+ 1-Vé=F in (0,fend] ¥ Q, (2.18)
where
e O CR3 [m? is a bounded domain,

e ¢ denotes the unknown as for example temperature [K| or
ol

. m
concentration — |
m
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~ m2
e D {} 1s the diffusion coefficient,
S
m
e U [—] is the convection field (velocity field) assumed to be divergence-free
(V-u=0)
o F

K
describes the sources [] or [
S

:r

mol
smd3 |’
® tona [s] is the final time.

As the Re number for Navier—Stokes equation, so the Péclet number is a
characteristic parameter for the convection-diffusion equations.
The Pe number is defined by

Pe ZOOuOO[L

where lo [m] is a characteristic length scale of the problem and us [E] is a
s

characteristic scale of the convection field (velocity).
Based on the Pe number, which represents the ratio of convective effects over
diffusive effects, three regimes can be distinguished:

e Pe < 1 the equation is diffusion-dominated,
o 1 < Pe < 10 convection and diffusion are both important,

e Pe > 10 the equation is convection-dominated.

2.2.1 The derivation

The general principle of the conservation laws states that the rate of change
of a scalar quantity ¢ in a control volume CV , as illustrated in Fig. 2.2, plus
the flux of the quantity through the boundary of C'V is equal to the rate of
production or destruction of the quantity [76].

This can be written as:

9 / i+ [ TR ns)ds= [ Flxdx,  (2.19)
ot Jev acv cv

where Js is the total fluz and F is a net volumetric source or sink of the quantity

C.

Using Gauss’ divergence theorem for an arbitrary volume CV C ), one
obtains:

/ V- J(f, %) d% = Jx(8,%)n(s)ds, (2.20)
cv
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normal vector

control volume
cVv

boundary of the
control volume

flux ja

Figure 2.2: Control volume.

where n is the outward pointing unit normal on s € ICV . Inserting (2.20) in
(2.19), and since CV was chosen as an arbitrary volume in §), results in

G+ V- To) (A, %) = F(E,%) Vi € (0,imnq), ¥R € V. (2.21)

There are two kinds of contributions in generating fluzes: a contribution due
to the molecular agitation, which can be present even when the fluid stagnates
and a contribution due to the convective transport of the fluid [32]. The diffusive
contribution is usually described using the phenomenological Fick’s first law,
which assumes that the flux of the diffusing material in any part of the system
18 proportional to the local gradient

Ja(t,%) = —D - V&(i, %).

When there is convection or flow, the convective flux is always present. It
represents the amount of quantity ¢ transported by the flow and it has the form:

Js(t,%) = 6é(t, %).
Combining these two terms, the total flux becomes
Je(t,%) = —D - VE(t, %) 4 ué(f, %).
Substituting this expression into (2.21), one obtains
G +V-(=D-Vé+ue) = F. (2.22)
Applying the product rule in (2.22),

V. (=D-Vé+0é) = —DAé+V-aé+1u- Ve
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and using the fact that for incompressible fluids V-u = 0, one gets the equation
(2.18).

Considering the mass or energy balance for dispersed systems, the right-hand
side in (2.18) may account for interchange mass (energy) transfer between the
disperse and continuous phase due to thermodynamical phenomena, e.g nucle-
ation or growth of the particles [64]

F=—p [ f(x,L,DGVAV, (2.23)

=

with

p? density of dispersed phase,

o V wolume of the particle,

° f(f(,f/,f) particle size distribution,

G growth rate.

2.2.2 The dimensionless form

The dimensionless form of the equation (2.18) is derived in the same way as
the dimensionless form of the Navier—Stokes equations. Further, for the dimen-
sionless convection-diffusion equation, the following dimensionless quantities
are introduced:

u t T1 To X3 loo
c= , U= 5 tzf,X:((Ehxz,:Eg): T 7 7 o> too = .
Coo Uco teo loo oo oo Uoo

Inserting these quantities into (2.18)

Coo 0C = Coo UooCoo =
dc _ pls p Ve — 2.24
ot Z c+ I u-Ve F, ( )

leads to a dimensionless convection-diffusion equation:

dc D
= ~ A . = j 9]
9 Iu c+u-Ve=F in (0,tend] X Q,

where F 1= loc F and D =

Coolloo looUoo
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2.2.8 Numerical methods

In the considered application, this type of equation was closed with appropriate
initial and boundary conditions. Thus, the linear scalar convection-diffusion
equation takes the form:

%—DAc—i—u-Vc = Fin (0,tena] X €,
DVe-n = 0 on[0,tend] X Iy, (2.25)
¢ = c¢p on[0,tend] X I'p,
c¢(0,) = ¢oin Q.

As the boundary condition, we have considered the Neumann boundary con-
dition on Ty, the Dirichlet boundary condition on I'p (I' = Ty UTp,
T'nyNTp =0), and as the initial condition cy in Q. For the equation (2.25) the
convection field might be time-dependent.

Apart from the spatial discretization, a temporal discretization is also needed.
We are using here as time discretization a one-step ©-scheme. Therefore, the
first equation in (2.25) at the discrete time ty, takes the following form

Ccr + QlAtk(fDACk + uy - Vck)
= ¢k—1 — O2Atp(—DAck—1 + up_1 - Veg_1) (2.26)
+O3AL Fr—1 + 04 AL, F,

with Aty = tp — tg_1, and the parameters 61, 05, 03, 04. The forward and
backward Euler scheme and the Crank—Nicolson scheme are obtained by appro-
priate choices of these parameters:

o forward Fuler scheme 61 =0, =0, 05 =05 =1,

e backward Fuler scheme 61 =604 =1, 05 = 3 =0,

1
e Crank—Nicolson scheme 01 = 0y = 03 = 0, = 3

Here, we use the Crank—Nicolson scheme for the time discretization [12].
Analogously to Navier—Stokes equations, in order to apply the Galerkin finite
element method, the variational formulation formulation of (2.26) is derived.
The multiplication of (2.26) by a test function v and applying the integration
by parts over the domain ) leads to:
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Find ¢, € Vp such that

(Ck, ’U) + 0.5Atk((DVuk, V’U) + (uk -Veg, ’U)) (227)
= (cg-1,v) — 0.5At,((DVug—1, V) + (ug—1 - Veg—1,v))
+0.5A¢y (]:k,h U) + 0.5At¢y (.Fk, v)

for all v € Vyy, where

Vo={c:ce (HI(Q))?’,qu =0},
Vp={c:ce (Hl(Q))3,c‘FD =cp}.

For the simplicity of the representation it is assumed that cp does not depend
on time, so that the space Vp does not change in time.

In the usual way, the Galerkin finite element formulation is obtained by
approximating the infinite dimensional spaces Vp and Vi with finite element
spaces Vl’)‘ and Voh. So, the problem reads:

Find c} € V5 such that

(ch,v™) + 0.5At,((DV R, Vo) + (uy - Vi, v")) (2.28)
= (ch_1,0") = 05A4,((DVe}_y, Vo) + (w)_ - Vei_y,0")
+0.5At (FP_ 1, 0™) 4+ 0.5A 8 (Fi, o)

for all v € V.

In the case of convection- or reaction-dominated problems, the Galerkin finite
element formulation is not stable [68]. The solution of (2.28) shows spurious
oscillations in the whole domain. Comprehensive numerical studies of finite el-
ement methods for time-dependent convection-diffusion equations can be found
in [89, 41, 42]. In these studies, a linear finite element fluz-corrected transport
(FEM-FCT) scheme turned out to combine good accuracy and high efficiency.
We are using the linear FEM-FCT for solving the scalar convection-diffusion
equations in three-dimensional domain. A short description of the method is
given below.

The FEM-FCT methods were originally developed for transport equations
[46, 47, 48, 49], i.e., for a particular case of (2.18) with D = F = 0. In
contrast to most other stabilized finite element methods, this method works on
an algebraic level and does not modify the bilinear form which defines the finite



26 2 Aspects of the numerical simulation of population balance systems

element method. This method begins with the algebraic equation corresponding
to the Galerkin finite element method:

(M + 0.5AtE)c;, = (Mc — 0.5AtE)ci_1 + 0.5AtF,_1 + 0.5ALF,, (2.29)

where

o (Mc)i; = (pj,%i) is the consistent mass matriz and {v;} is a basis of
the finite element space,

o (Ep)i; = (esj) is the stiffness matriz containing the sum of diffusion,
convection and reaction,

o Fi is the right-hand side at time ty.

An essential and first goal of the FEM—-FCT schemes is the positivity-
preserving of the solution of (2.25). Let D = F =0, Tp =T, and ¢cp =0
which results in:

co(x) >0, Vxe€Q = c(t,x) >0, Vxe€Q, vVt >0.

This property guarantees that the temperature or the concentration remains
non-negative. The numerical solution of (2.29) might be corrupted by spurious
oscillations or numerical instabilities.

If the mazimum principle holds for the continuous equation (2.25), then this
principle has to be inherited from the discrete equation. This is given if the
system matriz of the discrete equation is an M-matriz. In other words, the
FEM-FCT starts by modifying the equation (2.29) such that a stable but low
order scheme is represented. For this, it is defined:

L:=E+D,
with
N
D :=(d;), dij = —max{0,e;j,¢;} for i #j, dii=— Y di,
=171

N
M, := diag(m;), m; = Zmija
=1

where N is the number of degrees of freedom and My, is called the lumped mass
matriz. It holds that

e the row and column sums of D are zero,
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e L does not posses positive off-diagonal entries.

Thus, the low order scheme reads:

(ML + 05AtL)Ck = (ML — 0.5AtL)C}C71 4+ 0.5AtF;_1 + 0.5AtFy. (230)

The second aim of the FEM-FCT is to modify the right-hand side of (2.30)
in such a way that diffusion is removed where it is not needed but spurious
oscillations are still suppressed

(Mp + 0.5AtL)ey, = (Mp — 0.5A¢L)cg—1 + 0.5AtF)_1 + 0.5AtF
+F*(Cks ck—1), (2.31)

where the ansatz for the vector F*(ck,cx—1) uses the residual of (2.30) and
(2.31)

ro o= (ML + 0.5AtL — (MC + 0.5AtE))Ck (2.32)
—(ML — 0.5AtL — (MC — 0.5AtE>)C;€,1
(ML — Mc)(ck — Ckfl) + AtkD(0.5Ck — 0.56]@,1).

The residual vector has to be weighted adequately, therefore, for the definition
of the weights, the residual is decomposed into fluzes r;;, i,j = 1,--- ,N, in
the following way

N
Ty = Z’I“ij
j=1
N
= Z[mij(ck,i —Crj) — Myj(Cr—1,i — Cr—1,5)
Jj=1

—0.5A,d;;(ck,i — ck,5) — 0.5Akd;j(ch—1,i — Ck—1,5)]-

Thus,

rij = mij(cki — ck—1,1) — Mij(Ckj — Cr—1,5)

—0.5At,d;; (C}m + Ck—l,i) — O.5Atkdij(ck7j - Ck_17j). (2.33)

The ansatz for the correction term becomes

N
>k
Fi(ck, cr—1) = E QTij,
j=1
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with the weights o;; € [0,1] and i =1,--- ,N.

In the case that the weights are dependent on the residual vector F*(ck, cx—1),
one gets the nonlinear case of the FEM-FCT scheme [47, 48]. On the other
hand, if all weights are equal to 1, the Galerkin finite element method is recov-
ered. A linear FEM-FCT method is used here. The motivation of choosing this
approach is based on the results of [39, 41, 42], which showed a good ratio of
accuracy and efficiency. The linear FEM-FCT method [46] has as a starting
point the following idea.

In the equation (2.33), ¢ will be replaced by an approximation which can

be computed with an explicit scheme. For this, an intermediate value will be
defined as follows:

Ci + Ck—1
Ck—1/2 = a9
Thus, one obtains:
rij = 2mgj(Cr_1/2,i — Cr—1,i) — 2Mij(Ch_1/2,5 — Ck—17)
- Atpdij(ch—1/2,i — Ck—1/2,5)- (2.34)

An approzimation of c;_y/2 can be obtained with a forward Euler scheme ap-
plied to the equation corresponding to the low order scheme (2.30), with the
time step Aty /2. It follows:

C=Cp_1— 0.5AtkMIjl(LCk,1 — ]:kfl)'

Inserting this approximation into (2.34) the numerical fluxes of the linear

FEM-FCT method are given as:

rij = Atgp[mgj(cr_1/2,i — Ch—1/2,5) — dij(Ci — ¢;)],

where

cho1j2i: = (Mp'(Fe1 —Lepo1))s,
C: = Ck—1-+ 0.5Ack,1/27i.

Regarding the computation of the weights [41], Zalesak’s algorithm was used
[77]. The motivation of choosing this algorithm was discussed in [47]. A short
description of the algorithm is given here:
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o Compute the sums of the negative/non-negative antidiffusive fluzes in the

node 1
N

R;+: Z maX{O,rij},

j=Lj#i
N
P = Z min{0, 75 }.

j=1,j#i

e Compute the distance to a local extremum of the auxiliary solution ¢

Q:" = max {O, ' 1InaX (¢ — Ez)} )
J=4

=1, N, j#i

- =min{ 0 i Ci—GCi) -
Q; mm{ . moin (6 Cz)}
o Compute the nodal correction factors

OF
Rt :min{l, miQ; }
1 Pj»

R; =min {1, miQy } .
P

3

o Compute the weights

| min{Rf,R;} iy >0,
Y mln{RZ_,Rj} , iy < 0.

The auxiliary solution ¢ is used to guarantee the fulfillment of the mazimum
principle [46]. Since ¢ is computed with an explicit method, a CFL-like condi-
tion for FEM—-FCT scheme has to be satisfied. This condition is [46, 47]

Aty, < 2min 2.

g i1

2.3 Higher dimensional integro-partial differential equation

Higher dimensional integro-partial differential equations are used for modeling
a variety of particulate systems as well as various stochastic phenomena in
science and engineering. These processes are characterized by the presence
of a dispersed phase system [21]. The dispersed phase is surrounded by the
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continuous phase \ dispersed phase \ example
gas liquid aerosol
gas solid spray granulation
liquid gas absorption
liquid liquid extraction
liquid solid crystallization

Table 2.1: Classification of the dispersed two-phase systems.

continuous one and forms the so-called population of particles. A schematic
classification of dispersed two-phase systems is given in Table 2.1.

Moreover, each particle interacts with the surrounding continuous phase by
exchanging heat, mass, and momentum which leads to different population phe-
nomena occurring in the dispersed phase system. These phenomena can be
classified into two groups. On the one hand, there are the phenomena due to
the heat and mass transfer between the continuous and dispersed phase (e.g.,
nucleation, growth); on the other hand, there are the phenomena due to the
fluid dynamic processes and momentum transfer between the two phases (e.g.,
breakage, aggregation). The equations describing these type of systems belong
to the class of transport equations, with the special feature that they describe
the evolution of a particle size distribution (PSD) in high-dimensional spaces.
They are known among in the engineering community as population balance
equations.

The mathematical modeling of population balance equations requires not only
the external coordinates, describing the characteristics of the continuous phase,
but also the the so-called internal coordinates, representing the characteristics
of the dispersed phase [33]. External coordinates indicate the physical location
of the particle,

x = (&1, &2, T3),
and internal coordinates indicate the internal characteristic of the particle
(e.g., diameter, volume),
L=(Ly, - ,Ly).
Further, the internal coordinates could refer to the particles’ dimensions along
the characteristic axes, and with it, a prototype of this kind of equations is given

by:

ft+ﬁi~V£f+ fl,z-ngfo m (0,£end] XQ,} X Qi’ (2.35)
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where

o Oz x Qi C R3 x R® [m3 . m"] is the product domain of external and
internal coordinates with n € {1,2},

f [ 3 n] is the particles size distribution,
m3 m

~ mi . . . . .
e uj {—} is the convective field with respect to internal coordinates,
S

m
® Ux {—} is the convective field with respect to external coordinates,
s

o H ] is the source term,

[s m3 m"

tend [8] is the final time.

2.3.1 The derivation

From a mathematical point of view, the dispersed phase is represented with the
help of a number density function, denoted by f, which describes the expected
number of particles that are located in a certain domain of the particle state
space, Qx x QE: and a certain time t [63].

Let (%, E) be a set of external and internal coordinates in Qz x Qi' Both span
the space particle state space, so that any particle can be represented uniquely
by a point in this space. Therefore, f depends on the external coordinates,
internal coordinates and time t

f=ftx%,L).
The number density function f 1s assumed to be sufficiently smooth to allow
differentiation with respect to any of its arguments as many time as may become

necessary. The total number of the particles in the entire system at the time t
is given by [63]

N(t) = /Q s f(E,%, L)dVzdV;, (2.36)

where dVz and dV; are infinitesimal volume measures in the space of external
and internal coordinates, Qz x Q i-

We will consider only such systems, in which the particles change their state
deterministically. A particle space continuum was introduced in [62] that per-
vades the particle state space. It is assumed that the particles are embedded in
this continuum. Further, only such systems will be taken into account where
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the continuum phase coincides with the fluid phase, in other words, there is no
relative motion between the particles and the continuous phase.

The general form of the population balance equation can be derived in the
same way as for convection-diffusion equations. Applying the general principle
of the conservation [76], it follows,

d ~ -
S| jaov+ | Jinds= | Hdcv, (2.37)
dt Jov acv cv

which states that the rate of change of the scalar quantity f in a control volume
CV plus the flux of the quantity jf— through the boundary of C'V is equal to the
rate of change of production or destruction of the quantity.

Let CV = Vz x Vi be an arbitrary fized control volume in the particle state
space Qz x QE' Thus, the equation (2.37) takes the form:

normal vectorn vector of transport

flows J 7

control volume Vx < V7

surface area of the
control volume

Figure 2.3: Control volume.

d L o N
@ / / F&, L, D)dV; dVi + / JH(%, L, 1) - nds;dsx = / / AdV; dvi.
dt Jvg Jv; avx Jov; Vi Jv;

Using Gauss’ divergence theorem for an arbitrary volume CV, one obtains:

/ JT5(%, L,T) - ndspdssz = / / Vi Jf(%, L,1)dLdx.
vz Jav; Vi vy T

Since the choice of V is arbitrary, this equation results in

i

ff(i’ 75) + vi,i/ : ‘~7~()~(a [N/7t) = H7 (238>

where V ; denotes the gradient with respect to the external and internal coor-
dinates.
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For the following formulation of a general population balance [21], the trans-
port of the total flux \Y -jf(fc, L,t) is split into a transport flux with respect
to the external coordinates Vx - Jﬁi(f{,L,f) and one with respect to internal
coordinates Vi - jf-,i(i, L,t). It follows:

fg(i,i,f) + Vi jfyi(f(,fj,f) —|—VE . jfﬁi(f{,i,f) =H,

with
0 1o}
0% oLy
5 9
013 oL,

Furthermore, the transport fluz, similar to the flux of non-dispersed phase, can
be divided into a diffusive ._7f~D and a convective uf part:

hd jf,i:jfi+ﬁif7

_ 7D | = F
° jf,i = jfi—Fuif.
The diffusive part of the transport flux in the physical space jpi accounts for
the thermal or Brownian motion of the particles. Assuming that there is no
interaction between the particles, the diffusive part JP can be described with
Fick’s first law
ijx =—D-Vxf.

The convective part of the transport flux in the physical space tx f describes
the deterministic moving of the particles resulting from the forces of flowing
continuum exercised on the particles.

Based on the assumption that the particles are embedded in the continuum,
the velocity ux can be approximated by the velocity 0 of the surrounding con-
tinuous phase:

{ix ~ L. (2.39)

The diffusive part of the transport fluzx in the property space uj 5 accounts for
the stochastic variation of the growth rate describing the deterministic average.
A so-called growth rate dispersion introduced by [65] is used to describe the fact
that the particles of the same size grow at different rates. This effect is modeled
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with Fick’s first law, in the same way as for the diffusive part in the physical
space JP
D -
Jip=-D-Vif.

For the considered application an exact information about the diffusion part is
not known. It is only known that the diffusion is very small and the convection
is much larger than that. Because of this aspect, the diffusive parts of the
particles transported through the physical and property space are neglected.

The convective part of the transport flux property space uj f describes the
rate of change of particle properties. Assuming L is a characteristic length of
the particle, e.g., diameter, then the corresponding velocity Uy is the growth
rate of the particles.

The starting point for the derivation of velocity in the property space is the
energy and material exchange between the continuous and dispersed phase. In
the models of the considered experiments, the growth rate does not depend on
the length of the particles here. Thus, one gets

u;(L,x,y) = % =G(y), (2.40)
where the vector y = y(X,1) describes the state of the continuous phase, e.g.,
temperature, concentration. Moreover, assuming L= (jil,ig) the character-
istic dimensions of the anizotropic particles, e.g., length and width, then the
corresponding growth rate of the particles with respect to the main axis is given

as: ~
(Cﬁ(y) _ (ﬁil({il,i, 5')>
GQ(S’ ﬁi2 L27i75’)
where
_ = . dLi - .
iz, (L, %,9) = —= = G1(3), (2.41)
. - _ . dLy .
i, (Lo, %,y) = d;:GQ(y). (2.42)

Then the equation (2.38) becomes

fi+ Vi @i f)+ Vx- (axf) = H. (2.43)
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Using (2.39), (2.40), the fact that for incompressible fluids Vi -t = 0 and the
product rule for

Vi (8zf) = (8xVz)f+ f(Vx-{iz)
= a-Vf
and
Vi-(@f) = Vi (GE)S)
(GY)-Vp)f+ (V- GY))
= G(¥)-Vif
equation (2.43) results in:
e uni-variate population balance
- . df -
fi+G(y)—x +ux-Vxf=H, (2.44)
oL
e bi-variate population balance
-~ df . Of .
i+ G —+G — +ux - Vzf =H. 2.45
Ii 1(Y)8L1 2(Y)8L2 u f ( )

The right-hand side term H of (2.44) and (2.45) accounts for different phys-
ical phenomena, e.g nucleation, aggregation and breakage. As shown in [1],
it is known that breakage occurs for turbulent flow whereas aggregation takes
place in less turbulent regions. Here, the experiments which are the basis of the
simulations lead to steady-state flows. Therefore, it is not necessary to include
the breakage phenomena.

In the case of uni-variate modeling, H describes only the aggregation since
the considered experiment of urea synthesis is aggregation-driven [6]

H= ﬁ+,agg + FI—@gg-

In the bi-variate modeling the crystallization of potassium dihydrogen phos-
phate, H accounts only for nucleation since up to now there are no available
aggregation kernels in the literature

H = Hy,e.
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2.3.2 Population dynamical phenomena

Considering a dispersed two-phase system, the so-called population of particles
1s embedded in the continuous phase. The interaction between the two phases
is done by exchanging heat, mass and momentum. This leads to different pop-
ulation dynamical phenomena occurring in the dispersed phase system. For
deriving population balance equations, one has to take into account these phe-
nomena which can be divided into two groups:

e phenomena due to the heat and mass transfer between continuous and
dispersed phase, e.g., nucleation, growth of the particles, see Sec. 2.3.3
and Sec. 2.3./

e phenomena due to the fluid dynamic processes and momentum transfer
between the two phases, e.g., aggregation and breakage, see Sec. 2.3.5
(breakage will be neglected here).

2.8.8 Nucleation

The formation of new particles is called nucleation. This phenomena can occur
by several mechanisms: homogeneous, heterogeneous, and secondary nucleation
[60, 64]. Secondary nucleation accounts for producing of nuclei in the vicinity
of crystals present in a supersaturated system. In the considered applications,
only the secondary nucleation is taken into account.

In the context of the population balance equation, nucleation can be modeled
using a source term [21, 33] or via an appropriate specification of the boundary
condition [10, 64].

Modeling nucleation via a source term. From a mathematical point of view,
on the one hand, the formation of new particles can be described with a birth
rate, Buue(L,y(X,1))[1/(m?s)], which depends on the state of the continuous
phase, e.g., temperature, concentration. The birth rate accounts for the num-
ber of particles that are formed per unit time and per volume element of the
geometric space. On the other hand, the newly formed particles can take dif-
ferent values in the internal coordinate, so the size of newly generated nuclei
can be described by a probability density distribution which satisfies

14

For the particular case, for which the particles are assumed to nucleate at the
same size considering bi-variate population balances, e.g., (L1 nuc, L2 nuc), the
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Dirac delta distribution, § (L — (Z/l,nuc; I~/2’nuc)> [1/(m?)], can be considered in-

stead of the probability density distribution:

5 (i _ (f]l’num iznuc)) _ {;o, Zi = (il,nuca i/27nuc)7 (2.47)
with
5 (E= Ermes Eawo)) @ = [ 6 (L= Eague) 5 (2 = L) ¥ = 1.
' Y (2.48)

Then, the source term in the population balance equation is modeled by

Hne(L,7) = Buued (L1 = Lie) 6 (E2 = Dac) - (2.49)

Modeling nucleation via a boundary condition. Neglecting the size distribu-
tion of generated nuclei, one can also assume, for uni-variate population bal-
ances, a source at the smallest boundary of the particle size domain L = Lpye
given as [10]

_ ~ BHUC
f(t~7 X, L) = G’
0, else,

fo/ = -Z/nucv

(2.50)

which states that there is a dynamic equilibrium of particles formed at the small-
est boundary at a nucleation rate By, and the growth of these particles with
the linear growth rate G' [m/s], see Sec. 2.3.4.

For bi-variate population balances, the modeling using a boundary condition
does not satisfy the dimension units for particle size distributions.

From the kinetic theory [60, 64] it is known that frequently used expressions
for the nucleation rate are given in terms of supersaturation and total volume
of the crystalline phase as follows

Bnuc = kbafelffcrystv (251)
where

e ky [1/(m3s)] is the kinematic parameter for nucleation correlated with
the experimental data,

e b [] is the kinetics order of nucleation,
e 0.a [] is the relative supersaturation,

® Viryst [m3] 1s the total volume of the crystalline phase.
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The relative supersaturation is given by

C — Csat

, (2.52)

Orel = =
Csat

where

e ¢ is the solution’s concentration,

® Cuat 1S the equilibrium saturation concentration in dependency on temper-
ature.

The total volume of the crystalline phase is equivalent to the third order moment
of the density distribution f(,%, L) and is given by

Voryt = / Fix D)Vav, (2.53)
5

with

o V as the volume of the particles.

2.3.4 Growth

After nucleation had taken place, the nuclei formed began to grow into particles
of a larger size. This process is called particle growth and, similarly to nucle-
ation, is strongly based on thermodynamic considerations. Very often crystals
of different sizes have the same shape. If this is the case, the crystal size may
be represented by one characteristic linear dimension. Then, the linear growth
rate G of the particle is defined as the rate of change of a characteristic size L of
the particle given as in (2.40) with respect to spherical particles and as in (2.41)
and (2.42) with respect to needle-shape particles. Simplified and frequently used
expressions for the growth rate are given in terms of supersaturation [64]

G = kyo?,,, (2.54)
with

o 0y [1] as the relative supersaturation, see (2.52),

e kg [m/s] as a kinematic parameter of growth correlated to the experimen-
tal data,

e g [] as a kinetic order of growth.
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2.8.5 Aggregation

In the aggregation process, particles collide with each other and form a new
larger particle. Further, it is important to differentiate between aggregation
and agglomeration processes. While agglomeration describes the formation of
permanent particle clusters, aggregation is the formation of possibly temporary
ones.

For deriving the aggregation term, the volume V of particles is considered.
Further, only binary aggregation is assumed, since the probability that three or
more particles collide in a time interval (t,t + dt) is negligible small compared
with the probability that two particles collide. From a mathematical point of
view, aggregation is described by a source and sink term. The source term de-
scribes the amount of particles of volume V which are created by the aggregation
of two particles with volume V' and V — f//, Ve (0, V), see Fig. 2.4. This

L, K‘agg(f/ - Vlvvl)
. O

V-V 1% 1%

Figure 2.4: Aggregation: source term.

process is modeled by

v -~ ~ I~ o~ ~/
A nas(7) = 5 /0 s (V =V V) (V= V) (V) aV. (255)

The factor 1/2 arises since there are two realizations of this event: the first
~ / ~ ~ /
particle has volume V', the second has volume V —V | and vice versa. The
sink term describes the amount of particles of volume V' that vanish because they
. . . ~/ ~ max
are consumed by aggregations with other particles of volume V- € (0,V ), see
Fig. 2.5.

~ ~/
/\Zagg(‘/l \4 )

O+ |
1% v’ Vv

Figure 2.5: Aggregation: sink term.
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~ ~ v ~ A~~~ ~/
- g (V) = — / s (V. V') o (V) o (V) a7 (2.56)
~ ~ v ~ o~~~ ~/
= —fV(V)/U Kage(V, V) fy (V') dV . (2.57)

The sum of ]EI+7agg(‘~/) and ﬁ_ﬁagg(f/) gives the change of particles of volume
V due to the aggregation. In the literature can be found different kernels which
are based on the mechanism by which particles collide and stick together. In
the considered application it is used the aggregation kernel given in [74]. This
kernel is the product of two factors

~ ~ ~ ~/ ~  ~/ Hl3
el 7. 7) = eV, 7 7,7 [ 2] (259
The first factor gives the probability of the collision of particles with volume
V and V'. The efficiency of the collisions, i.e., the amount of collisions which
actually lead to aggregations, is described by the second factor. Due to the lack
of models, this factor is chosen to be constant. This constant can be included
into scaling factors for the individual terms of the following kernel, see [2, 52,

Fags (V. V) = cbr%BT<f f) ;; \}

+iﬁhm(%ﬂ ﬁ)g (2.59)

14

where
e ky is a particle form factor,
o kp =1,3806504 10-23 [J/K] is the Boltzmann constant,

o Cyy, Csn are constants that have to be calibrated on the basis of the exper-
imental data.

These factors include also the collision efficiency peg(V — V', V).

The first term in (2.59) is Brownian-motion-generated. It is important for
small particles since in this case the last factor becomes large. The second term
is shear-induced [74] and it becomes important if both particles are large.
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2.8.6 The dimensionless form

The dimensionless form of the equation is derived in the same way as the di-
mensionless form of Navier—Stokes and convection-diffusion equations. Besides
the dimensionless quantities introduced in the Sec. 2.1.2 and Sec. 2.2.2, addi-
tional quantities are required:

L
L= —.
T i Loo

Inserting these quantities into (2.44) one gets for the uni-variate case

o TOrar L Ve = B (260)
or
£+Gf w-Vv,.f = H, (2.61)

where, G := Lo G and H := loc H.
Uoo Lo Uoo

o0
Furthermore, using the additional quantities

in (2.45) one gets for the bi-variate case

¢ Vof = H (262
R L T Ly O T I ) (262)

or

of of of

x - H7 2.

8t+G18L1+G28L +u-V,f (2.63)
here, Gy = — G Gy — 0 G and H o= =
where, Gy 1= oo L1 oo 1, G2t _uooLQ,oo 1 an = i

2.3.7 Numerical methods

In order to solve these equations, initial and boundary conditions are prescribed
for (2.61) and (2.62) result in

or g2l

5 TGar T Vel = Hipaget Hoge, (2.64)

f

fD on [Oatcnd} X FD;
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f(oa ) = fO m Q X (Lmirn Lmax)a
and
af of of B
§+G1671;1+G287[12+u Vo.f = Huyue,
f = fD on [Ovtend] xI'p,
f0,) = fo (2.65)

in £ x (Ll,miny Ll,max) X (L2,min7 L2,max)'

The transport equation of type (2.64) or (2.65) are given in four- and five-
dimensional domain. Therefore, their solution is expected to be more expensive
than the solution of convection-diffusion equations, e.g., (2.24). In [40], several
schemes were explored for solving (2.64). It was found that for laminar flow
fields, simple and inexpensive schemes yielded similar results for quantities of
interest compared with more accurate and expensive schemes. In particular,
finite element schemes are rather expensive because of the costs for assembling
the matrices (the number of quadrature points scales exponentially with the
dimension), see [7]. Furthermore, numerical studies in [39] based on higher
order finite difference schemes gave comparatively results to methods based on
finite element discretizations. In the considered applications the flow domain
Q is taken as a hexahedral tube, and with it, the four- and five-dimensional
domain will be a tensor-product domain. Such a domain enables easily the
application of finite difference methods. Based on the available experience, the
following methods were applied for the discretization of (2.64) and (2.65):

e forward Euler upwind finite difference method (FWE-UPW-FDM),
e backward Euler upwind finite difference method (BWE-UPW-FDM),

e total variation diminishing (TVD) explicit Runge—Kutta essentially non-
oscillatory finite difference method (RK-ENO-FDM).

In particular, the application of finite difference schemes to (2.65) becomes
impossible due to the Dirac delta distribution included on the right-hand side
(2.49), since for finite difference methods, the right-hand side must be a con-
tinuous function. In order to combat this inconvenient, a hybrid discretization
was considered that used for the left-hand side in of (2.65) finite difference
methods and for the right-hand side a finite volume method. Since the inte-
gral of the Dirac delta distribution is well-defined, the Dirac delta distribution
can be discretized with finite volume methods. The hybrid discretization leads
to a condition on the mesh for the internal coordinates that allows to adjust
the scaling of the finite difference method for the left-hand side and the finite
volume method for the right-hand side.
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Beside that, an efficient algorithm was used for evaluating the aggregation
integrals. A short presentation of these methods by the means of (2.61) is given
in the following:

FWE-UPW-FDM The forward Euler method is an explicit method, which is
given at the time t by

f/? = f]?—l - Ath(tk—l, fl?—l)a (2~66)
with
Aty =ty —tg_1,
and
of
Fit,f)=G=+u-Vf—H. (2.67)
oL
Thus, it follows
h _ ¢h h h ha-fl?—l h
fo = fo1 —Atg | vy - Vi1 + Gy oL —hy |, (2.68)

where
° uZ approrimates u,
) GZ approzimates G,
° H,’; approximates H,

which are already computed variables at the time ty.

The convective terms on the right-hand side of (2.68) are discretized by an
upwind scheme [51]. The upwind scheme approzimates the convective term
with respect to the external coordinates in (x;, L), assuming the I1-dimensional

case, by
h h
usz—l(wi’L) - fk—l(xiflaL) UZ >0,
h h Ti — Tj—1
uy - Vi (z, L) = h h (2.69)
iz ,L — o xi,L
uszfl( +1 ) fk 1( ) UZ<0,

Ti+1 — T4
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and with respect to internal coordinate in (x, L;)

Gh flélfl(vai) - f]élfl(X7L¢_1)
k

. h >
eyt Lk TEEN o
oL Gh fk—l(vai+1) - fk—l(vai) . h
X if Gy <0.
Lit1—L;
where

° uZ is the i-th component of the convection vector uz,

e (z;-1,L) and (x;41,L) are the neighbor nodes of (x;, L) with respect to
the i-th component of external coordinate,

e (x,L;—1) and (x,L;1+1) are the neighbor nodes of (x, L;) with respect to
the internal coordinate.

It can be seen from (2.69) that the computation of f} using the forward Euler
upwind finite difference scheme does not require the solution of the linear system
of equations.

RK—-ENO-FDM An optimal third order explicit total variation diminishing
Runge—Kutta method [13] using (2.67) takes the form

fl=fl A, (21 + % + 4?) : (2.71)
where
k1= Flti-1, fisy),
Ky = F(ty_1+ Aty, fi | + Atgry),
K3 F <tk_1 + %,fﬁ_l + %Hl + Aikng) .

Further, the terms of the right-hand side of the equation (2.71) will be ap-
prozimated by a more sophisticated procedure than the simple upwinding finite
difference method, namely an essentially non-oscillatory (ENO) finite differ-
ence scheme of third order [72]. To obtain a higher order approzimation than
with a simple upwinding scheme, second and third order information on the
numerical solution are used.

Denote by

e PL(L) the polynomial that interpolates the function fI' | at the nodes
{Li—17LiaLi+l};
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e PJ(L) the polynomial that interpolates the function f,?_l at the nodes
{Li—2,Li—1, Li},

e P;(L) the polynomial that interpolates the function fl | at the nodes
{Liv1—j, Lito—j, Lits—j, Liva—j} where j =1,--- 4.

Define
ai = (PH)r(Li) = fi_1[Li—1, Ly, Liza),
ay = (Py)r(Li) = fi_1[Li—2, Li—1, L],

(

(
i) = fi1[Li, Liy1, Liva, Liya),
)

)

where fl'_|[] denotes divided differences.
The basic idea of ENO interpolation consists in using the smoother approxi-

mation, where smoothness is measured by the absolute value of the second and
third order divided differences. Then

Ofis
oL

(x, L;) ~ appropriate a;.
o for the case of GQ > 0, the algorithm reads as follows:

if |fILi—1, Li, Lit1]| < |f[Li—2, Li—1, Li]|
if \[Li—2, Li—1, Li, Liga]| < |f[Li—1, L, Liy1, Liyo]|

choose a3
else
choose ag
else
else
if \[Li—s, Li—2, Li—1, L;]| < |[Li—2, Li—1, L;, Lit1]]
choose a4
else
choose as
end
end

o for the case GQ < 0, the algorithm reads as follows:
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if |fILi—1, Li, Lit1]| < |f[Li—2, Li—1, Li]|
if |flLi—2, Li—1, Li, Lit1]| < |f[Li—2, Li—1, Li]|

choose a3
else
choose as
else
else
if |f[Li—2, Li—1, Li]| < |f[Li, Liy1, Lita, Liys]|
choose as
else
choose a;
end
end

BWE-UPW-FDM The backward Euler is an implicit method, which applied
to (2.61) by using (2.67), leads to

o h
1+ b <u§; v rapE H}:) — 2.72)
Then, e.g., the discretization of the convective term with respect to internal
coordinate in (x,L;) in (2.72) is done with an upwind approach similar to

(2.70)

, an OO L) = (G Lict) s

3 k k= ,

a2 1) N | (2.73)
oL gplibolo) GO L) e g

Liy1—L;

This leads to off-diagonal entries in the system matriz. The backward Euler
upwind finite difference requires the solution of a linear system of equations
in each discrete time which was solved with GMRES with SSOR (symmetric
successive over relaxation) preconditioner [40].

Hybrid discretization for the bi-variate transport equation The finite dif-
ference discretization is impossible to be applied in (2.65), since the right-hand
side (2.49), is not a continuous function. An alternative approach is presented
that use for the left-hand side in (2.65) finite difference methods and for the
right-hand side a finite volume method. The Dirac delta distribution in (2.49)
can be discretized with finite volume method, since the integral of the Dirac
delta distribution is well-defined. In the derivation of this approach, a condi-
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tion on the mesh for the internal coordinates is derived that allows to adjust

the scaling of the finite difference method for the left-hand side and the finite
volume method for the right-hand side.

The domain spanned by the internal coordinates, Qp, is a rectangle
Qr = [L1,min, L1, max] X [L2,min, L2 max)
decomposed by cells
Kij = [Liic1/2, Liivay2) X [Loj-1/2,Laji1/2) ;1 <i < Np,, 1 <j < Ny,

Limin = L1122 < L1z < -+ < L1 vy +1/2 = Limax;

Lomin = Lojnja < Lagp <+ < LQ,NL2+1/2 = L2 max-

L

2,j+1

A L1,i-1/z Ll,i+l/2 D

Ll,i—l (Ll,i’ L2,j) I'1,i+1
[ ]

L.
2,i-1/2 2,j+1/2

2,j-1

Figure 2.6: Cell K ;.

The centers of the cells are given by

(L1,is La,5)

where I i
Ll,i _ 1,i—1/2 . 1,2+1/2’L2

The mesh sizes are denoted by

Lot Loy

5J 2

ALLi = L1$i+1/2 - L1’i71/2,i = 1, 2, A NL17

ALZ,j = L2,j+1/2 - L2,j—1/27j =12, "NL2~
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The finite volume formulation of (2.65) with respect to the internal coordi-
nates for the particular cell K; ; reads [32]

/ G-VpfdQ = / H,.dQy,, (2.74)
Ki,j Ki,j

with

of
G = <gl) ,ALf = <83L ) s Hoywe = Bnuc(s(Ll — Ll,nuc)(s(LQ — L2,nuc)-
2 DLs

Applying Gauss’ divergence theorem to (2.74) and using the fact that
Vi -G=0,

one obtains

/ (G . nKi,j)f . dFL = Bnuc/ 5(L1 - Ll,nuc)(s((lﬁ - L27nuc)dQL
I Kij

1 f L nuC)L nuc S Kl B
{ 1 ( 1, 1, ) »J (275)

0 else,

where the ng, . s the unit normal vector to lk,, at (L1, Lay), outward to
K; ;. Further, the left-hand side in (2.75) is discretized by

by

/ (G ng, ) fdly ~ Y (G-ng,,)f (2.76)
L Px;;
with
Z (G nk,,))f = GfllnABfi}il/Q,j|AB| + ngBC z'}fjfl/2|BC|
Tk,

2%

+G?nCDf;1+1/2,j|CD| + ngBCf£j+1/2|DA|
= GillALQJ (fiZ—l/Q,j - fz'h—1/2,j) (2-77)

+GhALy (fi}fj+1/2 - fi}fjfl/Q) '

The finite volume discretization of (2.74) becomes

GlALy,; (fthrl/Zj - fih—l/2,j) +GEALy; (fz‘}?j+1/2 - fi}fjfl/Q) = Buuc- (2.78)
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1
Multiplying (2.78) by m, one gets
h h h h
ah (fi+1/2,j - fi—l/Q,j) + ah (fi,j+1/2 - fi,j—l/Z) - Brue (2 79)
! ALy, 2 AL, ALy ALy T

which is the representation of the central finite volume discretization. This type
of discretization, in the case that convection dominates, could lead to oscilla-
tions in the solutions. Therefore, other types of finite volume discretization
are investigated, e.g., upwind finite volume discretization or an essential non-

oscillatory finite volume discretization. The evaluation of fz'h—l/2j7 fﬁlpj,

fi]fj+1/2,j, and 12},Lj+1/2,j depends on the selected finite volume schemes.

In particular, applying upwind finite volume discretization, the equation
(2.79) changes to
o i = 1) Lo (fogg = Fis) _ Bue (2.50)
VAL 2 ALy, ALy ALy’ '

for G > 0 and G} > 0. On the other hand, the left-hand side in (2.80)
coincides with the upwind finite difference discretization of the left hand side
in (2.74).

In [72] was pointed out that for problems in more then one dimension, finite
difference schemes should be preferred to finite volume methods. It turns out
that in order to adjust the finite difference method in (2.74), the finite volume
term on the right-hand side of (2.75) has to be multiplied by the scaling factor

1
AL177;AL27_7"

Algorithm for evaluating the aggregation integrals The aggregation integrals
are computed by a modern approach from [28, 29, 30]. The grid for the PSD
18 discretized with respect to the volume of the particles and refined towards the
smallest ones. For the algorithm, it is essential that this local refinement is not
arbitrary, but that the locally refined grid can be decomposed into uniform grids
at each level as it is illustrated in Fig. 2.7.

The ansatz space S for the PSD was chosen to consist of piecewise linear
functions.

Note that both terms in the considered aggregation kernel have separable
structure, i.e., the aggregation kernel can be written in the form

k
Faga(V, V') = Z a;(V)bi (V).
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Figure 2.7: Decomposition of the locally refined grid for the PSD.

Then, the integral term becomes

Hagg(V) = Hy agg(V) + H_ 155(V) = (2.81)
Vv
_ %/ agg (V= VIV o (V= V') fyr (V') dV (2.82)
0

(V) / bags(V, V') fr (V') dV (2.83)

0

k 1 1%
- > [2 | etV = v e (s

1=1
—fr(V)a; (V) /Do bi(V) fy (V) dV'| . (2.85)
0

The evaluation of the sink term is not difficult since only one-dimensional in-
tegrals have to be computed.

The source term in this formulation is the sum of convolutions @; x1;, where
w; = a;f and ¥; = bif. The functions a;(V) and b;(V') were approximated
by piecewise constants on the same grid as fy (V). Legendre polynomials were
used as an orthonormal basis of S. Thanks to some known facts about Legendre
polynomials, the convolution can be computed with the complexity O(nlogn),
where n is the number of grid points. In essence, it turns out that some discrete
convolutions have to be computed, which can be easily performed using the fast
Fourier transform (FFT) [61].

The exact convolution Wexact = Y ;1 @i * i does not belong to the ansatz
space S. In the simulations, the L? projection Weomp Of Wexact into the ansatz
space was used. An issue in using an approrimation of Wexact Might be mass
conservation. However, $ince Wexact — Weomp 5 L? orthogonal to all piecewise
linear functions, one obtains for all intervals [V;, Vii1]

Vit

mass;(Wexact) = / V'Wexact (V') dV'
Vi
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Vit

= / V'weomp (V") dV' = mass;(Weomp )
Vi

i.e., the mass (volume) is locally preserved. The only change in total mass that
might occur comes from the fact that the support of the convolution is larger
than the support of the convoluted functions. In the case of aggregation, only
non-negative contributions will be neglected by not considering the complete
support of the convolution such that the mass will always decrease. This might
be crucial for long-time simulations. To avoid the decrease of mass, a correction
to the aggregation term is computed as follows

2
V2

2
Vmax min

Hagg (V) := Hagg (V') — mass(Hagg(V))

where Vinin and Viax are the smallest and largest volume of the particles, re-
spectively. Then, although the local mass conservation is violated, the total
mass of the computed aggregation term is zero, which is in accordance with the
modeling of this term.

A different correction would be the L? projection of H(V') into the space of
mass-conserved functions {B(V) : f“/::":x V'B(V'") dV’ = 0}, which has the

form

3V
— V3

Hagg (V) 1= Hagg (V) — mass(Hagg(V))V3
max min

Due to the factor V in the correction part, mainly the values H(V') for large
volumes will be affected. For the aggregation term, these values will increase
to compensate the loss of mass due to cutting the support of the convolution.
It could be observed that this might result in unnaturally large values for the
aggregation term and then for the PSD, in the last interval for the internal
coordinate. The same happened with the strategy proposed in [29], which ap-
plies a correction only in the last interval. Hence, these approaches are not
recommended.

2.4 Coupling

Population balance systems are modeled considering a flow field transporting
the particles. This results in a system of partial differential equations where
the Navier—Stokes equations for the fluid velocity and pressure are coupled to
convection-diffusion equations for the species concentration and the system tem-
perature and a transport equation for the particle size distribution as it is il-
lustrated in Fig. 2.8. In order to solve such systems, one has to tackle a
coupled problem. A general definition and classification of coupled problems



52 2 Aspects of the numerical simulation of population balance systems

fluid

velocit . . .
Y convection-diffusion

equation for temperature

Navier-Stokes equations
for the flow field

fluid & !
velocity Qj\,b\," concentration | |temperature

convection-diffusion
equation for concentration

balance equation for
particle size distribution

concentration

Figure 2.8: Coupled problem.

can be found in [18, 79] There are different ways to handle such problems
[15, 16, 78, 79].

One possibility refers to a monolithical approach [3] or so-called direct method
[69]. In this method all variables of the coupled problem are solved simultaneous.

Other possibilities are partitioned methods, also known as iterative methods.
In this case each equation will be solved for its connection variable by treating
the rest of the variables as known and iterating through the rest of the equations
until the solution of the coupled system is achieved.

Whereas monolithcal approaches are difficult and expensive to use in the
case of non-linear coupled problems, an advantage of the partitioned methods
consists in the possibility of solving each equation of the system with an adequate
numerical method. However, stability and convergence for partitioned methods
possess a great challenge [15, 16].

The method of choice for our coupling approach is based on iterative methods.
The coupling approach consists in solving three steps.

Firstly, the steady-state Navier—Stokes equations are computed separately,
since the flow field for velocity u and pressure p does not require any informa-
tion from temperature (T'), concentration (c) and PSD (f) equations, in other
words, whereas a one-way is realized a back-coupling can be neglected. In order
to be solved, the steady-state Navier—Stokes equations of type (2.6) have to be
linearized with a fized point iteration (see Sec. 2.1.5) and discretized with an
inf-sup stable pair of finite element spaces (see Sec. 2.1.6), at which the choice
of the inf-sup stable pair Qo /P{*¢ is discussed in Sec. 2.1.7.

Secondly, fully developed temperature and concentration fields are computed
by using the precomputed flow field arising from solving the steady-state Navier—
Stokes equations. The system for temperature and concentration is solved by a
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fized point iteration. Both equations described by (2.25) are time-dependent and
strongly convection-dominated. Therefore, apart from the spatial discretization
a discretization in time is also required. The (2.25) for concentration and
temperature were discretized in time with a Crank—Nicolson scheme and in space
with Q1 finite element. Due to the convection-dominated issue a stabilized finite
element has to be applied. For this, a linear FEM-FCT method is used (see
Sec. 2.2.3).

Thirdly, the fully coupled system consisting of the equations for temperature,
concentration, and PSD are solved using the precomputed flow field, initial
temperature, and concentration distribution. The nonlinear coupled system is
solved iteratively with a fized point iteration wherein one iteration consists in
three sub-steps:

e solve the equation for temperature with an current available approxima-
tion of the concentration and PSD;

e solve the equation for concentration with an approximation of the tem-
perature computed in the first sub-step;

e solve the equation for PSD with an approximation of the temperature and
concentration computed in the first two sub-steps.

The iteration for solving the coupled system was stopped if the sum of the Fu-
clidian norms of the residual vectors for concentration and temperature was
below a prescribed tolerance.

2.5 Software MooNMD and aspects of the implementation

All the numerical simulations were performed with the program package
MooNMD, Mathematics and object oriented Numerics in MagDeburg, devel-
oped by former members of the numeric group at the Institut fiir Analysis und
Numerik from Otto—von—Guericke—Universitit Magdeburg. MooNMD is a free-
ware code written in C + + programming language. Generally, it may be used
for solving partial differential equations in two- or three-dimensional domains
[38]. The main advantage of MooNMD consists in the fact that the code can
be adapted and upgraded for different problem settings, which is especially im-
portant for solving coupled systems, e.g., (3D/4D) and (8D/5D).

In MooNMD, a number of numerical methods were disposable to be applied
for solving coupled systems of type (3D/4D), e.g., from the applications pro-
posed in [7, 40]. The considered uni-variate population balance system is an
extension of the work proposed in [40]. In addition to [40], the nonlinear iter-
ation for our coupled problem includes an equation for the system temperature.
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Moreover, aggregation phenomena are also taken into account. In particu-
lar, for the evaluation of the aggregation integral was used an efficient method
proposed in [43]. Whereas for the considered uni-variate population balance
system, (8D/4D) coupled problem, only a few modules of the used algorithms
have been implemented, the algorithms solving the considered bi-variate pop-
ulation balance system, (3D/5D) coupled problem, have been completely new
implemented.



3 Simulation of uni-variate population balance systems

This chapter considers the simulation of urea synthesis, which is described by
uni-variate population balance model. Our main focus is the numerical repro-
duction of the experimental data from from a laboratory experiment [6]. A
numerical scheme for the discretization of the uni-variate population balance
system of urea synthesis was proposed in [31]. In addition to [31], other two
numerical methods are studied and compared with the experimental data.

3.1 The experimental setup

The laboratory experiments are completely described in [6]. Further, the exper-
1mental setup will be sketched as follows.

The solution (suspension) is made up of ethanol (solvent) and urea (solute),
which, due to the cooling process, start to crystallize. This process is depicted
i Fig. 3.1.

)L ~ O
)k
HoN NH, H,N NH,
Eth. sol. cryst.

Figure 3.1: Cooling crystallization of urea synthesis.

The crystallization process takes place in continuous tubular reactors designed
as plug flow reactors, as illustrated in Fig. 3.2.

On one hand, the strongest advantage of a continuous crystallization tube
consists in the flexibility for controlling temperature, supersaturation and on the
other hand, the possibility of spatial separation of different population dynamical
phenomena, i.e., nucleation, growth, aggregation, breakage. Depending on the
specific context, these phenomena might be desired or undesired, and they can
be, in practice, controlled by chemical means, such as altering the solvent.

However, the considered application of urea synthesis is driven by aggrega-
tion. The task of the experiments is the quantification of aggregation within a
tube and for this a flow-through microscope is employed.

The main components of the experiment are:

1 wessel with crystal slurry (saturated solution with crystals),
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Figure 3.2: Schematic representation of the crystallizer.

2 seed crystal intake,
3 aggregation tube,
4 flow cell microscope with imaging sensor.

The proceeding of the experiment is as follows. The well-stirred vessel is filled
with equilibrating crystal suspension which is kept at a constant temperature.
Clear solution of ethanol is continuously withdrawn from the suspension through
a frit and pumped into a tube, through the microscope flow cell and then back to
the suspension vessel. At the start up only a clear solution is pumped through
the system with a defined flow rate. Then, in a specific time interval, seed
crystals are injected directly into the tube. The crystal population travels with
the solution along the tube until it is photographed using a microscope with a
flow-through cell, see Sec. 3.3.1.

Whereas nucleation, growth, and aggregation of the particles are taken into
account, breakage phenomena will be neglected here.

3.2 The model

The studied urea population is modeled by a system of equations describing
the flow field (velocity, pressure), the energy balance (temperature), the mass
balance (concentration) and the particle size distribution.
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8.2.1 Modeling the flow field

The experimental setups led to steady-state flow fields. Thus, the flow field is
described by the incompressible Navier—Stokes equations, see Sec. 2.1,

WA (VB 4V = & ind), o
V.a = 0 inQ, '

with the following model parameter:
e O =1(0,210) x (0,1) x (0,1) [em®] ,
e p=1789 [kg/m3] the density of ethanol at 298 K,
o 1 =1.074-1073 [kg/(m s)] the dynamic viscosity of ethanol at 298 K,

e g = 9.8 [m/s?] the gravitational acceleration.

In the experiments, the suspension is sufficiently diluted, the size of the parti-
cles is sufficiently small, and the temperature gradient is also small enough that
the influence of all these aspects on the flow field can be neglected. Hence, the
flow field can be modeled independently of the temperature field, concentration
field, and particle size distribution.

The boundary is given by

f = f‘in U f‘out U I:‘walla (32)

with
e Iy = {0 cm} x (3 cm, 2 cm) X (3 cm, 2 cm) as the inlet boundary,

e Toue = {210 cm} x (0 cm, 1 cm) x (0 cm, 1 cm) as the outlet boundary,

o Tyuy = I\ (T UTout) as the boundary at the walls.

The unit outer normal vector on the boundary is denoted by ny.

The exact conditions at the inlet T, are not known, only the flow rates at
the inlet. A simple approach would be the application of plug flows (constant
velocities) at the inlet that matches the given flow rates. But this approach
leads to jumps in the boundary condition. For this reason, in order to impose
boundary data with enhanced regularity, an inlet boundary condition of the form

(%) = Uin(¥(£(%),1(%)),0,0)", % € T, (3-3)

has been considered, where the profile W(&,n) of this condition is the solution
of the 2D Poisson equation

—~ AU =1inTy, ¥=0ondly,. (3.4)
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The parameter Uy, was chosen to match the experimental inflow rates, see Sec.
8.8.1. The boundary condition on the outlet Tout 48 the standard do-nothing
condition,

(uV (@) — pI) - fip = 0, X € Doy, (3.5)

that is often used in numerical simulations, see 2.1.3. A boundary condition at
the outlet is not known from the experiments. In particular it is unclear how
good this boundary condition corresponds to (3.5). For this reason, the length
of the computational domain was chosen to be larger than the experimental
domain (210 cm instead of 200 cm) such that a possible slight incorrectness
of the outflow boundary condition (3.5) has no influence on the computational
results in the region that corresponds to the outlet of the experimental domain.
At all other boundaries (the walls), the no-slip condition

ﬁ(i) =0, x¢€ fW&ll) (36)

was applied.
Using the corresponding dimensionless quantities in (3.1) and including the
right-hand side into the pressure results in

14

Au+ (u-V)u+Vp = 0 inf,
oo oo (- Vju+Vp " (3.7)
V-u = 0 i,

with
o v=y/p=1361-10"5 [m?/s] as the kinematic viscosity of ethanol,
o () as the dimensionless domain.

Furthermore, the dimensionless boundary conditions are

Uin
ux) = TR n),0,0)7, xe Ty,
(Re_1V(u) — pH) -npr = 0, X € Fout7 (38)
U(X) = 0, x € I'yan-

8.2.2 Modeling the mass balance

The mass balance of the system is modeled by

% pAc+i-ve=
ot
3p'ky G(&,T) /LW

Mmol Luin

L*f dL
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_ pdeL?ninBHUC

in (0, fenq) X €. (3.9)

Mmol
with
e D=135-10"° [m2/s} as the diffusion coefficient of urea in ethanol,
e p?=1323 [kg/m®| as the density of urea (dispersed phase),

e ky =7/6 [] as the scaling factor from diameters to volume (where it is
assumed that all particles are balls), given below in (3.12),

® Mol = 60.06 - 1073 [kg/mol] as the molar mass of urea,
® Buye = 10° [1/(m3 8)] as a constant nucleation rate,
 Lpin = 2.5- 106 [m] and Lyax = 5000 - 106 [m].

Whereas the decrease of dissolved urea due to the growth of particles is modeled
by the first term on the right-hand side of (3.9), the consumption of dissolved
urea due to the nucleation of particles is taken into account as the last term on
the right-hand side.

Equation (3.9) has to be equipped with initial and boundary conditions. The
boundary condition is given by

E<£7 ) = Esat (ﬁn); X

i

[l
o
&
C
s 1]
<
=

ony

with the saturation concentration

~ & 35.364 + 1.305(T — 273.15) [mol}

y — 3.10
Csat (1) o m? ( )
With these boundary conditions, the equation (3.9) without the coupling terms
to the PSD is solved until a steady state is reached. This steady state is used

as initial condition
6(()’ 5() = 5steady(i)- (311)

The growth rate is given by

(3.12)

where
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e k, =10"7 [m/s] is the growth rate constant

e g =0.5[] is the growth rate power.

Using the corresponding dimensionless quantities in (3.9) and proceeding as in

Sec. 2.2.2 the dimensionless mass balance becomes

dc D
E — @AC‘FUVC—

d 3 Lo
3p%ky G c, T)Loofooloo/ ' L2f dL

CooUooMmol

pde L3 Bnucloo Lio

min

m (O7tend) x )

CooUooMmol
with
e the growth rate
C — Cgat (T) ) g .
—= |, ifc> ceat(T),
ctem = | () o> oD
0, else,

e dimensionless saturation concentration
T _ ésat(TooT)
Csat( ) - .

Coo

The dimensionless initial and boundary conditions become

C(O, X) _ Esteady(loox) ,
Coo
Csa ,fin
c(t,x) = %, x € [y,
Coo
Dﬁ = 07 X € Fout U Fwall'
Bnp

3.2.3 Modeling the energy balance
The energy balance is modeled by

T - .
pcpﬁ — AT + pepa- VT =

Lmax

YN TR / P2F di

Lin

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)
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- AhcrystpdeIN/;G’nin-Bnuc m (07£e> X Q7

where
o ¢, =2441.3 [J/(kg K)] is the specific heat capacity of ethanol,
e A =0.167 [J/(K m s)] is the thermal conductivity of ethanol,

o Aheyst = 2.1645 - 10°[J /kg] is the heat of solution (enthalpy change of
solution).

Whereas the decrease of temperature with respect to the growth of particles is
modeled by the first term on the right-hand side of (3.17), the consumption of
temperature with respect to the nucleation of particles is taken into account as
the last term on the right-hand side.

The boundary conditions are known from the experiments

T(Ea 5() = ﬁnv X S f‘in7
oT .
A =0, xeTow, (3.18)
_ ony, ) )
T(t75() = Twalla X € FWa117

with
o T}, = 301.15 [K],
o Tyan = 291.15 [K].

Hence, the suspension is cooled at the wall.

As an initial condition, a fully developed temperature field, based on the so-
lution of a steady-state equation without the coupling terms to the PSD, was
chosen:

T(07)~() = Tsteady(loox)- (319)

Further, the dimensionless form of the energy balance is given by

T
8— — #AT+u~VT:
ot looUoo PCp
N T)L2, foolos [ E2
_ 3 hcytp k'VG(C, ) oof l / L2f dL (320)
PCpUoc T Lmin
Ahervst 0%y L3 . Bpueloo L?
heryst PRV Linin BuuclooLioo 5004 v 5
PCplocToo

The dimensionless initial and boundary conditions are:

Tsteady (i)

T(0,%) = e,

(3.21)
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3

\ 7_'1 a(;) = T:: 3 X € Fina
SR AN x € Tout, (3.22)
looUoo pcp ONp 5
Ty,
Twall(x) = Tall; X € 1—‘wall-

3.2.4 Modeling the population balance

Population balances can be described in different coordinate systems, e.g., with
respect to the volume or diameter of the particles.

Assuming the cube- or spherical-shaped idealization of the particles, the be-
havior of the particle size distribution with respect to the diameter of the particle
is modeled by

% + é(e,i’)g—jﬁ:+ﬁ~vf: (3.23)

‘g+aagg + ﬁ*;agg mn (O7t6) X Q X (LminvLmax)>
where

~ 1
e f is the PSD with respect to the diameter {4} ,
m

o G is the growth rate expressed as the rate of change of particle length
m
5]

° ﬁ+,agg is the source of the aggregation model and f{,,agg its sink with

respect to the diameter % .
ms

For modeling the aggregation, the volume of the urea particles is considered.
Therefore, it follows that on one hand the considered population balance refers
to the particle diameter and on the other hand to the particle volume. The
transformation from one coordinate system to the other becomes necessary.

Let fy [#] be the PSD with respect to the volume. The number of the
particles with respect to the volume is the same as the number of particles with
respect to the diameter. This can be expressed by

Vinax _ _ Lmax _ _ _
/~ fV(V)dV:/~ f(L)dL. (3.24)

Vmin Lmin
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Further, it is assumed that the particle volume is proportional to the cube of
the diameter as follows:
V =kyL?, (3.25)

with ky > 0, i.e., all particles are assumed to be of the same shape (balls,
cubes). Then, the number of the particles with respect to the volume using

(3.25) is given by

Vimin

Vinax _ _ _ Lmax ~ o
/ fv(V)dV = / fv(ky L*)3ky L2dL. (3.26)
L

min

The comparison of the expressions (3.24) and (3.26) leads to the following
transformation relationship:
YR S SN i)
fv(V) = fv(kvL?) = T (3.27)

Then, the change with respect to the diameter for the right-hand side in (3.23)
s obtained by
g+ gy = 360 L2 (H (V) + Hoage (V). (3.28)

The initial condition is given by

f0,%,L) =0 in Q x (Lmin, Lmax), (3.29)

i.e., there are no particles in the flow domain.
Boundary conditions are necessary at the closure of the inflow boundaries

f(g,)NQ.Z/): Bnuc at T | T P 2 (330)
G(ET)

where fin s given by experimental data, see Sec. 3.5.1.
Using the corresponding dimensionless quantities in (3.23) and proceeding as
in Sec. 2.5.6 the dimensionless population balance equation becomes

of ls Of
a + G(caT)quwaT+u'vmf
loo - ~ X Lnin Limax
= m(H+)agg +H_ ) in (0,t.) x Q% ( I I )
Sky L2 L%

= PO (V) 4 HoaelV) i (0,00 0

Vmin Vmax

Voo ! Voo
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with

Voo

] 1 / /
H+»agg(v) = 5/ Hagg(VmV - VOOV ,VOOV )

Vi

min
V.

Tv(VeV = Voo V) frr (Vs V)aV’,

Vmax

H—ﬂgg(v) = */V b

min
Voo

Kagg (Voo V) Vo V) frr (Vs V' )dV' .

The dimensionless initial and boundary conditions of this equation are

Lmin Lmax
fO,x,L)=0 in§x (L T >7 (3.31)
f Lo L
fln(toot; lOOX7 o0 )7 x E Fin,
flt.x,L) = B = I (3.32)
nu L — min - T .
7fooG(c, T’ at I if G(e,T) >0

In the numerical simulations, the following reference values were used:

® foo =107 ﬁ;

e [, =0.01 m,

o U, =00112,
e T, =1K,

o oo = 1000 29

Loo =5-1073 m,

Voo = L3, m3.

3.3 Setup of the simulations

8.8.1 The incorporation of the experimental data

Data for space-time-averaged normalized volume fractions are provided, which
were obtained by measurements using a microscope with a flow-through cell.
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In the experiments, the flow rate at the inlet V; [ml/min] = V,./60 [cm? /s] was
prescribed. This data has to be matched by the flow rate of the used boundary
condition at the inlet (3.3)

0111 /
r

o v,
in 60 ff‘m(\p(f,n),o’o)T dfdn’

where the integral in the nominator can be approximated by numerical quadra-

(W(&,),0,0)" dedn [‘”:3]

in

It follows that

ture.

The boundary conditions for the temperature are provided from the exper-
iments as given in (3.18). Also the inlet condition of the concentration is
controlled as given in (3.10).

Concerning the inlet condition of the PSD, particles were injected into the
channel only in the time interval [O,tNinj] s with finj = 5 s. From the experi-
ments, a space-time-averaged inlet condition is provided, such that a boundary
condition of the form

fin({, 5(7 I~/) _ { fmj(i) fO’I‘{G [07£inj} S, X € Fina

0 else,

can be applied. The particles were contained in a solution with volume f/inj [m?’],
which was injected into the domain in [0, tiy], i.e.,

- 2R R S V4
o - inj Vr 3
Vinj—/o Vrdt—60.106 [m”].

It follows that the total number of particles which were injected is given by

Lmax _ _ - Lmax _ _ Loex §. V7~ .
/ / fnj (L) dL d% = Viy / finj (L) dL = / P fing (L) dL.
Ving JL 6107
(3.33)
The experiments provide the distribution of the number of particles per diameter

min Lmin Lmin

fi.seed(f’) [1/m] in Vinj. This number was identical in all experiments, see Fig.
3.3 for a presentation of this curve. Integration of fr seed(L) gives the total

number of particles. To obtain the same total number of particles as given in

~ ~ tiniVe = = ~ = 6-107 - ~ ~ ~ ~
fﬂ,seed(l’) = 6 .J107fir1j (L) - finj(L) = 7 f/ fi,seed(L) Le [Lmin7Lmax:| )
inj Vr
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should hold. This expression gives the required value for the boundary condition
of the PSD at the inlet of the domain.

The experiments provide space-time-averaged evaluations of the volume frac-
tion of the PSD. Let x € Q), then the volume fraction is defined by

L*f(t,%, L)
JEmex [3f(F,%, L) dL

q3(£7 5(7 L) =

The normalized volume fraction of the inlet condition for the PSD is given in
Fig. 3.3. Similarly derived profiles are provided at the outlet of the experimental
domain (x = 200 cm) for different flow rates. These profiles will be used in the
comparison with the numerical results.

x10°

— seed —sced

%1% masc

200 400 600 800 1000 1200 1400 1600 1800 200 400 600 800 1000 1200 1400 1600 1800 2000
Llwm ] Lipm]

Figure 3.3: fi,seed(i’) at the inlet (left) and the normalized volume fraction of
the PSD at the inlet (right).

Ezperimental data were available for two setups which differed in the flow
rate at the inlet. Both setups will be considered in the numerical studies. An
important goal was the calibration of the unknown model parameters in the ag-
gregation kernel (2.59) in such a way that a good agreement to the experimental
data was obtained. This data consists of a space-time-averaged normalized vol-
ume fraction at the outlet. The second important aspect of the numerical stud-
ies was the investigation of the PSD at different points at the outlet. It will be
shown that, e.g., the PSD in the center of the channel possesses a considerably
different form compared with the PSDs in points which are closer to the walls.
The third goal was the comparison of some numerical methods.

3.8.2 Computational domain

The flow domain is very long compared with its thickness and there is a preferred
direction of the flow. This enables the use of an a priori adapted grid with
anisotropic grid cells of 132 x 12 x 12, see Fig. 3.4. The aspect ratio (ratio of
largest edge and smallest edge) of the mesh cells is small at the inlet to resolve
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the recirculation zome. It becomes larger towards the outlet. At the end of the
flow domain, the mesh cells have an aspect ratio of 30.

Figure 3.4: The computational grid, flow domain not to scale (scaled up by
factor 40 in z3- and z3-direction).

In particular small particles were injected into the fluid, see Fig. 3.3. For this
reason, the grid for the internal coordinate is locally refined for small diameters.
As explained in Sec. 2.5.7, the computation of the aggregation integrals is based
on a grid with respect to the mass of the particles which has to possess certain
properties. This issue was taken into account in the construction of the grid
with respect to the diameter, see Fig. 3.5 for both grids. The computational
grid used for the mass is made of 94 piecewise equidistant nodes.

The corresponding numbers of the degree of freedom for the simulations are
given in Tab. 3.1.

diameterfmmmasecoxm0 0000 0006 0 500 6 o

pw equi mass[= -

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
diameter [ m]

Figure 3.5: The grid with respect to the internal coordinate, diameter (top)
and mass (bottom).
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’ Simulation quantity | Number of d.o.f.

velocity 496 875
pressure 76 032
temperature 22 477
concentration 22 477
PSD 2 112 838

Table 3.1: D.o.f for simulating of the urea synthesis.

3.4 Numerical results

3.4.1 Ezxperiment with flow rate 80ml/min

First, an experiment was studied that was conducted with a flow rate of
V, =30 ml/min. The Reynolds number based on the integral mean velocity
at the inlet U = 4.5 cm/s, the diameter of the channel 1 cm and the kinematic
viscosity of ethanol v = pu/p = 1.3612 1075 m?/s is given by Re ~ 331. The
stationary flow field at the inlet of the channel is shown in Fig. 3.6.

veloci
-7.62/

5.09

255

.0.00

Figure 3.6: Experiment with flow rate V, =30 ml/min; cut of the stationary
velocity field at the inlet of the channel.

Based on the residence time of the particles, the data at the outlet of the
experimental domain at &1 = 200 cm were studied in the interval [200,300] s.
For each grid point at the outlet, the PSD was added and then a time-average
was computed. After this, a spatial averaging was calculated and from this the
normalized volume fraction for these space-time-averaged values was derived.
This normalized volume fraction was utilized for the calibration of the unknown
parameters Cy, and Cyy, in the aggregation kernel (2.59). Furthermore, different
numerical approaches were studied for discretizing the PSD equation.

Results for the FWE-UPW-FDM and different values of the parameters Ch,
and Cgy are presented in Fig. 3.7. Comparing the experimental data at the
outlet with those at the inlet, Fig. 3.3, one can observe that the curve of the
normalized volume fraction moves to the right. The increase of the number of
larger particles due to aggregation and growth is clearly visible. A rather good
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agreement of the experimental and the numerical data could be obtained with
Chor ~2-10° and Cg, ~ 0.01.

—— experiment
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Figure 3.7: Flow rate V, =30 ml/min; space-time-averaged normalized volume
fraction at the outlet for different parameters Cy, and Cgy,.

For these parameters, the PSD at the outlet was studied in more detail.
Fig. 3.8 presents the time-averaged PSD which left the domain at different
nodes in the outlet plane and Fig. 3.9 shows the corresponding normalized vol-
ume fractions. Nodes on a line between the wall and the center of the channel
which is parallel to the plane T3 = 0 and nodes on a line between a corner of
the outlet and the center of the channel were considered. First, it can be seen
that the most particles could be found in the center of the channel, i.e., the bulk
of the particles followed the flow very well. The closer the node was to the wall,
the fewer the particles could be observed. In particular, the number of particles
in the nodes with a distance less than or equal to 1/6 cm of one of the walls
was negligible (green and cyan curves).

——0-(200,112,172) \ _oo| ——0~(200.172,112)
—E=(2005112,172) — 10} — E=(200,5/12,5112)
——D=(200,4/12,1/2) S ——D=(200,4/12,4112)
——C=(200,3/12,1/2) \ ——C=(200,3/12,312)
——B=(200,2/12,1/2) ——B=(200,2/12,2/12)
A=(200,112,1/2) A=(200,1/12,1/12)
- L - L
500 1000 1500 2000 2500 3000 500 1000 1500 2000 2500 3000

AP Elum)

Figure 3.8: Flow rate V, = 30 ml/min; time-averaged PSD at the outlet for
different nodes, Cp, = 2 - 10° and Cy, = 0.01.

The distribution of the particles with respect to the diameter was very differ-
ent for different nodes. In the center of the channel, most of the small particles
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Figure 3.9: Flow rate V, = 30 ml/min; time-averaged normalized volume frac-
tion at the outlet for different nodes, Cy; = 2 - 10° and Cy, = 0.01.

were observed but only very few large particles. The majority of the large par-
ticles could be found in regions that were 1/4 — 1/3 cm away from the center
of the channel. This different behavior can also be seen well in the normalized
volume fractions in Fig. 3.9. The results for the individual nodes illustrate in a
good way the effect of the different parts of the aggregation kernel (2.59). In the
center of the channel, the shear of the flow field was comparatively small. For
this reason, the second term in (2.59), which is of importance for the aggre-
gation of large particles, did not possess much impact. Away from the center,
the shear was larger. Hence, the second term of (2.59) became dominant in the
kernel and larger particles were generated by the aggregation.

The time step was set to be At = 0.1 s. Because of the somewhat explosive
start at the beginning of the simulations, a smaller length of the time step was
applied in [0,10] s. It was checked that with smaller time steps the results
practically do not change, see Fig 3.10:

experiment

09 —at=0
——A1=005

951% e

200 400 600 800 1000 1200 1400 1600 1800 2000
Elpm]

Figure 3.10: Flow rate V, =30 ml/min; space-time-averaged normalized vol-
ume fraction at the outlet with Cp, = 2 - 10% and Cy, = 0.01;
FWE-UPW-FDM for At = 0.1, respectively At = 0.05.
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Results with BWE-UPW-FDM and RK-ENO-FDM schemes are illustrated
in Fig. 3.11. The behavior of the normalized volume fraction do not change

——FWE-UPW-FDM
——BWE-UPW-FDM
—RK-ENO-FDM

/g2

200 400 600 800 1000 1200 1400 1600 1800 2000
Lipm]

Figure 3.11: Flow rate V, = 30 ml/min; space-time-averaged normalized vol-
ume fraction at the outlet for FWE-UPW-FDM, BWE-UPW-
FDM (Cy,, = 2-10°, Cy, = 0.01) and RKV-ENO-FDM (C},; =
1-10%, Cyg, = 0.007);

either qualitatively nor quantitatively by applying the first order schemes, e.g.,
FWE-UPW-FDM, BWE-UPW-FDM. Regarding the examined third order
scheme, RK-ENO-FDM, a rather good agreement of the experimental and
the numerical data could be obtained with the somewhat smaller parameters
Chy ~ 1-10° and Cy, ~ 0.007. With these model parameters this scheme also
aligns with the the other two.

3.4.2 Ezperiment with flow rate 90ml/min

A second experiment was conducted with the flow rate V, = 90 ml/min. Also
this flow rate led to a stationary flow field, see Fig. 3.12, with Re ~ 992 based
on the same reference values as for the first example.

Since the flow is considerably faster for V, = 90 ml/min than in the first
experiment, the residence time of the particles is shorter. In particular, there
will be less time to build large particles by aggregation and growth compared
with the first experiment.

=

1o R ——

O o—— e
.0.00

Figure 3.12: Experiment with flow rate V, =90 ml/min; cut of the stationary
velocity field at the inlet of the channel.
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Numerical results based on FWE-UPW-FDM for space-time-averaged nor-
malized volume fractions at the outlet are presented in Fig. 8.13. Time-
averaging of the PSD was performed in [60 — 110] s. Again, it was possible
to calibrate the parameters in the aggregation kernel in such a way that a good
agreement with the experimental data could be obtained. Appropriate parame-
ters are Cpy ~ 3-10° and Cy, ~ 0.004. These parameters differ somewhat from
the parameters obtained for the first example, but they are of the same order of
magnitude.

experiment
09l C,, = 3€5,C,, = 0003

—C
—C

=3¢5,C_ =0.004
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b
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Figure 3.13: Flow rate V, = 90 ml/min; space-time-averaged normalized vol-
ume fraction at the outlet for different parameters Cy,, and Cg,.

More detailed studies of the PSD at the outlet are presented in Figs. 3.14 and
3.15. The principal behavior is the same as for the first example. Most of the
small particles, but almost no large particles, can be observed in the center of the
channel. The large particles move away from the center. At the points which
are too close to the walls, the amount of particles is negligible. In contrast to
the first example, the amount of very large particles is much smaller, compared
to the scaling. This is due to the shorter residence time.
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Figure 3.14: Flow rate V, =90 ml/min; time-averaged PSD at the outlet for
different nodes, Cp, = 3 - 10° and Cy, = 0.004.
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Figure 3.15: Flow rate V, = 90 ml /min; time-averaged normalized volume frac-
tion at the outlet for different nodes, C,; = 3-10% and Cy, = 0.004.

The time step was set to be At = 0.05 s.
The results with BWE-UPW-FDM and RK-ENO-FDM schemes are illus-
trated in Fig. 3.16.
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Figure 3.16: Flow rate V, = 90 ml/min; space-time-averaged normalized vol-
ume fraction at the outlet for FWE-UPW-FDM, BWE-UPW-
FDM (Ch, = 3105, Cy, = 0.004) and RKV-ENO-FDM (C},, =
2-10%,Cq, = 0.003 );

Also here, for the third order scheme (RK-ENO-FDM) a rather good agree-
ment of the experimental and the numerical data could be obtained with the
somewhat smaller parameters Cy,, ~ 1-10° and Cy, ~ 0.007 than in the first
order schemes but with the same order of magnitude.

3.4.83 CPU time

The simulations were performed on HP BL2x220c computers with 2933 MHz
Xeon processors. Simulating one time step took around 45 — 60 seconds, in-
cluding the calculation of all data for evaluating the numerical simulations.



74 3 Simulation of uni-variate population balance systems

The most expensive part was the computation of the aggregation which needed
around 75 % of this time.

3.4.4 Conclusions

For both experimental setups, it was possible to identify model parameters Ch,
and Cy, such that a very good agreement with the experimental data (space-
time-averaged normalized volume fraction at the outlet) could be obtained. The
optimal values for Cy, and Cyy, differ a little but they are of the same order of
magnitude. We think that these differences are caused by the following reasons.
First, the idealization of spherical particles was used in modeling the equation
for the PSD. Second, the observed sizes of the diameters in the measurements
were not diameters of three-dimensional particles, but diameters of projections
of real particles into a plane. Both issues led, of course, to some errors in the
measurements. The calibration of Cyy and Cg, compensated for these errors
quite well for each experiment. But this compensation led to somewhat different
values for Cy, and Cs,. Finally, (2.59) is only a model with an unknown
modeling error.

For the same unknown model parameter, first order schemes act more or less
in the same way. Furthermore, the third order scheme align to the first order
schemes for somewhat smaller parameters.

The impact of both parts of the aggregation kernel (2.59) could be observed
well in detailed studies of the PSD in the nodes at the outlet. The numerical
results correspond completely to the expectations.
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This chapter considers the simulation of bi-variate population balance systems
based on crystallization of potassium dihydrogen phosphate (KDP). Real parti-
cles in crystallization processes are needle-shaped, so they cannot be represented
by a single characteristic length. Thus, more geometrical properties of the par-
ticles are often needed to characterize the particles for such processes. Crystal
shape characterization is rarely considered in modeling. The first characteri-
zation of the needle-shaped particles was introduced by [33]. Nowadays, there
are only few models in the literature considering the anisotropy of particles
[26, 54, 55, 56]. The disregard of shape dependence might be a possible reason
of the discrepancy of the model parameters in the numerical studies of urea
synthesis, see Sec. 3.4.4.

4.1 The setup

The setup of the simulations was chosen exactly the same as in Sec. 3.1.
Potassium dihydrogen phosphate is the solute and water is the solvent. KDP
s a popular model substance for bi-variate crystal research. The shape of KDP
crystals is a tetragonal prism in combination with tetragonal bipyramids as
illustrated in Fig. 4.1 [58]. The length of the crystal is given by Ly and the
width and depth are both equal to Li. The volume of the crystal is given by

i

Figure 4.1: Characteristic lengths of KDP crystals.

~ 1~ 3 ~ ~ ~ 2
V=L —|—(L2—L1) i’ (4.1)

The model parameters used in this application are based on experimental data
from [4, 5, 27, 75]. For the considered configuration, we do not possess mea-
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surement data, neither for an initial nor for a final particles size distribution.
Therefore, the considered model setup aims at investigating the differences of
the results obtained with different numerical methods. The inlet distribution is
taken as the following square pulse, see Fig. 4.2,

(4.2)

L 1, if Ly € (150,250)um, Ly < (600,1000)um,
fm(t,i,Ll,Lg){ if L1 € ( Jum, Ly < ( )pm

0, else,

for t € [0,tin;] s with tin; = 10 s and X € Lip defined as in (5.2).

-3

4x10
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3
— 10m§
g hah
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Li[m] x 107

Figure 4.2: Initial distribution for KDP model.

4.2 The model

The population of KDP crystals is modeled similarly to the population balance
system of urea synthesis. Secondary nucleation, growth, and transport of the
particles are taken into account. For this example, the aggregation phenom-
ena is neglected since there are no predictive models for the aggregation kernel
available so far for bi-variate population balance systems.

4.2.1 Modeling the flow field

Assuming the experimental setup from Sec. 3.2, the flow field will be described
by the incompressible steady-state Navier—Stokes equations

V-a = 0 mn Q, '

with the following model parameters:

e p=1160 |kg/m?®] density of the overall solution at 298 [K],
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e u=15-10"3 [kg/(m s)] the dynamic viscosity of the overall solution at
208 [K] .

Also in this case, the model for the flow field neglects the dependence of the
temperature field, concentration field, and particle size distribution.

The boundaries are given as in (3.2) and the conditions on the boundaries
are imposed as in (3.3), (3.5), and (3.6).

Further, derived similarly to (3.7), the dimensionless form of (4.3) reads

v

7 Au+ (u-V)u+Vp = 01inQ, (4.4)
coUoco

V-u = 0inQ,
with

o v=yp/p=12931-10"% [m?/s] as the kinematic viscosity of the overall
solution.

The dimensionless boundary conditions are given as in (3.8).

4.2.2 Modeling the mass balance
The mass balance of the KDP system is modeled by

%;f — DAG+11-Vé= —8 i (0, Tena) % O, (4.5)

Mmol

where

® Gy [kg/(mgs)] is the mass transferred from the fluid to the solid phase
due to the growth per unit time and unit space,

® Mol = 136.08 - 1073 [kg/mol] is the molar mass of KDP,
e D=55-10"19 [m2/s] is diffusion coefficient of KDP in water.

According to (2.23) and using (4.1), the consumption of mass with respect to
the growth rate is modeled by the term on the right-hand side in (4.5),

J Lomax  pmin{L2,01,max} . -y .
Gox = —p / <2G1(L1L2 . GQLl)
L

2,min L1, min

Xf(f, )~(, il,ig) dildig, (46)
with

L4 -Z/l,min = -Z/Q,min =0 [m];
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. IN,LmaX =1.2-1072 [m] and .Z/Zmax =4-1073 [m].

The growth rates for the individual internal coordinates are given by

- - ~ g1
o kg, (H‘“(T)> if &> G (T),

0 else,
and
i—ea(M\” -
Gale, T) = k( (T ) Fez GulD) (48)

0 else,

with the model parameters:
o p? =2338 [kg/m®| as the density of KDP (dispersed phase),
o kg =1.221-107° [m/s] as growth rate constant with respect to Ly,
e k,, = 10.075- 1075 [m/s] as growth rate constant with respect to Ly,
e g1 = 1.48 [] as growth rate power with respect to Ly,
e go =1.74 [] as growth rate power with respect to Lo.

The saturation concentration is taken as in [56],

Piat _ sy 93027 107572 — 9.7629 1075T + 0.2087

TMmol Mmol

(4.9)

Considering the boundary conditions defined as in (3.10), equation (4.5) is
solved, without the coupling terms to the PSD, until a steady-state is reached.
Derived similarly to (3.13), the dimensionless formulation of (4.5) reads

80 Dj

— — Ac+u-Ve= —=—5,, in (0, x Q 4.10
T G in (Otea) X2, (410)
with
Gor = =" foo LT s Laco (4.11)
L2 max min{L2,L1 max}
L2,c0 L1,00 2 2
/;’2 min L1,min (2G1(L2’OOL1L2 a Ll’OOLl) + LLOOGQLI) x
L300 L1 00

f(t7 X, L17 LQ) dleLQ
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Further, the growth rates are given by

kg, (C_Csat(T))ql if ¢ > ceat(T),

Gi(e,T) = Csat (T) (4.12)
0 else,
C*Csat(T) = .
ortery = Vo (o) o> el (113)

0 else.

The dimensionless saturation concentration is as follows

Coat (TuoT'
Coat(T) = M

Coo
Dimensionless initial and boundary conditions are given as in (3.15) and

(3.16).

4.2.3 Modeling the energy balance
The energy balance for the KDP system is modeled by

Py (‘Z +u- vT) = AAT + AherystFgr in (0,fena) X Q,  (4.14)

where
o ¢, = 4181.3 [J/(kg K)] is the specific heat capacity of water,
e A =0.602 [J/(K m s)] is the thermal conductivity of water,

o Aheyst = 119 [J/kg] is the heat of solution (enthalpy change of solution).

The decrease of temperature with respect to the growth of the particles is modeled
by the term on the right-hand side of (4.14), &g, defined as in (4.6). The
boundary condition are given as in (3.18) by

e T}, = 308.15 [K],
o Tyan = 291.15 [K].

As initial condition it was chosen a fully developed temperature field, which is
based on the solution of a steady-state equation without coupling terms to PSD.
It is given as in (3.19).



80 4 Simulation of bi-variate population balance system

Further, similarly to (3.20), the dimensionless formulation of (4.14) takes
the form

or A ]
_ 7AT . VT = LA}I . ~ . . O7t N @15
ot loouoopcp u Toouoopcp crystTgr 17 ( € d) X( )

Dimensionless initial and boundary conditions are chosen as in (3.21) and

4.2.4 Modeling the population balance
The population balance equation for the bi-variate model is given by
of - of | A n o Of

L+ Gi(6,T) == + Ga(e,T)—
o7 16T g+ GE T3

= Hnuc in (Oafend) X Q X (El,minyjl,max) X (EQ,mimiZmax)-

+a-Vf (4.16)

The right-hand side in (4.16) accounts for nucleation which is assumed to
occur at the smallest particles, see Sec. 2.3.3,

Hnuc = Bnuc(éa T)Vcryst(s(f/l - z:/1,n14(:)5(f/2 - -Z/Q,nuc)a (417)
with
L 1 if Ly = L1 pue = 501076 m,
§(L1 — Lyme) = if I = Lime m (4.18)
0 else,
. 1 if Ly = Lo pue = 100- 107 m,
5(Ly — Lome) = if Lz = Lzme m (4.19)
0 else.

This is a standard model for nucleation as proposed in [5]. The volume for the
crystalline phase is given by

N Lomax  pmin{Lo, D0 max} _ _ _  _
V::ryst = /~ VdeldLQ (420)
L

2, min L1 min

Lomax  pmin{L2,01 max} 1~ 3 N N N o
[ (3L1 +(L2—L1)L1> fdLidL
L

2,min L1 min
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and the nucleation rate by

~ b
¢ — (1) px e (F
Bnuc(é’ T) _ kb < e (T) ) ch > Csat(T)7 (421)

sat

0 else,

with the model parameters:

o ky = knuc [1/(m6s)] * Voveran [mS] = 3.75- 10" [1/(11168)} * Voveran =
7.875-10° [1/(m?s)] nucleation rate constant [5] (calculated with respect
to overall volume in the tube Voyerann = 2.1 - 1074 [m3]),

e b=2.04 [] nucleation rate power.

The initial condition is given by
f(O,f(, I:l,iz) =0 1n Q X (il,mina El,max) X (EQ,mina EQ,maX)' (422)
Boundary conditions are necessary on closure of inflow boundaries

.fin(fai7l~/lvi;2)a X S I~‘inafe [07 10] S

4.2
0, else, (4.23)

fN(Evivilsz) = {

where fin is given as a boundary distribution defined as in (4.2).
Similarly to (3.31), the dimensionless formulation of (4.16) is given by

6f+G lo  Of ls Of

—= — 4+ Gy—— = -V 4.24
ot ! uooLl,oo 8L1 + 2uooL27oc BLQ tu f ( )
loo . Ll min Ll max L2 min L2 max
= 7Hnuc s ten Q : ) - : ) - )
uoofoo " (0 d) 8 8 <L1,oo Ll,oo > 8 <L2,oo L2,oo )
where
Hnuc = Bnuc‘/cryst(s(Ll - leuc)é(LQ - L27nuc)a
with
k ¢~ cu(T) ' if ¢ > ¢, (T)
Bnuc(c7 T) = b Cgat (T) sat ’ (425)
0 else,
and

chryst = L?,OOLZ,oofoo X (426)
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L2, max min{Ly,L1 max}

L2 co L1 0o 1 3 ~ ~
X Ly in 7L1,OCL1 —+ (LQ,OOLQ — Ll,ooLl) Ll deldLQ
T

L 3

2, min
L2 co

The dimensionless initial and boundary conditions are as following:

f(O,X,Ll,LQ) -0 inQx (Ll,min Ll,max) x (LZ,min L2,max) (427)

LLOO ’ Ll,oo L2,oo ’ L2,oo
and
~in tootyloo 7L OOL ’L OOL
B f ( X, Ly, 1, L2, 2)’ XEFinvte (07 10) s
f(t7xa L17L2) - fOO (428)

0, else.

In the numerical simulations, the following reference values were used:

— 13 1
® =10 P

e [, =0.01 m,
® Uy =0.01 7,
e To=1K,

° coozl%%l,

Lioe = 10001076 m,

Ly.oe = 10001076 m.

4.3 Numerical results

Since the numerical simulations are based on the same setup as for the urea
synthesis, the flow domain is discretized as in Fig. 3.4, by using an a priori
adapted anisotropic grid of 132x12x 12 cells. Further, the internal coordinates’
discretization uses 25 nodes with respect to the smallest length of the particle,
L1, and 81 nodes with respect to the largest length of the particle, Ly. The
corresponding numbers of degrees of freedom for simulating the KDP process
are given in Tab. 4.1.

Considering the flow rate as in the application of urea synthesis, V, =
30 ml/min, one obtains a stationary flow field with Reynolds number Re ~ 348.
The flow field at the inlet of the channel is shown in Fig. 4.3.

Further, the fully developed temperature field at the inlet of the channel is
illustrated in Fig. 4.4. At the beginning of the simulation, at tin; € [0,10] s,
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’ Simulation quantity | Number of d.o.f.

velocity 496 875
pressure 76 032
temperature 22 477
concentration 22 477
PSD 45 515 925

Table 4.1: D.o.f. for simulating the KDP process.
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Figure 4.3: Flow rate V,, = 30 ml/min; cut of the stationary velocity field at
the inlet of the tube, domain not to scale (KDP).

particles were injected into the channel, see Fig 4.2, for the initial PSD.

Two finite difference methods were investigated for solving the bi-variate pop-
ulation balance system, FWE-UPW-FDM and RK-ENO-FDM, in the time
interval [0,300] s. In order to apply these methods to the bi-variate transport
equation, they were combined with a corresponding finite volume method, see
Sec. 2.1.7.

The final concentration distributions computed with these methods seem, at
first glance, similar, but they are actually different in details, e.g., in the middle
of the tube, at T1 ~ 100 cm, toward the walls, see Fig. 4.5. Altogether, it can be
observed at the end of the channel that the concentration of the dissolved species
computed with FWE-UPW-FDM is smaller than the concentration computed
with RK-ENO-FDM. The different quantitative behavior in the results at the
end of the channel arises from the fact that due to the smearing of the first

tem

-3 8.
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.291.

!'!

————
-
————————————

Figure 4.4: Flow rate V, = 30 ml/min; cut of the initial temperature field at
the inlet of the tube, domain not to scale (KDP).
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order scheme larger particles are produced. This phenomenon will be clearly
visible in plots with respect to the PSD in Fig. 4.13 — Fig. 4.24. For creating
larger particles, more of the dissolved species has to be consumed, leading finally
to smaller values for the concentration.

conc

.0.319

0.302

FWE-UPW-FDM
I 0285

0.268

l0.251

RK-ENO-FDM

Figure 4.5: Final concentration distribution (f = 300 s) with FWE-UPW-FDM
and RK-ENO-FDM for At = 0.1; concentration domain not to
scale (scaled up by factor 40 in y- and z-direction) (KDP).

To highlight the differences of the results obtained with both methods, the
PSD was studied at different locations in the tube. To this end, three cut planes
were chosen, one close to the inlet at 1 = 17.5 cm, one more downstream at
T1 = 49 cm, and the last one also close to the outlet at £1 = 200 cm, see Fig.
4.6.

First, an appropriate time step has to be found. If the time step is too
large, instabilities have to be expected because explicit time-stepping schemes
were applied. If the time step is too small, then the simulation will become
inefficient. In addition, from our experience, we expected that for sufficiently
small time steps the discretization error in space dominates, and therefore a
further decrease of the time step does not lead to an increase of the accuracy of
the results. To find possible instabilities, the PSD in the center of the tube at
the plane close to the inlet, at (%1, %2,%3) = (17.5,1/2,1/2) cm?, was studied,
see Fig. 4.7. Up to this point, there was more or less only a transport of
the initial PSD. In particular, one does not expect values that are much larger
than the value of the initial pulse, which is 10'3. It can be seen in Fig. 4.7,
upper pictures, that such values were computed for At = 0.2 (both schemes)
and At = 0.15 (RK-ENO-FDM). The lower pictures of Fig. 4.7 reveal that
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17.5cm

Figure 4.6: Cut planes, parallel to the plane Z; = 0, for comparing the results
obtained with the two different schemes.

for both schemes the results for At < 0.1 were very similar. From Fig 4.8, it
can be observed that this statement holds true also for the other cut planes. In
summery, At = 0.1 has been proved to be an appropriate time step. Therefore,
for all further studies, the time step was set to be At = 0.1.
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for different time steps; FWE-UPW-FDM (left); RK-ENO-FDM
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Figure 4.8: Maximal value of the PSD for different time steps; FWE-UPW-
FDM (left); RK-ENO-FDM (right). Note the different scaling of
the y-axis.
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The temporal evolution of the PSD was studied not only at the center of the
cut planes shown in Fig. 4.6, but also at other points situated in these planes.
This points are sketched in Fig. 4.9. There is one set of points reaching from

=(-,1/2,1/2)
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=(-,4/12,1/2)
=(-,3/12,1/2)
=(-,2/12,1/2)
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.

mmogm>»>woomo

Figure 4.9: Studied nodes for the cut planes parallel to the plane Z; = 0.

the center of the tube to the center of a lateral wall and another set, where
the points reach from the center to the corner of two lateral walls. Due to the
different velocities in all these points, a different evolution of the PSD can be
expected. To keep the presentation of the results concise, we studied only the
evolution of the maximal value of the PSD in these points, see Fig. 4.10 — Fig.
4.12. It can be seen that the largest mazimal values were predicted in the center
of the tube, i.e., the bulk of particles followed the flow very well. The further the
point of observation was away from center, the smaller the maximal value of
the PSD became. This general qualitative behavior was predicted by both of the
studied schemes, FWE-UPW-FDM and RK-ENO-FDM. However, the height
of the peaks (highest amount of particles that can be observed at the point at a
certain time) and the time interval where the curve is clearly larger than zero
(time interval where a notable number of particles can be observed at the point)
often differed considerably between both methods. Always, the method FWE-
UPW-FDM gave results with smaller peaks and larger time intervals in which
particles could be observed. As an example, at the center of the tube close to
the outlet (%1, %2,73) = (200,1/2,1/2) cm3, the first order method predicted a
notable amount of particles in the time interval [200,280] s, whereas the third
order method showed this event in [220,260] s. Moreover, the mazimal amount
of particles predicted by RK-ENO-FDM was almost four times larger than the
prediction of FWE-UPW-FDM. One can observe that the differences in the
numerical results obtained with both methods were the larger, the further the
cut plane was away from the inlet, i.e., the longer the PSD needed to reach the
cut plane.
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Figure 4.10: Maximal value of PSD at different nodes (17.5, Z2, #3) cm3; FWE-
UPW-FDM (left); RK-ENO-FDM (right). Note the different
scaling of the y-axis.
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Finally, comprehensive illustrations of the PSD in the different points are
provided in Fig. 4.13 — Fig. 4.24. In Fig. 4.13 — Fig. 4.18, the PSDs for the
points situated on the line between the lateral wall and the center are presented,
and in Fig. 4.19 — Fig. 4.24, the PSDs on the line from the corner to the center
of the tube. For each picture, the time instance was chosen where the mazximal
value of the PSD was obtained. It can be clearly observed that results obtained
with RK-ENO-FDM were much less smeared than the results computed with
FWE-UPW-FDM. In addition, the mazimal values of the PSDs were larger for
RK-ENO-FDM. The smearing introduced by FWE-UPW-FDM results even
to the fact that a notable amount of particles has already left the domain of
computation for the internal coordinates at the end of the tube, see Fig. 4.17
and Fig. 4.28. Again, it can be observed that the largest differences between the
two methods are near the outlet of the tube. The pictures in Fig. 4.13 — Fig.
4.24 also allow to distinguish between the part of the PSD that originates from
the inlet condition and the part which comes from the nucleation. Also for the
second part, the smearing introduced by FWE-UPW-FDM is clearly visible.
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between the corner and the center; FWE-UPW-FDM.
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Figure 4.20: (Logarithm of the) PSD at (17.5,%2,73) cm?; nodes on the line
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Figure 4.21: (Logarithm of the) PSD at (49,72,73) cm?; nodes on the line
between the corner and the center; FWE-UPW-FDM.
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Figure 4.22: (Logarithm of the) PSD at (49,72,73) cm?; nodes on the line
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4.8.1 CPU time

The simulations were performed on HP BL2x220c computers with 2933 MHz
Xeon processors. Simulating one time step for the first order finite difference
scheme took around 29 — 33 seconds, including the calculation of all data for
evaluating the numerical simulations. The higher order method had higher
computational cost, in our simulations of around a factor of five.

4.8.2 Conclusions

The presented numerical study shows that even in the class of direct discretiza-
tions, different numerical methods might lead to qualitatively different numer-
ical solutions. With both methods, the most particles were predicted to occur
in the center of the channel and less particles closer to the wall. The bulk of
particles followed the flow very well. Also, the spatial separation to the internal
coordinates of nucleation from growth phenomena was clearly to distinguish in
the numerical results. The method RK-ENO-FDM computed results that were
less smeared than the results obtained with using FWE-UPW-FDM. It was
shown that predictions, e.g., on the maximal value of the PSD or the length
of the time interval with a notable amount of particles at certain points, were
qualitatively different. Since RK-ENO-FDM is of the higher order, one can
expect to have computed the more accurate results with this method.






5 Summary and outlook

5.1 Summary

This thesis presented a class of numerical methods using direct discretization for
simulating population balance systems. Such systems contain equations defined
in a three-dimensional domain (Navier—Stokes equations, convection-diffusion
equations for mass and energy balances), and an equation for the PSD defined
i a higher-dimensional domain, e.g., a four- and five-dimensional domain
resulting in uni-variate and bi-variate population balance models. The goal
of this thesis consists, on the one hand, in increasing the sensitivity of the
population balance community on the possible size of numerical errors and on
the other hand, in motivating careful and systematic studies of the properties
of numerical methods for solving multivariate particle balance systems in order
to obtain guidelines on which method is appropriate for which application.

Firstly, the process of urea synthesis was considered as a uni-variate pop-
ulation balance model. From the experiments, it is known that this process
18 aggregation-dominated. To our best knowledge, the presented methods are
among the few approaches for solving a coupled population balance system with
aggregation which is defined in domains with three and four dimensions. Nu-
cleation, growth, aggregation, and transport of the particles were included into
the simulations. Two experimental setups were considered. For both, it was
possible with the proposed methods to calibrate unknown model parameters in
the aggregation kernel in such a way that good agreements to available experi-
mental data were achieved. With the examined methods, the obtained values of
the parameters for both experiments were somewhat different but of the same
order of magnitude. Several possible reasons for the observed differences were
pointed out:

e the idealized assumption of spherical particles in the modeling,
e the observations of projections of particles in the experiments,
e the modeling error of the kernel itself.

Therefore, extensions to multivariate models could achieve more trustful pre-
dictive models.

Secondly, the crystallization process of potassium dihydrogen phosphate
(KDP) was considered as a bi-variate population balance model. The proposed
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methods provide a new contribution to the numerical schemes for solving a cou-
pled population balance systems which are defined in domains with three and five
dimensions. In this application, the needle-shaped characterization of the par-
ticles was considered. In order to describe needle-shaped particles, two internal
coordinates are necessary, e.g., the length and the diameter of the cross-section
of the particles. The aggregation was disregarded in this example, since, to
date, no aggregation kernels are available in the modeling. Nucleation, growth,
and transport of the particles were taken into account. The incorporation of the
nucleation was done with a finite volume technique. Since no experimental data
were available for this application, the main goal was to demonstrate that even
in the class of direct discretizations, by applying different numerical methods,
qualitative differences in the solutions might be obtained. In particular, it was
shown that, at certain points in the flow domain, the extensive smearing of one
of the methods led to wrong predictions of the mazimal value of the PSD as well
as the time interval where a notable amount of particles are present. However,
the higher order finite difference method had higher computational costs.

5.2 Outlook

This thesis presented numerical studies of uni- and bi-variate population balance
systems for situations where the PSD is defined in a 4D and 5D tensor-product
domain. Therefore, a tensor-product grid could be used and the application of
finite difference schemes was straightforward.

o An extension, which is necessary for applications, consists in modifying
the implementation to more complicated physical domains. Then, the
application of finite difference approaches to the PSD equation becomes
more involved. Since the internal coordinates still span a tensor-product
domain, an idea consists in developing hybrid discretizations for this equa-
tion which are based on finite element ideas for the external coordinates
and finite differences schemes for the internal coordinates.

e From the point of view of efficiency, the long computing times, caused by
high computational costs of the direct discretizations, can be reduced by
parallelizing the algorithms.

o An open topic, whose study would be very important for the chemical
engineering community, is the comprehensive and competitive study of
different approaches for solving population balance systems, in particular
of direct discretizations, momentum-based methods, and operator splitting
schemes. To our best knowledge, this topic is almost completely open.
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e For the calibration of model parameters, at is was necessary for the uni-
variate PSD in Sec. 8, an algorithmic improvement would be the use
of an optimization algorithm. Since such an algorithm usually requires
many numerical solutions pf the problem, new questions arise, like the
use of reduced order methods.
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