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Conditional expectations

Given a : [0,T ] × Rd → Rd, σ : [0,T ] × Rd → Rd×m, a standard,
m-dimensional Brownian motion B, consider

dX(s) = a(s, X(s))ds + σ(s, X(s))dB(s), 0 ≤ s ≤ T

Goal

Given a grid D = { 0 = s0 < · · · < sK+L+1 = T }, f : R(K+L)d → R and
x, y ∈ Rd, compute

E
[

f (X(s1), . . . , X(sK+L)) | X(0) = x, X(T ) = y
]
.

Forward-reverse for conditional diffusions · September 11, 2013 · Page 4 (25)



Conditional expectations

Given a : [0,T ] × Rd → Rd, σ : [0,T ] × Rd → Rd×m, a standard,
m-dimensional Brownian motion B, consider

dX(s) = a(s, X(s))ds + σ(s, X(s))dB(s), 0 ≤ s ≤ T

Goal (extended)

Given a grid D = { 0 = s0 < · · · < sK+L+1 = T }, f : R(K+L)d → R and
A, B ⊂ Rd, compute

E
[

f (X(s1), . . . , X(sK+L)) | X(0) ∈ A, X(T ) ∈ B
]
,

A, B with positive measure or d′-dimensional hyperplanes, 0 ≤ d′ ≤ d.
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EM algorithm

I Algorithm for maximizing likelihood with missing data

Example: Two-stage hierarchical model:
I Random variables Y and U (multi-variate)

I U ∼ h(·; θ), Y |U = u ∼ f (·|u; θ), θ ∈ Θ

I Data: y (instance of Y), but U not observable

Algorithm

Let l(θ; y) B log
∫

f (y|u; θ)h(u; θ)du, θ̂ B arg maxθ∈Θ l(θ; y). Given θ0.

(E) Q(θ|θn, y) B Eθn

[
log ( f (y|U, θ)h(U; θ)) |Y = y

]
(M) θn+1 B arg maxθ∈Θ Q(θ|θn, y).

I l(θn+1; y) ≥ l(θn; y)
I Weak conditions: θn → θ∗ with ∇l(θ∗; y) = 0
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Drift estimation with the EM algorithm

I OU-process: dXs = −θXsds + dWs, s ∈ [0,T ]
I On path space:

Lc(X; θ) =
dPθ

dP0 (X) = exp
(
−θ

∫ T

0
XsdXs −

θ2

2

∫ T

0
X2

s ds
)

I Discrete observations: x = (x0, . . . , xK) of X B (X(s0), . . . , X(sK)),
s0 = 0, sK = T

I Discrete likelihood function in general not available or
complicated

I EM algorithm with

Q(θ|θn, x) = Eθn

[
−θ

∫ T

0
XsdXs −

θ2

2

∫ T

0
X2

s ds

∣∣∣∣∣∣ X = x
]

=

K∑
i=1

Eθn

[
−θ

∫ si

si−1

XsdXs −
θ2

2

∫ si

si−1

X2
s ds

∣∣∣∣∣∣ Xsi−1 = xi−1, Xsi = xi

]
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Bridge simulation using a modified drift (Delyon and Hu 2006)

dY(s) =

(
a(s,Y(s)) −

Y(s) − y
T − s

)
ds + σ(s,Y(s))dB(s), Y(0) = x

I SDE admits a unique solution Y on [0,T [ with lims→T Y(s) = y

I The law of Y on path-space is absolutely continuous w.r.t. the law
of X conditioned on X(T ) = y, X(0) = x.

I The Radon-Nikodym derivative is explicitly given (up to a
constant) as an integral of Y(s), σ−1(s,Y(s)) and quadratic
co-variations between them.
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Bridge simulation by time reversal (Bladt and Sørensen 2012)

I Dimension d = 1

I X(1)
t solution of SDE started at X(1)

0 = x

I X(2)
t solution of SDE started at X(2)

0 = y

I τ B inf { 0 ≤ t ≤ T | X(1)
t = X(2)

T−t }

I Zt B X(1)
t , 0 ≤ t ≤ τ, Zt B X(2)

T−t, τ ≤ t ≤ T on { τ ≤ T }.

Theorem (Bladt and Sørensen 2009)
The distribution of Z given { τ ≤ T } is equal to the distribution of a
bridge process given that the bridge is hit by an independent
realization of the SDE with initial distribution p(T, y, x)dx.

I Crucial hitting probability of bridge and time-reversed diffusion
hard to estimate
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Forward process

I Notation: Xt,x(s) solution of SDE started at Xt,x(t) = x, t < s

I Generator of the SDE:

Lt f (x) = 〈∇ f (x), a(t, x)〉 +
1
2

d∑
i, j=1

bi j(t, x)∂xi∂x j f (x),

where bi j(x) = σ(t, x)σ(t, x)T

I Transition density p(t, x,T, y)

Forward representation (Feynman Kac formula)

u(t, x) = E
[
f
(
Xt,x(T )

)]
=

∫
p(t, x,T, y) f (y)dy C I( f )

∂tu(t, x) + Ltu(t, x) = 0, u(T, x) = f (x)
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Reverse process

I Consider: v(s, y) B
∫

g(x)p(t, x, s, y)dx
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Reverse process

I Consider: v(s, y) B
∫

g(x)p(t, x, s, y)dx

Fokker-Planck equation:

∂s p(t, x, s, y) =
1
2

d∑
i, j=1

∂yi∂y j

(
bi j(s, y)p(t, x, s, y)

)
−

d∑
i=1

∂yi

(
ai(s, y)p(t, x, s, y)

)
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Reverse process

I Consider: v(s, y) B
∫

g(x)p(t, x, s, y)dx

Cauchy problem for v

∂sv(s, y) =
1
2

d∑
i, j=1

∂yi∂y j

(
bi j(s, y)v(s, y)

)
−

d∑
i=1

∂yi

(
ai(s, y)v(s, y)

)
,

v(t, y) = g(y)
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Reverse process

I Consider: v(s, y) B
∫

g(x)p(t, x, s, y)dx

Cauchy problem for ṽ(s, y) B v(T + t − s, y)

∂s̃v(s, y) +
1
2

d∑
i, j=1

∂yi∂y j

(̃
bi j(s, y)̃v(s, y)

)
−

d∑
i=1

∂yi

(̃
ai(s, y)̃v(s, y)

)
= 0,

ṽ(T, y) = g(y),

where
b̃(s, y) B b(T + t − s, y), ã(s, y) B a(T + t − s, y)
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Reverse process

I Consider: v(s, y) B
∫

g(x)p(t, x, s, y)dx

Cauchy problem for ṽ(s, y) B v(T + t − s, y)

∂s̃v(s, y) +
1
2

d∑
i, j=1

b̃i j(s, y)∂yi∂y j ṽ(s, y) +

d∑
i=1

αi(s, y)∂yi ṽ(s, y) + c(y)̃v(s, y) = 0,

ṽ(T, y) = g(y),

where

αi(s, y) B
d∑

j=1

∂y j b̃i j(y) − ãi(s, y),

c(s, y) =
1
2

d∑
i, j=1

∂yi∂y j b̃i j(s, y) −
d∑

i=1

∂yi ãi(s, y)
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Reverse process

I Consider: v(s, y) B
∫

g(x)p(t, x, s, y)dx

Reverse representation (Feynman-Kac formula)

I∗(g) B v(T, y) = E
[
g
(
Yt,y(T )

)
Yt,y,1(T )

]
dY(s) = α(s,Y(s))ds + σ̃(s,Y(s))dB(s), Y(t) = y,

dY(s) = c(s,Y(s))Y(s)ds, Y(t) = 1

αi(s, y) B
d∑

j=1

∂y j b̃i j(y) − ãi(s, y),

c(s, y) =
1
2

d∑
i, j=1

∂yi∂y j b̃i j(s, y) −
d∑

i=1

∂yi ãi(s, y)

Forward-reverse for conditional diffusions · September 11, 2013 · Page 11 (25)



Forward-reverse representation

Theorem (Milstein, Schoenmakers, Spokoiny 2004)

Choose X and (Y,Y) independent, t < t∗ < T :

E
[
f
(
Xt,x(t∗),Yt∗,y(T )

)
Yt∗,y(T )

]
=

=

∫
p(t, x, t∗, x′) f (x′, y′)p(t∗, y′,T, y)dx′dy′ C J( f ).

Proof.
I Condition on Xt,x(t∗) and apply the reverse representation

I Integrate with respect to the law of Xt,x(t∗)
�
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Forward-reverse estimator for p(t, x,T, y)

I Formally inserting f (x′, y′) = δ0(x′ − y′) gives J( f ) = p(t, x,T, y)

I Use kernel f (x′, y′) = ε−dK
(

x′−y′

ε

)
with bandwidth ε > 0

I Define estimator:

p̂N,M,ε B
1

εd MN

N∑
n=1

M∑
m=1

Ym
t∗,y(T )K

Xn
t,x(t∗) − Ym

t∗,y(T )

ε


Theorem (Milstein, Schoenmakers, Spokoiny 2004)

Assume that the coefficients of the SDE are C∞ bounded and satisfy
a uniform ellipticity (or uniform Hörmander) condition.

I If d ≤ 4, choose M = N, εN = CN−1/4, then the MSE of p̂N,N,εN is
of order N−1.

I For d > 4, choose M = N and εN = CN−2/(4+d), then the MSE of
p̂N,N,εN is of order N−8/(4+d).
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Generalization to multiple time steps

Theorem

Introduce the re-ordered grid t∗ < t̂1 < · · · < t̂L = T defined by
t̂i B T + t∗ − tL−i, i = 1, . . . , L. Then

E
[
f (Yt∗,y(T ),Yt∗,y(t̂L−1), . . . ,Yt∗,y(t̂1))Yt∗,y(T )

]
=∫

Rd×L
f (y1, y2, ..., yL)

L∏
i=1

p(ti−1, yi, ti, yi+1)dyi.

Proof.
I Yt∗,y(s) = Y0,y(s − t∗) C Yy;T (s − t∗),
Yt∗,y(s) = Y0,y(s − t∗) C Yy(s − t∗)

I E [ f (Yy;T (T − t∗))Yy;T (T − t∗) ] =
∫

p(t∗, y′,T, y) f (y′)dy′

I Induction in L. �
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Theorem

Introduce the re-ordered grid t∗ < t̂1 < · · · < t̂L = T defined by
t̂i B T + t∗ − tL−i, i = 1, . . . , L. Then

E
[
f (Yt∗,y(T ),Yt∗,y(t̂L−1), . . . ,Yt∗,y(t̂1))Yt∗,y(T )

]
=∫

Rd×L
f (y1, y2, ..., yL)

L∏
i=1

p(ti−1, yi, ti, yi+1)dyi.
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A forward-reverse representation of the conditional expectation

I Consider a grid 0 = s0 < · · · < sK+L = T

I Choose t∗ B sK , rename ti B si+K , 0 ≤ i ≤ L

I Assume p(s0, x,T, y) > 0

I K : Rd → R,
∫

K(u)du = 1

Theorem

Let t̂i B T + t∗ − tL−i, Xt = Xs0,x(t), Yt = Yt∗,y(t), Yt = Yt∗,y(t), X and
(Y,Y) independent, then

E
[
g(Xs1 , . . . , XsK+L−1)

∣∣∣ XT = y
]

=

1
p(s0, x,T, y)

lim
ε↓0
E
[
g(Xs1 , . . . , Xt∗ ,Yt̂L−1 , . . . ,Yt̂1)ε−dK

(YT − Xt∗

ε

)
YT

]
.
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Assumptions

Conditions on the diffusion process:
Transition densities p(s, x, t, y) and q(s, x, t, y) of X and Y exist and∣∣∣∣∂αx∂βy p(s, x, t, y)

∣∣∣∣ ≤ C1

(t − s)ν
exp

(
−C2
|y − x|2

t − s

)
for multi-indices |α| + |β| ≤ 2 (and sim. for q). Moreover,
p(s0, x,T, y) > 0.

Conditions on the kernel:

I
∫

K(v)dv = 1,
∫

vK(v)dv = 0 (second order)

I K(v) ≤ C exp
(
−α|v|2+β

)
, C, α, β ≥ 0, v ∈ Rd

Conditions on the function:

I g and its first and second derivatives are polynomially bounded
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The forward-reverse estimator for the conditional expectation

I Stochastic representation:

H B E
[
g(Xs1 , . . . , XtL−1)

∣∣∣ XT = y
]

=

lim
ε↓0
E
[
g(Xs1 , . . . , Xt∗ ,Yt̂L−1 , . . . ,Yt̂1)ε−dK

(YT − Xt∗

ε

)
YT

]
/p(s0, x,T, y)
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I Stochastic representation:
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∣∣∣ XT = y
]

=

lim
ε↓0
E
[
g(Xs1 , . . . , Xt∗ ,Yt̂L−1 , . . . ,Yt̂1)ε−dK

(YT − Xt∗

ε

)
YT

]
/p(s0, x,T, y)

I Estimator: for (Xn) i.i.d., (Ym,Ym) i.i.d.,

Ĥε,M,N :=

∑N
n=1

∑M
m=1 g

(
Xn

s1
, . . . , Xn

sK
,Ym

t̂L−1
, . . . ,Ym

t̂1

)
K

(
Ym

T −Xn
t∗

ε

)
Ym

T∑N
n=1

∑M
m=1 K

(
Ym

T −Xn
t∗

ε

)
Ym

T

×

× 1
1

NM ε
−d ∑N

n=1
∑M

m=1 K
(

Ym
T −Xn

t∗
ε

)
Ym

T >p/2
,
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The forward-reverse estimator for the conditional expectation

I Estimator: for (Xn) i.i.d., (Ym,Ym) i.i.d.,

Ĥε,M,N :=

∑N
n=1

∑M
m=1 g

(
Xn

s1
, . . . , Xn

sK
,Ym

t̂L−1
, . . . ,Ym

t̂1

)
K

(
Ym

T −Xn
t∗

ε

)
Ym

T∑N
n=1

∑M
m=1 K

(
Ym

T −Xn
t∗

ε

)
Ym

T

×

× 1
1

NM ε
−d ∑N

n=1
∑M

m=1 K
(

Ym
T −Xn

t∗
ε

)
Ym

T >p/2
,

Theorem
Assume p(s0, x,T, y) > p > 0, choose M = N.

I For d ≤ 4, set εN = CN−1/4, then E
[(

H − ĤN,N,εN

)2
]

= O(N−1).

I For d > 4, set εN = CN−2/(4+d), then

E
[(

H − ĤN,N,εN

)2
]

= O(N−8/(4+d)).
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Implementation

I Assume K has compact support in Br(0)

Algorithm

1. Simulate N indep. trajectories (Xn)N
n=1 started at Xs0 = x and

(Ym)N
m=1 started at Yt∗ = y on D∩ [s0, t∗] and D̂ ∩ [t∗,T ], resp.

2. For fixed m ∈ {1, . . . ,N}, find the sub-sample

{X
nm

k
s0,x(t∗) : k = 1, . . . , lm} B {Xn

s0,x(t∗) : n = 1, . . . ,N} ∩ Brε(Ym
t∗,y)

3. Evaluate

Ĥε,M,N ←

∑N
m=1

∑lm
k=1 g

(
X

nm
k

s1 , . . . , X
nm

k
sK ,Y

m
t̂L−1

, . . . ,Ym
t̂1

)
K

Ym
T −X

nm
k

t∗

ε

Ym
T

∑N
m=1

∑lm
k=1 K

Ym
T −X

nm
k

t∗

ε

Ym
T
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Complexity

I Assume that Xs0,x(s),
(
Yt∗,y(t),Yt∗,y(T )

)
can be simulated exactly

at constant cost.

I Cost of simulation step: O(N)

I Cost of “box-ordering” step: O(N log(N)) (up to comparisons of
integers)

I Cost of evaluation step: O
(
N2εd

)
Complexity estimate

I Case d ≤ 4: Choose ε =
(
N/ log N

)−1/d, achieve MSE O(N−1) at
cost O(N log N)

I Case d > 4: Choose ε = N−2/(4+d), achieve MSE O(N−8/(4+d)) at
cost O(N log N)
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Conditional expectations of the realized variance

I Heston model:

dS t = µS tdt +
√

vtS tdB1
t ,

dvt = (αvt + β)dt + ξ
√

vt

(
ρdB1

t +

√
1 − ρ2dB2

t

)

I a(x) =

 µx1

αx2 + β

 , σ(x) =

x1
√

x2 0
ξρ
√

x2 ξ
√

1 − ρ2 √x2


I Reverse drift: α(x) =

 (2x2 + ρξ − µ)x1

(ρξ − α)x2 + ξ2 − β

, c(x) = x2 + ρξ − µ − α.

I Realized variance: RV B
30∑
i=1

(
log(S ti+1) − log(S ti)

)2

I Objective: E [RV | S T = s], T = 1/12
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Numerical experiment
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