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Detalls:

Zutic et al 2004

A. G., K. Gartner, Existence of bounded steady state solutions to spin-
polarized drift-diffusion systems, SIAM J. Math. Anal. 41 (2010), 2489-2513.
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Spin-resolved drift-diffusion model

consider spin-resolved carriers e, ey, hyt, h)

spin-resolved densities for electrons and holes

n o NC exp [_Ecoiqgc] eXp [SOnTl + qw] N¢, Ny
9 Eco, Ey
T 2 kT kg1 ;Onil’ @pﬁ
_ Ny E"UO:Fqgv —Pp1l — (ﬂb ge, gu

P = 2 © [ kgT ] xp [ kg1 ] T, kg

spin relaxation reactions
er — €y, hT — hl

recombination/generation of electrons and holes
et +hy =0, er+h =0
e, +hy =0, e +h =0
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effective densities of state

band edge energies

spin-resolved quasi-Fermi energies
elementary charge, electrostatic potential
splitting of carrier bands due to magnetic
impurities or an applied magnetic field
Temperature, Boltzmann constant
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Spin-resolved drift-diffusion model

> system of 4 continuity equations containing spin-relaxation as well as
generation-recombination terms

> coupled with a Poisson equation

> completed by boundary conditions from device simulation and initial
conditions

> obtain a generalization of the classical van Roosbroeck system

> introduce scaled variables
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Model equations in scaled variables

X,; species: e, e), hy, h) u; densities
A; charge numbers: —1, —1, 1, 1 u; reference densities
G =In 3 + Ajvo  electrochemical potentials vy electrostatic potential

a; = e~ electrochemical activities

particle flux densitiy for species X;

J; = —D;u;V(; = —Diﬂie_/\iUOVai

— R; net production rate of species X;

Ry = r3(a1az — 1) +rig(arag — 1) + ri2e” (a1 — az),
Ry = roz(azsas — 1) + roa(agas — 1) — rige
R3 =ri3(araz — 1) + rog(agasz — 1) + rage
Ry = ris(aras — 1) + ros(agas — 1) — r3ge
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Model equations

Stationary spin-polarized drift-diffusion model (SPDD model)

continuity equations

V- J; —R; inQ,
v-J; =0 onl'y,

G=C¢P onTp, i=1,...,4.

1

Poisson equation

4
-V - (EVU()) = f + Z )\iﬂie_M“Oai N Q,
1=1

v-(eVvg) =0 onTy, wvg=uv onTp.
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Continuous system: A-priori estimates

Theorem 1. If (vo, (1, ..., ¢) € (WH2(Q) N L>°(Q))° is a weak solution to the
stationary SPDD model then

vo € [L,L], G e[-M,M], a;€le™,eM, i=1,...,4, ae.inq,
where M, L, L are constants given by the data such that

\CLD\ < M, esssup’UOD—eSFinfoéj < M,

I'p D
. . crt+/c2+16Cgcy
L::mln(essmfvé?,ln ! \/sz— —M),
I'p w
— D Cy+4/C;+16Cacq
L.:max(esssupvo, n dco —I—M).

I'p
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Continuous system: A-priori estimates

|dea of the proof:

e test continuity equations by

((CI_M)+7 (CZ_M)+7 _(C3"|_M)_7 _(C4+M)_>

d
- (— (G+M)™, ~(G+M)™, (G—M), (G—M)")

e test Poisson equation by (vg—L)*, —(vo+L)~
4

use strict monotonous decay of y — Z \;lsaze Y
1=1
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Continuous system: Existence

Theorem 2. There exists at least one solution (v3, a*®) to the stationary
SPDD model.

|dea of the proof:
e use Slotboom variables: (vo, ai, asz, as,as), Where a; = e%, Gummel map

o iterate a"=Q.(a°), solve fixed point problem a*=Q.(a®) for Q.: M.— L{)4,
Me:={ac L*()*: a;cle™,eMae inQ, i=1,...,4}.

e (). is continuous, maps the bounded, closed, convex set M. # () into itself,
Q.[M.] is a precompact subset of L?(Q2)*
apply Schauder’s fixed point theorem.

e evaluate v as the unique weak solution to

4
-V - (€VUQ) — f -+ Z )\iﬂie_MUOCL; on {2 + mixed BCs.
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Continuous system: Uniqueness for small applied voltages

Theorem 3.

1. If the Dirichlet data is compatible with thermodynamic equilibrium, i.e.
(P*=const, i=1,...,4, (P* = = (P = (P~

then the thermodynamic equilibrium (vg, _P*,..., D*) with

—V - (eVyy) = f + Z NitigeS 2% on Q  + mixed BCs
is the unique solution to the stationary SPDD model.

2. Let v* € Wh2wo(Q) for some wp € (N — 2, N). If the applied voltage is
sufficiently small, then the stationary SPDD model possesses exactly one
solution.
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|deas of the proof:

e formulation in a Sobolev-Campanato space setting, use results of Groger,
Recke’'06

e Write (UQ,Cl,...,C4) IZ—I—ZD,Where P (U(l))7<.f)77<£)

e Frechet derivative of the linearization w.r.t. Z at thermodynamic equilibrium
(Z*, 2P*) is an injective Fredholm operator of index zero

Wy (QUTy)® — W H29(QUTy)®
forsome w € (N — 2,wp]

e apply implicit function theorem
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Discretization

use boundary conforming Delaunay grids with r grid points

matrix G maps from nodes to edges of a triangle (tetrahedron)

( 1 -1 0 O \
1 =1 0 0 I -1 0
= = —1 0 1 0
Go=| 0 1 =1 |, Gs=| | o4 o i
-1 0 1 0 -1 0 1

\ 0 0 -1 1 )

G = /[7]G discrete gradient matrix

kel diagonal matrix of geometric weights per simplex, v, = 7=
GT[]1Gw indicates the global function including boundary conditions
w e R" vector of values in grid points

] diagonal matrix, [-], its jth diagonal element
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Discretized system: Scharfetter-Gummel scheme

A3 (v) = GT[Diaie_Ai”—O/sh(é%)]G, i=1,...4,

where sinh ¢

sh(t) = = Vo, ‘|2"00,k.

The ’average’ D@-ﬂie_)‘w—o/sh(é%’) is called Scharfetter-Gummel scheme and
results from solving a two-point BVP along each edge, (e=*i%0a;’)’ = 0.

Discrete stationary SPDD model:

GTeGvo = [VI(f + Yi_, Ailte " ]ay),
AT (vo)ar = 32,5 4 [V][r(w)](1 — [a;]ar) + [V][r12 €] (az — a1),
A5 (vo)ag = Y _g 4 [V][rai(w)](1 — [ai]ag) — [V][ri2 €*](ag — a1),
A3 (vo)ag = 3,1 o[V][ris(w)](1 — [a;]ag) + [V][rsse™"](ag — ag),
A7 (vo)ag = Yy 5 [V]Iria(w](1 - [aiag) — [V][rsae™)(ag — ag).
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Discretized system: Existence and bounds

Theorem 4. There exists at least one solution (v§, a®) to the discretized
stationary SPDD model. Solutions fulfill the bounds

a;jE[e_M,eM], i=1,...,4, vng[L,f], jg=1,...,7
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Discretized system: Existence and bounds

Theorem 4. There exists at least one solution (v§, a®) to the discretized
stationary SPDD model. Solutions fulfill the bounds

a;jE[e_M,eM], i=1,...,4, v(')jE[L,f], jg=1,...,r.

|dea of the proof:
o iterate a™ = Q(a°), solve fixed point problem a® = Q(a®) for Q : M — R*",
M:={acRY :q cle™ M, j=1,...,r, i=1,...,4}

e () is continuous, maps the bounded, closed, non empty set M into itself,
apply Brouwer’s fixed point theorem

e evaluate v§ by

4
GTeGvy = [VI(f+ ) Nfue *]af).
1=1
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Discretized system: Existence Iteration procedure

Starting from a® = (aj,a3,a3,a3) € M, we evaluate a” = Q)(a’) € M by:

1. Determine vg as the unique solution to

n

4
GTeGvy = [VI(E+ ) Nfae 0 ]ap).
1=1

2. Using this v we solve the four decoupled discretized continuity equations

Af(vg)ay = 3 Vilrila®, u§)](1 = [aflay) + [V[riz 0] (a3 — ay),

to evaluate a™ = (a7, ..., a}).
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Discretized system: Details

1. lterated Poisson equation
bounds for v: multiply equation by (v§ — L)*T, —(v} + L)~ 7
solvability: minimize h : R" — R,

1

4
_ G I T A — =y o
h(y) = 5y G eGy —y [V](f+;[uze ]al)-

uniqueness: suppose to have two solutions vy, v, multiply equation by
(Ve —v5)™"

continuous dependence on a°

For vi with |vg;| < ¢, j=1,...,r, forsome ¢ > 0 =
A? (v3) are weakly diagonally dominant M-matrices, i = 1, ..., 4,
they have bounded positive inverses for homogeneous Dirichlet data.
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Discretized system: Details

2. Iterated (1.) continuity equation

A7 (vp)at = Z V1[rii(a®, vg)](1 — [af]ag) + [V][riz e ](a3 — af)

solvability:
AT (vg) + Y V[ru(a®, v)][ag) + [V][riz e

i=3,4

has a bounded inverse. Thus the problem is uniquely solvable.
boundedness: multiply by (a7 —e™)*1, and —(a} +e™)~1

continuous dependence on vg and a°
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Discretized system: Uniqueness for small applied voltages

Lemma 1. If no voltage is applied to the device (the boundary conditions
volr, =08, ailr, =1, i=1,...,4,

which are compatible with thermodynamic equilibrium) then there exists a
unique solution (v§,a*) = (v§,1,1,1, 1) to the discrete stationary SPDD
model, here

%

4
GTeGvy = [VI(E+ ) Ailue *0]1).
1=1

This solution is a thermodynamic equilibrium.

Spin-polarized drift-diffusion systems Workshop in honour of Klaus Gértner, March 25, 2010 19 lwlilals



Discretized system: Uniqueness for small applied voltages

Theorem 5. If the applied voltage is sufficiently small, then the discrete
stationary SPDD model possesses exactly one solution.

e Linearization of the discrete stationary SPDD system in the
thermodynamic equilibrium (v§, a*) (corresponding to no applied voltage,
Lemma 1) has a bounded inverse.

* Due to the continuous dependence of the problem on (vg, a) the implicit
function theorem gives the desired uniqueness result for small voltages.

Summary
The static SPDD system possesses very similar analytical and numerical

properties compared to the stationary classical van Roosbroeck system.
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Assumptions

(A1)  Q c RY bounded Lipschitzian domain, N < 3,
['x relative open subset of 02, I'p := 9Q \ 'y, mesI'p > 0.

(A1*)  For all x € 99 there exists an open neighborhood U of zin RY and a Lipschitz
transformation ® : U — R" such that ®(U N (QUTN)) € {E1, B2, E3}.

(A2) T € Li_O(Q), ’LZ/ — 12, 34. T - () X (0, 00)4 — R_|_, T (x, ) c Cl((O, 00)4)

fora.a. z € Q. r;; (-, u), 8(3;3' (-,u) are measurable for all u € (0, c0)*.

/

(A2*)  For every compact subset X C (0, c0)* there exists a A > 0 such that
700 (2, )], || 2558 (2, u)|| < Aforallu € K and a.a. = € Q.

For every compact subset K C (0, 00)* and e > 0 there exists a § > 0 such
that |r; (z,u) — ri (z,0)| < e, || 8;;3' (x,u) — agif’ (z,0)]| < eforallu, u € K
with [|[u — @|| < dand a.a. z € Q, ii’ = 13,14, 23, 24.

(A3)  Di,e, fu; € L(Q),Di, e>c>0,0<cy < f<Cf, ey <u; <Oy
a.e.on Q, v, P ewhA(Q)NL®(Q),i=1,...,4.

(A4) Qs polyhedral with a finite polyhedral partition Q = U;Q’. On each Q!
the functions ¢, @;, D;, i = 1,...,4, r12, T34, 135 (-, u), 12" = 13,14, 23, 24,
are constants. The discretization is boundary conforming Delaunay.
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Definitions Sobolev-Campanato spaces

Campanato space
£29(Q) := {v € L*(Q) : ||v]| ¢z () < o0},
2 2 —w
foll3aeo = IollEa + swp {0 [ Joty) — vnel*dy }
er’p>0 B(w,p)
Sobolev-Campanato space
ov

Wh(Q) = {vEWl’Q(Q)-%ES “(Q), j=1,...,N},
J

ollyr2.0 ) = 0llz2 + 3200 | Jllswm)

Wy (QUTN) =W, (QUTN) NWH2Y(Q)

Sobolev-Campanato spaces of functionals
W2 (QUTN) :={F e W "?(QUTx) : | Fllw -1.2.0 (qury) < 00},

v e W2 (QUTY), |v|lwrz@) <1, }

F . w = { —w/2 F .
[Ellw =20 @ury) 5= sup o W0y © Bap). 2 € Q, p > 0
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