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Model equations

X; species,i=1,....,m i reference densities
v;  chemical potentials u; = ;e densities

e reversible reactions

Xy + -+ O X = P1X1 + -+ BuXim, (@, B) € X C L X LY

reaction rates kop (€ —e"P),  v=(vi,...,vm)
generation rate of species X; R = Z kep(€”% — "B (B — )
(op)ez

o flux density Ji= —wVvi, i=1,....m,

continuity equations

a.
%+V~j,~:Ri iNRy.xQ, v-ji=0onRy xT,

w(0)=U;inQ, i=1,....m.
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Weak formulation

v=1,...,vm) €V =H"(QR™), u=(uy,...,un) €V*
Operators A, E: VNL®(Q,R™) - V*
m
(Av,7)y ::/ {Zﬁiev’uin,-~V17i+ Y kg (e“'v—eB'V)(a—B)-ﬁ}dx
Qtig (o, B)e#®
(Ev, D)y ::/ Zﬁievividx, vev
QF
Problem (P)
W (1) +Av(t) =0, u(t) = Ev(r) faa.t e Ry, u(0) =U, }

ue HL (Ry;V*),ve L2 (RysV)NLE (R L2(Q)™M).

loc
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Energy functionals

Dissipation rate

V)I/ Zﬁ,‘eviuiVVi~Vvidx
+/ By = B)-vdr> 0 WveVALZ(QR")

ocﬁeﬂ

Free energy

Flu) = /Q Y (™~ 1) 4 i) dr

i=1 Ui

Stoichiometric subspace

S =span{a—B: (a,B) € Z}

W
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Results for the continuous problem (G./Hiinlich 97, G./Géartner ’09)

e Invariants: (u,v) solutionto (P) =

w(t)—UeU = {uev*: ((ul,l),...,<um,1>)€5’} Vi > 0.

e Thermodynamic equilibrium: There exists a unique solution (u*,v*) to
A =0, W=Ev, u'-Ue%. (S)
Moreover, Vv* =0 and v* € .#L.
e Monotonous decay of the free energy: Let (u,v) be a solution to (P). Then
F(u(t2)) < F(u(n)) <F(U) forry >0 >0.
e Exponential decay of the free energy: Let (u,v) be a solution to (P) and let

(u*,v*) be the thermodynamic equilibrium. Then there exists a constant 4 > 0
such that

F(u(t))—F*) <e M(F(U)—F(u")) Vi>0.
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Voronoi finite volume discretization

Q c RN, N < 3, open, bounded, polyhedral domain

M= (P, T,E)

e set & of grid points in Q, 2 is assumed to be boundary conforming Delaunay
e family .7 of control volumes,
e family & of faces of the

Voronoi boxes .-‘
(g;'nlcg,gKCéa,M:#,@ 'e’

For xx € & the Voronoi box K is given by

K={xeQ:|x—xg|<|x—xp| Vxp€ P, x #xx}, KeT.

ms = (n—1)-dimensional measure of Voronoi face o,
ds = |XK —xL| for o = K‘L € G
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Discretization scheme
uk Mass of species X; in the box K i = ufges izt m ERMM
vik chemical potential of the species X; inxx V= (vik)ke 7 i=1.. m € RM"
Voronoi finite volume - implicit Euler - discretization
K K
u; (ty) — u; (-1 m,
i (") i (" ,) — Z YiaZf(ln)(ViL([n)—ViK(ln))TG = RlK(ln)7
In —1h— CEEKNE o
®x)

uf (1) = e @ mes(K), n> 1,

ulK(O):/Uidx, KeZ,i=1,....m,
K

78 = 1(e"* +e"t), o = K|L, Y° suitable average of i;; corresponding to face ¢
ik, kopx average of i, kyp on the box K,
Z kaﬁK(ea-VK(ln) *e'B'VK(t"))(ﬁ[* ai) mes(K)

(a.p)ez

RZK (tn) =

W
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Results for each finite-dimensional problem (P ;) (Glitzky ’08)

e Invariants: (i,¥) € (RM™)2 solution to the discretized problem (P ) —

r‘i(z,,)fﬁe{fie]RM’”: (YL ., ¥ ug)ey} VneN
Ke7 Ke7T

e Stationary solutions: There is exactly one stationary solution (i*,v*) to (P )
fulfilling the above invariance property.
(@#*,v*) is a discrete thermodynamic equilibrium.

e The scheme is dissipative and the discrete free energy

1KeT

Fi) = i Y (u,KViK —uf + ﬁiKmeS(K))

decays monotonously and exponentially to its equilibrium value.
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Remarks

Results are also valid for (Gartner/G. '09, G. '08)

e anisotropic diffusion S; positive definite, symmetric

flux densities
Ji=—uiSiVv;

1
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Remarks

Results are also valid for (Gartner/G. '09, G. '08)

e anisotropic diffusion S; positive definite, symmetric

flux densities
Ji=—uiSiVv;

e more general statistical relations  u; = ;g;(vi — Vi)
flux densities

Ji = —igi(vi — vi)SiVvi
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Remarks

Results are also valid for (Gartner/G. '09, G. '08)

e anisotropic diffusion S; positive definite, symmetric
flux densities
Ji=—uiSiVv;

e more general statistical relations  u; = ;g;(vi — Vi)
flux densities

Ji = —igi(vi — vi)SiVvi

e charged species X; with charge numbers g;
in addition Poisson equation for the electrostatic potential vo

m
—V-(SoVvo) =f+ Y qij onRyxQ  + BCs

=1
flux densities l

Ji = —itigi(vi— v1)SiV (vi + givo)
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Remarks concerning anisotropies

Use for each species X;, i = 1,...,m, their own anisotropic Voronoi boxes
KD ={xeQ: (x—x[()TSfl(x—xK) <(r—x)'S; N (x—x1) Vi€ 2}

[ ]
@® grid points

Y
"
Y
(Y
kY
Y
-

T
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.

i/

.

- Y

=

)
\
1Y
(Y
s
Y
-

o fluxes through faces o(?) additionally contain the factor |S;v°" |

reaction terms have to be evaluated on all different intersection sets
A--nK™ ke {1,...,M}

M) ~ @
K, Nk,
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Formulation of (P_,) by piecewise constant functions

Aim: Uniform exponential decay of the free energy for a class of Voronoi finite
volume discretizations .# of Q with the properties

diam(G) < K1ds Vo € (g;'nh K out <K K in VK e T (Q)

X(.#) = set of functions from Q to IR, being constant on each K € .7.
vg =value of ve X(.#) on K.

Discrete H'-seminorm for v € X ()

|y|i% =Y |Dgy|2?, where Dgv = |vg — vy | for 6 = K|L.
o

Geébinl
use functions
vi w L keg g =e¥?  eX(4) K
a where ujg =
vik uik Uik kopg gVi/2 onK mes(K)

W
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Formulation of (P_,) by piecewise constant functions
Ey:X(M)—X(M), Ez(v)=(4;€%)i=1,. m: u=E4(v)
Free energy: F,:X(4)— R, m
Fautw) = [ Yy~ @) de # Flw)
i=1
Dissipation rate
m
=Y Y v°z’|bs 2 "+/ Y kople® (a—PB)
=1 6EE Qo prer
m ) m o m ﬁ ) /2
>cY la ,.\,J{Jrc/ Y [[1e%-TIe*]?ax >0, ;= e
i=1 Qg Bz i=1 i=1
Invariants: u(ty)-Uew% VneN
For the thermodynamic equilibrium (u*,v*) to (P ) (resulting from (&*,v*)) we get
u = % Loi=1,...,m, VvV =vest
i
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Formulation of (P ) by piecewise constant functions (G. Prep. 1443)

Theorem A. [Uniform estimate of the free energy by the dissipation rate]
Let a class of Voronoi finite volume discretizations fulfill (Q), moreover let (u*,v*) be
the thermodynamic equilibrium to (P 4). Then, for all p > 0 there exists a constant
cp > 0 such that

Fy(Eqv)—Fu(u”) <cpD g (v)

forally € A 4 = {2 EX(M): FyEqv)—Fyw*)<p,Eyv—UE€ ?/}
uniformly for all Voronoi finite volume discretizations .# .

Indirect proof:
Suppose there is {.#)} with size(.#;) — 0 and corresponding v; € .4,_4, such that

Fu(Eqv)) —F 4 w) =CD_ z4(v) with C;— oo,

construct a contradiction.
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Formulation of (P_,) by piecewise constant functions

Essential tool in this proof:

Theorem B. [Discrete Sobolev-Poincaré inequality] (G./Griepentrog’ 10)
lu—ma(u)lraq) < cqluli.x YueX(A)

for g € [1,00) if N =2, g € [1, 72%) if N > 2 uniformly for all .# with the property (Q).

D.y(v) =0 = layili.q—0
= ayi—malay)—0inL1(Q),

ma(a ;) — €'/

guarantees the limit passage [ — oo in parts of the dissipation rate resulting from the
reaction terms.
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Uniform exponential decay of the free energy for solutions to (P /)

Theorem C. [Uniform exponential decay of the free energy]

We consider Voronoi finite volume discretizations . fulfilling the property (Q). Let
(u,v) be a solution to (P_,) and let (u*,v*) be the thermodynamic equilibrium to
(P_z)- Then

Fy(u(tn) —F 4 (u*) <e " (F4(U)—F 4(u*) Vn>1

with a unified constant 1* > 0.

Idea of the proof:

Discrete Brézis formula: For ny > ny > 0 and A > 0 we obtain

& M (P (ultn)) — F () ) =& 40 (F.ultn,)) — F ) )

< ¥ ) [ (Ea )~ Eae)) - Daole) .

r=n;+1
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Idea of the proof

Forn, >n; > 0and A > 0 we obtain

oM (P (w(tn)) = Fu () ) =& (F. g (ultn,)) = F. ()

< Y &) {eMA(Fa ) ~Faw) =D (u(e)

r=n;+1

ultny)) + Z —tr-1)D y (v(tr)) < Fp (u(tn))) < F. (U)
r=n;+1
F , decays monotonously,
FyU)—F ") <pforall .# with (Q), E yv(ty)—U€¥
= v(ty) €My forr>1

e apply Theorem A, choose A > 0 such that 2e*hc, < 1
= result follows uniformly for all .Z with (Q).
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Assumptions

Q c RN, N =2,3, open, bounded polyhedral domain;
Ui, 4, U €LY (Q), 4, 4; >8>0, g €Z, i=1,...,m;
F C L < 77 finite subset, kyp € LT (Q), kg > 6 > 0for all (o, B) € Z.
It N =3 then max(q, ) max { Tt s, K11, B} <3;
(< 3 for uniform exponential decay of the free energy)

YU (Ui di) >0 YA €.\ {0} (Slater condition)

{beR!: b*=bPV(a,B) € R, u—U €U, ui = iizb;} N IR = 0;
(no false equilibria in the sense of Prigogine)

. Voronoi finite volume discretization,
2 boundary conforming Delaunay grid, & = sup,,cy(tn — ti—1) < oo

W
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Assumptions for uniform results
Q c RV is star shaped with respect to some ball B(yg,R).

2 .
eXP{—m} if [y—yo| <R,

p(y) =
0 if [y —yo| = R.

o e X(M): pit? (x) =min,cgp(y) forxek.

For all finite volume meshes .#Z of Q we suppose the following properties:
Jap (x)dx > Ko,

o ExNéuy # 0implies xg € 00,

e The geometric weights fulfill property (Q).

Q = U;c »Qy finite disjoint union of subdomains s.t. discontinuities of i;, i = 1,...,m,
coincide with subdomain boundaries. (N — 1) dimensional measure of all internal
subdomain boundaries is bounded. There exists some y € (0, 1] such that

u; € %0#(91) = {W|Q[,W S CO’Y(RN)}, i=1,....m 1€ 7.
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