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Model equations

Xi species, i = 1, . . . , m ζi = vi + qiv0 electrochemical potentials
vi chemical potentials ui = uievi densities
qi charge numbers ui reference densities
v0 electrostatic potential u0 =

Pm
i=1 qiui charge density

reversible reactions of mass action type

α1X1 + · · ·+ αmXm 
 β1X1 + · · ·+ βmXm, (α, β) ∈ R ⊂ Zm
+ × Zm

+

net rate kαβ(eζ·α − eζ·β), ζ = (ζ1, . . . , ζm)

net production rate of species Xi

Ri :=
X

(α,β)∈R

kαβ(eζ·α − eζ·β)(βi − αi)

stoichiometric subspace S := span{α− β : (α, β) ∈ R}
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Model equations

anisotropies

• mass fluxes ji = −uiSi(·)∇ζi, i = 1, . . . , m,

Si(x) = QT
i (x)diag

`
µ1

i (x), µ2
i (x)

´
Qi(x) (Lades/Wachutka’97)

• dielectric permittivity matrix S0(x) = QT
0 (x)diag(ε1(x), ε2(x))Q0(x),

continuity equations

∂ui

∂t
+∇ · ji = Ri in R+ × Ω, ν · ji = 0 on R+ × Γ,

ui(0) = Ui in Ω, i = 1, . . . , m.

Poisson equation

−∇ · (S0∇v0) = f +

mX
i=1

qiui in R+ × Ω, ν · (S0v0) + τv0 = fΓ on R+ × Γ,
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Assumptions (A)

Ω ⊂ R2 bounded Lipschitzian domain, Γ = ∂Ω;

f ∈ L∞(Ω), fΓ ∈ L∞(Γ), τ ∈ L∞+ (Γ),
R
Γ

τ dΓ > 0,
εk ∈ L∞+ (Ω), ess infΩεk ≥ δ, k = 1, 2;

µk
i ∈ L∞+ (Ω), ess infΩµk

i ≥ δ, k = 1, 2, i = 1, . . . , m;

ui ∈ L∞+ (Ω), ui ≥ δ, Ui ∈ L∞+ (Ω), qi ∈ Z, i = 1, . . . , m;

R ⊂ Zm
+ × Zm

+ finite subset, kαβ ∈ L∞+ (Ω),
R
Ω

kαβ dx > 0 for (α, β) ∈ R,R
Ω

Pm
i=1 Uiκi dx > 0 ∀κ ∈ S⊥, κ ≥ 0, κ 6= 0,

there are no “false” equilibria in the sense of Prigogin & Defay’54.
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Weak formulation

v = (v0, . . . , vm) ∈ V = H1(Ω; Rm+1), u = (u0, . . . , um) ∈ V ∗

operators:

A : V ∩ L∞(Ω, Rm+1) → V ∗, E = (E0, . . . , Em) : V → V ∗

〈A v, v〉V :=

Z
Ω

n mX
i=1

uieviSi∇ζi · ∇ζi+
X

(α, β)∈R

kαβ

“
eα·ζ − eβ·ζ

”
(α− β) · ζ

o
dx

ζi = vi + qiv0

〈Ev, v〉V := 〈E0v0, v0〉+

Z
Ω

mX
i=1

uievivi dx, v ∈ V,

〈E0v0, v0〉H1 :=

Z
Ω

(S0∇v0 · ∇v0 − fv0) dx +

Z
Γ

(τv0 − fΓ)v0 dΓ

,
Energy estimates for space and time discretized electro-reaction-diffusion systems June 2008 6



Weak formulation

Problem (P)

u′(t) + Av(t) = 0, u(t) = Ev(t) f.a.a. t ∈ R+, u(0) = U,

u ∈ H1
loc(R+; V ∗), v ∈ L2

loc(R+; V ) ∩ L∞loc(R+; L∞(Ω)m+1)

9=; (P)

dissipation rate

D(v) :=〈Av, v〉

=

Z
Ω

mX
i=1

uievi Si ∇ζi · ∇ζi dx

+

Z
Ω

X
(α,β)∈R

kαβ(eζ·α − eζ·β)(α− β) · ζ dx

D(v) ≥ 0 ∀v ∈ V ∩ L∞(Ω, Rm+1)
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Energy functionals

E strictly monotone potential operator, Ev = ∂G(v), G : V → R,

G(v) =

Z
Ω

n mX
i=1

ui(evi − 1) +
1

2
S0∇v0 · ∇v0 − fv0

o
dx +

Z
Γ

(
τ

2
v2
0 − fΓv0) dΓ

free energy F : V ∗ → R, F (u) := G∗(u) = supv∈V

n
〈u, v〉 −G(v)

o

G, F proper, convex, lower semi-continuous, u ∈ H1(Ω)∗ × L2
+(Ω, Rm) =⇒

F (u) =

Z
Ω

n mX
i=1

`
ui(ln

ui

ui
− 1) + ui

´
+

1

2
S0∇v0 · ∇v0

o
dx +

Z
Γ

τ

2
v2
0 dΓ

where u0 = E0v0
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Results for the continuous problem (G./Hünlich’97, G./Gärtner’07)

• Invariants: (u, v) solution to (P) =⇒ u(t)− U ∈ U ∀ t > 0 where

U :=
n

u ∈ V ∗ : u0 =

mX
i=1

qiui, (〈u1, 1〉, . . . , 〈um, 1〉) ∈ S
o

.

• Thermodynamic equilibrium: There exists a unique solution (u∗, v∗) to

Av∗ = 0, u∗ = Ev∗, u∗ − U ∈ U . (S)

It holds v∗ ∈ V ∩ L∞(Ω)m+1, ∇ζ∗ = 0 and ζ∗ ∈ S⊥.

• Monotone decay of the free energy: Let (u, v) be a solution to Problem (P). Then

F (u(t2)) ≤ F (u(t1)) ≤ F (U) for t2 ≥ t1 ≥ 0.
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Results for the continuous problem (G./Hünlich’97, G./Gärtner’07)

• Exponential decay of the free energy: Let (u, v) be a solution to Problem (P), and
let (u∗, v∗) be the thermodynamic equilibrium. Then there exists a constant λ > 0
such that

F (u(t))− F (u∗) ≤ e−λt(F (U)− F (u∗)) ∀ t ≥ 0.

• Nonlinear Poincaré type inequality: Let (u∗, v∗) be the thermodynamic equi-
librium. Then for every ρ > 0 there exists a constant cρ > 0 such that

F (u)− F (u∗) ≤ cρD(v) ∀v ∈ Nρ

where
Nρ =

˘
v ∈ V : Ev − U ∈ U , F (Ev)− F (u∗) ≤ ρ

¯
.
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Results for discrete time problems

(B) Z = {0, t1, . . . , tn, . . . } partition of R+, tn ∈ R+, tn−1 < tn, n ∈ N,

tn →∞ as n →∞, hn = tn − tn−1, supn∈N hn < ∞

Monotone and exponential decay of the free energy: Let (u∗, v∗) be the
thermodynamic equilibrium. Then the fully implicit time discretization scheme

u(tn)− u(tn−1) + hnAv(tn) = 0, u(tn) = Ev(tn), n ≥ 1,

u(0) = U, v(tn) ∈ V, n ≥ 0

is dissipative. Moreover, there exists a constant λ > 0 such that

F
`
u(tn)

´
− F (u∗) ≤ e−λtn

`
F (U)− F (u∗)

´
∀n ≥ 1.
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Space and time discretized problems

fixed set of grid points xk, k ∈ K, for each species anisotropic Voronoi boxes

V k
i = {x ∈ Ω : di(x, xk) ≤ di(x, xl) ∀l ∈ K} , i = 0, . . . , m , k ∈ K

di(x, y)2 := (x− y)T S−1
i (x− y)
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Space and time discretized problems

(C) ui = const, i = 1, . . . , m, kαβ = const (α, β) ∈ R, τ = const

Si constant, symmetric, positive definite 2× 2 matrices

• uk
i mass of species Xi in V k

i , Uk
i =

R
V k

i
Ui dx, k ∈ K, i = 1, . . . , m

uk
0 =

mX
i=1

qi

X
l∈K

|V k
0 ∩ V l

i |
|V l

i |
ul

i, Uk
0 = . . . , k ∈ K

• potentials vk
0 , vk

i , ζk
i associated to grid points xk

ζk
i = vk

i + qi

X
l∈K

|V l
0 ∩ V k

i |
|V k

i |
vl
0, i = 1, . . . , m

• discrete state equations uk
i = uievk

i |V k
i |, k ∈ K, i = 1, . . . , m

• notation ~ui = (uk
i )k∈K , ~vi = (vk

i )k∈K
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Space and time discretized problems

discretized Poisson equation

−
X
l∈K

vl
0 − vk

0

|xl − xk| |S0ν
kl
0 ||∂V k

0 ∩ ∂V l
0 |+ τvk

0 |∂V k
0 ∩ Γ| − fk = uk

0 , k ∈ K,

where
fk =

Z
V k
0

f dx +

Z
∂V k

0 ∩Γ

fΓ dΓ,

uk
0 =

mX
i=1

qi

X
l∈K

|V k
0 ∩ V l

i |
|V l

i |
ul

i,

νkl
0 outer unit normal of V k

0 on ∂V k
0 ∩ ∂V l

0 ,

~v0 = (vk
0 )k∈K , ~f = (fk)k∈K , ~u0 = (uk

0)k∈K

discretized Poisson equation reads as P~v0 − ~f = ~u0
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Space and time discretized problems

Discretization scheme

P~v0(tn)− ~f = ~u0(tn), n ≥ 0,

u k
i (tn)−u k

i (tn−1)

hn
= −

X
l∈K

Jkl
i (tn)|∂V k

i ∩ ∂V l
i |+ Rk

i (tn),

k ∈ K, n ≥ 1, i = 1, . . . , m,

uk
i (0) = Uk

i , k ∈ K, i = 0, . . . , m.

9>>>>>>>=>>>>>>>;
(PD)

discretized fluxes

Jkl
i = −ui Zkl

i
ζl

i − ζk
i

|xl − xk| |Siν
kl
i |, Zkl

i =
1

2
(evk

i + evl
i)

source terms from reactions
R

k
i =

X
α,β∈R

(βi − αi)
X

k1∈K

· · ·
X

ki−1∈K

X
ki+1∈K

· · ·
X

km∈K

Rαβ
ˆ
ζ

k1
1 , . . . , ζ

ki−1
i−1 , ζ

k
i , ζ

ki+1
i+1 , . . . , ζ

km
m

˜
× |V k1

1 ∩ · · · ∩ V
ki−1
i−1 ∩ V

k
i ∩ V

ki+1
i+1 ∩ · · · ∩ V

km
m |,

Rαβ
ˆ
ζ

k1
1 , . . . , ζ

km
m

˜
= kαβ

“
e

Pm
i=1 αiζ

ki
i − e

Pm
i=1 βiζ

ki
i

”
,
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Discrete energy functionals

discrete version of E bE : RM(m+1) → RM(m+1), (M = #K)

bE~v =
“
P~v0 − ~f,

“`
uievk

i |V k
i |

´
k∈K

”
i=1,...,m

”

corresponding discrete potential bG : RM(m+1) → R,

bG(~v) =
1

2
(P~v0, ~v0)− (~f,~v0) +

mX
i=1

X
k∈K

ui|V k
i |(evk

i − 1)

discrete free energy bF as conjugate functionalbF (~u) = sup
~v∈RM(m+1)

˘
(~u,~v)− bG(~v)

¯

,
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Invariants and steady states

bU =
n

~u ∈ RM(m+1) : uk
0 =

mX
i=1

qi

X
l∈K

|V k
0 ∩ V l

i |
|V l

i |
ul

i, k ∈ K,
` X

k∈K

uk
1 , . . . ,

X
k∈K

uk
m

´
∈ S

o

Invariants: (~u,~v) solution to the discretized problem (PD) =⇒

~u(tn)− ~U ∈ bU ∀n ∈ N

Discretized stationary problemP
l∈K Jkl

i |∂V k
i ∩ ∂V l

i | −Rk
i = 0, k ∈ K, i = 1, . . . , m,

~u = bE~v, ~u− ~U ∈ bU .

9>=>; (SD)
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Steady states of the discretized problem

Theorem 1. [Thermodynamic equilibrium] (Glitzky’08)
We assume (A) and (C). Then there is a unique solution (~u ∗, ~v ∗) to Problem (SD).
This solution satisfies ~v ∗ ∈ bU⊥.

Idea of the proof

• introduce bG0 : RM(m+1) → R,bG0(~v) := bG(~v) + I bU⊥(~v)− 〈~U,~v〉, ~v ∈ RM(m+1),

(I bU⊥characteristic function of bU⊥). bG0 is proper, lower semicontinuous, and strictly
convex, Moreau-Rockafellar theorem =⇒

∂ bG0(~v) = bE~v + ∂I bU⊥(~v)− ~U, ~v ∈ RM(m+1).

• If (~u,~v) is a solution to (SD) then ~v is the unique minimizer of bG0. If ~v is a
minimizer of bG0 then ( bE~v,~v) is a solution to (SD).

• suffices to show that bG0(~v) →∞ if ‖~v‖ → ∞ (indirect proof).
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Discrete Poincaré like inequality

Theorem 2. [Estimate of the free energy by the dissipation rate] (Glitzky’08)
Let (A) and (C) be fulfilled. Moreover, let (~u ∗, ~v ∗) be the thermodynamic equilibrium
according to Theorem 1. Then for every ρ > 0 there exists a constant cρ > 0 such thatbF (~u)− bF (~u ∗) ≤ cρ

bD(~v)

for all ~v ∈ bNρ :=
n
~v ∈ RM(m+1) : bF ( bE~v)− bF (~u ∗) ≤ ρ, ~u = bE~v ∈ ~U + bUo

.

bD(~v) =

mX
i=1

X
k,l∈K, l<k

ui Zkl
i

(ζl
i − ζk

i )2

|xl − xk| |Siν
kl
i ||∂V k

i ∩ ∂V l
i |

+
X

(α,β)∈R

X
k1∈K

· · ·
X

km∈K

Rαβ

ˆ
ζk1
1 , . . . , ζkm

m

˜ mX
i=1

(αi − βi)ζ
ki
i |V k1

1 ∩ · · · ∩ V km
m | ≥ 0.
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Energy estimates for (PD)

Theorem 3. [Monotone and exponential decay of the free energy] (Glitzky’08)
We assume (A), (B) and (C). Then the (fully implicit in time) discretization scheme
(PD) is dissipative, i.e. solutions (~u,~v) to (PD) fulfil

bF (~u(tn2)) ≤ bF (~u(tn1)) ≤ bF (~U) for all tn1 < tn2 .

Moreover, there exists a λ > 0 such thatbF (~u(tn))− bF (~u ∗) ≤ e−λtn
` bF (~U)− bF (~u ∗)

´
∀n ≥ 1.

Proof

• bF : RM(m+1) → R is convex, lower semicontinuous, differentiable in arguments ~u
with ~ui > 0, i = 1, . . . , m. If ~u = bE~v =⇒
~u = bG′(~v), ~v = bF ′(~u), bF (~u)− bF (~w) ≤ bF ′(~u) · (~u− ~w) ∀~w ∈ RM(m+1)

• bF ( ~u(tl))− bF (~u(tl−1)) ≤
`
~u(tl)− ~u(tl−1)

´
· ~v(tl) =

mX
i=1

X
k∈K

`
uk

i (tl)− uk
i (tl−1)

´
ζk

i
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Proof of Theorem 3

• let n2 > n1 ≥ 0, λ ≥ 0

eλtn2

“ bF (~u(tn2))− bF (~u∗)
”
− eλtn1

“ bF (~u(tn1))− bF (~u∗)
”

=

n2X
l=n1+1

eλtl

“ bF (~u(tl))− bF (~u∗)
”
− eλtl−1

“ bF (~u(tl−1))− bF (~u∗)
”

=

n2X
l=n1+1

eλtl−1
n

(eλhl − 1)
` bF (~u(tl))− bF (~u∗)

´
+

` bF (~u(tl))− bF (~u(tl−1))
´o

≤
n2X

l=n1+1

eλtl−1
n

eλhlλhl

` bF (~u(tl))− bF (~u∗)
´

+ 〈~u(tl)− ~u(tl−1), ~v(tl)〉
o

≤
n2X

l=n1+1

hl eλtl−1
n

eλhlλ
` bF (~u(tl))− bF (~u∗)

´
− bD(~v(tl))

o
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Proof of Theorem 3

• bD(~v(tl)) ≥ 0 ∀l ≥ 1, setting λ = 0 =⇒

bF (~u(tn2)) ≤ bF (~u(tn1)) ≤ bF (~U) ∀tn2 > tn1 ≥ 0

• bF (~u(tl))− bF (~u∗) ≤ bF (~U)− bF (~u∗) =: ρ, ~u(tl) = bE~v(tl) ∈ ~U + bU , l ≥ 1 =⇒
~v(tl) ∈ bNρ, l ≥ 1, and Theorem 2 supplies cρ > 0 s.t.

bF (~u(tl))− bF (~u∗) ≤ cρ
bD(~v(tl)) ∀l

• choose λ > 0 such that λeλh cρ < 1, n1 = 0

�

,
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Theorem 2: very short sketch of the proof

• c1

“
‖~v0 − ~v∗0‖2 +

mX
i=1

X
k∈K

|
q

uk
i −

q
u∗k

i |2
”
≤ bF (~u)− bF (~u∗)

≤ c2

“
‖~v0 − ~v∗0‖2+

mX
i=1

X
k∈K

|uk
i −u∗k

i |2
”

• indirect proof: assume sequences ~vn ∈ Nρ, Cn → +∞ such that

~un = bE~vn, ρ ≥ bF (~un)− bF (~u∗) = Cn
bD(~vn)

• derive convergence properties for subsequences of ~un, ~vn0, ak
ni = eζk

ni

,
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Theorem 2: very short sketch of the proof

• for subsequences, vk
n0 → vk

0 , ak
ni → ak

i = ai, k ∈ K, aα = aβ ∀(α, β) ∈ R,

~un → ~u, P~v0 − ~f = ~u0, ~u− ~U ∈ bU
• (a, v0) characterizes equilibrium, exist no “false” equilibria =⇒ ai >0, i = 1, ..., m,

define

ζi := ln ai, vk
i = ζi − qi

X
l∈K

|V l
0 ∩ V k

i |
|V k

i |
vl
0, k ∈ K, i = 1, . . . , m,

=⇒ (~u,~v) = (~u∗, ~v∗) thermodynamic equilibrium

• λ2
n := bF (~un)− bF (~u∗)

1

λn

“s
ak

ni

a∗i
− 1

”
→ 0, k ∈ K,

~un − ~u∗

λn
→ 0,

~vn0 − ~v∗0
λn

→ 0

• 1 =
bF (~un)− bF (~u∗)

λ2
n

≤ c2

“
‖~vn0−~v∗0

λn
‖2+

mX
i=1

X
k∈K

˛̨̨
~uk

ni−~u∗k
i

λn

˛̨̨2”
→ 0 contradiction

,
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