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Motivation
Sobolev imbedding result

lullze < cqpllullwing) Yue WHP(Q)

for q € [1,00) ifp:n,forqé[l,np—fp] if p < n.

Discrete imbedding results in the context of finite volume schemes

zero boundary values  general boundary values

YES NO
p=2 [1], [2] WIAS-Preprint 1429 (2009)
non Hilbertian case [3], [4] talk

] Eymard, Gallouét, Herbin, in Handbook of Numerical Analysis VIl 2000.
Coudiere, Gallouét, Herbin, M2AN 35 (2001).

] Droniou, Gallouét, Herbin, SINUM 41 (2003).

] Eymard, Gallouét, Herbin to appear in IMA JMA.
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Notation
Let 2 C R™, n > 2, be an open, bounded, polyhedral domain.

o A Voronoi mesh of Q denoted by M = (P, 7, &) is formed by

« a family P of grid points in €,

 a family 7 of Voronoi control volumes,

« afamily £ of parts of hyperplanes in R™ (faces of the Voronoi boxes).
o For xx € P the control volume K of the Voronoi mesh is defined by

K={zeQ:|lrv—ak|<|r—xr| Ve eP, xp #xx}, KeT.

K, O'/ — K/|L/

L/ T

TR
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Notation

The set £ and subsets

o For K, L € T with K # L either the (n — 1) dimensional Lebesgue
measure of K "L iszeroor KN L = ¢ forsome o € &.

o o = K|L denotes the Voronoi face between K and L.

o &;n: denotes the set of interior Voronoi faces.

o &..+ denotes the set of external Voronoi faces.

o For K € T: £k is the subset of £ such that 0K = K \ K = U,¢c¢, 0.

K/ O_I — K/’L/
.'I,'K DKO’ Mg d L/ ZC‘LI
K'ag’

do‘ L TK!
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Notation

Force&: m,- (n—1)-dimensional measure of the Voronoi face o.
r, - center of gravity of o.
dr.- - Euclidean distance between xx and o, if o € k.

dy = |$K—IL|ifO'=K|LE(€7;nt.
K
o o =K'|L/
TK Dy [Mo L dyer o’ L X
dy T TR!

half-diamonds
Do ={trxg + (1 —t)y:t€ (0,1), y € o}, mes(Dg,) = %mgd;@,
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Notation

Definition.

Let M be a Voronoi finite volume mesh of ).

1. X (M) = set of functions from €2 to R which are constant on each K € 7.
uy = value of u € X(M) on K.

2. Discrete W!P-seminorm of u € X (M), p € [1, 00)

Dsu\P 1/p
l,p,/\/l:( Z (d ) mad0> ,

0E€EEint

|u

where D,u = |ug — ur| foro = K|L.

Aim of the talk:

v —mq(u)|raq) < cgpltfipm YVue X(M), ma(u) = / u(x) de.
Q
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Assumptions on the geometry and the mesh
(A1) Q c B(0, E) C R™ open, polyhedral, star shaped w.r.t. some ball B(0, R).

n cX —% |f <R
Let o B" — [0,00). Q<y>={0p{ TR

define o™ € X(M)as 03 (z) =mino(y) forz e K.
yeK
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Assumptions on the geometry and the mesh
(A1) Q c B(0, E) C R™ open, polyhedral, star shaped w.r.t. some ball B(0, R).

n cX —% |f <R
Let o B" — [0,00). Q<y>={0p{ TR

define o™ € X(M)as 03 (z) =mino(y) forz e K.
yeK

(A2) Let M = (P, T,&) be a Voronoi finite volume mesh with [, o™ (z) dz > pg
(po > 0) and with the property that £x N Eepr # 0 — i € ON.
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Assumptions on the geometry and the mesh
(A1) Q c B(0, E) C R™ open, polyhedral, star shaped w.r.t. some ball B(0, R).

0 if |y > R

define o™ € X(M)as 03 (z) =mino(y) forz e K.
yeK

(A2) Let M = (P, T,&) be a Voronoi finite volume mesh with [, o™ (z) dz > pg
(po > 0) and with the property that £x N Eepr # 0 — i € ON.

Let o : R" — [0,00), o(y) = {

diam(o)

(A3) The geometric weights fulfill 0 < T < K forall o € &;,;.
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Assumptions on the geometry and the mesh
(A1) Q c B(0, E) C R™ open, polyhedral, star shaped w.r.t. some ball B(0, R).

n cX —% |f <R
Let o B" — [0,00). g<y>={0p{ TR

define o™ € X(M)as 03 (z) =mino(y) forz e K.
yeK

(A2) Let M = (P, T,&) be a Voronoi finite volume mesh with [, o™ (z) dz > pg
(po > 0) and with the property that £x N Eepr # 0 — i € ON.

diam(o)

(A3) The geometric weights fulfill 0 < T < K forall o € &;,;.

(A4) There exists a constant ko > 1 such that

max max|rg —x| < kg min dg,forallzg € P.
cclgNEint TET c€EKNEint
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Discrete Poincaré inequality

Lemma 1.
Let €2 C R™ be open, bounded, polyhydral and connected. And let n > 2,
p € (1,00). Then there exists a C'; , > 0 such that for all Voronoi finite volume

meshes M

1
fu=mau)lze@) < Crplulpae o€ XOM), ma() = —o [ u(e) da.

|dea:
Discrete Poincaré inequality + Holder’s inequality

lu —ma(u)||Le@) < Cpplufipm Vue X(M), pe(l,2].

Prove for convex subdomains €; that ||u — mq,(v)||zr(q,) < Cilul1,pam Where
w C £, mes(w) > 0,

write 2 = U;_,€;, think of w = Q;, w = Q; N Q;, compose the estimates.
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Potential theoretical lemmas

Lemma 2.

Let M be a Voronoi finite volume mesh of €2 such that (A1) — (A3) are fulfilled.
Let zx, be a fixed grid point and o € &;,,; an internal Voronoi face with gravi-
tational center z,. Then

mes({x € B(0O,R) : [vk,,z]No #D})

Mg

1
< —diam(2)" max{2. 4 n—1 =
= ( ) X{ y /{1} ’-TKO _$a|n_1 n‘xKo — x|

|dea: /

Estimation of the solid angle,

estimate mes(...) by the measure
of the corresponding segment of N0
the ball with radius diam(£2). v

v
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Potential theoretical lemmas

Lemma 3.
We assume (A1) — (A3). Let p € (1,n],

, 00 ifp=n n n 1 1
g c @Ig SRR Y; PSRRI [
(p,;25) ifp<m q p p D

Let zx, € P be a fixed grid point. Then

D o mn— Bn
> Y DK (12w, 2} 8 e o
KeT oelx 210 — o] '8 "

where m,,_; denotes the measure of the (n — 1) dimensional unit sphere in R™.

_ mes(Dk ) dz
Idea: Show Z Z r — [P = / P —5 (< 00).

KeT cefk
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Potential theoretical lemmas

Lemma 4.
We assume (A1) — (A4). Let p € (1,n],

, 00 ifp=n n o n 1 1
qc (p,00) 1fp L 2B=—+——n+l, —+=-=1
(p,75,;) ffp<n q P p P

Let o € &;,,: be a fixed inner Voronoi face with gravitational center z,. Then

mes(D g, o n—qB My —
Z Z |z _mK‘Onoc)Iﬁ (1+/<e2(1+2/<;1)) qﬁ 5 ! (2R) =: D,,.
K()ETO’()EE:KO Ko q

. mes DKOJO
Idea: Show > oy T <c/ |x_w ‘n 5 -

X
KoeT O'OESKO | Ko ™
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Main result: Discrete Sobolev-Poincaré inequality

Theorem 1.

Let €2 be an open bounded polyhedral subset of R™ and let M be a Voronoi
finite volume mesh such that (A1) — (A4) are fulfilled. Let p € (1,n], and

q € (p,o00) forp=nand q € (p, np—fp) for p < n, respectively. Then there exists
a constant ¢, , > 0 only depending on n, p, ¢, §? and the constants in (A1) —
(A4) such that

1
fu=maw)la@) < coplulipm Yue XM, ma(u) = —os | u(@)de

Glitzky, Griepentrog, WIAS-Preprint 1429 (2009) for p = 2.

Discrete Sobolev-Poincaré inequalities Elliptic and Parabolic Equations, December 3, 2009 13 (20) lwlilals



Proof of the discrete Sobolev-Poincaré inequality, 1

Llet 7o ={K €7 : K Cc B(0,R)}.
I .—/Q< (2) — ma(u))e™ (x)d K%/ (u)) ol d

Let Ky € T be arbitrarily fixed. For all K’ € 7y, f.a.a. x € K’ write
u(x) —maq(u) = ug, —ma(u) + Z (ur, — UK, )Xo (TK,,T)
o=K,;|K;

use correct order!
where

1 ifz,ycQand|z,y|No #0,
Xo(2,y) = . - —
0 ifxadQorydQorix,yno=0>0.

and [z, y] denotes the line segment {sz + (1 — s)y, s € [0, 1]}.
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Proof of the discrete Sobolev-Poincaré inequality, 2

Discrete Sobolev’s integral representation

Ilz(uKO—mQ(u))/QQMda:+ Z /K/ Z (uKi—’LLKj)Q/I\({l/XJ(ZCKO,ZC)dZU.

K’E% J:KilKj
By (A2) —>
I I (K
sy — mo(u)] < 1 4 2UK0)
Lo Po

|11

IN

| (@) = ma(w)e™ (@) dz
Q

lu — mq(u)| L1 o)
Cip |ul1,p M Lemma 1

<
<
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Proof of the discrete Sobolev-Poincaré inequality, 3

I, (Ky) = Z D, u Z / Q%XJ(:CKO,x)da:
K/

Uegint K/G%

< Z Dou mes({x € B(O,R) : 0N [rk,,x] # 0})

oc€&int

m
< A E D 7 Lemma 2
_ n O'u ‘[CKO L .CE0-|n_1

oc€&int

TK,
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Proof of the discrete Sobolev-Poincaré inequality, 4

Holder’s inequality for ay = q, as = pq/(q — p), az =p', let 28 = ct—ntl

Ir (K
21(4 0) < S Doular, — 20" "me
" oc€€int
D u\P 1/q D uN\P P
S( Z ( d u) ‘xKo _x0|_n+qﬁmada> ( Z ( d u) m(rda)
o€E;nt d o€Eint 7
/ 1/p’
(XXl — T modic )
KeT oelk
;1 D u\P T 1/q
SB’}L/p ‘u|1,p?/</?( Z ( d ) TRy — To| +g6m0d0)

O-Egint

Lemma 3, discrete W1 P-seminorm
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Proof of the discrete Sobolev-Poincaré inequality, 5

Ll0q = >, > T2(Ko)mes(Drqyo,)

Ko€T oo€€K,
Al q/p’ Dou\P —n+qf
< ARBIT T D () mede D ) ek =l mes( Do)
o€Eint Ko€T 00€EK,
< ASBYP Dyluli Lemma 4, discrete W!P-seminorm

In summary, for u € X (M)

1
Ju=ma()la@ < {1 Bz + 1 Elow |

1
— mes(Q)91Cy, |u
Po

IA

Ay
LpM + —BYP DM u|y g
PO
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Concluding remarks

e Forq € [1,p] and n > p, the discrete Sobolev-Poincaré inequalities
lu = ma(w)| Loy < coplulprm Yu€ X(M)

are a direct consequence of Theorem 1 and Hélder’s inequality.
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Concluding remarks

e Forq € [1,p] and n > p, the discrete Sobolev-Poincaré inequalities
lu = ma(w)| Loy < coplulprm Yu€ X(M)
are a direct consequence of Theorem 1 and Hoélder’s inequality.
e Corollary. Assume (A1) — (A4). Let g € [1,00) forn =pand q € [1, -2~ for

n > p, respectively. Then there exists a constant ¢, , > 0 only depélnéloing
on n, q, p, ) and the constants in (A1) — (A4) such that

lull o) < Cqp |tl1p.aq + mes(Q)a ™ / udz| Yue X(M).
Q
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Concluding remarks

e Forq € [1,p] and n > p, the discrete Sobolev-Poincaré inequalities
lu = ma(w)| Loy < coplulprm Yu€ X(M)
are a direct consequence of Theorem 1 and Hoélder’s inequality.
e Corollary. Assume (A1) — (A4). Let g € [1,00) forn =pand q € [1, -2~ for

n > p, respectively. Then there exists a constant ¢, , > 0 only depélndping
on n, q, p, ) and the constants in (A1) — (A4) such that

lull o) < Cqp |tl1p.aq + mes(Q)a ™ / udz| Yue X(M).
Q

e More general domains: Discrete Sobolev inequalities remain true if Q2 is a
finite union of §-overlapping star shaped domains 2,;,:=1,..., N.
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Concluding remarks

e Exponential estimate for p = n:
Under the assumptions (A1) — (A4) there exist constants ¥ > 0and v > 0
only depending on n, 2 and the constants in (A1) — (A4) such that

(rfuf1,n,Mm)"
n(n'Y)w

/ e"lul dz < ~vexp {fr\mg(uﬂ + } Vu e X(M), Vr € (0,00).
Q
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Concluding remarks

e Exponential estimate for p = n:
Under the assumptions (A1) — (A4) there exist constants ¥ > 0and v > 0
only depending on n, 2 and the constants in (A1) — (A4) such that

/ e"l“l dz < yexp {fr\mg(uﬂ + (?“\U|1nML) } Vu e X(M), Vr € (0,00).
Q n(n'3)n’

e The case p > n:
> lu —ma(u)|| e @) < Coopltt|ipm Vu € X(M).

>  Discrete analog to the imbedding of W?(Q) in C°*(Q)
is under discussion.
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