lwl 1] als

WeierstraB-Institut fir Angewandte Analysis und Stochastik

A. Glitzky (joint work with J. A. Griepentrog)

Discrete Sobolev-Poincare inequalities
for Voronoi finite volume approximations

Discrete Sobolev-Poincaré inequalities OMG-DMV Congress, September 21, 2009 1(20) lwlilals



Outline of the talk

Notation in finite volume methods

Assumptions

Potential theoretical lemmas

Main result

|deas of the proof of the discrete Sobolev-Poincaré inequality
Concluding remarks

v V. V. VvV V V

Discrete Sobolev-Poincaré inequalities OMG-DMV Congress, September 21, 2009 2 (20) lwlilals



Motivation

Sobolev imbedding result
lullLe < cqllull ey Vue H'(Q)

for g € [1,00) if n =2, for g € [1, 2% ] if n > 3.

’'n

Discrete imbedding results in the context of finite volume schemes

zero boundary values general boundary values
YES NO
(1], [2] present talk

add. assumpt. dx ., > 0d,,dx , > Odiam(K) Voronoi finite volume

[1] Eymard, Gallouét, Herbin, in Handbook of Numerical Analysis VII 2000.
[2] Coudiere, Gallouét, Herbin, M2AN 35.
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Notation
Let 2 C R™, n > 2, be an open, bounded, polyhedral domain.

o A Voronoi mesh of Q2 denoted by M = (P, 7, &) is formed by

« a family P of grid points in €,

« afamily 7 of Voronoi control volumes,

« afamily £ of parts of hyperplanes in R™ (surfaces of the V. boxes).
o For xx € P the control volume K of the Voronoi mesh is defined by

K={zxeQ:|lzv—ak|<|r—xr| VepeP, xp #xrx}, KeT.

K/ 0_/ _ K/‘Ll

L/ xr

TK!
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Notation

The set £ and subsets

o For K, L € T with K # L either the (n — 1) dimensional Lebesgue
measure of K N Liszeroor KN L =g forsome o € £.

o o = K|L denotes the Voronoi surface between K and L.

o &;n: denotes the set of interior Voronoi surfaces

o &..¢+ denotes the set of external Voronoi surfaces

o For K € T: £k is the subset of £ such that 0K = K\ K = U,¢eg,. 5.

K, O_l _ KI|L/
o
TK DKO' Mo d g Ll Ty
K'o!

do- Ty TK!
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Notation

Force&: my,- (n—1)-dimensional measure of the Voronoi surface o.
x, - center of gravity of o.
drx.- - Euclidean distance between xx and o, if o € &k,

dy = |$K—$L|if0‘:K|L€g@'nt.
K
O_IZK/|LI
K/
L
TK Dy My Lo’ ,
o dK,O_, L/ Xy,
dy T TR!

half-diamonds
Dgoe =4tz +(1—-t)y:t€(0,1), y e o}, mes(Dgy,)= %madK,a
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Notation

Definition.

Let M be a Voronoi finite volume mesh of ).

1. X (M) = set of functions from €2 to R which are constant on each K € 7.
uy = value of u € X(M) on K.

2. Discrete H'-seminorm of u € X (M)

m
2 _ 2 o
1M E : |D0u| d )
Uegint g

u

where D,u = |ug — ur| for o = K|L.

Aim of the talk:

1
Ju —ma(u)|| L) < cqlulim Yu e X(M), ma(u) = s (40) /Qu(a:) dx.
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Assumptions on the geometry and the mesh

(A1) Q c B(0,R) C R" open, polyhedral, star shaped w.r.t. some ball B(0, R).

0 flyl >R

define o™ € X(M)as 03 (z) =mino(y) forz e K.
yeK

_ R 1
Let o : R" — [0,00), o(y) = {eXp{ R2—|y|2} if lyl <R
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Assumptions on the geometry and the mesh
(A1) © C B(0, ﬁ) C R™ open, polyhedral, star shaped w.r.t. some ball B(0, R).

n exX —% |f < R
Let o : R™ — [0, 00), Q(y)={0p{ e} if:z:>R'

define o™ € X(M)as 03 (z) =mino(y) forz e K.
yeK

(A2) Let M = (P, T, &) be a Voronoi finite volume mesh with [, o™ (z) dz > pg
(po > 0) and with the property that £€x NE.pt # 0 — xx € ON.
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Assumptions on the geometry and the mesh

(A1) Q c B(0,R) C R" open, polyhedral, star shaped w.r.t. some ball B(0, R).
n exp{—%zz} if ly] < R

define o™ € X(M)as 03 (z) =mino(y) forz e K.
yeK

(A2) Let M = (P, T, &) be a Voronoi finite volume mesh with [, o™ (z) dz > pg
(po > 0) and with the property that £€x NE.pt # 0 — xx € ON.

diam (o)

(A3) The geometric weights fulfill 0 < T S ki forall o € &;,,;.
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Assumptions on the geometry and the mesh
(A1) © C B(0, ﬁ) C R™ open, polyhedral, star shaped w.r.t. some ball B(0, R).

n exX —% |f < R
LG’[Q:R —>[0,00), Q(y):{op{ R?—|y] } . :z:>R.

define o™ € X(M)as 03 (z) =mino(y) forz e K.
yeK

(A2) Let M = (P, T,&) be a Voronoi finite volume mesh with [, o™ (z)dz > pg
(po > 0) and with the property that £€x NE.pt # 0 — xx € ON.

(A3) The geometric weights fulfill 0 < Y% < x; for all o € iy

(A4) There exists a constant k; > 1 such that

max max|rxg —x| < ke min dg,forallxzg e P.
c€EKNE;nt TET ccENEint
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Discrete Poincaré inequality

Lemma 1.

Let 2 C R™, n > 2, be open, bounded, polyhydral and connected. Then there
exists a Cy > 0 such that for all Voronoi finite volume meshes M

1
v —ma(u)|r2) < Coluli,m Vu € X(M), ma(u) = s (41} /Qu(a:) dz.

(Eymard, Gallouét, Herbin, in Handbook of Numerical Analysis VII 2000,
Gallouét, Herbin, Vignal, SIAM J. Numer. Anal. 37.)
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Potential theoretical lemmas

Lemma 2.

Let M be a Voronoi finite volume mesh of 2 such that (A1) — (A3) are fulfilled.
Let zx, be a fixed grid point and o € &;,,; an internal Voronoi surface with
gravitational center x,. Then

mes({x € B(0,R) : [vk,,z]|No #D})

mo' mO'

1
< —di o 2, 4k = A, :
< - iam ()" max{2, 4 k1} T, — 2| Tx, — 2o | ]

|dea: /

Estimation of the solid angle,

estimate mes(...) by the measure

of the corresponding segment of N

the ball with radius diam(f2). rh -
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Potential theoretical lemmas

Lemma 3.
We assume (A1) — (A3). Let

(2,00) ifn=2 n o on
c oo ="_11
! &Zf%)ﬁnZS =327

Let xx, € P be a fixed grid point. Then

D o n— g Bn
Sy o) (12w, 2y 2 T 2Ry = B
KeT c€€k ‘xKO_x ’ 6 n

where m,,_; denotes the measure of the (n — 1) dimensional unit sphere in R™.

(Dro
|dea: Show Z Z mes(Dico) / P _da;ln 2ﬁ(< 00).

_ 28 —
KcT o€&x |xK0 :E"‘n 7
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Potential theoretical lemmas

Lemma 4.
We assume (A1) — (A4). Let
(2,00) ifn=2 n o n
c , 20=———+1.
! {(2,7373) if n >3 o q > T

D o n— n— iy
S mes(Droan) (1 4, (14260))" P =L (2 R)98 . D,
K()ETO‘()EgKO Q5

(DKo d
Idea: Show Yooy mes(DKooo) <C/Q|x—:cf\n—qﬁ'

_ B —
KoETO‘oEg |xKO Qja‘n !
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Main result: Discrete Sobolev-Poincaré inequality

Theorem 1.

Let €2 be an open bounded polyhedral subset of R™ and let M be a Voronoi
finite volume mesh such that (A1) — (A4) are fulfilled. Let ¢ € (2, 00) forn = 2
and g € (2, -2%) for n > 2, respectively. Then there exists a constant ¢, > 0
only depending on n, ¢, €2 and the constants in (A1) — (A4) such that

1
Ju —ma(u)|| L) < cqlulim Yu e X(M), ma(u) = s (<) /Qu(x) dz.

Glitzky, Griepentrog, WIAS-Preprint 1429 (2009)
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Proof of the discrete Sobolev-Poincaré inequality, 1

Let7o={K €7 : K C B(0,R)}.

I := | (u(x) —ma(u)o™(z)dz = Z (u)) oz da.
J J ot

K'eT,

Let Ko € 7 be arbitrarily fixed. For all K’ € 7y, f.a.a. z € K’ write

u(x) —mq(u) = ug, —ma(u) + Z (uk, — UK, )Xo (Tr,, T)
o=K,;|K;
use correct order!
where

1 ifzx,ycQand|z,y|No #0,
Xo(T,y) = . - —
0 ifzgQoryée Qorlz,ylNno=0.

and [z, y] denotes the line segment {sx + (1 — s)y, s € [0, 1]}.
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Proof of the discrete Sobolev-Poincaré inequality, 2

Discrete Sobolev’s integral representation

I = (ug, —maq(u / oM dx+ Z/ Z (ur, —uK, QK/XU(xKO, x) dz.

K'€T, o=K;|K;
By (A2) —>
Hil | L(o)
luk, —ma(u)| < :
PO PO
Z / Z Do 0% Xo (2K, , ) dez.
K’'eTy o=K;|K;EEint
1< | [ (@) = mau)eM(@) da
< mes( Q)l/2Hu —mao(u)| L2
< mes(Q)2 Cy u|1 a4 (discrete Poincaré inequality)
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Proof of the discrete Sobolev-Poincaré inequality, 3

I, (Kgy) = Z D,u Z / 0 Xo (T iy, ) da
K/

c€E;int K'eTy
< Z Dyu mes({x € B(0O,R) : o N[xg,,x] #0})

Uegint

me

< A D Lemma 2
— Z ol ’wKo _ x0|n—1
Uegint

v

TK,
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Proof of the discrete Sobolev-Poincaré inequality, 4

Holder’s inequality for a; = q, as = 2q/(q — 2), az = 2, let 23 = ¢ 3Tl

I (K
%n()) S Z |D0u||xK0 _x0|1_nma

Jegint

2 —nbgs Mo \ 14 2 Mo\ 57
< (3 IDeuler, — a0 B (ST D,
o€&int oc€&€int
1/2
< (X 3 fewy =l modics)
KeT oe€k

1/q
< B2l (S IDsullar, — a0 )
Uegint g

Lemma 3, discrete H'-seminorm
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Proof of the discrete Sobolev-Poincaré inequality, 5

HIQHCZI;Q(Q): Z Z IQ(KO)qmeS(DKOGO)

Ko€T oo€lk,
-9 m _
< ABIPWEE S 0 S Y el mes( D)
O'Eg’zl'n,t v KOGTUOEgKO
< AYBY2D,|ul? ,, Lemma 4, discrete H'-seminorm

In summary, for v € X (M)

1
Lo
1 A,
% 10(168(9)1/‘5’“/2 Co |u|1,m + EB%”D}/QMLM

Ju = ma (@)l zae) < — |1 Lago) + Iall oo

VAN
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Concluding remarks

e Forg e [1,2] and n > 2, the discrete Sobolev-Poincaré inequalities
lu = ma(u)l[Le) < cqlulim Yu e X(M)

are a direct consequence of Theorem 1 and Hélder’s inequality.
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Concluding remarks

e Forg e [1,2] and n > 2, the discrete Sobolev-Poincaré inequalities
lu = ma(u)l[Le) < cqlulim Yu e X(M)

are a direct consequence of Theorem 1 and Hoélder’s inequality.

e Corollary. Assume (A1) — (A4). Let ¢ € [1,00) forn =2 and ¢ € [1, -22%;) for
n > 3, respectively. Then there exists a constant ¢, > 0 only depending on
n, ¢, 2 and the constants in (A1) — (A4) such that

ullLao) < cqluli,m + mes(Q)%_l‘ / udz| Vue X(M).
Q
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Concluding remarks

e Forg e [1,2] and n > 2, the discrete Sobolev-Poincaré inequalities
lu = ma(u)l[Le) < cqlulim Yu e X(M)
are a direct consequence of Theorem 1 and Hoélder’s inequality.
e Corollary. Assume (A1) — (A4). Let ¢ € [1,00) forn =2 and ¢ € [1, -22%;) for

n > 3, respectively. Then there exists a constant ¢, > 0 only depending on
n, ¢, 2 and the constants in (A1) — (A4) such that

ullLao) < cqluli,m + mes(Q)%_l‘ / udz| Vue X(M).
Q

e More general domains: Discrete Sobolev inequalities remain true if 2 is a
finite union of §-overlapping star shaped domains ;,2=1,...,7.
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Concluding remarks

e Critical exponent in higher space dimensions:
For n > 3, the discrete version of the Sobolev imbedding
HY(Q) — Lo (€2) (the critical Sobolev exponent in n dimensions) can
not be obtained by the presented technique using the Sobolev integral

representation. This is exactly the same situation as for the continuous
case.
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Concluding remarks

e Critical exponent in higher space dimensions:
For n > 3, the discrete version of the Sobolev imbedding

HY(Q) — Lo (€2) (the critical Sobolev exponent in n dimensions) can
not be obtained by the presented technique using the Sobolev integral
representation. This is exactly the same situation as for the continuous
case.

e Discrete Sobolev-Poincaré inequalities for p < n, g € [1, = ):

lu —ma(u)llLe@) < cqlulipm Vue X(M)

- requires a Poincaré like inequality using the discrete W1 P-seminorm

DsuN\P 1/p
o= (5 (22 mar)

Gegint

- adapt technique of the proof of Theorem 1 for p # 2.
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