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Electro-reaction-diffusion system

notation:
Xi gpecies,i =1,...,m G =v + vy €ectrochem. pot.
vi chem. pot. U = U; e¥ part. densities
g  charge numbers U reference densities
v €lectrostat. pot. Up= ) . ,qUu chargedensity
mass fluxes:
Ji=—DiuiVvyg
reactions:

1 X1+ -+ amXm= 1 X1+ -+ BmXm, (¢,B) €R

reaction rates:

m

R= ) kaﬂ(kljl et — | | &P (i — Bi)

(a,B)ER k=1
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Electro-reaction-diffusion system

differential equations:

v-Ji=0

ui (0) = U
—V - (eVvg) = f + ug

v-(eVuyg) +tvg=0

Uo=0

onlR, x

onR, x T

on 2, 1 =1, ...

on R, x 2
OI’]R+ X FN

OI’]R+ X FD
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Weak formulation

variables:
v = (o, V1, ..., Um) € X = Hy(QUTN) x HY(Q, R™)
m
u:(UOvu].’---,um)EX*v U:(quulvulavum)
=1
operators:

A: XNL®Q,R™Y) » X* E=(E,....,En): X — X*

Av = [ 0Ge Ve va+ Y k([]e - []5)@— )£} ox
€ i=1 k=1 k=1

(a, BER
i = v + qivo

m
(Ev, v)x := (Eovo, 170)-|-/ Zﬁi evidx, velX,
Q=1

(Eovo, Vo) Hiury) == /(SVUO'V’UO — fug) dx +/ Tvoug dI
Q r

N
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Weak formulation

Problem (P): u) + Av(t) =0, u(t) = Ev(t)faateR,; u0 =U,
uUe H|](50(R-|—9 X*)v (%S L2 (R—I—v X) M LOO(R-H LOO(Qv Rm_l_l))

loc loc

stochiometric subspace: S = span{a — B (a, B) € R}

m
U= {u € X*: Uy = Zqiui, (U1, Dna, ..., (Um, Do) € S}
i=1

ui:z{vex:m,v)x:o Vuebl}
| nvariants:
(u,v) solutionto (P) — u(t) —U el VteR,

Stationary problem (S): u*,v*) . Av* =0, u* = Ev*,
u* —U e U, v € XN L2, R™Y
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Energy functionals

E strictly monotone potential operator

E(w) =0P(v), P: X =R,

& m T
d(v) :/ —|Vuol? = fug+ ui(e" —1) dX—I—/ —p2dl
Q{z ° ° .; | } r 20
freeenergy F: X* — R, F(u):= ®*(u) = SUp, c x {(u, V) — d)(v)}

®, F proper, convex, lower semi-continuous, u € Hy(Q U 'y)* x L2 (2, R™) =

m
— & 2 P T2
F(u)_/§2{2|Vvo| +;{u.lnﬁ_ u.+u,}}dx+/FN2vodF

where ug = Egqug
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Steady states

Theorem 1 (GH’97) (Steady states)
There are unigue minimizers
u*e X*of Foni/ + U,
v* e X of &+ (U, ) onU+.

(u*, v*) isthe unique solution to (S).

dissipation rate

D) = (Av,v)x >0 Vv e XNLXEQ, R™Y
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Brézisformula
(u, v) solution to (P) —

d /
v(t) € aF (u(t)), aF(u(t)) = (U),vt))x faateR,

¢H(F () — FU) — €9(FUt) — Fu™)
to
= [ e [aFuE) - Fu) - (Auo. vo)] os
]
Oftlftz, )»ER.,.

Theorem 2 (GGH’96) (Boundedness of the free energy)
If (u, v) isasolution to (P) then

F (u(t)) decays monotonously,
Fu®) <FMU) Vvt=>D0.
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Exponential decay of the free energy

Theorem 3 (GGH’96) (Nonlinear Poincaré like inequality)
For every R > Othereisacg > 0 such that

F(Ev) — F(U) <cr(Av,v)x Yv € Mg

where
Mg = {v: F(Ev)— F(U") <R, Ev—U eu}.

Theorem 4 (GGH’96) (Exponential decay of the free energy)
Thereexist ¢, A > 0 such that for any solution (u, v) to (P)

Fu) — Fu) < e (F(U) — Fu)
”UO(t) — US||H1 < (_‘,e_)‘t/-2

lup (t) — Ul s < ce™/? vt > 0.
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Problems with some fast reactions

kop (€8¢ — %)
Uch = (V1, - .., Um)
Ro C R, letfor (o, B) € Ro
Kygp > 00 = O0=¢"f -/l =g gl
occur only states (u, v) with
(@—B) veh=0 V(o B) €Ro
veh €Sy, Soi=span{a — B (o, B) € Ro}, | :=dimSy
exist linear, injectivemappingsL : R' — R™, L : R'+1 —» RM1
veh = LD, ..., D7) with ImL =587
v=1Ld=(vo, L(D1, ..., D)), ¥ = (vo,V1,...,0)
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Problems with some fast subprocesses

L: X:=H}QUTy) x (HY — HIQUTY) x (HH™

e L linear, injective, continuous

e ImLisclosedin X

e U+t C ImL

e L*: H}QUTIW"x (HH™M - HIQUTN)* x (HYH* surjective

similar for fast diffusion of some species
Di >00 =— ¢ =const, | €lg
or some fast reactions and some fast diffusions we find spaces X, operators L fulfilling
L : X — X linear, continuous, injective, Im L closedin X, U+ c ImL

v=Lv, velX
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Projection scheme

Basic Problem (P):
u't) + Av(t) =0, u()=Ev), uO =U

setv=Lv andapply L*toal equations
defined = L*u, U = L*U mass lumping
define A= L*AL, E = L*EL

Reduced Problem (P):
0't)+ Adt) =0, Gt)=Edt) faateR,, 0 =U,
0eHL(R,XY, 7eld Ry, X), Lo e L2 (Ry,X) NLEMR,, L™®(Q,R™ )

loc
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Transfer of the convex structure of (P) to (I5)

~

E=00, ®&@F)=®(LD)

free energy  F(0) = ®*(0) = sup{(l] U — ®(LD)} =inf{F():

~

eX
if Fissubdiff.inli=E? = F({) = F(ELY)

Stationary reduced problem (S):
@, 9% Ad* =0,

0" — U e L*[U], 7% € X, Lo* € L™

Theorem 5 (Steady states)

o (u*,v*) solutionto (S) = (L*u*, (L|g_m,) *v*) solutionto (S)
e (0%, 7% solutionto (S) = (EL#*, L9*) solutionto (S)

e (S) hasaunique solution (0*, 7).

13

L*u = a}
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Brézisformula

dissipation rate

(AD, 7)) = (ALD, LT)x = D(LD) >0 Vi e X

(0, ¥) solutionto (P) =

- = d- _ e~
v(t) € aF(U(t)), aF(u(t)) = (0(),v()y faateR,

e2(F ({i(tp)) — F(0%)) — & (F(li(ty) — F(0%))
tr . - ~
_ / ¢ (F () — F@) — (Ai(s). 5(9)x | ds
ty

O0<ti <t A eR,
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Energy estimates

(0, 9) solution of (P) =
F(0) = F(EL?) ae.onR,, F(0* = Fu®)
(AD, 7)) = (ALD, LD)x, L3 e Mg, R=F(U) - FU"

Theorem 6 (Energy estimates)
For any solution (0, 9) to (P)

e F((i(t)) decays monotonously ,

Th

Gt) < FU) < FU) VteR,,

o F(U()) — F(0") <e™(F(U) — F(0")) VteR,.
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Comparison of the models

(0, D) solution to (P), (u, v) solution to (P)

prolongated quantities:

steady states.

on trajectories of (P) )
F((t) = F@u@)) faatelR,

conclusions from energy estimates for (P) and (P):

Theorem 7 (Asymptotics of prolongated quantities)
[F(u(t) — F(u)| < ce™,

Ui (1) — Ui ()] L2 < ce™V/2, | =0,...,m,

[vo(t) — vo(t)||H2 < ce /2 faateR,.

16
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Fully implicit discrete-time version of (P)

partition
Zn={t tr, ...t .. ], t0=0,tK e Ry, th T <tX t¢ > +ooask - oo
spaces of piecewise constant functions

Co(R.. B) = {a ‘R, — B G() =0 Vte L4, tkeB, ke N}

~ ~ i 1 . i .
An: Ca(Ry, X*) —> Co(R, X¥), (A0)*:= o gk —a* Y, a°:=U
n

Problem (P):  Anln(t) + ABn(t) =0, (n(t) = Edn(t) Vt € Ry,
On € Cn(Ry, X), L3, € Ch(Ry, X) N Cr(Ry, L2(Q2, R™M1))
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Energy estimates for the fully implicit discrete-time problem (P)

~

Invariants.  (un, vy) solution to (I5n) — Ux(t) —U e L*[U] VteR,

steady states.  (Py) has the same steady state (0*, 7*) as (P)

Theorem 8 (Energy estimates for the fully implicit discrete-time version)
Let h > Obegivenand let Z, beany partition of R, with h, < h. Then the free energy
F decreases monotonously and exponentially along any solution (G, vn) to (Py), 1.€.,

F(ln(t2)) < F(On(ty) < F(U) for tp>t; >0,
F(On(t)) — F(u*) <e™(F(U) — F(u*)) Vvt>0.
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Discrete Brézis formular

e (F (X)) —F (u)) — e (F(@)) — Fu)
=Yl (@0 — W) (Fah) - Fun) + e (Fay) - Fah))
<Yl [en (@ - )(F - Fun) + 87, - a % by
< j [N ML (PG — Fun) — &4 (AT, oy ]
<Yl hhew e (FELS) — Fu) - D(Lih|
L.A=0= F@@)<F@)<FLU)<FU) Vk>|j>0

2. fix R> F(U) — F(u®), for G, = E?, wehave L3 € Mg, | € N,
choose A > O suchthat » € cg < 1, set j = 0, Poincaré like inequality =

F(@) — Fu) <e?"(F(U) — Fu)) vkeN
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Assumptions

Q c R? bounded Lipschitzian domain, I' := 02, I'p, I'y digoint open subsets of T,
[ =IpUTI'n, I'p NIy consists of finitely many points;

g €7, 0, Ui, Dj € L¥(Q), Gi, Ui, Di >¢c >0, Up:=>"1,qU;,
f e L%Q), e € L®(Q), e >c>0, v €L>IN), mesTp + ||ty > O

R finite subset of Z' x ZT, (@ —B) - (G, ..., Om) =0 VY(«, B) € R;

for (a, B) € R wedefine Ry := Kys(X, y) (6" — €79,

XEQ, Y=o, Y . ¥Ym) €R™ g i=yi+0Yyo, i =1,...,m, where
Kep: X x R™* — R, Carathéodory functions,

keg(X,y) > cgr > 0f.aa x € 2, Vy € [-R, R] x R™;

there are no "false" equilibriain the sense of Prigogine & Defay’ 54
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