THE GEOMETRY OF ITERATED STRATONOVICH INTEGRALS

CHRISTIAN BAYER

ABSTRACT. We give a summary on the geometry of iterated Stratonovich inte-
grals. For this exposition, we always have the connection to stochastic Taylor
expansion in mind. In particular, we believe that “cubature on Wiener space”
is best understood in the setting presented in this text. Besides cubature on
Wiener space, we also give a second application regarding the heat kernel on
nilpotent free Lie groups.

1. INTRODUCTION

Although iterated Stratonovich integrals of Brownian motion are interesting ob-
jects per se, our motivation for studying them stems from the stochastic Taylor
expansion, where they play a similar réle as polynomials do in the deterministic
Taylor expansion.

Let By = (B},...,B%), t > 0, denote a d-dimensional Brownian motion on
the filtered probability space (Q, F, (F;), P) satisfying the usual conditions. For
notational issues, we introduce a Oth component BY = ¢. Let Vp,...,V;: R® — R"®
be C*°-bounded vector fields on R", i. e. smooth vector fields such that all their
derivatives are bounded. We also require the vector fields themselves to be bounded.

Remark 1.1. We identify vector fields with the corresponding first order differential
operators, i. e. we identify a vector field V = (V1,... V") as above with the
operator » ., Vi(x)%. Consequently, V2 denotes the second order differential
operator

Lo OVE L Of N e O
VEf(z) = ]221 VI (@) 57 (@) g (@) + ]221 VI (@)Vi(@) g (@),

where f € C%(R").

Furthermore, let ¥} be the (unique strong) solution of the SDE (in Stratonovich
formulation)

d
a1 Ay = Vo(Y¥)dt + Y Vi(Y{) 0 dB;
: =1 ’
Yy =y

for y € R™.

Given a multi-index I = (i1,...,ix) € {0,1,...,d}*, k € N, define a degree
by deg(I) = k+ #{j € {1,...,k} | i; = 0} and deg(P) = 0, @ denoting the
empty multi-index. This definition takes care of the different orders of the d + 1
components of B in the sense that ABY = At and AB! ~ v/At,i € {1,...,d}. The
set Upe{0,...,d}" of all multi-indices is denoted by A.

1



2 CHRISTIAN BAYER

Proposition 1.1 (Stochastic Taylor expansion). Let f € C;""?(R") and firm € N.
Then

I=(i1,...,i)EA
deg(I)<m, keN

where the iterated Stratonovich integral is defined by
t tr to

(1.2) Bl = / odBi* o+ 0 dB" ://.../odB;'; 0. 0dB
0<ty1<---<tp<t 0 0 0
for deg(iv,...,ix) >0 and B? = 1. The remainder term satisfies
t
(13) sup E(Rm(tvyaf)Q) S Ct sup ”V; ‘/;zkaoo?

yER™ I=(i1,...,ix)EA
m<deg(I)<m+2, keN

miltlie>ay
2

i. e. the remainder is of order O(tmTH) fort < 1.

Just as the Taylor formula in numerical analysis, the stochastic Taylor expansion
is the starting point of stochastic numerical analysis, see [3] for details on stochastic
Taylor expansions and many methods originating from it.

Ignoring the remainder term, the only stochastic ingredients of the stochastic
Taylor expansion are the iterated Stratonovich integrals of Brownian motion and
a better understanding of them can give ideas for interesting new methods for
numerical treatment of SDEs, as we shall see later. As a first step, we “encode” the
iterated Stratonovich integrals of order up to m as a random variable with values
in an appropriate algebra.

Before we go back to iterated Stratonovich integrals, we need to study this
algebra in some detail, in order to exploit its properties later on.

2. FREE NILPOTENT LIE GROUPS

Let Ay 1 denote the space of all noncommutative polynomials in ey, ...,eq. Ag1
is the free associative algebra with unit generated by e, ..., eq over the field of real
numbers. We define a degree function on Ay 1 by deg(e;, - - - €;,) = deg((i1, ..., )),
i. e. eg hast twice the weight of the other generators. As usual, the degree of a
polynomial — i. e. of an element of Ay ; —is defined as the maximum of the degrees
of the respective monomials.

Definition 2.1. The free step-m nilpotent associative real algebra with unit in d
generators of degree 1 and one generator of degree 2 is the space of all noncommu-
tative polynomials of degree less or equal m. We denote it by A7'.

Remark 2.1. Algebraically, Ay 18 Ag factorized by the ideal generated by the
monomials of degree greater than m. Thus, it also has the structure of an algebra,
ei, - €€, -+~ ej, =0 for deg(i1,..., ik, j1,...,41) > m. Note that we often simply
write “algebra” instead of “associative real algebra with unit”.

Remark 2.2. The “1”7 in the symbols Ag; and Agfl stands for eg, which we need
for the representation of BY = t. If there is no drift, i. e. if Vo = 0 in (1.1), then
we do not need to keep track of the of the “dt” terms, and thus we only need to

consider the (step-m nilpotent) algebras generated by e1,...,eq, denoted by A%
and Ag, respectively.
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The degree function deg induces a grading on the algebra: if W} denotes the
linear span of all monomials of degree k, then

(2.1) H=ROWI® & Wpn,

where R ~ Wy = ({1}), 1 referring to the unit element of the algebra. Here, (4)
denotes the linear span of a set A. Indeed, Wi-W; C Wiy, k,1 € N, keeping in mind
that Wy, = {0} for k > m. According to the grading, we will write z = o+ -+ 1z,
for z € Ad 1, where x; € W; is the projection of x onto W;, ¢ =0,...,m. Fort € R,
we define the canonical dilatation Ay A7 — AFY by

(2.2) Ay(z) = zo + tay + t2mg + -+ "y,

Note that A; is an algebra-homomorphism.
We define the exponential function on A7"; using the usual power series definition,

1. e.
s LL‘
exp(z) = Z,j
k=0

Remark 2.3. Note that A(’i’fl is a finite-dimensional vector space, thus the exponen-
tial function is well defined — and smooth — using the natural topology on Aj';. If
we used the same definition in the non-truncated algebra A1, as in [7], we would
get convergence problems and need to work in the completion of Ay ; with respect
to some non-elementary topology. Finite dimensionality of all the spaces involved
is one of the benefits of working in the nilpotent setting from the beginning.

The logarithm is defined for z € A7, with zo > 0 by

log(z) = log(o) +Z : (x_xo)k,
k=1

with log(zo) being the logarithm of z( interpreted as a real number. Note that we
may truncate the power series of the logarithm due to nilpotency: (z—zg)™*! = 0.
Thus, the logarithm is a polynomial (for fixed zg).

Any algebra carries the structure of a Lie algebra with respect to the commutator
[z,y] = xy — yx. We now consider the Lie algebra generated by eq, ..., eq4:

Definition 2.2. The free step-m nilpotent Lie algebra with d generators of degree
1 and one generator of degree 2 is denoted by 941, 1- e

g = ({enlewes) lenlejenll, o |6,k € {0, d}}).

The free step-m milpotent Lie group Gy is defined as the exponential image of the
Lie algebra gg';.

Gd 1, indeed, is a Lie group and g3, is its Lie algebra, as can be seen using the
Baker- Campbell-Hausdorff formula

1 1
(23)  exply)exp(=) = exp(y+ = + 512+ 5 (9 [y, 2~ [, eyl + ),
for y,z € gg'. Note that g'; inherits the grading of the algebra via Uy = gg'; N1 Wi,
k=1,...,m, hence
901 =U1® - ®Up.
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By definition, zo = 0 for z € gy'; and ¢ = 1 for z € Gy';. Note that exp : gg'; —
41 1s smooth and bijective and, hence, the logarithm — being its inverse — is a

global chart for the manifold Ggfl!

Example 2.1. The simplest non-trivial example is the case d = 2 and m = 2
without drift. That is, we consider A3, the space spanned by 1, €1, es and €?, ejeq,
ese1, €5. The corresponding Lie algebra g3 is spanned by e1, ez and [eq, ez]. The
Lie group G?% is called Heisenberg group.

The Heisenberg group has the following representation as a matrix group:

G3 =

OO =
O = Q

c
b a,b,c e R
1

with the usual matrix multiplication as group operation. The Lie algebra g3 —
. . 100 . .
i. e. the tangent space at the unit element I3 = (8 ! (1)) — is then given by

0
gg: O :'E?y’ZGR )
0

O O 8
o w

where the Lie bracket is defined as the usual commutator of matrices. We can
think of the Heisenberg group as R® with the (noncommutative) multiplication
(1,22, 23) * (Y1, Y2, y3) = (T1 + Y1, T2 + Y2, 23 + Y3 + T1Y2).
Note that, with e; = (8 0 8) and ey = (8 5 (1)) we have [eq, es] = (8 5 (1)>, which
000 000 000

verifies that g3 is spanned by e1, ez and [e1, e2]. We will come back to this later.

3. ITERATED STRATONOVICH INTEGRALS IN Gy

Let X", € AjY, t > 0, denote the stochastic process

(3.1) Xf=z Y  Ble,
IcA
deg(I)<m
where e; = ¢;, -+ - ¢e;, for a multi-index I = (i1,...,ix) € A, k> 1, and ey =1 €

AT, Aslong as z is invertible, e. g. for x = 1, X}’ encodes the iterated Stratonovich
intégrals of degree up to m as a stochastic process in Aj';, since the collection of all
ers as in (3.1) forms a linear basis of Aj’;. X is solution to an AJ'-valued SDE
driven by (BY, ..., B?). Indeed,

d
dXP =z Z B{dte;eo—i—z Z Bl odBleje;

IcA i=1 IcA
deg(I)<m—2 deg(I)<m—1
d
=z Z Btlejeodt—i—xz Z BtlejeiOdBf,
IeA i=1 IcA

deg(I)<m deg(I)<m
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where we used the nilpotency of the algebra in the second line. Consequently, X7
is the unique solution of the SDE

d
(32) dX? = XPeodt + ; XZe; 0 dB! ,
X5=u

where x € AJ';. We denote its driving vector fields by D;(z) = ze;, i = 0,...,d.
Depending on the situation, we regard Dy, ..., Dy as vector fields defined on either
Ay or Gy

Remark 3.1. The well known identity-in-law B; =% \/tB; and the corresponding
identities-in-law for the iterated Stratonovich integrals can be nicely expressed using
the canonical dilatation as X} =% A\/gXll.

Proposition 3.1. Given an initial value x € Gy, X7 € G’y a. s. for allt > 0.

Proof. Since X¥ = x X}, we only need to consider the initial value x = 1. By (3.2),
X} solves the Stratonovich-SDE driven by the vector fields D;(z) = we;, i =
0,1,...,d. Note that these vector fields are tangent to the Lie group Gy'; and
left-invariant. Consequently, they belong to the Lie algebra g'; interpreted as the
space of all left-invariant vector fields tangential to the Lie group. (This statement
is true since TGy = gy and T,G), = zg, = {wz | z € g }. Thus, the driv-
ing vector fields are tangent to the Lie group, and left-invariance can be checked.)
This already implies that G’C}fl is locally invariant with respect to the SDE (3.2),
1. e. Vo € Gy there is a strictly positive stopping time 7, such that X € Gy
Vi< T, a.s.

Gy'y 1s a closed subset of Aj';, since it is the pre-image of the closed set g} C
AT under the continuous map log. Let 7 be the first hitting time of Aj \Ggfl.
Then X7 € Gy on {7 < >0} and, consequently, local invariance implies existence
of a positive stopping time 7 such that X}’ remains in G’y up to time 7 + 7, in
contradiction to the construction of 7. O

Hence, X}, z € Ggfl, really takes its values in the Lie group Ggfl, which is a
much smaller dimensional manifold — e. g. dim g%l = 8 whereas dimA%1 = 20,
i. e. the iterated integrals of two Brownian motions up to order 3 evolve on an
8-dimensional submanifold of the 20-dimensional space A3 ;. On the other hand,
Ggfl is not a linear space and often it is desirable to work in a vector space instead
of a manifold. Therefore, we use the global chart and define a stochastic process

(3.3) Zy =log(X}), t>0,
on gg'y, which contains all the information of X}t

Proposition 3.2 (Chen-Strichartz formula). Let &) denote the symmetric group
of k elements. For o € & lete(o) = #{j € {1,....k—1} | o(j) > o(j + 1)} be
the number of inversions of o. Then

Zt = log(th) = E A{e[ﬂ,
Te A\{0}
deg(I)<m
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where, for a multi-index I = (iy, ..., ix) € A\{0}, e = [eq, [€in, - -, [€1_yh €] - -]
and o
(i10in) (1)) o1y, in)
At 1 — Z 7]62(’@*1) Bt 1
ccBy e(o)
with U(il, . Jk) = (ig(l), .. ,ig(k)) for o € Gk.

Proof. The Chen-Strichartz formula is Theorem 1.1 in [1]. We only need to apply
the projection Ag1 — AF'; to the formula as given in [1] and note that the drift,
which is included in our setting, does not affect the formula in principle. [

Remark 3.2. The Chen-Strichartz formula roughly says that Z; is a linear function
of X}. Note, however, that the set {e;) | I € A\ {0}} is not a basis of g},
e. g. [e1,ea] = —lea, e1] and both terms appear. Thus, in a second step one would
need to expand the Chen-Strichartz formula with respect to a basis of g';. One
particular class of basis of g;"; is the class of Hall basis, for which a well-developed
theory including efficient construction algorithms exists. We do not delve into
details but refer to [10] for a thorough treatment of this topic.

Example 3.1 (Continuation of Example 2.1). In the case of the Heisenberg group,
a Hall basis of g2 is given by {ey,es,[e1, 2]} and we have Z; = Ble; + BZesy +
Atler, ea], where

I I
At:f/ B;ong—f/ B?odB;
2 Jo 2 Jo
denotes Lévy’s area.

The setting A7, provides a nice way to write the expected value of iterated
Stratonovich integrals.

Proposition 3.3. Fort >0 and x € Agfl we have

d
t
T\ __ e 2
E(Xt ) = xexp(teo + 3 Z-_Zlei).
Note that E(X[) ¢ Gy since its logarithm is not in the Lie algebra.

Proof. Proposition 3.3 is not surprising considering the SDE (3.2) for X7. Indeed,
the infinitesimal generator of X[ is given by L = DO—Q—% Zle D2, again interpreting
the vector fields D;(z) = we; as first-order differential operators. Thus, u(t,z) =
E(X}) satisfies the Kolmogorov backward equation

%u(t,x) = Lu(t,x)
with initial condition u(0,2) = z. Formally, this can be expressed by u(t,z) =
el (1d) ().

Now let v(t,z) denote the right hand side of the formula in the proposition
statement. Then,

d d
%(t,x) = xexp(teo + ;; e?) (eo + % Ze?) = Lv(t,x)

i=1
and the result follows by uniqueness of the solution to the Kolmogorov backward
equation. [
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Of course, Proposition 3.3 is not an interesting result of its own, it is rather a
convenient way of writing the easily obtained recursive formulas for the expected
value of an iterated Stratonovich integral. Nevertheless, it is the starting point to
the applications presented in the next two sections.

4. CUBATURE ON WIENER SPACE
We start with the classical concept of cubature formulas.

Definition 4.1. Given a positive Borel measure p on RY with support supp(u)
and m € N. The points x1,...,x; € supp(u) and the weights A1,..., A\ > 0,1 € N|
form a cubature formula of degree m for p if for all polynomials p on RV with
degree less or equal m the following formula holds true:

l
[ poutdz) = 3" xps).
RN i=1

Cubature formulas of degree m exist for any Borel measure with finite moments
of order up to m, a statement known as Chakalov’s theorem, see [2]. More precisely,
Chakalov’s theorem implies existence of cubature formulas with size [ smaller than
or equal to the dimension of the space of polynomials on RY of order up to m. Note,
however, that even in the finite-dimensional case cubature formulas are difficult to
construct, especially in higher dimensions.

Recall that the Wiener space is the space Cy([0, oo[; RY) of continuous functions
f :[0,00[— R9 such that f(0) = 0, equipped with the Borel o-field and the Wiener
measure P, i. e. the law of d-dimensional Brownian motion. A direct generalization
of the notion of a cubature formula to Wiener space does not make sense. Indeed,
cubature weights \1,...,\; and paths wy,...,w; € Cp([0,00[;RY), I € N, would
have to verify the following: for any collection of continuous linear functionals
Ui, pn, N €N, on Cy([0,00[; RY) and any polynomial p on RY of order up to
m

l
P(Ml(w)» = -a/JN(w))P(dW) = Z&‘P(m(%‘)’ e aMN(Wi))'
Co([0,00[R) =
This cannot work, because there are far too many linearly independent linear func-
tionals.

The previous generalization of cubature formulas to Wiener space does not cover
some of the most interesting functionals on Wiener space such as Lévy’s area Ay7,
i,7 = 1,...,d. Note that Lévy’s area is not linear, but not even continuous with
respect to the topology on Wiener space, i. e. uniform topology, even if the path
is regular enough such that Lévy’s area is well-defined using Riemann-Stieltjes
integrals, see [6]. Thus, even though the above condition is far to strong from one
point of view, it is too weak from another point of view, since it fails to cover some
of the most important functionals.

Instead, we go back to the stochastic Taylor expansion, which suggests the fol-
lowing substitute:

Definition 4.2. Fix T > 0 and m € N. Weights A\1,...,A\; > 0 and continuous
functions w; : [0,7] — RY, j = 1,...,1, of bounded variation define a cubature
formula on Wiener space of degree m if for all multi-indices I = (i1,...,i) € A
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with deg(I) <m

E(BL) = Z A / dwi (t1)dw!? (t2) - - dw'® (t)

I=1 o<ty <<ty<T

with w?(t) =tforj=1,...,l and t € [0,7]. Note that the iterated integrals on
the right hand side are well-defined as Riemann-Stieltjes integrals.

The idea is that — as mentioned regarding the stochastic Taylor expansion —
iterated Stratonovich integrals play the role of polynomials in the classical case.
Note that the integrals on the right hand side of the formula can be interpreted as
Bl.(w) evaluated at w = w;. Definition 4.2 is related to Definition 4.1 applied to
Wiener space in the following way: let u% denote the evaluation functional at time
T on Wiener space, i. e. ph(w) = w*(T), i = 1,...,d. Then, for any polynomial p
on R? of order up to m, Itd’s formula implies that

l d
p(pr(@)Pdw) = E(p(Br)) = Y Ajp(w;(T) = D Aplur(w;)),
Co([0,00[;R) Jj=1 j=1

given a cubature formula on Wiener space as in Definition 4.2. This is the required
equality for a classical cubature formula in the sense of Definition 4.1 on Wiener
space, but only for the d linear functionals ut, ..., ,u%, when the equality should
hold for all linear functionals on Wiener space. This shows that c. f. w., indeed, is
a much weaker concept than the classical concept of a cubature formula generalized
to the Wiener space in this respect. On the other hand, cubature on Wiener space
does cover Lévy’s area and the other iterated Stratonovich integrals.

When we talk about cubature formulas on Wiener space, we always mean cuba-
ture formulas in the sense of Definition 4.2. We never mean a direct generalization of
classical cubature formulas in the sense of Definition 4.1, neither the one indicated
above nor any other possible one.

Remark 4.1. A related concept by Kusuoka [4] and [5] uses m-moment similar fami-
lies of random variables, i. e. families of random variables Z; € ﬂ1<p<oo Lr(Q, F, P),
I € A, such that Zy =1 and -

E(Zy, - Zp,) = E(B{l -~-B{’°),

forall I,..., Iy € A and k € N with deg(l1) + - - - + deg(Ix) < m.

In order to compare the concepts of cubature on Wiener space and moment
similar random variables, we interpret Definition 4.2 in a slightly different way. Let
w be a random variable taking values in the Wiener space such that @ = w; with
probability A;, j =1,...,l. Then the moment condition in Definition 4.2 reads

l
B(BE) = " A BHw;) = Es(B1@).

for all I € A with deg(l) < m. Thus, the moment condition for the method of
moment similar random variables is much stronger for the same order m, since the
moment condition for cubature on Wiener space only prescribes the first moments.
Thus, m-moment similar random variables are more difficult to find and typically
more complicated.
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Moreover, the method of m-similar random variables neglects the geometry of
the problem. For example, the support of the law of the vector (Z; : deg(I) < m)
does not need to lie in the support of the law of the vector of iterated Stratonovich
integrals of order up to m. This is an undesirable property, see [12].

Remark 4.2. Using Remark 3.1, it suffices to construct a cubature formula for time
T = 1, since cubature formulas for any other time 7' > 0 can then be constructed
by rescaling.

Before proving existence of cubature formulas on Wiener space, we sketch the
intended application, namely weak approximation of the SDE (1.1), see [7] for
details. Given a function f :R™ — R smooth enough, stochastic Taylor expansion
implies

me1
E(fO)) = >, Vi VilWE(Br) +O(T7F)

I=(iy1,...,ix)EA
deg(I)<m, keN

(4.1) !
m+1
=D N Y Vi Vi fe[(D) +0(T7),
J=1 I=(ir,ik)EA
deg(I)<m, keN
where Aj, wj, j =1,...,1, stem from a cubature formula of order m at time 7" and

A = [ del ) (n)
0<ty <o <t <t

for a multi-index (i1,...,ix) € A, k € N, j = 1,...,l. By ordinary, deterministic

Taylor expansion of the solution Y}Y (w;) of the ODE

d
(4.2) AV (wy) = Vo (VY (w;))dt + > Vi (VY (wy)) duwi(t),

i=1
with initial condition Y,Y (w;) =y, we get
(4.3) FVRw)) = > Vi Vi fwi (T) +O(T™H).

I=(i1,...,ix)EA
deg(I)<m, keN

Plugging (4.3) into (4.1) yields

l
(4.4) B(f(Y)) = 3N (V7 () + O(T75),

i. e. we approximate the solution of the Kolmogorov backward PDE by a convex
combination of f evaluated at the solutions of the ODEs (4.2) driven by [ paths of
bounded variation. This is the one-step cubature on Wiener space scheme.

The multi-step scheme works as follows — for simplicity, we only write down the
two-step scheme, the multi-step scheme being a straightforward generalization:

(1) Fix 0 < s < T. As mentioned above, we get cubature paths for s and T — s

by rescaling the cubature paths for T', we use the symbols w](-t), ji=1,...,1

for the paths of the cubature formula on Wiener space at time ¢.
(2) Calculate the solutions )gy(wﬁs)) =ys; of (42),j=1,...,L
(3) Calculate the solutions Y/ (ng_s)) =yr, . fori,j=1,...,d.
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(4) Approximate the solution of the PDE by

l
(4.5) E(f(Y1) = > NAif (yr,ig)-

ij=1

This already clarifies the current weakness of the method, since the effort — the

number of ODEs — increases exponentially with the time discretization. In general,

subdividing [0, 7] using a mesh 0 = 59 < 51 < -+ < s = T gives an error of order
m—1

const T max (As;) z ,
Jj=1,...k

As; =s;—sj_1,7 =1,...,k, but one needs to solve ¥ ODEs. The above error
estimate is valid for a function f € C;**?(R™), since we need the estimate for
the error term (1.3). The techniques of [4] allow, however, to extend the result
t(() ;miformly Lipschitz continuous functions f, provided one uses the special grid
V=L,

Si T B

=0,...,k, v >m— 1. More precisely,

l
Vil
’E(f(YT)) - Z >‘j1 e /\jkf(yTJ'h---,jl) < const %7

J1seJk=1

where yr j, .. ; is the value of the solution to the ODE (4.2) along the path w;, up

to time ng)’ then along wj, up to time 5(27), and so on.

One way out of the dilemma is by identifying two points ys, j,,....;; and ys, ji . iz,
i € {1,...,1}, in the tree if they are “close enough”. This needs to be done in a
careful, systematic way, since the result is very sensitive with respect to changes in
the tree, see [11].

For a different approach note that (4.5) can be interpreted as the expectation of
a random variable taking the values f(yr; ;) with probability A\;A;, ¢,7 =1,...,L
Instead of calculating all these [? — in general [¥ — values, we can calculate this
expected value by Monte Carlo simulation on the tree, i. e. we only need to calculate
through some of the [ possibilities. See [9] for a method related to this idea.

Example 4.1. As with classical cubature methods, it is a non-trivial task to con-
struct actual cubature paths for some given d and m, especially if one wants to
find optimal ones, i. e. with the minimal number of paths necessary to achieve a
cubature formula on Wiener space.

For the case m = 3, let Aq,...,\; be the weights and z1,..., % € R? the nodes
of a classical cubature formula of degree 3 for the standard Gaussian measure on
R? e. g {z1,...,2} = {+1,—1}% with equal weights 2=¢ — which is far away from
being optimal. Then, the paths w; : [0,1] — R? t + tz;, i = 1,...,1 together with
the same weights as before give a cubature formula on Wiener space.

Example paths for m > 3 are more difficult to write down. In [7], piecewise
linear cubature paths are constructed for m = 5 and d = 2 and it is shown how
to construct piecewise linear cubature paths for m = 5 and arbitrary d. Still, the
construction of cubature paths is an interesting area of research.

It is easy to translate the concept of cubature formulas on Wiener space to our
algebraic setting: Paths and weights as in Definition 4.2 form a cubature formula
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on Wiener space of degree m if

!
(4.6) B(X1) = 3 A®(w)r,
j=1
where ®(w); denotes the solution of the ODE (on A7)
d
(4.7) dy: = yreodt + Z yeeidw' (t)
i=1

with initial value yo = 1 for a continuous path of bounded variation w. Note that
P(w); € Gy for all t € [0,T].

For the proof of existence of a cubature formula, we proceed in two steps: First
we show that the left hand side of (4.6) can be written as a convex combination of
points in Gé’h, then we show that any group element is end point of the solution
to (4.7) starting at 1 € G7"; for some continuous path of bounded variation.

Lemma 4.1. For any T > 0, there are a natural number l, positive weights
Al,y..., N\ and group elements x1,...,x; € Ggfl such that

d 1
E(X}) = exp(Teo + % Zef) = Z Az
i=1 j=1
Proof. Apply Chakalov’s theorem of existence of a (classical) cubature formula of
degree 1 to the law of X1, a measure on the finite dimensional vector space Al
supported by the Lie group Ggfl. Note that Chakalov’s theorem in this case is
nothing else but the statement that the expected value of any random variable lies
in the convex hull of its support, provided it exists, see [2], Theorem 1. O

For the second step we need the following special case of Chow’s theorem from
sub-Riemannian geometry, see [8].

Lemma 4.2. Given a smooth N-dimensional manifold M. Assume that there are
d < N wector fields D,...,Dq such that for all x € M the tangent space T, M of
M at x is generated by the vector fields D1(x),...,Dq(x) evaluated at x together
with their iterated Lie brackets [D;, D;|(z), [D;,[Dj, Dill(z), .... Then, for any
two points x,y € M and any T > 0 there is a continuous path of bounded variation
w : [0,T] — RY such that the solution of the differential equation

d
dzy = Z Di(z)dw'(t),
i=1

with initial condition z(0) = x, satisfies z(T) = y. In other words: any two points
on the manifold can be connected by an absolutely continuous horizontal path.

Theorem 4.1. Cubature formulas on Wiener space exist for any time T and any
natural number m.

Proof. Take the points and weights given by Lemma 4.1. Note that the Lie group
Gy, satisfies the conditions of Lemma 4.2 using the vector fields D; defined in the
previous section, ¢ = 0,...,d. For any of the points x;, j = 1,...,l, we get a
continuous path of bounded variation w; : [0,7] — R+ with z; = ®(w;)%. Note
that we can choose the paths w; = (w9 ... ,wf) such that w?(t) =t, forallt € [0,T],

J
j=1,...,1 O
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5. HEAT KERNEL ON G7'

In this section, we will mainly work in a setting without a drift, i. e. in the setting
indicated in Remark 2.2. In this context, we work with a set A of multi-indices as
before, but without any zeros showing up. Note that deg in this case is nothing else
but the length of a multi-index or monomial. As in (3.1), we define a stochastic
process on A using the above set of multi-indices. All the previous facts remain
true with the obvious modifications.

Definition 5.1. The heat kernels on the Lie groups G’y and G are the densities
— with respect to the Haar measure on the Lie group — of the respective processes
X!. We denote them by p;(y), y € Gy ory € Gyt

Remark 5.1. Note that P(X? € dy) = P(X} € 2~ 'dy) by definition, thus p; also
contains all the information on the densities of X. For many situations, it is more
convenient to study the heat kernel in the global chart, i. e. to study the density
of the process Z; = log(X}) on gjf"; or gij* and denote it by the same symbol p(z),
z € gy or z € gy', respectively.

Remark 5.2. We call the densities p; on Gj'; and G7' heat kernels, since they are
the fundamental solutions of the heat equations

0
&u(t@) = Lu(t,r), xeGy,, [€{0,1}

with respect to the sub-Laplacians L = Dy + %Z‘Ll D? (case | = 1) and L =
1 Zle D? (case [ = 0), respectively.

Proposition 5.1. (i) In the situation without drift, the heat kernel p; exists as a
Schwartz function.

(ii) In the situation with drift, the heat kernel only exists in a distributional sense.
Let (eg) be the subspace of 841 spanned by eo. Then the factor process Z; on
91/ (eo) has a density.

Proof. The first part is a consequence of Hérmander’s theorem, since X} is driven
by the vector fields D;(x), x € G, ¢ = 1,...,d, which Lie-generate the tangent
space g7".

The heat kernel on gj"; — and consequently on G’} — cannot exist as a function
since the eg-component of Z; is deterministically equal to t. Proceed as before using
Hoérmander’s theorem. O

Proposition 5.1 shows that we can use the heat kernel also in the situation with
a drift, but we need to modify our problem by factorizing out the direction eg. This
is often possible, but for simplicity, we will restrain ourselves to the unproblematic
case without drift in this text.

The existence proof for the heat kernel is unconstructive, so we need some other
idea of how to approximate the heat kernel. If we try some kind of polynomial
expansion, we need to calculate

(5.1) / 2%p(2)dz = E(Z})
8

for multi-indices & € NV, N = dim g);'. But, by the Chen-Strichartz formula, see
Proposition 3.2, (5.1) is the expected value of a polynomial in X}, i. e. in iterated
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Stratonovich integrals of order up to m. Calculation of (5.1) using It6’s formula
is possible, but costly. Proposition 3.3 does not directly help us, because it only
gives the expected values of linear functionals on X}. There is, however, a method
allowing to use the corresponding formula for an m > m large enough by factorizing
out a particular ideal of Ag“. Since this method requires quite some algebra, we do
not go into details here.

We propose expanding the heat kernel with respect to Hermite polynomials as
made precise below. Please note that our work on this subject is still preliminary,
so there are several open questions, especially concerning efficiency and numerical
practicality. Hermite expansion seems to be preferable since

(1) it harmonizes well with Schwartz functions: given a Schwartz function f on
RY and denote the Hermite functions — see below — with ¢, o € NV, and
the corresponding Fourier coefficients with a%, i. e. a® = (f, ¢Q>L2(RN dz)-

Then )" a®$, converges to f not only in L2, but even in the topology of
the Schwartz space.

(2) Note that p; is in general not real analytic, see [15]. Thus, the straight-
forward approach of approximating p; using a power series must fail in the
sense that the series cannot converge uniformly to the function p;. This
makes (1) even more remarkable.

(3) The Gaussian measure is easy to work with. Moreover, the components of
the Brownian motion B; also show up as components of Z;, thus it seems
to be a good starting point to work with a reference measure having the
correct marginals in these components.

Let N = dimg}' and fix a homogeneous basis fi,..., fy of g, i. e. a basis
such that f; can be written as a linear combination of monomials of the same
degree deg(f;), ¢ = 1,...,N. Note that the Hall basis has this property, see [10].
Let ¥; be an N-dimensional symmetric, positive definite matrix such that O’tij =
pit(de(fi)+dea(£) /2 where Ufj denotes the matrix entry corresponding to f; and
f;and p € R, 4,5 =1,...,N. Denote the Gaussian density on g7 with covariance
matrix 3; by r¢(z). We choose this reference measure, since it gives the right scaling.
The Hermite polynomials h,(t,-) are the basis of L?(g7, r(2)dz) constructed by
orthonormalizing the monomials using the Gram-Schmidt method. The Hermite
functions ¢4 (t,-), o € NV, are given by ¢, = V/Tthe and they form an orthonormal
basis of L?(g7',dz). Setting

(5.2) a® = E(ha(t,Z;)), a €NV,

we get

(5.3) pi() = D a%balt,)/rel),
aeNN

where the limit in (5.3) is understood in L*(g}}’, ,dz) and in the Schwartz space.
Note that a® is independent of ¢ by the scaling.

Remark 5.3. (5.3) is a consequence of the approximation in L?(g7", r4(z)dz)
pe(2)
= “ha(t, 2).
re(z) Z a"ha(t, 2)
aeNN

Therefore, we need to choose ¥; such that the left hand side is an element of
L2 (g, re(2)dz).
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Remark 5.4. (5.2) can be calculated since h,, is a polynomial in z. It depends on
the actual application, whether one should directly work with an approximation of
the heat kernel as in (5.3). Note that (5.3) is not an expansion with respect to an
orthonormal basis of L? — neither of L?(g7',dz) nor of L?(g77, ri(2)dz). Thus, it
may not be trivial to get (good) error estimates.

We sketch one possible applications of the expansion (5.3).

Example 5.1 (Milstein Scheme). Let 0 = tp < t; < --- < tx = T be a time
discretization of the interval [0,7] and let Y i be the approximation of the solution
Y7 to the SDE (1.1) using the Milstein scheme as presented in [3]. For the Milstein
scheme, we need the iterated Stratonovich integrals of order up to 2, thus we work
in Gfl. Absence of a drift is not at all necessary, since X} on Gﬁ’l differs from
X} on G only by the deterministic ep-component. We write the (random) value
Y i as a function in the Brownian increments and the increments of Lévy’s area,
Y (Zatys- -y Zaty ), where Aty =t —t_1, k=1,..., K, and Z; = log(X}!) € gfl
is the vector of Brownian motions and Lévy’s areas. All other terms of the Milstein
scheme can be expressed by Z; and t and are suppressed in the notation.
For a bounded, measurable function f : R™ — R, we have

(54) E(f(Yk)) = /( - F(V k(21,0 26))pan (21) - o (2 )dz - - dzk.
94

We cannot directly use (5.4) by replacing the heat kernel with its approximation
because we cannot do the — high-dimensional — Lebesgue integration. Instead,
we approximate (5.4) using Monte Carlo simulation. We do not want to sample
according to the true density p; — since we want to provide an alternative method
and sampling with respect to p; is costly. Also, sampling with respect to the
approximate densities is not possible, since they are no probability densities. We
follow an “importance sampling” approach, by — again — using the Gaussian density
rt, 1. e. we divide (5.4) by r; and sample w. r. t. (0, Z;):

65 B~ L3 PP, ) P (1) | Pace (1)

. ~~ T 1 PIRIEEEIEY K R P}
Mz ran(z”) ran(e)

where z,g) are independent samples of N'(0, XA, ), k=1,...,K,1=1,..., M, and

p is an approximation to the heat kernel, i. e.

(5.6) P tgg = Y a%halt,2)

"
K la|<R

for some R > 0.
We already have preliminary numerical results, which show that some effort still
needs to be invested into this method.

6. OUTLOOK

Cubature on Wiener space has an interesting application in mathematical fi-
nance. Indeed, it gives a method of constructing non-trivial, highly efficient numer-
ical differentiation schemes for calculation of Greeks, as shown in [13]. We roughly
sketch the ideas.

This application is based on the method of calculating Greeks using Malliavin
weights. Given an asset modeled by (1.1) — under the risk-less measure, with zero



THE GEOMETRY OF ITERATED STRATONOVICH INTEGRALS 15

interest rate — such that the value of an option with (bounded, measurable) pay-off
f :R™ — R is given by E(f(Yj?)) For the case of the Delta, the derivative with
respect to the initial value of the underlying, the Malliavin weight (for a direction
v € R™, time T and initial value y € R™) is a random variable 7 such that

(6.1) i‘GZOE(f(YT?{JrE”)) —E(f()r),

for all bounded, measurable functions f. Such a Malliavin weight can be shown to
exist provided that Hérmander’s condition is satisfied.

For simplicity, we assume that Vi, = 0. Let 7}’ be the Malliavin weight for
the process X+ defined in Section 3 at time T in direction w € g7'. w is linked to
v € R™ in the following way: by Hormander’s condition, v can be written as a linear
combination of the vector fields and their iterated Lie brackets evaluated at y. Now
replace all occurrences of V; by an e;, ¢ = 1,...,d, in this linear combination (and
omit all references to y). This gives w € g}'. Then, [13] shows that

m+1
% 6_0E<f(Y:,?+E”)> = B(f()mit) +o(TF).

From this point, we can follow both approaches presented in Section 4 and

Section 5. Following the cubature-approach yields the formula

(6.2)

l
0 €V mtl
S B(FOE) = Yo mf (V) + O(T )
e=0 j=1
for continuous paths wy,...,w; of bounded variation satisfying a moment condition

similar to the condition for cubature formulas on Wiener space. The weights 11; # 0
can be chosen to satisfy p1 +-- -+ p; = 0. (6.2) can be interpreted as some kind of
numerical differentiation scheme.

The second approach is to directly use (6.2). For this we need to approximate
the Malliavin weight 7;*. This can be done using the heat kernel on G}, since
7 is the logarithmic derivative in direction w of the heat kernel p;(y) at y = X7-.
Thus, we can approximate 77" using the following ideas:

(1) We can define an approximation p; of the heat kernel as in (5.6) and dif-
ferentiate it.

(2) By Proposition 3.3, we can directly calculate the Hermite expansion of the
logarithmic derivative of the heat kernel using

0 E(Xt1+€w> = wexp(% Z ef)

Oe|._g P

and the same methods as presented above.
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