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Floating point representation

» Scientific notation of floating point numbers: e.g. x = 6.022 - 10%
» Representation formula:

x =+ i diB~' B¢
i=0

» B3e€N,B>2: base
> d;i € N,0 < d; < B: mantissa digits
> e € Z : exponent

» Representation on computer:

-1
x =+ tz: diB3~' e
i=0

B=2

t: mantissa length, e.g. t = 53 for IEEE double

L<e< U eg —1022 < e <1023 (10 bits) for IEEE double
do # 0 = normalized numbers, unique representation

vVvyyvyy
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Floating point limits

» symmetry wrt. 0 because of sign bit

» smallest positive normalized number: dp =1,d;=0,i=1...t—1

Xmin — BL
» smallest positive denormalized number: di =0,i=0...t—2,d;-1 =1
_ pl—tpl
Xmin — B B

» largest positive normalized number: d; =5 —-1,0...t —1

Xmax = B(l - Bl_t)ﬁu

Machine precision

v

Exact value x

v

Approximation X

\4

Then: |*=%| < € is the best accuracy estimate we can get, where

» €= 317t (truncation)
> e = 1817t (rounding)

v

Also: € is the smallest representable number such that 1 + ¢ > 1.

v

Relative errors show up in partiular when

> subtracting two close numbers
> adding smaller numbers to larger ones
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Matrix + Vector norms

» Vector norms: let x = (x;) € R”

> ||x]]1 = Zi =" |x;|: sum norm, /;-norm

> ||x]]2 = 4 /27:1 x2: Euclidean norm, h-norm

> ||x||co = Maxj=1...n |Xi|: maximum norm, /sc-norm
» Matrix A= (a;) € R" x R”
> Representation of linear operator A : R” — R" defined by A : x — y = Ax
with

n

Yi = E ajjXj

j=1
» Induced matrix norm:
|| Ax||
[|A[l, = —_—
x€ERM x40 ||X||V
|| Ax]]w

x€R™[|x|[,=1 ||x||v

Matrix norms

n .
> ||A]l1 = maxj=1..n ., |aj| maximum of column sums
> ||Alloo = maxi=1...0 ) ; |a5] maximum of row sums

> ||A]l2 = V/Amax with Amax: largest eigenvalue of ATA.
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Matrix condition number and error propagation

Problem: solve Ax = b, where b is inexact.

A(x + Ax) = b+ Ab.

Since Ax = b, we get AAx = Ab. From this,

Ax =A7Ab | _ [ Al = [[b]
-1
Ax =b [[Ax]| < [|AT*]] - [|Ab]]

[|Ax]| |Ab]]
< K(A)
x| |b]]

where x(A) = ||A|| - ||A7!]| is the condition number of A.
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Approaches to linear system solution

Solve Ax = b
Direct methods:
» Deterministic

» Exact up to machine precision

» Expensive (in time and space)
Iterative methods:

» Only approximate
» Cheaper in space and (possibly) time

» Convergence not guaranteed
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Really bad example of direct method

Cramer’s rule
write |A| for determinant, then

ain aw ... ai-1 b1 a4 ... am
ani . b2 ce a2n )

Xi = . . /1A (i=1...n)
anl .« e bn .« e ann

O(n!') operations...
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Gaussian elimination

» Essentially the only feasible direct solution method

» Solve Ax = b with square matrix A.
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Gauss 1

6 -2 2 16
12 -8 6|x=1| 26
3 —-13 3 —19

Step 1
6 -2 2 16
() Zl -—-:2 X = ——(5
0o —-12 2 =27
Step 2
6 —2 2 16
0 4 —-2|x=1|-6
0 -0 -4 -9
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Gauss 2

Solve upper triangular system

6 —2 2 16
O 4' ‘—'2 X = ———6
0 0 -4 9

9

—4x3 = -9 ¢X3:Z
—4X2—2X3=—6 #—4X2=2—21 :Xzz—%
21 1 1 —31
6x1 — 2x2 + 2x3 = 2 :>6x1:2———_8:_3_ = X = — 3

4 4 4 24
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Gaussian elimination expressed in matrix operations: LU factorization

6 -2 2 16
L1AX = (0 4 2) X = <6> = le, L1 =
0o —-12 2 —27
6 —2 2 16 1 0 O
L2L1AX = (0 4 2> X = (6) = L2L1b, L2 = (0 1 0)
0 -0 -4 -9 0 -3 1

|/\
|

wlr—-l\)H
O = O
= O O
\\________,/

1 0 0

> LetL:L11L21:(2 1 0, U=LL1A Then A= LU
I 31
2

» Inplace operation. Diagonal elements of L are always 1, so no need to store
them = work on storage space for A and overwrite it.
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Problem example

Consider

with solution x = (1,1)*

Ordinary elimination:

2—% 1—X2
X2=1_%=1,=>X1= c =0
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Partial Pivoting

» Before elimination step, look at the element with largest absolute value in
current column and put the corresponding row “on top” as the “pivot”
» This prevents near zero divisions and increases stability

(3 =)= (22002

X2:1_2€:1, X1:2—X2:].
1—¢

If € very small:

» Factorization: PA = LU, where P is a permutation matrix which can be
encoded usin an integer vector
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Gaussian elimination and LU factorization

» Full pivoting: in addition to row exchanges, perform column exchanges to
ensure even larger pivots. Seldomly used in practice.

» Gaussian elimination with partial pivoting is the “working horse” for direct
solution methods

» Standard routines from LAPACK: dgetrf, (factorization) dgetrs (solve)
used in overwhelming number of codes (e.g. matlab, scipy etc.). Also, C++
matrix libraries use them. Unless there is special need, they should be used.

» Complexity of LU-Factorization: O(n?), some theoretically better algorithms
are known with e.g. O(n*"®)

16 /121




Cholesky factorization

» A= LLT for symmetric, positive definite matrices

17 /121

Matrices from PDE: a first example

» “Drosophila”: Poisson boundary value problem in rectangular domain

Given:

» Domain Q = (0, X) x (0, Y) C R? with boundary I' = 9Q, outer normal n
» Right hand side f : 2 — R

» "Conductivity" A

» Boundary value v: I -+ R

» Transfer coefficient o

Search function v : Q — R such that

-V - AVu=f inQ
—AVu-n+ao(u—v)=0 onl

» Example: heat conduction:

> u: temperature

u
f: volume heat source

A: heat conduction coefficient
v: Ambient temperature

o Heat transfer coefficient

vVvyyy
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The finite volume idea

» Assume 2 is a polygon
» Subdivide the domain 2 into a finite number of control volumes :
Q= UkeN Wk
such that
> wy are open (not containing their boundary) convex domains
> wkﬂw/:Q) ifwk;éw/
> o = Wi N @, are either empty, points or straight lines

> we will write |oy| for the length
> if |ok| > 0 we say that wy, w; are neigbours
> neigbours of wi: Ny = {l € N : |ow| > 0}

» To each control volume wy assign a collocation point: xx € @ such that

» admissibility condition: if / € N then the line x,x, is orthogonal to oy
> if wy is situated at the boundary, i.e. v, = Ow, N O # B, then x, € OQ
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Discretization ansatz

» Given control volume wy, integrate equation over control volume

O:/ (=V-AVu—f)dw
Wk

:—/ /\Vu-nkdy—/ fdw (Gauss)
Owy wg

/ AVu-nydy — /)\Vu-nd’y—/ fdw
LENk Wk

R E - = (uk — ) + [yl e(ur — vi)) = Jwkfe
kI
LEN

> ue = u(x)
> v = v(xk)

> fi = f(xk)
» N = |N| equations (one for each control volume)
» N = |N| unknowns (one in each collocation point = control volume)

20 /121




1D finite volume grid

» Q =0, X]

» Collocation points:
O=x1<x < " <Xp—1 < Xp =X

» Control volumes:

w1 = (x1, (xa + x2)/2)
w2 = ((x1 +x2)/2, (x2 + x3)/2)

wn—1 = ((xv—2 + xn-1)/2, (xn-1 + xn)/2)
wn = ((xv—1 + xn)/2, xn)

» Maximum number of neighbours: 2
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Discretization matrix (1D)

Assume A\ = 1, hy = h and we count collocation points from 1...N. For
k=2...N—1, wg = h, and

o 1
E l(uk —u) = =(—uk—1 + 2uk — Uk41)
hy h
LeN

The linear system then is (only nonzero entries marked):

(Oé-l-% —1 \ /Ul\ §f1+OéV1\
_% % _% U» hf
_% % _% us hfé
—% %1 —2% ) UN—2 hfn—2
\ % Fl 1_F ) UN—1) th—l
—% F_I_a \ upy EfN—FOéVn)
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General tridiagonal matrix

b« u1 f
a b (o0} U f2
as b3 T us = f3
Ch—1 ' )

an bn un fn
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Gaussian elimination for tridiagonal systems

» TDMA (tridiagonal matrix algorithm)
» “Thomas algorithm” (Llewellyn H. Thomas, 1949 (7))
> “Progonka method” (Gelfand, Lokutsievski, 1952, published 1960)

ajuj—1 + bjui + ciuiy1 = fi, a1 =0, cy =0

For i=1...n— 1, assume there are coefficients «;, 3; such that
Ui = Qjt1Ui+1 + Bit1.

Then, we can express u;—1 and u; via uj41:
(aicviaip1 + ciaiz1 + bi)uiy1 + aiaifBiv1 + aifi + ciBiy1 — i =0

This is true independently of u if

aiajajy1 + o1 + b =0
aiaifBiv1 + aifi+cifivi—fi =0

orfori=1...n—1:

, _ b
Al = T atg
Bi — fizaiBi

i+1 ajai+c
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Progonka algorithm
Forward sweep:

b
Gy = —C—:ll
B _ fi
2 o
fori=2...n—1
. — ___ b
Al = T atg
Bi — fi—aiBi
i+1 ajaj+c
Backward sweep:
fn - aan
up = ——
dnQp + Cn

forn—1...1:

Ui = ajp1Uip1 + Biva
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Progonka algorithm - properties

» n unknowns, one forward sweep, one backward sweep = O(n) operations
vs. O(n®) for algorithm using full matrix

» No pivoting = stability issues

> Stability for diagonally dominant matrices (|b;| > |a;| + |ci|)
» Stability for symmetric positive definite matrices
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2D finite volume grid

Red circles: discretization nodes

Thin lines: original “grid”

Thick lines: boundaries of control volumes

Each discretization point has not more then 4 neighbours

v vyYyywy
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Sparse matrices

» Regardless of number of unknowns n, the number of non-zero entries per
row remains limited by n,

» If we find a scheme which allows to store only the non-zero matrix entries,
we would need nn, = O(n) storage locations instead of n?

» The same would be true for the matrix-vector multiplication if we program
it in such a way that we use every nonzero element just once:
martrix-vector multiplication uses O(n) instead of O(n?) operartions

» In the special case of tridiagonal matrices, progonka gives an algorithm
which allows to solve the nonlinear system with O(n) operations
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Sparse matrix questions

» What is a good format for sparse matrices?

» |s there a way to implement Gaussian elimination for general sparse
matrices which allows for linear system solution with O(n) operation

» Is there a way to implement Gaussian elimination with pivoting for general
sparse matrices which allows for linear system solution with O(n)
operations?

» Is there any algorithm for sparse linear system solution with O(n)
operations?
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Coordinate (triplet) format

» store all nonzero elements along with their row and column indices
> one real, two integer arrays, length = nnz= number of nonzero elements

1. 0. 0. 2. 0.

3. 4. 0. 5 0.

A=1]16. 0. 7. 8 9.

0. 0. 10. 11. 0.

0. 0. 0 0. 12
AA |12, 9. 7. 5. 1. 2. 11. 3. 6. 4. 8. 10.
JR 53 3 2 1 1 4 2 3 2 3 4
JC 553 41 4 4 1 1 2 4 3

Y.Saad, lterative Methods, p.92
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Compressed Row Storage (CRS) format
(aka Compressed Sparse Row (CSR) or IA-JA etc.)

>
>

real array AA, length nnz, containing all nonzero elements row by row
integer array JA, length nnz, containing the column indices of the elements
of AA

> integer array IA, length n+1, containing the start indizes of each row in the
arrays IA and JA and IA(n+1)=nnz+1
1. 0. 0. 2 0
3. 4. 0. 5 0
A=]6. 0. 7. 8 9
0. 0. 10. 11. 0.
0. 0. 0. 0. 12
AA [ 1. 2. 3.4 5 6 7. 8 9 10 11 12
A1 4 1 2 41 3 45 3 45|
TA |1 3 6 10 12 13
Y.Saad, Iterative Methods, p.93
» Used in most sparse matrix packages
31/121
The big schism
» Worse than catholics vs. protestants or shia vs. sunni. ..
» Should array indices count from zero or from one ?
» Fortran, Matlab, Julia count from one
» C/C++, python count from zero
» | am siding with the one fraction
» but | am tolerant, so for this course . ..

> It matters when passing index arrays to sparse matrix packages

MAN, YOURE BEING IN(ONSISTENT
WITH YOUR, ARRAY INDICES. SOME
ARE FRoM ONE, S0ME, FRoM ZERD,

DIFFERENT TASKs CAU. FOR VAIT WHAT?
DIFFERENT CONVENTIONS. TO )
GUOTE STANFORD ALGORITHMS WELL, THATS WHAT HE
EXPERT DONAID KNUTH, SAID WHEN | ASKED
“WHO ARE You? HOW DID_ HM ABOUT” IT.
YOU GET IN MY HOUSE? }

/

http://xked.com/1739/
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CRS again

1. 0. 0. 2. 0.
3. 4. 0. 5. 0.
A=1|6. 0. 7. 8 9.
0. 0. 10. 11. O.
0. 0. 0 0. 12

AA: 1. 2. 3. 4. 5. 6. 7. 8. 9. 10. 11. 12
JA: 030130234234
IA: 0 2 40 11 12

» some package APIls provide the possibility to specify array offset
> index shift is not very expensive compared to the rest of the work
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Sparse direct solvers

» Sparse direct solvers implement Gaussian elimination with different pivoting
strategies

» UMFPACK

Pardiso (omp + MPI parallel)
SuperLU

MUMPS (MPI parallel)
Pastix

vVvyyvyy

> Quite efficient for 1D/2D problems
» They suffer from fill-in: = huge memory usage for 3D
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Sparse direct solvers: solution steps (Saad Ch. 3.6)

1. Pre-ordering

» The amount of non-zero elements generated by fill-in can be decreases by
re-ordering of the matrix
» Several, graph theory based heuristic algorithms exist

2. Symbolic factorization

» If pivoting is ignored, the indices of the non-zero elements are calculated and
stored
> Most expensive step wrt. computation time

3. Numerical factorization

> Calculation of the numerical values of the nonzero entries
> Not very expensive, once the symbolic factors are available

4. Upper/lower triangular system solution

> Fairly quick in comparison to the other steps

» Separation of steps 2 and 3 allows to save computational costs for problems
where the sparsity structure remains unchanged, e.g. time dependent
problems on fixed computational grids

» With pivoting, steps 2 and 3 have to be performed together

» Instead of pivoting, iterative refinement may be used in order to maintain
accuracy of the solution
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Interfacing UMFPACK from C4++ (numcxx)

(shortened version of the code)

#include <suitesparse/umfpack.h>

// Calculate LU factorization
template<> inline void TSolverUMFPACK<double>::update ()

{

}

pMatrix->flush(); // Update matriz, adding newly created elements
int n=pMatrix->shape(0);
double *control=nullptr;

//Calculate symbolic factorization only if matriz patter

//has changed

if (pMatrix->pattern_changed())

{
umfpack_di_symbolic (n, n, pMatrix->pIA->data(), pMatrix->pJA->data(), pMatrix->pA->data(),
&Symbolic, 0, 0);

}

umfpack_di_numeric (pMatrix->pIA->data(), pMatrix->pJA->data(), pMatrix->pA->data(),
Symbolic, &Numeric, control, 0) ;

pMatrix->pattern_changed(false);

// Solve LU factorized system
template<> inline void TSolverUMFPACK<double>::solve( TArray<T> & Sol, const TArray<T> & Rhs)

{

umfpack_di_solve (UMFPACK_At,pMatrix->pIA->data(), pMatrix->pJA->data(), pMatrix->pA->data(),
Sol.data(), Rhs.data(),
Numeric, control, 0 ) ;
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How to use ?

#include <numcxx/numcxx.h>

auto pM=numcxx::DSparseMatrix::create(n,n);
auto pF=numcxx::DArrayl::create(n);
auto pU=numcxx::DArrayl::create(n);

auto &M=*pM;
auto &F=*pF;
auto &U=*pU;

F=1.0;
for (int i=0;i<n;i++)
{
M(i,i)=3.0;
if (i>0) M(i,i-1)=-1;
if (i<n-1) M(@i,i+1)=-1;
}

auto pUmfpack=numcxx::DSolverUMFPACK: :create(pM);

pUmfpack->solve(U,F);
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Towards iterative methodsx
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Elements of iterative methods (Saad Ch.4)

Solve Au = b iteratively

» Preconditioner: a matrix M ~ A “approximating” the matrix A but with the
property that the system Mv = f is easy to solve

> lteration scheme: algorithmic sequence using M and A which updates the
solution step by step
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Simple iteration with preconditioning

ldea: A= b =

= iterative scheme

U1 =g — M (A — b) (k=0,1...)

Choose initial value ug, tolerance ¢, set k =0
Calculate residuum r, = Aui, — b
Test convergence: if ||rk|| < € set u = uy, finish

Calculate update: solve Mvy = ry

ok =

Update solution: w1 = ux — vk, set k = i+ 1, repeat with step 2.
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The Jacobi method

» Let A= D — E — F, where D: main diagonal, E: negative lower triangular
part F: negative upper triangular part

» Jacobi: M = D, where D is the main diagonal of A.

1 :
Ukt1,i = Uk,i — — E ajux j — b; (i=1...n)

Ajilk+1,i + E ajjux,j = b; (i=1...n)

j=1...n,j#i

Alternative formulation:

v

U1 =D (E+ Flux+ Db

v

Essentially, solve for main diagonal element row by row
Already calculated results not taken into account
Variable ordering does not matter

vy
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The Gauss-Seidel method

» Solve for main diagonal element row by row
» Take already calculated results into account

iilk+1,i + Z ajUk+1,j + Z ajuk,j = b; (i=1...n)
J<i j>i
(D — E)Uk+1 — Fuk =b
U1 =(D—E) "Fur+(D—E)'b

May be it is faster

Variable order probably matters

The preconditioner is M =D — E
Backward Gauss-Seidel: M =D — F
Splitting formulation: A= M — N, then

vVvyVvyyVvyvyywy

U1 = M_lNuk + /\/I_lb
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Gauss an Gerling |

278 BRIEFWECHSEL. STATIONSAUSGLEICHUNGEN, 279
13 ] 1.2 | 1 = —07727
6] 28 1.3 |1 0 1= —01855.
261 1.4 1=—1,840

(Uber Stationsausgleichungen.]
Da jede gemeinschaftliche Anderung aller Richtungen erlanbt ist, so

Gauss an Gerune. Gédttingen, 26. December 1823. lange es nur die relative Lage gilt, so andere ich ealle vier um - 07855
Mein Brief ist 7u spit zur Post g und mir zuriick ht. Tch vnd setze L

erbreche ihn daher wieder, um noch die praktische Anweisung zur Elimination 1= 0% 0" 05000+a
beizufiigen. Freilich gibt es dabei vielfache kleine Localvortheile, die sich 2= 2644 7,551+
nur ex usu lernen lassen. 3= 77 57 53,062 +¢
Ich nehme Thre Messungen auf Orber-Reisig zum Beispiel [¥)]. 4=136 21 12,49644.

Ich mache zuerst Es ist beim indirecten Verfahren sehr vortheilhaft, jeder Richtung eine

[Richtung nach] 1 = 0, Verinderung beizulegen. Sie kénnen sich davon leicht iiberzeugen, wenn Sie

nachher aus 1.3 dasselbe Beispiel ohne diesen Kunstgriff durchrechnen, wo Sie iiberdies die

3= 77°37'537107 grosse Bequemlichkeit, an der Summe der absoluten Glieder = 0 immer eine

(ich ziche dies vor, weil 1.3 mehr Gewicht hat als 1.2); Controlle zu haben, verlieren. Jetzt formire ich die vier Bedingungsgleichungen

und zwar nach diesem Schema (bei eigener Anwendung und wenn die Glieder

dann aus "x zahlreicher sind, trenne ich wohl die positiven und negativen Glieder), [wobei
1.2]2= 44" 75423 i i i i i 1 i
;2 1 . | 2= 3:507 2= 26%44' 67696; die Constanten in Einheiten der dritten Decimalstelle angesetzt sind:)
) ab — 1664  ba + 1664  ca 423940  da —25610
endlich aus ac —23040  be + 9450  cb — 9450  db +18672
26 | 1.4 | 4= 136°21" 137481 ad 425610  bd —18672  cd —29094  dc +29094.
6)2.4|a= 8,520 @ 4 = 136°21'117641. | _ i i
78 | 3.4 (2= 11,268 Die Bedingungsgleichungen sind also:

. 0= 6+67a—13b— 28¢— 26d
Ich suche, um die Anniherung erst noch zu vergrossern, aus > +

0=— 7558 —13a+69b— 50c— 6d
[*) Die von GERLING mitgetheilten Winkelmessungen waren (nach einem in GAUSS' Nachlass befind- 0= —14604—284—50b+156c— 784
lichen Blatts), wenn 1 Berger Warte, 2 Johannisberg, 3 Taufstein und ¢ Milseburg bereiohnet: 0= 1422156 —26a— 6b— 78c}110d;
Rep. Winkel Summe = 0.
18 1.2 = 26%44' s
28 1 17 57 53,107 Um nun indirect zu eliminiren, bemerke ich, dass, wenn 3 der Grdssen
A 1 136-21 18,451 a, b, ¢, d gleich 0 gesetzt werden, die vierte den gréssten Werth bekommt,
0 2. 5115 46, 600 2 - P z i %
P A b W@ d dafir gewshlt wird. Natu.rhn_h muss jede Grisse aus ihrer eigenen
i s.4= 5523 15, 161] Gleichung, also d aus der vierten, bestimmt werden. Ich setze also d= —201

http://gdz.sub.uni-goettingen.de/
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Gauss an Gerling Il

- o STATIONSAUSGLEICHUNGEN. 281

haben. Das indirecte Verfabren lisst sich halb im Schlafe ausfiihren, oder
man kann wihrend desselben an andere Dinge denken.

und substituire diesen Werth. Die absoluten Theile werden dann: 45232,
— 6352, +1074, +46; das Ubrige bleibt dasselbe.

Jetat lasse ich b an die Reihe kommen, finde b = + 92, substituire und
finde die absoluten Theile: -+ 4036, —4, — 3526, —506. So fahre ich fort,
bis nichts mehr zu corrigiren ist. Von dieser ganzen Rechnung schreibe ich
aber in der Wirklichkeit bloss folgendes Schema:

|[d=—201]b=+92|a=—60lc=+12la—+5b——2a=—1 Gauss an Scaumacmer. Gittingen, 22. December 1827.
6 5232 +4036 |+ 16 | —320 | + 15 | 441 | —26 . . .
* 7558 tsasz — 4 |+ 776 | 176 | 4111 | —27 | —1a Die Einheit in meinem Coordinatenverzeichnisse ist 443,307885 [Pariser)
— 14604 | 1074 3526 | —1846 | 4+ 26 | —114 | —14 | +14 Linien; der Logarithm zur Reduction auf Toisen
2 |
422156 | 4+ 46 | — 506 | +1054 | +118 | — 12 0| 26 —TR AR

Insofern ich die Rechnung nur auf das nichste 2000%! [der] Secunde

% g oi . Inzwischen griindet sich das absolute nur auf Thre Basis, oder vielmehr
fihre, sehe ich, dass jetst nichts mehr zu corrigiren ist. Ich sammle daher

auf die von Caroc mir angegebene Entfernung zwischen Hamburg und Hohen-

a=—60 b=+ 92 c¢=+12 d=—201 horn, log = 4,141 1930, wofir ich also genommen habe: 4,4310013. Sollte
g T nach der Definitivbestimmung Threr Stangen Thre Basis, und damit die obige
1 Angabe der Entfernung Hamburg-Hohenhorn, eine Verinderung erleiden, so
56+ 90 T2 201 werden in demselben Verhdltnisse auch alle meine Coordinaten zu verin-
dern sein.
und fige die Correctio communis -+ 56 bei, wodurch wird: In der Form der Behandlung ist ein wichtiges Moment, dass von jedem

Beobachtungsplatz cin Tableau aufgestellt wird, worin alle Azimuthe (in
meinem Sinn) geordnet enthalten sind. Man hat so zum bequemsten Ge-
brauch fertig alles, was man von den Beobachtungen néthig hat, so dass man

a= 0 b=+146 =468 d=—145,

also die Werthe [der Richtungen]

1] 0 0o 05000 nur ausnahmsweise, um diesen oder jemen Zweifel zu 15sen, zu den Original-
2| 26 11 7,697 protocollen recurrirt. .... Ist der Standpunkt von dem Zielpunkt verschieden,
3| 77 57 54,030 50 reducire ich keinesweges die Beobachtungen auf letztern (Centrirung), da
4| 136 21 12,351, sie ohne diese Reduction ebenso bequem gebraucht werden kénnen (insofern

nemlich von vielen Schnitten untergeordneter Punkte die Rede ist, die nicht
wieder Standpunkte sind). X

Die Bildung eines solchen Tableaus beruht nun wieder auf mehrem
Momenten, wozu eine Anweisung nur auf mehrere Briefe vertheilt werden kann,

Fast jeden Abend mache ich eine neue Auflage des Tableaus, wo immer
leicht nachzuhelfen ist. Bei der Einformigkeit des Messungsgeschiifts gibt dies
immer eine angenehme Unterhaltung; man sieht dann auch immer gleich, ob
etwas zweifelhaftes eingeschlichen ist, was noch wiinschenswerth bleibt, ete.

o oo e o dem Homian iy, Bietion ot i s daber Sie vielleicht wohl thun, dieses Tableau erst selbst gleichsam zu stu-
’ 5 : ] diren und mit den Beobach halten, demit Sie mir beson-

wieder direct eliminiren, wenigstens nicht, wenn Sie mehr als 2 Unbekannte ©
1x. 36

http://gdz.sub.uni-goettingen.de/
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SOR and SSOR

» SOR: Successive overrelaxation: solve wA = wB and use splitting

wA = (D —wE) — (wF + (1 —wD))
M:%@—wﬂ

leading to

(D — wE)uks1 = (wWF + (1 — wD)uk + wb

» SSOR: Symmetric successive overrelaxation

(D — wE)uk+% = (wF + (1 — wD)ux + wb
(D — wF)uky1 = (WE + (1 — wD)ukJr% + wb

1

M=le—o

(D — wE)D (D — wF)

» Gauss-Seidel and symmetric Gauss-Seidel are special cases for w = 1.
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Block methods

» Jacobi, Gauss-Seidel, (S)SOR methods can as well be used block-wise,
based on a partition of the system matrix into larger blocks,

» The blocks on the diagonal should be square matrices, and invertible

» Interesting variant for systems of partial differential equations, where
multiple species interact with each other
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Convergence

Let & be the solution of Au = b.

Ukl = Uk — M_l(Auk —b)
= (I =M A+ M b
Up1 — O = g — i — M7 (Au — AD)
= (I — M "A)(ux — )
= (I — M A (uo — 1)

So when does (I — M™*A)* converge to zero for k — oo ?
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Jordan canonical form of a matrix A

» \i (i=1...p): eigenvalues of A

» 0(A) = {\1...\p}: spectrum of A

> u;: algebraic multiplicity of A;:
multiplicity as zero of the characteristic polynomial det(A — A/)

> ~; geometric multiplicity of A\;: dimension of Ker(A — Al)

» [;: index of the eigenvalue: the smallest integer for which
Ker(A — A1)/t = Ker(A — AN

> i < i

Theorem (Saad, Th. 1.8) Matrix A can be transformed to a block diagonal
matrix consisting of p diagonal blocks, each associated with a distinct eigenvalue
A

» Each of these diagonal blocks has itself a block diagonal structure
consisting of ~; Jordan blocks

» Each of the Jordan blocks is an upper bidiagonal matrix of size not
exceeding ; with \; on the diagonal and 1 on the first upper diagonal.
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Jordan canonical form of a matrix |l

I
XTTAX = J = *
Jp
- (Ji,l i
\ .. Jf»’Yi
()\i ;I ,
Jik =

Each J; « is of size /; and corresponds to a different eigenvector of A.
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Spectral radius and convergence

> p(A) = maxyeo(a) |A|: spectral radius

Theorem (Saad, Th. 1.10) limx_ 0o A¥ =0 < p(A) < 1.

Proof, =: Let u; be a unit eigenvector associated with an eigenvalue A\;. Then

Au,~ = A,’U,’
A2u; = )\,’A,’U,’ = >\2U,'

Aku,- = )\ku,-
therefore  ||A*uj||2 = |\*]

and  lim [\ =0

k— o0

so we must have p(A) < 1
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Spectral radius and convergence I
Proof, <: Jordan form X 'AX = J. Then X 'AKX = J~.

Sufficient to regard Jordan block Ji = A\il 4+ E; where |\;| <1 and E/ = 0.

Let kK > [;. Then

i—1
1] < (k) A<INE
i=0

J

J1k—))! i—o [j| T !sa polynomial

where for k > 0, the Stirling numbers of the first kind are given by

ol=1 LI=[1=0 []=ill]+ 4]

Thus, <f) A = 0 (k = o).

One has j( S N M
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Corollary from proof

Theorem (Saad, Th. 1.12)

lim [|A||% = p(A)
k— o0
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Back to iterative methods

Sufficient condition for convergence: p(I — M~'A) < 1.
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Convergence rate

Assume A with |A| = p(/ — M~'A) is the largest eigenvalue and has a single
Jordan block. Then the convergence rate is dominated by this Jordan block, and

therein by the term
\k—pt k Pl
p—1

1= M7 A) (o — )| = © (W"’“I (p - 1))

and the “worst case” convergence factor p equals the spectral radius:

p= lim (max||(/—M‘1A)"(uo—a)||>%

k— o0 up ||U0 — £I||
— lim ||(/ — MTA)K||*

k— 0o
= p(I = M'A)

Depending on wp, the rate may be faster, though
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Richardson iteration

M = é, | — M™'A=1— aA. Assume for the eigenvalues of A:
)\min S >\i S )\max-

Then for the eigenvalues p; of | — @A one has 1 — admax < Ai < 1 — almin.
If Amin < 0 and Apmax < 0, at least one u; > 1.
So, assume Amin > 0. Then we must have

1_a>\max>_1,1_a>\min<1:>
O<a<

>\maX
p = max(|1 — admax|, |1 — aXmin|)

_ 2
aOpt - >\min+>\max

Amax — >\min

Popt = X

max+ >\min
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Regular splittings

A= M — N is a regular splitting if - M is nonsingular - M~*, N are nonnegative,
i.e. have nonnegative entries

» Regard the iteration uxy1 = M~ *Nu, + M~ 1b.

When does it converge ?
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Theory of nonnegative matrices

1.10 Nonnegative Matrices, M-Matrices

Nonnegative matrices play a crucial role in the theory of matrices. They are impor-
tant in the study of convergence of iterative methods and arise in many applications
including economics, queuing theory, and chemical engineering.

A nonnegative matrix is simply a matrix whose entries are nonnegative. More
generally, a partial order relation can be defined on the set of matrices.

Definition 1.23 Ler A and B be two n x m matrices. Then
A<B

if by definition, a;; < by for1 <i <n, 1 < 35 < m. If O denotes the n x m zero
matrix, then A is nonnegative if A > O, and positive if A > O. Similar definitions
hold in which “positive” is replaced by “negative”.

The binary relation “<” imposes only a partial order on R™*™ since two arbitrary
matrices in R™*™ are not necessarily comparable by this relation. For the remain-
der of this section, we now assume that only square matrices are involved. The next
proposition lists a number of rather trivial properties regarding the partial order rela-
tion just defined.
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Properties of < for matrices

Proposition 1.24 The following properties hold.

1. The relation < for matrices is reflexive (A < A), antisymmetric (if A < B and
B < A, then A = B), and transitive (if A < Band B < C, then A < C).

2. If A and B are nonnegative, then so is their product AB and their sum A+ B.
3. If A is nonnegative, then so is A,
4. If A < B, then AT < BT,

5. IfO < A< B, then ||A|1 < ||B||1 and similarly || A|| < || B||so-
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Irreducible matrices

A is irreducible if there is no permutation matrix P such that PAP" is upper
block triangular.
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Perron-Frobenius Theorem

Theorem (Saad Th.1.25) Let A be a real n x n nonnegative irreducible martrix.
Then:

» The spectral radius p(A) is a simple eigenvalue of A.
» There exists an eigenvector u associated wit p(A) which has positive
elements
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Comparison of products of nonnegative matrices

Proposition 1.26 Let A, B, C be nonnegative matrices, with A < B. Then

AC < BC and CA<CB.

Proof. Consider the first inequality only, since the proof for the second is identical.
The result that is claimed translates into

n n

Z AikCrj < Zbikckja 1<4,5<n,
k=1 k=1

which is clearly true by the assumptions. O
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Comparison of powers of nonnegative matrices

Corollary 1.27 Let A and B be two nonnegative matrices, with A < B. Then

AR < B VE >o0. (1.42)

Proof. The proof is by induction. The inequality is clearly true for & = 0. Assume
that is true for k. According to the previous proposition, multiplying
from the left by A results in

AR < ABF, (1.43)
Now, it is clear that if B > 0, then also B¥ > 0, by Proposition 1.24] We now
multiply both sides of the inequality A < B by B to the right, and obtain

AB* < B (1.44)

The inequalities (1.43) and (1.44) show that A¥+1 < BF+l which completes the
induction proof. O
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Comparison of spectral radii of nonnegative matrices

Theorem 1.28 Let A and B be two square matrices that satisfy the inequalities
0O <A<B. (1.45)

Then
p(A) < p(B). (1.46)

Proof. The proof is based on the following equality stated in Theorem
p(X) = lim [ XF|/

for any matrix norm. Choosing the 1—norm, for example, we have from the last
property in Proposition

p(A) = lim [|AF)VF < 1im | B¥||YF = p(B)
k—o00 k—oc

which completes the proof. O
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Nonnegative matrices in iterations

Theorem 1.29 Let B be a nonnegative matrix. Then p(B) < 1 if and only if | — B
is nonsingular and (I — B)~! is nonnegative.

Proof. Define C' = I — B. If it is assumed that p(B) < 1, then by Theorem |[1.11]
C = I — B is nonsingular and

Ct=(I-B=) B (1.47)
i=0

In addition, since B > 0, all the powers of B as well as their sum in (1.47) are also
nonnegative.

To prove the sufficient condition, assume that C' is nonsingular and that its in-
verse is nonnegative. By the Perron-Frobenius theorem, there is a nonnegative eigen-
vector u associated with p(B), which is an eigenvalue, i.e.,

Bu = p(B)u
or, equivalently, .
Clu=—u.
1—p(B)

Since u and C'~! are nonnegative, and I — B is nonsingular, this shows that 1 —
p(B) > 0, which is the desired result.
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M-Matrices

Definition 1.30 A matrix is said to be an M-matrix if it satisfies the following four
properties:

1. a;; >0fori=1,...,n.
2. a;5<0fori#j i,j=1...,n
3. A is nonsingular.

4. A1 >0

» This matrix property plays an important role for discrtized PDEs:

> convergence of iterative methods
> nonnegativity of discrete solutions (e.g concentrations)
> prevention of unphysical oscillations
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Equivalent definition

Theorem 1.31 Let a matrix A be given such that
1. a;j; >0fori=1,...,n.
2. a,; <0fori#j,i,5=1,...,n.

Then A is an M -matrix if and only if

3. p(B) <1, where B=1— D7 1A

Proof. From the above argument, an immediate application of Theorem[1.29]shows
that properties (3) and (4) of the above definition are equivalent to p(B) < 1, where
B =1-Cand C = D 'A. In addition, C is nonsingular iff A is and Clis
nonnegative iff A is. O
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Equivalent definition
Theorem 1.32 Let a matrix A be given such that
1 a;; <O0fori#j, i,5=1,...,n.

2. A is nonsingular.

3. At >o.
Then
4. a;; >0fori=1,...,n, ie, Aisan M-matrix.

5. p(B) < 1where B=1— D71A
Proof. Define C' = A~!. Writing that (AC);; = 1 yields

T
E aikCri = 1
k=1

which gives

n
aicip = 1 — E ik Chi -

k=1
ki

Since a;xck; < 0 for all k, the right-hand side is > 1 and since ¢;; > 0, then a;; > 0.
The second part of the result now follows immediately from an application of the

nrevions thearem |
Comparison criterion

Theorem 1.33 Let A, B be two matrices which satisfy

1. A<B.

2. by < 0foralli# j.
Then if A is an M-matrix, so is the matrix B.
Proof. Assume that A is an M-matrix and let Dx denote the diagonal of a matrix
X. The matrix Dp is positive because

D> Dy >0.
Consider now the matrix / — D;B. Since A < B, then
Dy—A>Dp—-B>0
which, upon multiplying through by DZI, yields
I-D*A>DYDg—B)>Dz"(Dg—B)=1-Dz'B=>O0.
Since the matrices I — D' B and I — D, A are nonnegative, Theorems|[1.28] and
[1.31]imply that
p(I = Dg'B) < p(I - D' A) < 1.

This establishes the result by using Theorem[1.31]once again. O 68 /121




Regular splittings

» A= M — N is a regular splitting if

» M is nonsingular
» M~1 N are nonnegative, i.e. have nonnegative entries

» Regard the iteration ey = M~ Nug + M~ 1h.
> We have $I-M*{-1}A= M~ N.

When does it converge ?
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Convergence of iterations based on regular splittings

Theorem 4.4 Let M, N be a regular splitting of a matrix A. Then p(M~IN) < 1 if
and only if A is nonsingular and A= is nonnegative.

Proof. Define G = M~1N. From the fact that p(G) < 1, and the relation
A=M(I-G) (4.35)

it follows that A is nonsingular. The assumptions of Theorem [1.29 are satisfied for
the matrix G since G = M !N is nonnegative and p(G) < 1. Therefore, (I — G) ™!
is nonnegative asis A~! = (I — G)" " M.

To prove the sufficient condition, assume that A is nonsingular and that its inverse
is nonnegative. Since A and M are nonsingular, the relation (4.35) shows again that
I — G is nonsingular and in addition,

ATIN = (M(I-M7T'N) TN
= (I-M1'N)y"'M'N
= (I-G)'G. (4.36)
Clearly, G = M !N is nonnegative by the assumptions, and as a result of the

Perron-Frobenius theorem, there is a nonnegative eigenvector x associated with p(G)
which is an eigenvalue, such that

Gz = p(G)x.
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Convergence of iterations based on regular splittings Il

From this and by virtue of (4.36), it follows that

AilN.T?: p(G)

1= p(G)"
Since = and A~ !N are nonnegative, this shows that
PG)
1—p(G) —
and this can be true only when 0 < p(G) < 1. Since I — G is nonsingular, then
p(G) # 1, which implies that p(G) < 1. O

This theorem establishes that the iteration (4.34) always converges, if M, N is a
regular splitting and A is an M-matrix.
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Regular splittings: example

» Jacobi
» Gauss-Seidel
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Further methods for establishing convergence

» Theory for diagonally dominant matrices
» Theory for symmetric, positive definite matrices
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lterative methods so far

» main thread (“Roter Faden”):

> Simple iterative methods converge if the spectral radius of the iteration
matrix is less than one

> If a matrix has the M-Property (positve main diagonal entries, nonpositive off
diagonal entries, nonsingular, inverse nonnegative), then methods based
regular splittings converge

» But: how can we see that a matrix has the M-Property?

» This theory is useful in other contexts as well
» Main source: Varga, “Matrix lterative Analysis”
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The Gershgorin Circle Theorem

(everywhere, we assume n > 2)

Theorem Let A be an n x n (complex) matrix. Let

Ai = Z |ajj|

j=1l...n
J#i

If X is an eigenvalue of A then there is r, 1 < r < n such that

|/\ - arr‘ S /\r

Proof Assume ) is eigenvalue, x a corresponding eigenvector, normalized such

that maxj=1...» |xi| = |x;| = 1. From Ax = Ax it follows that
(A =ai)xi= ) &
j=1l...n
J#i
N=anl =1 apgl < > lagllgl < > Jagl= A
j=1l...n j=1l...n j=1...
J#r J#r J#r
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Gershgorin Circle Corollaries

Corollary: Any eigenvalue of A lies in the union of the disks defined by the
Gershgorin cicles

A€ U {peC:|p—lail| <A}

i=1l...n
Corollary:
p(A) < max ¥ [az] = [| Al
j=1
A) < il =||A
o )_J.f_nlé_%n_zllaﬁ 1Al
Proof

lpw—ail <N = |u| <A+ ai| = Z |a]

j=1

Furthermore, o(A) = o(AT). O
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Reducible and irreducible matrices

Definition A is reducible if there exists a permutation matrix P such that

T _ (A A
PAP' = ( 0 Azz)
A is irreducible if it is not reducible.

Directed matrix graph:

» Nodes: N = {N;}i=1..n

> Directed edges: & = {NiNj|aw # 0}
A is irreducible < the matrix graph is connected, i.e. for each ordered pair
Ni, N; there is a path consisting of directed edges, connecting them.

Equivalently, for each i, j there is a sequence of nonzero matrix entries
Aikyy Akikoy « « + 5 Akyj-
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Taussky theorem

Theorem Let A be irreducible. Assume that the eigenvalue X is a boundary
point of the union of all the disks

A€EOD U {peC:lu—ail <N}

i=1l...n

Then, all n Gershgorin circles pass through )\, i.e. for i =1...n,

|)\ - aii| =N\
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Taussky theorem proof

Proof Assume ) is eigenvalue, x a corresponding eigenvector, normalized such
that max;=1...» |xi| = |x;| = 1. From Ax = Ax it follows that

A=arl < D agl- Il < > Jagl = A (+)
j=1... j=1...
J#r J#r
Boundary point = |\ — an| = A,

= For all | # r with a,, # 0, |x,| = 1.

Due to irreducibility there is at least one such p. For this p, equation (x) is valid
= A —ap| =Ny

Due to irreducibility, this is true for all p=1...n 0

79/121

Diagonally dominant matrices
Definition

» A is diagonally dominant if for i =1...n,

BN
j=1

A
> A is strictly diagonally dominant (sdd) if for i =1...n,

ai > ) a
j=1

A
» A is irreducibly diagonally dominant (idd) if A is irreducible, for i =1...n,

jail > > |ayl
j=1

A
and for at least one r, 1 < r < n,

arr >> |ar¢
|ar| J
j=1

i#r
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A very practical nonsingularity criterion

Theorem: Let A be strictly diagonally dominant or irreducibly diagonally
dominant. Then A is nonsingular.

If in addition, if a; > 0 for i = 1...n, then all real parts of the eigenvalues of A
are positive:

Re\; >0, i=1...n

Proof:

Assume A strictly diagonally dominant. Then the union of the Gershgorin disks
does not contain 0 and A = 0 cannot be an eigenvalue.

As for the real parts, the union of the disks is

U {ueC:|u—ai <N}

i=1...n

and Rep must be larger than zero if it should be contained.
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A very practical nonsingularity criterion Il

Assume A irreducibly diagonally dominant. Then, if O is an eigenvalue, by the
Taussky theorem, we have |a;i| = A; for all i = 1...n. This is a contradiction as
by definition there is at least one i such that |a;i| > A;

Obviously, all real parts of the eigenvalues must be > 0. Therefore, if a real part
is 0, it lies on the boundary of one disk. So by Taussky it must be contained in
the boundary of all the disks and the imaginary axis. But there is at least one
disk which does not touch the imaginary axis. [
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Corollary

Theorem: If A is symmetric, sdd or idd, with positive diagonal entries, it is
positive definite.

Proof: All eigenvalues of A are real, and due to the nonsingularity criterion, they
must be positive, so A is positive definite. [
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Theorem on Jacobi matrix

Theorem: Let A be sdd or idd, and D its diagonal. Then

p(ll - DT'A]) < 1

Proof: Let B = (b;) =1 — D 'A. Then

0, i=j
b’”:{—ﬂ i
ajj ’

If Aissdd, thenfori=1...n

Z [bj| = Z |jjj|—— <1

J: ..
J#I

Therefore, p(|B|) < 1
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Theorem on Jacobi matrix |l
If Aisidd, thenfori=1...n,

S byl = Z|j—jff\:|j—i;j|g1

I

Jj=1l...n Jj=1...n
JF#i
Ar
E |bj| = — < 1 for at least one r

j=1l...n | rr|

Therefore, p(|B|) <= 1. Assume p(|B|) = 1 By Perron-Frobenius, 1 is an
eigenvalue. As it is in the union of the Gershgorin disks

N=1<l <1

|aii

it must lie on the boundary of this union, and by Taussky one has for all i

|>\|:1§ﬂ:1
|ai

which contradicts the idd condition. [

85/121

Jacobi method convergence

Corollary: Let A be sdd or idd, and D its diagonal. Assume that a; > 0 and
a; <0 fori#j. Then p(I — D™'A) < 1, i.e. the Jacobi method converges.

Proof In this case, |B| = B. [J.
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Main Practical M-Matrix Criterion

Corollary: Let A be sdd or idd. Assume that a; > 0 and a; < 0 for i # j. Then
Ais an M-Matrix, i.e. A is nonsingular and Al >0.
Proof: Let B = p(/ — D"'A). Then p(B) < 1, therefore | — B is nonsingular.

We have for kK > 0:

|- B =(—-B)(I+B+B +---+ B
(I-B) '(I-B"Y)Y=(U+B+B+---+ B

The left hand side for k — oo converges to (I — B) ™!, therefore

(I-B) =) B
k=0
As B> 0, we have (I—B)™' = A"'D > 0. As D > 0 we must have A~ > 0. [J
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Regular splittings

» A= M — N is a regular splitting if

» M is nonsingular
» M~1 N are nonnegative, i.e. have nonnegative entries

» Regard the iteration vy 1 = M~ Nu, + M~ 1b.
» We have | — M~*A= M~IN.
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Convergence theorem for regular splitting

Theorem: Assume A is nonsingular, AL >0,and A= M — N is a regular
splitting. Then p(M~'N) < 1.

Proof: Let G = M~ 'N. Then A = M(l — G), therefore | — G is nonsingular.

In addition

AN =M —=MIN)'N=U-MT'N)'MN=(-G)'G

By Perron-Frobenius, there p(G) is an eigenalue with a nonnegative eigenvector
x . Thus,

) G)
0< Athx= PG
- 1—p(G)

Therefore 0 < p(G) < 1. As | — G is nonsingular, p(G) < 1 [J.
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Convergence rate

Corollary: p(M™'N) = > Where 7 = p(ATIN).

Proof: Rearrange 7 = 15’([)6()6) O

Corollary: Let A> 0, A= M; — Ny and A= M, — N, be regular splittings. If
N> > Ni >0, then 1 > p(My " No) > p(M"Ny).

Proof: 7 = p(A_lNg) > p(A_lNl) =11, 1+Lr is strictly increasing.
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Application

Let A be an M-Matrix. Assume A=D — E — F.

» Jacobi method: M = D is nonsingular, M~ > 0. N = E + F nonnegative
= convergence

» Gauss-Seidel: M = D — E is an M-Matrix as A < M and M has
non-positive off-digonal entries. N = F > 0. = convergence

» Comparison: N; > Ngs = Gauss-Seidel converges faster.
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Intermediate Summary

» Given some matrix, we now have some nice recipies to establish
nonsingularity and iterative method convergence:

» Check if the matrix is irreducible.
This is mostly the case for elliptic and parabolic PDEs.

» Check for if matrix is strictly or irreducibly diagonally dominant.
If yes, it is in addition nonsingular.

» Check if main diagonal entries are positive and off-diagonal entries
are nonpositive.
If yes, in addition, the matrix is an M-Matrix, its inverse is nonnegative, and
elementary iterative methods converge.
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Example: 1D finite volume matrix:

We assume o > 0.

——
Q
_F
>
I
> =
_
—~——
S
/

[ 4+ am)

+ «

1 2 1
~h  h h u; h,
-1 2 _1 u hf-
h h h 3 E
102 1
~h  h X UN—2 hfn_2
\ ~h Fl 1_F ) UN—1) hfn_1
“h h \ tn

\4fu + av,

> idd
» main diagonal entries are positive and off-diagonal entries are nonpositive

So this matrix is nonsingular, has the M-property, and we can e.g. apply the
Jacobi iterative method to solve it.

Moreover, due to A~ > 0, for f > 0 and v > 0 it follows that u > 0.
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Incomplete LU factorizations (ILU)

Idea (Varga, Buleev, 1960):

» fix a predefined zero pattern

» apply the standard LU factorization method, but calculate only those
elements, which do not correspond to the given zero pattern

» Result: incomplete LU factors L, U, remainder R:

A=LU-R

» Problem: with complete LU factorization procedure, for any nonsingular
matrix, the method is stable, i.e. zero pivots never occur. Is this true for the
incomplete LU Factorization as well ?
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Stability of ILU

Theorem (Saad, Th. 10.2): If Ais an M-Matrix, then the algorithm to compute
the incomplete LU factorization with a given nonzero pattern

A=LU-R

is stable. Moreover, A= LU — R is a regular splitting.
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ILU(0)

» Special case of ILU: ignore any fill-in.
» Representation:

M= (D—-EYD*(D-F)

» D is a diagonal matrix (wich can be stored in one vector) which is
calculated by the incomplete factorization algorithm.

> Setup:

for i=1...n do
d(i)=a(i,i)
end

for i=1...n do
d(i)=1.0/d(i)
for j=i+l ... n do
d(j)=d(j)-a(i,j)*d(i)*a(j,i)
end
end
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ILU(0)

Solve Mu = v

for i=1...n do

end

x=0

for j=1 ... i-1 do
x=x+a(i,j)*u(j)

end

u(i)=a(i)*(v(i)-x)

for i=n...1 do

x=0

for j=i+l...n do
x=x+a(i,j)*u(j)

end

u(i)=u(i)-d(i)*x
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ILU(0)

vV vyVvyyvyy

Generally better convergence properties than Jacobi, Gauss-Seidel
One can develop block variants
Alternatives:

> ILUM: (“modified”): add ignored off-diagonal entries to D
> [LUT: zero pattern calculated dynamically based on drop tolerance

Dependence on ordering

Can be parallelized using graph coloring

Not much theory: experiment for particular systems

| recommend it as the default initial guess for a sensible preconditioner
Incomplete Cholesky: symmetric variant of ILU

98 /121




Preconditioners

» Leave this topic for a while now
» Hopefully, we well be able to discuss

> Multigrid: gives O(n) complexity in optimal situations
» Domain decomposition: Structurally well suited for large scale parallelization
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More general iteration schemes
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Generalization of iteration schemes

v

Simple iterations converge slowly

For most practical purposes, Krylov subspace methods are used.

We will introduce one special case and give hints on practically useful more
general cases

Material after J. Shewchuk: !'An Introduction to the Conjugate Gradient
Method Without the Agonizing Pain“

vy

v
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Solution of SPD system as a minimization procedure

Regard Au = f ,where A is symmetric, positive definite. Then it defines a
bilinear form a: R" x R" — R

a(u,v) = (Au,v) = v Au = Z Z ajjVviuj

i=1 j=1

As A is SPD, for all u # 0 we have (Au, u) > 0.

For a given vector b, regard the function

What is the minimizer of £ ?

f'(uy=Au—b=0

» Solution of SPD system = minimization of f.
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Method of steepest descent

» Given some vector u; look for a new iterate uj;1.
> The direction of steepest descend is given by —f'(u;).

» So look for ujy1 in the direction of —f'(u;) = r, = b — Au; such that it
minimizes f in this direction, i.e. set uj11 = u; + ar; with a choosen from

0= diaf(u,- +ar) = f'(u+an)
= (b— A(ui + ar), r)
= (b — Auj, i) — a(Ari, ri)
= (ri, r)) — a(Ari, ri)

(ri7ri)
(Ar,-,r,-)

o =
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Method of steepest descent: iteration scheme

ri = b — AU,’
0 — (ri, ri)
(AI’,’, I’,')

Uir1 = Uj + ot

N : . N 1
Let & the exact solution. Define ¢; = u; — i1. Let ||u||a = (Au, u)?2 be the energy
norm wrt. A.

Theorem The convergence rate of the method is

k—1\'
lella < (527 ) Hleolla
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Conjugate directions

For steepest descent, there is no guarantee that a search direction d; = r; = Ae;
is not used several times. If all search directions would be orthogonal, or, indeed,
A-orthogonal, one could control this situation.

So, let dy, di ... dn,—1 be a series of A-orthogonal (or conjugate) search
directions, i.e. (Adi,dj) =0, i #j.

» Look for ujr1 in the direction of d; such that it minimizes f in this direction,
i.e. set uir1 = u; + ad; with o choosen from

d /
0= ﬁf(u,- + ad) = f (ui + ad;) - d;

= (b — A(Ui + Oédi), d’)
= (b — Auj, di) — a(Ad;, d;)
= (ri, di) - a(Adi7 di)

(r,-, d,)
~ (Ad;, dy)
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Conjugate directions Il
e = up — U (such that Aey = —rp) can be represented in the basis of the search

directions:

Projecting onto dj in the A scalar product gives

n—1
(Aeo, di) = Y 5(Ad;, i)
i=0

(Aeo, dk) = 5k(Adk, dk)

50— (Aeo, dk) _ (Aeo + ., cidi, dk) _ (Aex, dx
(Adk, di) (Adk, di) (Adk, di)
(rc, dk)
- (Adk, di)
= —ay
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Conjugate directions IlI

Then,

e,-:eo—l—Zajdj

Jj=0
n—1 i—1
== E o;jd; + E ;d;
j=0 j=0
n—1

So, the iteration consists in component-wise suppression of the error, and it must
converge after n steps.

But by what magic we can obtain these d;?
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Conjugate directions V

Furthermore, we have

Uiyl = Ui + a;d;
ei+1 = € + a;d;
Aeir1 = Aei + aAd;

riv1 = ri — Oé,'Ad,'
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Gram-Schmidt Orthogonalization

» Assume we have been given some linearly independent vectors
Vo, Vi...Vp—1.

» Set dy = vy

» Define

i—1
di = v+ Zﬁikdk
k=0

» For j < i, A-project onto d; and require orthogonality:

i—1
(Adj, dj) = (Avi, d;) + Y  Bu(Adk, dj)
k=0

0= (AV,', dj) + BU(Adh dj)

o (AV,', dj)
P = (Ad, )

» If v; are the coordinate unit vectors, this is Gaussian elimination!

» If v; are arbitrary, they all must be kept in the memory
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Conjugate gradients (Hestenes, Stiefel, 1952)

As Gram-Schmidt builds up d; from d;, j < i, we can choose v; = r; — the
residuals built up during the conjugate direction process.

Let C; = span{dy...di—1}. Then, r; L K;

But d; are built by Gram-Schmidt from the residuals, so we also have
IKCi = span{ry...ri—1} and (ri,rj) =0 for j < i.

From r, = ri—1 — aj—1Ad;—_1 we obtain
Ki=Ki-1U span{Ad,-_l}

This gives two other representations of /C;:
Ki = span{do, Ady, A’db, ..., A" "do}
= span{ry, An, Aro, ..., Ai_lro}

Such type of subspace of R" is called Krylov subspace, and orthogonalization
methods are more often called Krylov subspace methodes.
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Conjugate gradients Il

Look at Gram-Schmidt under these conditions. The essential data are (setting

. . . Arj,d; Ad;, i
vi = r; and using j < i) Bjj = —W = —((AC,JJ_,dJ_))-

Then, for j < i:

fj+1 = 1; — ajAdj
(ri41, i) = (1, ri) — a;j(Ad;, i)
aj(Ad;, ri) = (rj, ri) — (i1, 1)

_aij(rj-l—lyri)a J+1:l —ﬁ(ri,r,-), _]—|—1:l
(Adj, ri) = a%.(fj, ri), Jj=i =q =(r,r), J=i
0, else 0, else
1 (ri,ri) . .
Bij = a1 (Ad_1,d 1)’ J +1=i
0, else
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Conjugate gradients Il
For Gram-Schmidt we defined (replacing v; by r;):

i—1
d=r-+ Zﬂikdk
k=0
=ri+ Bii—1di—1

So, the new orthogonal direction depends only on the previous orthogonal
direction and the current residual. We don't have to store old residuals or search
directions. In the sequel, set §; := (;,i—1.

We have

di-1=ri—1+ Bi—1di—>
(di—1,ri—1) = (ri—1, ric1) + Bi—i(di—2, riz1)
= (ri—l, I’i—1)
1 (riari) (riari)
/Bi pr— ] ] ] p— ) ]
ai—1 (Ad/—l;d/—l) (dl—].)rl—l)
(ri, ri)

B (ri—l, I’i—1)
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Conjugate gradients IV - The algorithm

Given initial value wup, spd matrix A, right hand side b.

do=Fo=b—AUo

(ri, ri)
(Ad;, d;)

Uiyl = Ui + a;d;

o —

lriq1 = i — a;iAd;
rit1, ri
Biy1 = M
(ri, ri)
dit1 = riy1 + Biv1d;
At the i-th step, the algorithm yields the element from ey + K; with the

minimum energy error.

Theorem The convergence rate of the method is

||e,||A§2(ﬁ—1) leolla

NS

klnax(/q)
>\min(A)

where Kk = is the spectral condition number.
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Preconditioning

We discussed all these nice preconditioners - GS, Jacobi, ILU, may be there are
more of them. Are they of any help here 7

Let M be spd. We can try to solve M~*Au = M~'b instead of the original
system.

But in general, M™!A is neither symmetric, nor definite. But there is a trick:

Let E be such that M = EET, e.g. its Cholesky factorization. Then,
o(M™*A) = o(E"TAE™T):

Assume M~YAu = Au. We have
(E'AE"TYETu)=(ETETE'"Au=E"M 'Au=XE"u

< ETuis an eigenvector of ETYAE™" with eigenvalue \.

Good preconditioner: M =~ A in the sense that k(M 'A) << k(A).
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Preconditioned CG |

Now we can use the CG algorithm for the preconditioned system

EAE " Tx=E'p
with 7 = E"u
do =% = E 'b— ETAE T 1
(Fi, 7i)
(E-1AE-Td;, d))
Diy1 = 0 + audi

N N A —T™
fix1 =F —o;E"AE ™ d;

Qp =

,8' L= (F/+17F/+1)
o (Fi, i)

dit1 = Fiy1 + Big1d;

Not very practical as we need E
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Preconditioned CG Il

Assume ¥ = E~1r;, El,- = E'd;, we get the equivalent algorithm

o = b — AUo

do = Mﬁlro

0 — (M~ ri,r)
(Ad;, d;)

Uit1 = Ui + aid

riy1 = ri — o;iAd;

Biot = (M~ trii1, riv1)
i1 = )

div1 = M~ rip1 + Bir1d;

It relies on the solution of the preconditioning system, the calculation of the
matrix vector product and the calculation of the scalar product.
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A few issues

Usually we stop the iteration when the residual r becomes small. However during
the iteration, floating point errors occur which distort the calculations and lead
to the fact that the accumulated residuals

riv1 = ri — Oé,'Ad,'
give a much more optimistic picture on the state of the iteration than the real

residual

riq1 = b — AUi—|—1
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C++ implementation

template < class Matrix, class Vector, class Preconditioner, class Real >
int CG(const Matrix &A, Vector &x, const Vector &b,
const Preconditioner &M, int &max_iter, Real &tol)
{ Real resid;
Vector p, z, q;
Vector alpha(l), beta(1l), rho(1), rho_1(1);
Real normb = norm(b);
Vector r = b - A*x;
if (normb == 0.0) normb = 1;
if ((resid = norm(r) / normb) <= tol) {
tol = resid;
max_iter = 0;
return O;
}
for (int i = 1; i <= max_iter; i++) {
z = M.solve(r);
rho(0) = dot(r, z);
if (4 == 1)
P =2z
else {
beta(0) = rho(0) / rho_1(0);
P = z + beta(0) * p;
}
q = A*p;
alpha(0) = rho(0) / dot(p, q);
x += alpha(0) * p;
r -= alpha(0) * q;
if ((resid = norm(r) / normb) <= tol) {
tol = resid;
max_iter = i;
return O;
}
rho_1(0) = rho(0);
}
tol = resid; return 1;
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C++ implementation Il

» Available from http://www.netlib.org/templates/cpp//cg.h

» Slightly adapted for numcxx

» Available in numxx in the namespace netlib.
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Unsymmetric problems

» By definition, CG is only applicable to symmetric problems.

» The biconjugate gradient (BICG) method provides a generalization:

Choose initial guess xp, perform

n = b— AXo

Po = ho

o = -—glzj—fzz——
(Bi, Api)

Xi+1 = Xi + oipi
riq1 = ri — Qi Api

_ (Fiv1, rig1)
(%, ri)

pi+1 = riy1 + Bipi

Xi+1

riq1

iji—i-l

— b — A"

a>

= Xi + aipj

~ A T
ri — Oé,'p,'A

= Fit1 + Bipi

The two sequences produced by the algorithm are biorthogonal, i.e.,

(Pi, Apj) = (Pi,r;) = 0 for i # j.
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Unsymmetric problems Il

» BiCG is very unstable an additionally needs the transposed matrix vector
product, it is seldomly used in practice
» There is as well a preconditioned variant of BiCG which also needs the
transposed preconditioner.
» Main practical approaches to fix the situation:
> “Stabilize” BiCG — BiCGstab
» tweak CG — Conjugate gradients squared (CGS)

» Error minimization in Krylov subspace — Generalized Minimum Residual
(GMRES)

» Both CGS and BiCGstab can show rather erratic convergence behavior

» For GMRES one has to keep the full Krylov subspace, which is not possible
in practice = restart strategy.

» From my experience, BiCGstab is a good first guess
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