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Reference finite element

> Let {P,K,%} be a fixed finite element

> Let Tk be some affine transformation and K = TK(R)

» There is a linear bijective mapping 1k between functions on K and
functions on K:

vk V(K) = V(K)
fis foTk

> Let
» K = Ti(K)
> Px = {¢'(P)ip € P},
> ZK = {O'Ky,', i=1...s: O'K,,'(p) = Z)'\,(i/JK(p))}
Then {K, Pk, Xk} is a finite element.
» This construction allows to develop theory for a reference element and
to lift it later to an arbitrary element.




Commutativity of interpolation and reference mapping

> Ty otk = Pk o Ik,
i.e. the following diagram is commutative:

Pe Vs P,

» = Interpolation and reference mapping are interchangeable




Affine transformation estimates |

» K: reference element

> Let K € Tp. Affine mapping described by matrix Jx and shift vertor
bKI

Tk K= K
X = JkX + by

with Jx € R%9 bx € R, Ji nonsingular

> Diameter of K: hx = maxy ek ||x1 — X2||
= longest edge if K is triangular

» pk diameter of largest ball that can be inscribed into K

> o = Z—i: local shape regularity measure

ok = 2v/3 for equilateral triangle
ok — oo if largest angle approaches .




Affine transformation estimates |l

Lemma T:
> |det Jx| = :Eg
[kl < B ||t < R
> = ||Jkl] - HJle < ok
Proof:
> |det Jk| = %ﬁ%: basic property of affine mappings
» Further:
[[JeX[| 1 .
[kl = R~ e e [k K]
Pk 1%ll1=px

Set X = %1 — % with %1, % € K. Then Jk& = Tk%1 — Tk% and one
can estimate ||JxX|| < hk.

> For ||J|| regard the inverse mapping O




Estimate of derivatives under affine transformation

> For w € H*(K) recall the H® seminorm |w|? ;o = > 16l=s H@ﬁwﬂfz(,{)

Lemma D: Let w € H°(K) and W = w o Tk. There exists a constant ¢
such that

. _1
(W i < cllJil[*| det Ji |72 [wls i
_ 1.
|wls.c < cl|Jic I det k|2 W],
Proof: Let |a| = s. By affinity and chain rule one obtains

10°W|| 2y < el il D 110°w o Tkl
|Bl=s

Changing variables in the right hand side yields
10 W |2y < €|kl || det Jie| 3 wls.i

Summation over « yields the first inequality. Regarding the inverse
mapping yields the second estimate. [J




Local interpolation error estimate |

Theorem: Let {f(, P, f} be a finite element with associated normed

vector space V/(K). Assume there exists k such that

Px C P C H**Y(K) c V(K)
and

H*Y(K) c V(K) for 0<I<k

Then there exists ¢ > 0 such that forall m=0.../+1, K €T,
v € HFY(K):

|V — I,’}v\mﬁK S ChijlimO'? V|/+1,K.

l.e. the the local interpolation error can be estimated through hk, ok and
the norm of a higher derivative.




Local interpolation error estimate Il
Draft of Proof

» Estimate on reference element K using deeper results from functional
analysis:

‘VAV_IEMm,k < el i (*)

(From Poincare like inequality, e.g. for v € HX(Q), c||v||z < ||VV||e:
under certain circumstances, we can can estimate the norms of lower
derivatives by those of the higher ones)

» Derive estimate on K from estimate on K: Let v € H'"1(K) and set
¥ = vo Tk. We know that (Zkv)o Tk :Il’f(\“/.

V= Thvlmk < cllJHl|™| det Jic| 2|0 — ZE D], 5 (Lemma E)
_ 1.
< el det Ik |2 (0] & ()
< cll MM v e, (Lemma E)
= c(|lkll- 1 D™ IR N V]
< e MRV 1K (Lemma T)




Local interpolation: special cases for Lagrange finite
elements

» General condition

Px C P c H*(K) c V(K)
HY(K) c V(K)

» k=1,1=1,m=0: |v—Tkv|ok < ch%|v|ak

> k= 1,/2 l,m: 1: |V—I;<<V|1,K < ChKO'K‘V|27K




Shape regularity

Now we discuss a family of meshes 7, for h — 0. We want to
estimate global interpolation errors and see how they possibly
diminuish

v

v

For given Ty, assume that h = maxkeT; hj

v

A family of meshes is called shape regular if

h
VYhVK € Th,ox = - < a9

PK

» In1D, ok =1

» In 2D, ok < Sin20K where O is the smallest angle




Global interpolation error estimate

Theorem Let Q be polyhedral, and let 7, be a shape regular family of
affine meshes. Then there exists ¢ such that for all h, v € H’+1(Q),

[N

I+1
v = ZEvl|iz@) + > A7 (Z v — If’fvfn,x> < ch™Mvlia

m=1 KeTy,

and

lim ( inf |VV/-,|L2(Q)> =0

h—0 \ v, e V:




Global interpolation error estimate for Lagrangian finite
elements, kK =1

» Assume v € H3(Q), e.g. if problem coefficients are smooth and the
domain is convex

v —Zfviloe + hlv — Zivlra < ch’|vaq

v —Thvla < chlv]aa
lim | inf |[v—wy10] =0
h—0 Vhev,f

» If v € H?(Q) cannot be guaranteed, estimates become worse.
Example: L-shaped domain.

» These results immediately can be applied in Cea's lemma.




Error estimates for homogeneous Dirichlet problem

» Search u € H}(Q) such that

/Wuvvdx: / fvdx Vv € H3(Q)
Q Q

Then, limp_yo ||t — upl|1.0 = 0. If u € H?(Q) (e.g. on convex domains)
then

|lu— unll1,a < chlul20
||lu— uplloq < ch?|ulaq

Under certain conditions (convex domain, smooth coefficients) one also has

[lu— upllo,o < chlulio

(“*Aubin-Nitsche-Lemma")




H?-Regularity

v

u € H?(Q) may be not fulfilled e.g.

> if Q has re-entrant corners

> if on a smooth part of the domain, the boundary condition type
changes

> if problem coefficients (\) are discontinuos

» Situations differ as well between two and three space dimensions

v

Delicate theory, ongoing research in functional analysis
» Consequence for simuations

» Deterioration of convergence rate
> Remedy: local refinement of the discretization mesh
> using a priori information
> using a posteriori error estimators + automatic refinement of
discretizatiom mesh




Higher regularity

> If ue H5(Q) for s > 2, convergence order estimates become even
better for P* finite elements of order k > 1.

» Depending on the regularity of the solution the combination of grid
adaptation and higher oder ansatz functions may be successful




Quadrature rules
» Quadrature rule:

[ £t e~ K| wrg()

=1

v

&) nodes, Gauss points

wy: weights

The largest number k such that the quadrature is exact for
polynomials of order k is called order kq of the quadrature rule, i.e.

vy

lq
Vk < kq,¥p € IP”‘/ p(x) dx = K| Y wip(&)
K =1

v

Error estimate:

V¢€Ck+1 |K|/¢(X dfow/g &)

<<:hk+1 sup  |0%¢(x))|

xeK,|a|=kq+1




Some common quadrature rules

Nodes are characterized by the barycentric coordinates

d | k¢ Ilqg | Nodes Weights
1|1 1 (%,%) 1
1 2| (1,0),(0,1) 303
3 2 (%+?’%7T3)’% T37é+§) %’%
1 1 31 3 (1 31 3 8
5 31G)HGHVar—vVa)G-VaitVa) |t
2 1 1 (%’%7% 1
1 3 (17070)7(07 170)7 (0707 1) %7%7%
2 3 (%7%’?)7(%1’(17 %3)’(1’ %37 %1) 311 3% s o2
3 4 (??7?)71(37573)7(57573)7(57575)7 "~ 16> 48> 48° 48
3 1 1 (1717271) 1
1 4 | (1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0,1) %,%,%,%
2 4 (5—\/5 5—\/§5f +3f) 1111
20 ' 20 20 20 1020404




Weak formulation of homogeneous Dirichlet problem

» Search u € V = H}(Q) such that
/ kVuVvdx = / fv dx Vv € H3 ()
Q Q
> Then,
a(u, v) ::/KVUVVC/X
Q

is a self-adjoint bilinear form defined on the Hilbert space H3(Q).




Galerkin ansatz

> Let V,, C V be a finite dimensional subspace of V

» “Discrete” problem = Galerkin approximation:
Search up € V), such that

a(up, vp) = f(vy) Vv € Vy

» E.g. Vj is the space of P1 Lagrange finite element approximations




Stiffness matrix for Laplace operator for P1 FEM

» Element-wise calculation:

aj = a(¢i, ¢j) = /QV¢:'V¢J' dx :/Q Z VéilkVejlk dx

KeTh

» Standard assembly loop:
fori,j=1...N do
| seta;=0
end
for K € T, do
for m,n=0...d do

Smn :/ VAnVA, dx
K

3jor (K, m) sjaor (Kyn) = e (K,m).jsor (K,n) T Smin

end
end

» Local stiffness matrix:

SK = (SK;m,n) :/ V/\mV/\n dx
K




Local stiffness matrix calculation for P1 FEM

> 3p...ay: vertices of the simplex K, a € K.

[Ki(a)l
K]

» Barycentric coordinates: A;(a)
» For indexing modulo d+1 we can write
1
|K‘ = Idet (aj+1 — 3jy..-3j4d — aj)

1
|KJ(a)| = E det (aj+1 —a,...3j4+d — a)

» From this information, we can calculate explicitelyV\;(x) (which are

constant vectors due to linearity) and the corresponding entries of the
local stiffness

Sjj :/VA,V)\J dx
K



Local stiffness matrix calculation for P1 FEM in 2D

> a9 = (x0,%0)---ad = (X2, y2): vertices of the simplex K,
a=(x,y)€eK.

[K;(x,x)|
K]

» Barycentric coordinates: A;(x,y) =
» For indexing modulo d+1 we can write
K| = L det <Xj+1 =X X2 _Xj>
2 Yier =Y Yi+2 7Y

1 Xit1 — X  Xjio — X
Ki(x = Zdet [ V! +2 >
Kl = et (507 02

» Therefore, we have

K506 = 2 (g0 = X)e2 — ¥) — G2 = 20031~ )
0ulKi(x )| = 5 (U351 = ¥) = vz = ) = 5001 = 3342)
01K (x, )] = 5 (G512 = X) — Gg11 = 2) = 3012 — 1)



Local stiffness matrix calculation for P1 FEM in 2D ||

>

K| Yj+1 = Yj+2
i= [ VAV dx = 1 — Yit2s Xit2 — Xi J I
Sij /K iVAj ax 4‘K|2 (y:+1 Yi+2; Xi+2 XI+1) Xji2 — Xj41

> So let V= (170 X2TX
Yi—Y Y2—Yo
» Then

x; —xo = Voo — Vo1

yi—ya=Vio— Vi1
_(ri=y2\ _ (Vio— Vi
21K1 VAo = (Xz - X1> B <V01 - Voo>
— V;
ok o= (2 20) = (%)

- —V
2kl v = (2 0) = ()

and



Degree of freedom map representation for P1 finite
elements

> List of global nodes a ... ay: two dimensional array of coordinate
values with N rows and d columns

» Local-global degree of freedom map: two-dimensional array C of
index values with Ng rows and d + 1 columns such that
C(i, m) = jaor (Ki, m).

> The mesh generator triangle generates this information directly



Practical realization of boundary conditions

v

Robin boundary value problem

-V -kVu=f inQ
kVu+a(u—g)=0 on0Q

v

Weak formulation: search u € H(Q) such that

/nVquder/ auv ds:/fvder/ agvds Vv € HY(Q)
Q o9 Q Glel

In 2D, for P! FEM, boundary integrals can be calculated by
trapezoidal rule without sacrificing approximation order
Use Dirichlet penalty method to handle Dirichlet boundary conditions

v

v



More complicated integrals

v

Assume non-constant right hand side f, space dependent heat
conduction coefficient k.

v

Right hand side integrals

P! stiffness matrix elements

v

ajj :/ KJ(X) V)\, V)\J dx
K

v

Pk stiffness matrix elements created from higher order ansatz
functions



Matching of approximation order and quadrature order

» “Variational crime”: instead of
a(uh, Vh) = f(vh) Yvp € Vy
we solve
an(un, vi) = fa(vh) Yvi € Vj
where ap, f, are derived from their exact counterparts by quadrature

» For P! finite elements, zero order quadrature for volume integrals and
first order quadrature for surface intergals is sufficient to keep the
convergence order estimates stated before

» The rule of thumb for the volume quadrature is that the highest order
terms must be evaluated exactly if the coefficients of the PDE are
constant.



Practical realization of integrals

» Integral over barycentric coordinate function

/ Ai(x) dx = 1|K\
K 3

» Right hand side integrals. Assume f(x) is given as a piecewise linear
function with given values in the nodes of the triangulation

f_/ FoON(x) ox ~ 5 KIF(a)

> Integral over space dependent heat conduction coefficient: Assume
k(x) is given as a piecewise linear function with given values in the
nodes of the triangulation

a,-,-:/ K(x) VA VA, dx = %(m(ao)—m(al)—m(ag))/ VA V), dx
K K



Convergence tests



P1 FEM, homogeneous Dirichlet

» Problem:

—Au="finQ
u=0o0n 90N

» Exact solution + rhs:

u(x,y) = sin(mx)sin(my)
f(x,y) = 2mwsin(mwx) sin(my)



P1 FEM: error plot

iref=8

0.00e+00

-1.50e+00

» As expected:

B 2
g—3009+00 ||u — uh| ‘L2 < Ch
? [|lu— upl|;n < Ch
-4.50e+00
-6.00e+00:

-3.00e+00 -2.25e+00 -1.50e+00 -7.50e-01 0.00e+00
log10(h)



FVM: error plot

iref=8

0.00e+00

-1.50e+00

» As with P1 FEM

B 2
g—3009+00 ||u — uh| ‘L2 < Ch
? [|lu— upl|;n < Ch
-4.50e+00
-6.00e+00:

-3.00e+00 -2.25e+00 -1.50e+00 -7.50e-01 0.00e+00
log10(h)



Iterative solver complexity |

> Solve linear system iteratively until ||ex|] = ||(/ = M7 A) ep|| < €
pkeo <e
kinp <Ine—Ing
k> ky = Pneo—lne—‘
Inp

> = we need at least k, iteration steps to reach accuracy e
> Optimal iterative solver complexity - assume:

> p < po < 1 independent of h resp. N

> A sparse (A - u has complexity O(N))

> Solution of Mv = r has complexity O(N).

= Number of iteration steps k, independent of N
= Overall complexity O(N)




Iterative solver complexity Il

\4

Assume
» p=1-h =Inp=x —h® = k, = O(h™9)
> d: space dimension = h ~ N7 = kp = O(N%)
> O(N) complexity of one iteration step (e.g. Jacobi, Gauss-Seidel)
= Overall complexity O(N'*&)=0(N ‘")
Jacobi: § =2
Hypothetical “Improved iterative solver” with 6 =1 7
Overview on complexity estimates
dm p=1-0(K) p=1-0(h) LUfact. LU solve
1 O(N?) O(N?) O(N) O(N)
2 O(N?) O(N?) O(N%)  O(Nlog N)
3 O(N?) O(N?) o(N?) O(N%)




Solver complexity scaling for 1D problems

. 2
dim p=1-0(h") p=1-0(h) LUfact. LU solve
3 2
1 O(N?) O(N?) O(N)  O(N)
101 Complexity scaling for 1D problems 10% Complexity scaling for 1D problems
—
ool — p=1-0(* ) " _ 102 — p=1-0(r*)
— p=1-0(h) 109 — p=1-0(h)
104 H — p<l 101 — p<l
ol LU fact 10 e o LUfact
" LUsolve |7 v LU solve
§ 10 g10
H © 10
§ 10° §1o‘°
10° 10°
pereneees :
10 10
10° pemniiia;
2 e S
10 10 e
B T T 7T a— — 100 L — - o
200000 400000 600000 800000 1000000 10 10 10 10
N h

» Direct solvers significantly better than iterative ones




Solver complexity scaling for 2D problems

dm p=1-0(h) p=1-0(h) LUfact. LU solve

2 3 3
2 o(N?) O(N?) O(N?)  O(Nlog N)
101 Complexity scaling for 2D problems 102 Complexity scaling for 2D problems
o} — p=1-0(h*) 107 — p=1-0(h*)
— p=1-0(h) 1020 — p=1-0(h)
W04 H — p1 101 — <l
el LU fact 101 e « LU fact
" LUsolve | " v 1ot LU solve
510 §10
2 8 102
2 10 P & 100 \\.‘\
S & 10
10° K” 10° \"-.‘_\
—— \
10 /“ 10° \\
10 10 o
100 107
200000 400000 600000 800000 1000000 107 107 107 107 10°
N

» Direct solvers better than simple iterative solvers (Jacobi etc.)

» On par with improved iterative solvers




P1 FEM 4 LU Factorization:

2.00e+00

2.50e-01

1.50e+00

Ioglﬂ(ﬁme)

-3.25e+00

-5.00e+00

iref=8

oGen
oAsm

olU fact

olU solve

o OIN*(3/2)

0.00e+00

1.75e+00 3.50e+00 5.25e+00 7.00e+00
log 10(N)

timing plot

asm: Assembly
gen:  Mesh generation
[uf: LU factorization
lus: LU solution
» For large problems,
tiur > tasm > tgen > s
> tyr = O(N?)



2.00e+00

2.50e-01

1.50e+00

Ioglﬂ(ﬁme)

-3.25e+00

-5.00e+00

+ Jacobi: timing plot

iref=6

0.00e+00

3.50e+00 5.25e+00 7.00e+00
log 10(N)

5000400

2500400

(error)

0000400

log10¢

2500400

iref=s

008

T CZges TS0 780e0 Gibee00
log10(h)

> te = O(N?)
> tiac = O(V?)

> K

— 0(h™?)



P1 FEM + ILU: timing plot

iref=6

iref=s

2.000+400
scao0
250000
2:506-01
SON*2))
o OMN*™(@G/2)
0
E.150e+00
£ 2500100
o
o
k)
0N A N T Y120
-3.256+00 log10(
3
> te = O(N2)
— 2
> ty, = O(N?)
-2
5.000400 > = ( )
0.00e+00 1.75e+00 3.50e+00 5.25e+00 7.00e+00 ’Q O h

log 10(N)



Next lecture

Next lecture: Jan. 8, 2019
Happy holidays!



