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Model equations

X, species,i=1,...,m i = vi + qivo electrochemical potentials
v;  chemical potentials w; = u;e" densities

q;  charge numbers u; reference densities

vo  electrostatic potential uo =Y v, qiu; charge density

reversible reactions of mass action type

ar X1+t amXm=6Xi+ 4 BnXm, (o,B)€ERCZ xZY

net rate kap(eS® —eSh), ¢=(¢,---,Cm)

net production rate of species X;

Rii= 30 kaple™ = e)(8: — o)

(a,8)ER

stoichiometric subspace S :=span{a—3: (o, 3) € R}
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Model equations

anisotropies
* mass fluxes Ji=—uSi()V¢, i=1,...,m,

Si(z) = QF (z)diag (1} (z), 12 (x))Qi(x) (Lades/Wachutka'97)
- dielectric permittivity matrix ~ So(z) = QF (z)diag(e* (z), £%(2)) Qo (x),

continuity equations

8ui
ot

+V]l:R1|nR+><Q, V-jizoonR+XF,
UI(O):UZ inQ, i=1,...,m.

Poisson equation

=V - (SoVwo) = f + ZQiUz‘ iNRy xQ, v-(Sowo) +7v0=f" onRy xT,

i=1
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Assumptions (A)
Q c R? bounded Lipschitzian domain, T' = 99;

ferL=Q), ffeL>T), reLy), [p7dl' >0,
e® € LL(Q), essinfae® > 6, k=1,2;

ke LY (Q), essinfoul > 6, k=1,2, i=1,...,m;
u; € LL(Q), u; >0, U; € LY (), s €Z, i=1,...,m;
R C ZT x Z7 finite subset, ko € LT (), [, kapdz > 0for (o, B) € R,

Jo X, Ukidz >0 Vi €S8, 20, 5 #0,

there are no “false” equilibria in the sense of Prigogin & Defay’54.
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Weak formulation

v=(v0,...,0m) €V = H' (GR™M), w=(uo,...,um) € V"

operators:

A: VOLE(QR™) -V E=(Eo,...,En): V= V"

(A'UUV:—/{Z &SV -V + Y kag(e“f—e‘“)(a_g).g}dx
i=1 (a, B)ER

(Ev, )y := (Eovo,ﬂo)—&—/ > ue'v,dr, vEV,
Q

<E0’U0,50>H1 = /(Sovvo - Voo — fl)()) dx + /(TU() — fr)ﬂ() dar
Q

r
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Weak formulation

Problem (P)

W (8) + Av(t) = 0, u(t) = Ev(t) faa. t € Ry, u(0) = U, } )

u € H11(>C(R+; V*)7 (S L%OC(RJF; V) N Li)ooc(R+; LOO(Q)MJrl)

dissipation rate

D(v) :==(Av,v)
= / > ue" S, V¢ - Vi da
Q=1

*/ > kap(e =) (a—B) - (da

2 (a,8)er

D(v) >0 Yove€VNL2Q,R™M
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Energy functionals

E strictly monotone potential operator, Ev =9G(v), G:V — R,

S _ 1
Gv) = / {Zm(e% —1) + 580Vv0 - Voo - fvo} dz + /(% w2 — fTup)dl
Q"= r
freeenergy F: V* =R, F(u):=G*(u) =sup,cy {(u, v) — G(v)}

G, F proper, convex, lower semi-continuous, v € H'(Q)* x L3 (Q,R™) =

m

i _ 1
F(U):/Q{Z(Uz‘(ln%—1)+u¢)+§Sono~Vvo}dx+/F%v3dF

i=1 K

where ug = Eovg
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Results for the continuous problem (G./Hiinlich’97, G./Gértner’07)

e Invariants: (u,v) solutionto (P) = wu(t)-U el Vt>0 where

U= {u eV u = qui, ((u1,1),...,{(um, 1)) € S}.
=1
e Thermodynamic equilibrium: There exists a unique solution (u*,v*) to
Av* =0, u" =Ev", v -UeulU. (S)
It holds v* € V' N L= (Q)™ !, V¢* =0and ¢* € S*.

e Monotone decay of the free energy: Let (u, v) be a solution to Problem (P). Then

F(u(tz)) < Fu(t1)) < F(U) forty >t > 0.
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Results for the continuous problem (G./Hiinlich’97, G./Gértner’07)

e Exponential decay of the free energy: Let (u,v) be a solution to Problem (P), and
let (v, v™) be the thermodynamic equilibrium. Then there exists a constant A > 0
such that

Flu(t) — F(u") < e M(F(U) = F(u*)) ¥t 0.

e Nonlinear Poincaré type inequality: Let (u*, v*) be the thermodynamic equi-
librium. Then for every p > 0 there exists a constant ¢, > 0 such that
F(u) — F(u") < c,D(v) Yo e N,
where
N,={veV: Ev—UE€U, F(Ev)— F(u") <p}.
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Results for discrete time problems

(B) Z={0,t1,...,tn,...} partitionof R4, ¢, € Ry, th_1 <tn, n €N,

tn, — 00 @88 n — 00, hy =tn —tn—1, SUP,cy hn < 00

Monotone and exponential decay of the free energy: Let (v*,v*) be the
thermodynamic equilibrium. Then the fully implicit time discretization scheme

w(tn) — w(tn—1) + hnAv(tn) =0, u(tn) = Ev(t,), n>1,
u(0)=U, v(tn)€eV, n>0

is dissipative. Moreover, there exists a constant A > 0 such that

F(u(ts)) — F(u*) < e M (F(U) - F(u")) VYn>1.
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Space and time discretized problems
fixed set of grid points z*, k € K, for each species anisotropic Voronoi boxes
VE={ozeQ: di(z,2") < di(z,2") VieK},i=0,....m, ke K

d;(z, y)2 = (z — y)TS;1(37 )

@  grid points
1o
S=
(07)
—_—=1
----- meee 5 =02

e g — 5

r 1
¥ *
r L)
i L)
¥ *
¥ ()
' L]
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Space and time discretized problems
(C) m; =const, i=1,...,m, kog =const (o, 3) € R, 7 = const
S; constant, symmetric, positive definite 2 x 2 matrices

e uf mass of species X; in V;*, UF = [, Usidz, ke K,i=1,...,m

~% ZWO”V'% Ub=..., keK

=1 leEK

e potentials v§, v¥, ¢F associated to grid points z*

Ve N VE|
i_vz+ E ‘ka l, i=1,...,m
i |

. . k .
o discrete state equations  uf =we” |VF|, ke K,i=1,....m

e notation 0 = (ul)ker, U= (V)rer
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Space and time discretized problems

discretized Poisson equation

-y |&uum¢maWy+m5m¢mrp¢*:u&
EK@
where
k r
ff= fdz +/ fdr,
vk avgnr
Vi ﬂV
=30 3 g
=1 leK
V¥ outer unit normal of V¥ on oV N vy,
To = (v§)ker, f=(fF)rex, o= (ub)rex
discretized Poisson equation reads as Pty — f = o

keK,

Energy estimates for space and time di ized electro- ion-diffusion sy June 2008

14

Tl Tals



Space and time discretized problems

Discretization scheme
Po(tn) — f = do(tn), n >0,

uf tn)—uf (tn1) _ Z T ) |OVE O OV + RE (),

h
" leK (PD)
keK, n>1,1=1,...,m,
k _ 77k .
u; (0)=U;7, keK,i=0,...,m
discretized fluxes
_ 1 k l
I = 2z f: o 1Sl 2 =S+t
source terms from reactions
RE= Y Bi—a) 3 - 5 X 0 X Rapleftclitt kit k]
o,BER k1€K ki1 €K kjf1€K km €K
X\Vlklﬂ~~~ﬁv1k_1 nvr mVHfj'l Cnykmy
Ky ! ST ekt xm gk
Rag (¢ 7--»7Cmm}:kag(e i=1 %1% _ gli=1Fi%; )
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Discrete energy functionals

discrete version of £ E: RM(m+1) _, RM(m+1), (M = #K)

Bo= (P~ £ (e VDse) L, )

corresponding discrete potential G: RM(™+D _ R,

(7 1 r Ay £ = — k Uf
G(7) = §(PU07'UO) —(f, %) + Z Z w Vi |(e —1)
i=1 keK
discrete free energy Fas conjugate functional

F@= sup {(@7) -G@)}

FERM (m+1)
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Invariants and steady states

Q= {a7eRM . b =3y, Z'%”V',,kex (Y b S ubh)es)

i=1 leK keK keK

Invariants: (u, ¥) solution to the discretized problem (PD) —-

~

i(t,)—U el YneN

Discretized stationary problem
Siex SOV NOV | —RF =0, ke K, i=1,...,m,

=FEv, a-Uel.

7 Tl ilals
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Steady states of the discretized problem

Theorem 1. [Thermodynamic equilibrium] (Glitzky’08)
We assume (A) and (C). Then there is a unique solution (@ *,7*) to Problem (SD).
This solution satisfies 7* € i4*.

Idea of the proof
e introduce Gy : RM(m+D R,
Go(¥) == G(@) + Iz, (¥) — (U, 5), TeRMmH,

(I; . characteristic function of LA{L). Go is proper, lower semicontinuous, and strictly
convex, Moreau-Rockafellar theorem —

8Go(¥) = EG + 0I5, (7) — U, @eRM,
e If (@,7) is a solution to (SD) then ¢ is the unique minimizer of Go. lf 7is a
minimizer of Go then (E7, v) is a solution to (SD).

o suffices to show that Go(7) — oo if ||#]| — oo (indirect proof).

:
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Discrete Poincaré like inequality

Theorem 2. [Estimate of the free energy by the dissipation rate] (Glitzky’08)
Let (A) and (C) be fulfilled. Moreover, let (¢ *,v™*) be the thermodynamic equilibrium
according to Theorem 1. Then for every p > 0 there exists a constant ¢, > 0 such that

F(@) - F(i") < ¢,D(v)

forall 7 € NV, := {ﬁe RM(m+) . B(Eg) — F(@*) < p, @=Ev e ﬁ+&}.

k
i=1 k,leK, <k | ‘

+ 30 > DT Rag[dt, G i CHVE NNV > 0.

(a,B)ER k1EK km€eK i=1

Energy estimates for space and time di ized electro- ion-diffusion sy June 2008 19 M\THE




Energy estimates for (PD)

Theorem 3. [Monotone and exponential decay of the free energy] (Glitzky’08)
We assume (A), (B) and (C). Then the (fully implicit in time) discretization scheme
(PD) is dissipative, i.e. solutions (u, ¥) to (PD) fulfil

F(ii(tny)) < F(i(tn,)) < F(U) forall t,, < tn,.
Moreover, there exists a A > 0 such that

F(a(t,)) — F(@*) <e M (F(U) - F(@*)) VYn>1.

Proof

o F:RMm+) L Ris convex, Iowgr semicontinuous, differentiable in arguments @
witha;, >0,i=1,....m. fd = Et =
i=G'0), v=F(), F@)—FwW)<F@@):(@@-w) vaieRMm+D

o Flu(i) - F(i(ti1)) < () — @(tir)) - 0(t) = > > (uf (k) = uf (1)) ¢
i=1 keK

:
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Proof of Theorem 3

o letno>n1 >0,A>0

n

= Y e(Fn) - Fa)) - e (Rt - Fa)

l=n1+1

> e - (Fawm) - F@)) + (F(aw) - Fat-1))) }

l=n1+1

> @M (Pan) — @) + (at) — alti1), 5(t) |

l=ni1+1

S meri M (F(am) - F(a) - D)) |

l=n1+1

:
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Proof of Theorem 3

e D@(t))>0 Vi>1, settingA=0=—>

F(i(tn,)) < F(ii(tn,)) < F(U) Wty > tn, 20

[ ]
)

(@) - F(@) < F(U) - F@) = p, @(t)=Evt) €U +U1>1 =
(t1) € Ny, 1 > 1, and Theorem 2 supplies ¢, > 0 s.t.

61

F(a(t)) — F(@*) < ¢,D(5(t;)) VI

e choose A > 0 such that \e* ¢, < 1, ny =0

Tl Tals
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Theorem 2: very short sketch of the proof

o a(lm =TI+ 30 D Iy uk = \JurtP) < Fa) - Fr)
i=1 keK
< ez (|17 — 3| 24505 b )

i=1 ke K

e indirect proof: assume sequences @, € N, C,, — +oo such that

in = Ev,, p> F(in) — F(@*) = C,D(#,)

. . — — k.
e derive convergence properties for subsequences of @, tno, a¥; = eSni

.
y June 2008 23 lwlilals
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Theorem 2: very short sketch of the proof

e for subsequences, v, — v, afn —af =a;, ke K,

Uy — U, on—ffuo, u—UEU

e (a,vo) characterizes equilibrium, exist no “false” equilibria = a; >0, i =1,...,m

define

k
¢oi=1nas, Z |VO kV Lt 0, k€
i IV

sk ok

= (@, ) = (a”,v") thermodynamic equilibrium

a®=a’ V(a,B) €R

K, i=1,.

o 1— F(in)—F(a") <ec (||””O U [ +Z Z’ ni U5 ‘ ) — 0 contradiction

i=1 keK
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