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The model

X, species,i=1,...,m u; reference densities
v;  chemical potentials u; = u;e” densities

+ reversible reactions of mass action type
a1 X1+t anX;m=650Xi+ 4 BnXm, (a,ﬂ)GRCZTXZT

net rate kap(€”® —e"?),  wv=(v1,...,0m)

net production rate of species X; Ri =Y er kap(e”* —€"7)(8; — o)
* mass fluxes Jji = —uiS;(1)Vus, i=1,...,m,

anisotropies Si(z) = Q7 (z)diag (s (z)) Qi(z)
continuity equations

%"“f +V-ji=RiinRy xQ, v-ji=0onR; xT,
ui(O):Ui inQ7 ’L'IL...,m.
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Assumptions (A)

Q c RY bounded Lipschitzian domain, N < 3, T = 8%;
uF e L(Q), essinfouf > 6, k=1,...,N, i=1,...,m;
u; € LY (Q), u; >0, U; € LY (), s €Z, i=1,...,m;

R C ZT x ZT finite subset, kag € LZ(2), [, kapdz > 0for (o, 8) € R,

max { 7 a0, DL, B} <3 V(@B eR N >2,
there are no “false” equilibria in the sense of Prigogine & Defay '54,
S JyUikidz >0 Ve €S, k>0, k#0.

stoichiometric subspace S:=span{a—f0: (a,3) € R}
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Weak formulation

v=(v1,...,0m) €V =H (GR™), uw=(us,...,um)€V"

operators A: VNL®(Q,R™) -V E=(F1,...,En): V->V"

Avvv:—/{Zule ‘S;Vu; - Vo, + Z kaﬁ(eav_eﬁv) a-p3

(a, BER
(Evvvz—/Zule ‘vydz, veV

)-7}da

Problem (P)
U (t) + Av(t) =0, u(t) = Ev(t) fa.a. t € Ry, u(0) =T, ®)
u € H11<)C(R+; V*)7 (S LIQOC(R+; V) N Li)gc(]R+; LOO(Q)m)
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Energy functionals

dissipation rate

D(v) :/ > ue" S, Vo - Vo, da
Q

i=1

+/ > kap(e” =€) a—p)-vdr >0 Vo e VNL®(QR™)
2 (a,8)eR

free energy
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Results for the continuous problem (G./Hiinlich '97, G./Gértner ’07)
e Invariants: (u,v) solution to (P) =

u(t)—UEL{::{ueV*: ((u1,1>,...,(um,1>)68} Vit > 0.

e Thermodynamic equilibrium: There exists a unique solution (u*,v*) to
Av" =0, u" =Ev", v -UclU. (S)
It holds Vv* = 0 and v* € S*.
e Monotone decay of the free energy: Let (u,v) be a solution to Problem (P). Then
F(u(t2)) < F(u(t1)) < F(U) forts >t1 > 0.
e Exponential decay of the free energy: Let (u,v) be a solution to Problem (P), and

let (u™, v™) be the thermodynamic equilibrium. Then there exists a constant A > 0
such that

F(u(t)) — F(u") <e M(F(U) — F(u")) Vt>0.
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Space and time discretized problems
fixed set of grid points z*, k € K, for each species anisotropic Voronoi boxes
VE={eeQ: di(z,2") < di(z,2") VieK},i=1,...,m, ke K

di(z,y)? = (z —y)"S; (z —y)

@  grid points
1o
S=
(07)
—_—=1
meee 5 =02

e g — 5
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Space and time discretized problems

(B) w;=const, : =1,...,m, keg = const (o, 3) € R, T = const,

S; constant, symmetric, positive definite matrices.

e u} mass of species X; in V¥, Ul = [« Uidz, ke K,i=1,...,m
e potentials v¥ associated to grid points z*
e discrete state equations uf = Tevt V¥, keK,i=1,...,m

e notation i = (Ui )kek, iz=1,...m, U= (VF)keK, i=1,..m

(C) Z2={0,t1,...,tn,...} partitionof Ry, ¢, € R4, tn1 <tn, n €N,

tn — 00 asn — 00, hy =1t, —tn_1, sup,cyhn < oco.
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Space and time discretized problems
Discretization scheme

k k
w (tn)—u; (tn_1) — _ Z']zkl(tn)la‘/zk ma‘/zll + Rf(tn)7

hnp
keK, n>1,i=1,""m, (PD)

. 1 k i
1S:vF!|,  vF outer unit normal of V¥,  ZF = i(e”l +e%)

source terms from reactions

REe S (Bima) 3 0 S 0 5 Raglof ol R

a,BER k1€K ki 1€Kki{1€K  km€K

ki1 k Fip1 k
NVE NV N VR

x|Vfin.nv

m

m kg m kg
Ragloyh, . vbm] = kap(eXim1 %ivi" —eXiZ1 fivi')

:
Energy esti for i and di ized ion-diffusion sy in heterostructures September 2008 10 M\THE




Discrete energy functionals

discrete version of E E: RM™ — RM™, (M = #K)
[y vk k
7= ((@e" IVF) ere)
discrete free energy
m -~
=3 Z ( _— +m|vf|) for @ = E
i1=1keK
invariants: (#, ¢') solution to the discretized problem (PD) =
ﬁ(tn)—ﬁef{:{ﬁeRMW: (S ub > ub) ES} Vn €N
keEK keK
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Steady states of the discretized problem

Theorem 1. [Thermodynamic equilibrium]
We assume (A) and (B). Then there is a unique solution (¢ *,7*) to Problem

Siex SOV MOV - R =0, ke K, i=1,...,m,
i=Ev, i-Uel.
This solution satisfies 7* € U~.

(SD)

Idea of the proof
e introduce G : RM™ R,

G(0) == F* () + I, (7) — (U, %), TeRM™,

(I, characteristic function of u"h. Gis proper, Isc., strictly convex
e If (@,7) is a solution to (SD) then ¢ is the unique minimizer of G. If T is a
minimizer of G then (Ev, ) is a solution to (SD).

e suffices to show that G(¢) — oo if ||#]] — oo (indirect proof).
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Discrete Poincaré like inequality (Glitzky ’08)

Theorem 2. [Estimate of the free energy by the dissipation rate]
Let (A) and (B) be fulfilled. Moreover, let (@™, 7™) be the thermodynamic equilibrium
according to Theorem 1. Then for every p > 0 there exists a constant ¢, > 0 such that

F(@) - F(i") < ¢,D(v)

forall @ € N, := {ﬂ’:ﬁﬁe RM™ . F(q@) — F(@*) < p, ﬂ’fﬁelj}.

=Y 3 mzt U sk avk vy

xk
i=1 k,leK, <k | |

+ > > > Raglvit,. v i VR A AV > 0.

(a,B)ER k1EK km€eK i=1
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Energy estimates for (PD)

Theorem 3. [Monotone end exponential decay of the free energy]

We assume (A), (B) and (C). Then the (fully implicit in time) discretization scheme

(PD) is dissipative, i.e. solutions (i, ¥) to (PD) fulfil
F(ii(tny)) < F(ii(tn,)) < F(U) forall t,, < tn,.
Moreover, there exists a A > 0 such that

F(a(ty)) — F(@*) <e M (F(U) - F(@*)) VYn>1.

e F:RM™ _ Ris conve, Isc., differentiable in arguments @ > 0.

i=FEv= v=F(q), F(@)—FW) <F(@@):(i-®%) YieRM™
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Proof of Theorem 3

o letA>0,n2>n1 >0

@”%ﬁwwm»fﬁww)f@“%ﬁW@mnfﬁwv)
< Z By eMi- 1{ M (F(ii(t)) — F(i™)) 45(5(@))}

l=ni1+1
o D(@(t;))>0 VI>1, setting\=0—
F(i(tn,)) < Flii(tn,) < F(T) Vtuy > tay 20

o F(i(t) — F(@*) < F(U) — F(@*) =: p, i(t)) €eU+U = ii(t;)) € N,, 1 > 1,
Theorem 2 supplies ¢, > 0 s.t.

F(i(t) — F(@*) < ¢,D(5(t:)) VI

e choose A >0st AeMc, <1,n; =0 O
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Numerical treatment of heterostructures

Q=UrezQ!, T2 =Q4ANQB, on Q! constant coefficients

take grid {«": 2" € O,k =1,..., M} respecting interfaces T'“%, A, B € Z, [T*"| > 0
FAB

especially endpoints of are grid points

[ ) [ ) [ ]
QA
rAB
QB
[ ] [ ) [ ]
desired undesired
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Numerical treatment of heterostructures
onQ' 8! =qQ!"diag(u')Q!
o ming (uf")
Y = max Imax arccos SN TN
TET i=1,...,m maxy (k)
for IT4%| > 0 let
WAB max. Euclidean dist. of directly neighboring grid points on het. interface I'*Z
o min. Euclidean dist. of inner grid points to the het. interface I'*?

The restriction on the position of vertices on and close to interfaces and boundaries

max kAP < V2 —2siny

A,BETZ,|TAB|>0

allows to handle general heterostructures and boundary conditions. The described
integration procedure can be applied independently on each Q' and the fluxes and
potentials fulfill the continuity conditions.

:
Energy esti for i and di ized ion-diffusion sy in heterostructures September 2008 17 M\THE




Concluding remarks

Results remain true for (Glitzky '08)
* more general state equations  u; = u;gi(vi — ;)
mass fluxes
Ji = —ig;(vi — 0;)SiVv;
(inverse of the Hessian of the free energy for species X;)

» charged species X; with charge numbers ¢;
add Poisson equation for the electrostatic potential vo

—V-(SoVuvo) = f+ Y qui OnRy x Q
=1
v - (SoVuo) + v = fF onRy xT

mass fluxes
Ji = —uigi(vi — 0:)SiV(v; + qivo)
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