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Model equations

X, species,i=1,...,m qi charge numbers
u;  densities vy chemical potentials
vo  electrostatic potential (i =vi +qivo  electrochemical potentials

reversible reactions of mass action type
O£1X1+"'+Oéme;‘ﬁ1X1+~~~+ﬁme, (a,ﬂ)GRCZTXZT

net rate kop(€S —e$h), ¢=(C1s--5Cm)

net production rate of species X;

= > has(e® =) (i — )

(a,8)ER

stoichiometric subspace S :=span{a—F:(a,B) € R}
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Model equations

free energy

F(u) = Fa(w) + Finer(u / Z Tafi(22) do -+ o (1)

state equations

aFch
Bui

Vi =

(u) = f{(%j), wi =i ()7 (0i) = Wigi(vi)

mass fluxes (Butta/Lebowitz'99, Giacomin/Lebowitz’00)

Ji = —Wigi(v))Si()VG, i=1,...,m,

Si(z) = QT (w)diag (s} (), 12 (x))Qi(z) (Lades/Wachutka'97)
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Model equations

continuity equations

Bui
ot

+V‘]1:R1|HR+XQ, l/'ji:OOHR+><F,
UZ(O):Ul inQ, i:L...,m.

Poisson equation

-V - (SoVw) = f + Z giui INRy xQ, v-(Sow) + Tvo = fF onRy x I,

i=1

dielectric permittivity matrix

So(x) = Qo («)diag(s’ (x), £ (2))Qo(x)

m
Uo = E qilU;
i=1
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Assumptions

(A1) Q C R? bounded Lipschitzian domain, T' = 99;

(A2) g, € CY(R), W € L(Q), W >4,
Jim $gi(y) = +o0, 0 < dmin{l,gi(y)} < gi(y) <5 gi(y),
Smin{1,exp(y)} < gi(y) <6 texp(y), yER, i =1,...,m;

(A3) ur e L(Q), essinfoulf > 6, k=1,2, i=1,...,m;

(A4) R C ZT x ZY finite subset, kag € LT (), [, kapdz > 0for (o, 8) € R,
no “false” equilibria in the sense of Prigogine;

(A5) U e LYY, i €Z,i=1,...,m,
fﬂzy;l Ukidz >0 VeeSt, k>0, k#0;

(A6) eb € LT(Q), essinfae® > 6, k=1,2, 7€ LT(T), [.7dl >0,
ferL>), ffeLeeD.
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Weak formulation

v=(v0,...,0m) €V = H' (QGR™™), u=(uo,...,um) V"
Problem P:
u'(t) + Av(t) = 0, u(t) = Ev(t) fa.a. t € Ry, u(0) =T,
u € Hige(Re3 V"), v € Lice(R45 V) N Lige(Ry; L= ()™
dissipation rate
D(v) := / iﬂigz{(vi) Si V(i - V(idz +/ D kap(et =) (@ —p) - Cda
=1 2 (a,p)ER

free energy

m

F(u):/ﬂ(mei(?wr%sowo-wo) dac+/ Zofdr

o
i=1 v r
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Results for the continuous problem

(u,v) solutionto (P) = w(t)eU+U Vi>0

U= {u eV*: u = iqiui, ({(u1,1), ..., {(um, 1)) € S}
i=1

Theorem 1. [Thermodynamic equilibrium] (G./Gréger/Hunlich’96)

Let (A1) — (A6) be fulfilled. There exists a unique solution (v*,v*) to
Av =0, v =Ev", uw eU+U.

It holds v* € V N L>®(Q)™H, V¢* =0and ¢* € S*.

Theorem 2. [Monotone decay of the free energy] (G./Gréger/Hulnlich’96)
Let (A1) — (A6) be fulfilled and let (u, v) be a solution to Problem (P). Then
F(’u(tz)) < F(’u(h)) < F(U) for to >t > 0.
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Results for the continuous problem

Theorem 3. [Estimate by the dissipation rate] (G./Géartner'07)

Let (A1) — (A6) be fulfilled. Moreover, let (u*,v™) be the thermodynamic equilibrium.
Then for every R > 0 there exists a constant cg > 0 such that

F(u) — F(u") < crD(v)

providedthatv € V, u = Ev € U + U, and F(Ev) < R.

Theorem 4. [Exponential decay of the free energy] (G./Géartner’07)

Let (A1) — (A6) be fulfilled, let (u, v) be a solution to Problem (P), and let (u*,v*) be
the thermodynamic equilibrium. Then there exists a constant A > 0 such that

F(u(t)) — F(u") <e M(F(U)— F(u")) Yt>0.
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Results for discrete time problems

Theorem 5. [Monotone and exponential decay of the free energy] (G.07)

Let (A1) — (A6) be fulfilled. Let (u*,v*) be the thermodynamic equilibrium and let
h > 0. Then the fully implicit time discretization scheme

u(nh) — u((n — 1)h) + hAv(nh) =0, wu(nh) = Ev(nh), n>1,
u(0)=U, wv(nh)eV, n>0

is dissipative. Moreover, there exists a constant A\ > 0 such that

F(u(nh)) — F(u*) < e " (F(U) - F(u")) Vn>1.
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Space and time discretized problems

fixed grid points z*, k € K, for each species anisotropic Voronoi boxes
F={zeQ: di(z,2") <di(z,2") VleK},i=0,....m, keK

di(x,y)2 = (z — y)TS;I(Jf )

u? masses in V;*, potentials v, v, ¢¥ associated to grid points z*
uf =g ()|, keK

vak o
i—vl E |0 0, t=1,...,m
leK
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Space and time discretized problems

Theorem 6. [Dissipativeness of the discretization scheme] (G./Gértner'07)
Let (Al) — (A6) be fulfilled. Moreover, let w;, S;, kos and 7 be constant and let h > 0
be given. The following discrete problem is dissipative

Pto(nh) — f to(nh), n >0,

uik (nh) — uik ( h) kl & %
- ;{J m)|aVE N oV} + RE(nh),

keK, n>1i=1,...,m,

u¥(0)=UF, keK,i=0,...,m
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Space and time discretized problems

discretized Poisson equation

D W |so o' 110Ve N Vg | + Tvg|dVe NT| — f* = ug,
leK

where

fk - / k fdat /avkrwr fr ar

Z Z|VoﬂV| L

i=1 leK

S outer unit normal of V¥ on aViF N oV,

To = (ke f = ([ rex, Go = (ub)rer
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Space and time discretized problems

discretized fluxes

gk 0. 7k = S,k
i — T Wi 4y | 1 k| | il |7
9i(v)~gi (vf) Iy k
Zkl . véfvf for v; # (%
%
gi(vF) for v} = v

source terms from reactions

RE= Y Bi—an) 3 o Y 0 Y Rap[cht, ik

i Ck'm}
i+l o Sm
a,BER k1EK ki_1€K k;y1€K km €K
ki_ . k;
XV A AV T avEav T ne o avEeg,
ey ko ST gl ST By
RaplCit, ... ¢k ]:kaﬁ(e i=1 G _ eli=1PiG; )
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