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Abstract

This work is devoted to the numerical simulation of an incompressible fluid
through a porous interface, modeled as a macroscopic resistive interface term
in the Stokes equations. We improve the results reported in [M2AN 42(6):961—
990, 2008], by showing that the standard Pressure Stabilized Petrov-Galerkin
(PSPQG) finite element method is stable, and optimally convergent, without the
need for controlling the pressure jump across the interface.
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1. Introduction

We consider a regular domain 2 C RY, d = 2 or 3, and a porous interface
defined by a hyperplane domain I' C R?"!, dividing € in two connected subdo-
mains as 2 = Q; UT U Qy. We denote by my, ny the outgoing normals from
each subdomain €; at the interface, with n; = —ns,, and we define n = n. The
fluid velocity w and pressure p are governed by the following modified Stokes
equations [1]:

Vp—pAu+rréru=f in €

o (1)
divu=0 in €,

with a homogeneous Dirichlet condition on 9. In (1), the symbol p stands for
the fluid viscosity, f for a given volume force, dr for the Dirac measure on I', and
rr > 0 is a given interface resistance, related to the permeability and porosity of
the interface. Without loss of generality, rr is assumed to be a constant scalar.
For the sake of conciseness we limit ourselves to this problem. Nevertheless,
the analysis below could be generalized to other problems involving pressure
discontinuities, such as two-phase flows.

Problem (1) can be reformulated equivalently as a two-domain Stokes prob-
lem, complemented with the interface conditions

[u] =0, [puVu-n—-—pn]=—-rru on T, (2)
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where [¢] def qir — g2 denotes the jump across I' and ¢ def o, (i=1,2).

In [1], problem (1) was discretized with an extension of the PSPG stabilized
method (see [2]): an additional consistent term (based on (2)) was introduced to
control the interface pressure jump. Numerical evidence showed, however, that
this term did not improve noticeably the behavior of the numerical solution with
respect to a standard PSPG stabilized formulation [1]. The aim of this note is
to show that, indeed, stability and optimal accuracy can be derived without the
need for this extra interface stabilization term (which is convenient in practice).

2. Finite element formulation

Let {75 }o<n<i be a regular family of quasi-uniform triangulations of 2, con-
forming with the interface I'. The corresponding triangulation of the interface

is denoted by G, and we set h def maXTGTh hr, where hp is the diameter of the

element 7. We introduce the spaces vy [Hl(Q)] QY L3(€2), and the finite
element spaces of degree k > 1, V and NF, equal order approximations of V/
and Q:

Vi {u, € (C°(Q)] vwr € (B) VT € T}NV,

Nh dﬁf {Qh‘ﬂz S C (Qz)7 L= 172 ’ 4n|T € ]P)k VT € ZL} ﬂQ

(3)

Note that the space NI of discrete pressures allows discontinuity at the inter-
face T'.  As underlined in [1], this is of utmost importance to get a correct

approximation of the solution without excessive mesh refinement. Additionally,
we introduce the spaces Vo & {fveV]v|r =0} and V§, vy VE.

Let us consider the two following bilinear forms

A (. y),) E (Vs V’Uh) — (pn, divog) + (rrun, vi)p + (div e, )

+46 Z (—pAup, + Vo, Vau)r
TeT,
By (xn yy) < AY (zh,y,) — 0 Z ([uVup - — ppn] + reup, [ann]) g
Ecgy,

for all @, = (wp,pr) and y;, = (vi,qn) in V§ x NF and § > 0 is a stabilization
parameter. The discrete formulation proposed and analyzed in [1] is based on
Bg". In this note, we consider the numerical analysis of the standard PSPG
formulation

A (2, y5) = (f, o) + 06 Z (f,Van), Yy, € VEx NE. (4)

TeET,



3. Stability analysis

Let us consider the mesh-dependent energy norm

2 def 2 2 h2 2 1 2
I(wn, )l = 1l Vunllg o + rellunlar +6 Y LI Voallor + ;thHo,Q'

TeT,

Note that, unlike in [1], this norm provides no control on the interface pressure
jump. We address now the stability of (4) in the || - ||, norm.
By applying the inverse inequality (see [3])

||A'Uh||o,T < CAh_lHV'UhHo;rv Up, € VZv

and the Schwarz and Young inequalities to the term Y7, . b7 (Aupy, V), we
get the following coercivity estimate.

Proposition 3.1. Let ¢ be such that 0 < 6cik < 1. Then
r H 2 2 & 1 o 1 2
A7 (onn) 2 S 19wlio + relunlie + 5 = 5 ()l = LIl
(5)
_ b ok e def s 2
for all @, = (un,pn) € Vi x Qy, with & = 63 peq, FIVDnllor-
The stability and the optimal convergence are stated in the following result.

Proposition 3.2. Under the assumption of Proposition 3.1 there holds:
(i) there exists a constant 3 = [3(6, &) independent of h, such that

inf sup A (@, yr) > 0. (6)

0 VExQh vt ot Tenlilynl,

Moreover, if § < 1 we have 3~ 6, and = O (u/rr) for ro/p>1;
(ii) let (up,pn) be the solution of (4) and assume that (u,p), the solution of (1),

is such that w; € [H’““(Qi)}d, pi € H®(SY), i = 1,2. There holds
- 3,1 _1 _1\ 1
N =i p = p)lly < e8RS0 [(14rERd s 4 07%) pdflul o
i=1,2 (7

_1 _1
+ (1 +4 ) 0 2||p||k;,QJ ;

where ¢ is a positive constant, independent of h, that behaves as 1/[3 .

We remark that the stability and convergence results are essentially the same
as the ones given in [1], but without the need for the extra stabilization term.
Note that the scaling y/7r/p is present in both cases. The inf-sup constant (3
and the estimate constant ¢ have also the same asymptotic behavior as in [1].
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Proof. For the sake of conciseness, we prove only point (i). The proof of (ii)
follows [1], owing to the stability of A5 Let @) = (un,pr) € V7§ x Nf . Given
(5), the inf-sup stability of A" requires additional stability estimates needed to
control the pressure.

A pressure p € L3() has zero mean in , but this is not true in general

for its restriction to €;, ¢ = 1,2. Following an argument of [4], we decompose

— . — def 'L:l . .
ph € N C L3(Q) as p, = p) + Py, with p); € L3(Q;) and 7, ; & P2 (e

has zero mean over each subdomain and p,, is constant in each subdomain). The
following relations hold:

[+, 212 |-
(8)
We show how to control separately p) and 7. Since p),; € L§(%), i = 1,2,
there exists a function v” € Vy, such that v} € [Hy(%)]", —dive] = Jp}; and
[v°]0 < capllphllq- We take v}, as the Scott-Zhang interpolant of v° into Vi,
defined separately on each subdomain. Using the properties of the Scott-Zhang
operator [3] we also have [[v}|, , < g 1 ||ph||0Q and [[v° —vjlg o < bVl g

— 2 —
||thOQ+|’ph|’0§27 ph1|Ql|+ph2|Q2’_O thHO,Q: 2,

Since v?, v}, € [Hy(%)]%, i = 1,2, and Dy, is constant on each subdomain, we
have (’UO —))|r =0, (P, dive?) = 0 and (p,, dive®) = 0. Hence, using the fact
that p, € NF is continuous in €; and Oy we obtain, integrating by parts in each
subdomain:

—(pn, divey) = — (pj, dive®) + (p?l,div('vo —vy))

2
> 2 [Phlloq — Eexcad ™ — ”thOQ’
with ¢ defined in Proposition 3.1. Using Young’s inequality, this yields

1 1
A5 (zh, (v5,0)) > _C/Q:u%||Vuh||o,9_;Hp2Ho,Q — 6 2ercof— thHOQ _Hp?L”(Z),Q
% it M

1 2.2
ol = (ol Vel — e

v

(9)
To handle the constant part of the pressure, we need the following Lemma
(whose proof can be found in [4] in a more complex case):

Lemma 3.1. There exist two (non-constant) functions vy € V,, a = 1,2, de-

fined over the whole domain ) such that ‘my = Vo Ny = M |94
I‘ r
and

1 1
p2 Voo <2 [Bralloo, T2 lor < Crén ! Bhalloo,



Let v, & v} — ), € V. Since Vp,; = 0 and using (8) and Lemma 3.1, we

have

_(]_jha leih) = Z (ph,w (6}11 - E%) ' ni)F

i=1,2
= 1 (a1 = PraPh (19] + 1)) + 7 212])
= 207 (B0 + Bl ]) = 26Dl 0
and, by applying Lemma 3.1 once more, and using the fact that ||ﬁh’1||0791 +
HZ_?WHO,QQ < 2|[Byllg g, there follows

—(ph, divﬁh) = —(]_)h, divﬁh) - (]_92, divﬁh)
—1y= |2
> 24 1||ph||0,ﬂ th‘OQdQHV }IL

i)loq

v

2, _
Sl = e Wl = 5 (sl + sl )

v

1 2
— 1|2 —=2 0
;thHO,Q —dc ;thuo,a’
where we recall that d denotes the spatial dimension. Hence,
r _ 1 1 — 1 1y
A5 (n, (Un,0)) = = 2002 | Vunlg i 2 [[Ballo.o — 2CTon™2 [[unllo pp > [allo o
1= o _ 2
+p 1||Ph||(2),9 —dec*p 1Hp2HO,Q
1 12 . 1 2 _ 2 —2T2 2
ZﬂthHo,ﬂ - dCQEHPQHO’Q - 402M||Vuh‘|0,9 —4C _F“uhHo,F :
(10)

Therefore, by taking g, = (Avf + (1 = Aoy, 0), with A = H2E ¢ (0,1),

and using (9) and (10), we obtain

r >\ 92 1 02 1—/\1_ 2
AT @) = (5= =00 ) 2ot + 5 Il

— (M) + (1 = )42 pl| Vunlg g

22
_>\7TCQ

J

o2 (11)
& —<1—A>40”—F||uh||§,p

1 2 2
>l = s (Hr(uh,ph)wh HI )
where we have introduced & & 1+dc and ¢2,__ & max {(cE+4¢?), 123, 4C° }

Note that, unlike the other constants that are dimensionless, C” has the dlmensmn
of the inverse of a distance. Equation (11) provides a control on the pressure.



def

To conclude the proof, we take a test function z, = (1 — w)x, + wy,,, with
w W € (0,1), and apply (5) and (11), to obtain

T 1 2 1 2
AT (en) 2500 =) (Nl = Sl )
o (gl = e (Wm0~ = 2
46# 0,2 max h L 0,2

l—w 2 2 2 2 w 2
> (T - wcmax) (M”VU}I”O,Q + TF”uhH()I‘ +5 ) + @thl‘o,ﬂ
1
>
—2(1+2¢(1 + 2¢2

max

[
)
(12)
Moreover, it can be shown that z; can be controlled by x; as
Izall, < (1= w)llznll, +w (1w, Ol + 1@, 0, + 1 (@5, 0,
_1 o Tr—=2.1 _1,_
< (1= w)llzall,, +wean2||ph]q +wV2( + EO )21 2 |Phlloq

13

< (1= )llaally + V2 nallmily = (1-w+0v2an) Jzal, 0¥
1 4 2¢Cmax (2Cmax + V/2)

= 14261+ 2¢2

max )

Il

Combining (12) and (13) we obtain that the global inf-sup condition (6) fol-

lows with a constant 3 dof [2(1 + 2CCmax(2Cmax + \/5)] ~' The stated asymptotic
behavior of 3 follows from the definition of c.. O
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