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Bl Weak solutions
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Weak solutions

Consider the elliptic model problem:

d d
=3 0 (@005 u(0) + Y BRI + c(u(D) = f), x€G, Ul =0
i=1

i,j=1

Conditions
> a;j, c € L™(G), b € WL(G), f € L*(G), () — § £, 0:,bi() > 0.
» Uniform ellipticity: 3C > 0 V£ e R?, x € G : a(x)¢é - £ > C |¢%.

Definition
u € Hj(G) s called weak solution of the PDE, iff for all v € H)(G) we have

d d
Z f (%) O,u(x) By, v(x) dx+z f bi(x) 0, u(x) v(x)dx + f c(u(x)v(x)dx = f Flov(x
G ‘= JG G G

ij=1

| \,

A(u,v) = L(v). J

dx.
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Existence and Uniqueness of solutions

Theorem (Lax—Milgram lemma)

Let V be a real Hilbert space with norm |||, and inner product (., -)y,. Assume that the
bi-linear functional A : V x V — R and the linear functional L : V — R satisfy:

(i) [A is symmetric;]

(i) A is elliptic, i.e., Ja > 0Vv e V: AW,v) > alvll?;

(iii) A is continuous, i.e., AC > 0Yv,w € V : |A(v,w)| < C |y lIWlly ;

(iv) Lis continuous, i.e, AN >0VYv e V: |[LW)| < Ay .
Then there is a unique u € V such that Vv € V : A(u,v) = L(v). Moreover, we have the
a-priori estimate ||ully < 2.

Corollary

The elliptic model PDE has a unique solution u € H;).
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Poincaré-Friedrichs inequality

Suppose that 4G is sufficiently smooth. Then there is c. = c.(G) s.t.

2

Vu € Hy(G) : e

2
lull2Gy < € IVull
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Proof of the Corollary
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E Finite element method for elliptic problems
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Galerkin’s method %

Recall that u solves Vv € V : A(u,v) = L(v).

Given V), c V, dim V}, < oo, let u;, € V, denote the solution of Vv € V}, : A(uy, v) = L(v). J
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Galerkin’s method %

Recall that u solves Vv € V : A(u,v) = L(v).

Given V;, c V, dim V), < o, let u;, € V;, denote the solution of Vv € Vj, : A(up, v) = L(v).

J

> Lax—Milgram implies existence and uniqueness of uy,.

» Galerkin orthogonality: Yv € V}, : A(u — uy, v) = (u — uy, v) = 0. uy, is the orthogonal
projection w.r.t. the energy norm of u to V.
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Galerkin’s method zﬁ@

Recall that u solves Vv € V : A(u,v) = L(v).

Given V;, c V, dim V), < o, let u;, € V;, denote the solution of Vv € Vj, : A(up, v) = L(v). J

» Lax—Milgram implies existence and uniqueness of u,.

> Galerkin orthogonality: Vv € Vj, : A(u — up,v) = (u — uy, v) = 0. uy, is the orthogonal
projection w.r.t. the energy norm of u to V,.

Theorem (Lemma of Céa)

/C
LetRy : V — Vj, be a projection. Then ||u — up|ly < +) — |lu — Ryully -
a
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Galerkin’s method zﬁg’}

Recall that u solves Vv € V : A(u,v) = L(v).

Given V;, c V, dim V), < o, let u;, € V;, denote the solution of Vv € Vj, : A(up, v) = L(v). J

» Lax—Milgram implies existence and uniqueness of u,.

> Galerkin orthogonality: Vv € Vj, : A(u — up,v) = (u — uy, v) = 0. uy, is the orthogonal
projection w.r.t. the energy norm of u to V,.

Theorem (Lemma of Céa)

/C
LetRy : V — V;, be a projection. Then ||u — up|ly < - [l — Rpully -

> The error depends on regularity of u (a-priori bounds) and approximation properties of
V. As the constant in |ju — Ryul|y is not known, a-posteriori bounds are useful.
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Proof of the lemma of Céa
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A one-dimensional example

Fix0=xp <x; <---<xys1 =1, h:i= max;—__n |[x+1 — x|, and define

Vi={veCq0.1D) | Vi€ (0,....N}: V.., is affine, v0) =v(1) =0}
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A one-dimensional example \‘Zg;‘% %

Fix0=xp < x1 <--- <xy41 =1, h = max;=__n |Xir1 — x|, and define

Vi = {v e C([0,1]) | Vie{0,...,N}: V., is affine, v(0) =v(1) = 0}. J

> Obvious basis of V,: tent functions ¢;(x;) = ¢;;,i=1,...,N, j=0,...,N+ 1.
> veV,=vx) = f‘il v(x))¢i(x), 0 < x < 1. Define a projection R, : V = Hé((O, 1)) -V,
by N
Riv() = ) vOigi).

i=1
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A one-dimensional example “ 3

Fix0=x9<x1 <---<xys1 =1, h:= max;—og__n |xis1 — xi|, and define

.....

Vi = {v e C([0,1] | Vie{0,...,N}: V., is affine, v(0) =v(1) =0 } J

> Obvious basis of Vj,: tent functions ¢;(x;) = 6;;,i=1,...,N, j=0,...,N + 1.

> veV, =) = BN, v(x)i(x), 0 < x < 1. Define a projection R, : V = H}((0,1)) - Vj,
by N
Riv() = ) vOigi).

i=1

Assume that v € V withv"” € L>((0, 1)). Then ||v — Rv|ly < C V|2 h. \
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A one-dimensional example “ 3

Fix0=x9<x1 <---<xys1 =1, h:= max;—og__n |xis1 — xi|, and define

.....

Vi = {v e C([0,1] | Vie{0,...,N}: V., is affine, v(0) =v(1) =0 } J

> Obvious basis of Vj,: tent functions ¢;(x;) = 6;;,i=1,...,N, j=0,...,N + 1.
> veV, =) = BN, v(x)i(x), 0 < x < 1. Define a projection R, : V = H}((0,1)) - Vj,
by N
Riv() = ) vOigi).

i=1

Assume that v € V with v’ € L*((0,1)). Then |[v — Ryvlly < C V|2 h. \

» By the Lemma of Céa, this implies || — uy||, < Ch, provided that u” € L.
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Proof of the lemma
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Remarks

» Elliptic regularity: For instance, assume
that a € C'((0, 1)) N L=((0, 1)),
c e L*((0,1)), f € L*((0, 1)), then
u € Hy((0, 1)) N H*((0,1)).
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Remarks

» Elliptic regularity: For instance, assume
that a € C'((0, 1)) N L=((0, 1)),

c € L*((0,1)), f € L*((0, 1)), then
u € H)((0, 1)) N H*((0, 1)).

» Higher order finite elements can give
higher order convergence rates,
provided that there is enough regularity
of the solution.
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Remarks

» Elliptic regularity: For instance, assume
that a € C'((0, 1)) N L*((0, 1)),

c € L*((0,1)), f € L*((0, 1)), then
u € Hj((0,1)) N H*((0,1)).

» Higher order finite elements can give
higher order convergence rates,
provided that there is enough regularity
of the solution.

» Construction of grids in
multi-dimensional domains much more
challenging, in particular requiring
discretization of the domain boundary.
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Aubin-Nitsche duality %

» Under elliptic regularity, we have seen that || — “h||H(g < Ch. By weakening the norm,
the rate can be improved:
e = upll2 < CH>.
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Parabolic problems
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The parabolic model problem %

> Consider G c R open, bounded, 7 > 0. Let Vv(t, x) := (0y,v(t, X), . .. , Oy, v(t, X)) € R%.

ou(t, x) — V - (a(t, x)Vu(t, x)) + b(t, x) - Vu(t, x) + c(t, X)u(t, x) = f(t,x), x€G, 0<t<T,
ut,x) =0, x€0G,0<t<T,

u(0, x) = up(x), x€G.
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The parabolic model problem

» Consider G c R open, bounded, T > 0. Let Vv(z, x) := (O, v(t, x), ..., 0k, (1, X)) € R4,
Owu(t, x) = V - (a(t, x)Vu(t, x)) + b(t, x) - Vu(t, x) + c(t, x)u(t, x) = f(t, x),
ut,x) =0, x€dG, 0<r<T,

u(0, x) = up(x), xe€G.

xeG,0<t<T,

Assumptions

> ae L ((0,T]x G:R™), b e WL, ((0,T1x G:R?), c € L™ ((0,T] X G),
feL?>(0,T] xG), ug € L*(G)

> c(t,x) — 3 39 0ybi(t,x) 2 0,0<t< T, x€G.

» Uniform ellipticity: there is € > 0 s.t. ¥(r,x) € (0,T1 x G, Y& € R? : a(t,x)¢ - € > C|¢)%.

Computational finance — Lecture 13 - July 9, 2021 - Page 15 (23)



The parabolic model problem zﬁg’}
» Consider G c R open, bounded, T > 0. Let Vv(z, x) := (O, v(t, x), ..., 0k, (1, X)) € R4,
Ou(t,x) — V - (a(t, x)Vu(t, x)) + b(t, x) - Vu(t, x) + c(t, O)u(t, x) = f(t,x), x€G, 0<t<T,
ut,x) =0, x€dG, 0<r<T,

u(0, x) = up(x), xe€G.

Assumptions
> ae L ((0,T]x G:R™), b e WL, ((0,T1x G:R?), c € L™ ((0,T] X G),
feL?>(0,T] xG), ug € L*(G)
> c(t,x) — 3 39 0ybi(t,x) 2 0,0<t< T, x€G.
> Uniform ellipticity: there is'c > 0 s.t. Y(¢,x) € (0,T] X G, Y€ € R?: a(t, X)E-E> E|§|2.

There is a unique solution u € L2 ([0, 7: H)(G)) with d,u € L? ([0, T]: H™'(G)), i.e.,
VO<t<T, Vve Hé(G) : (O:u(t,-), V>H71(G);H(1)(G) + A(u,v;t) = L(v; 1), u(0,-) = uyp.
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Energy dissipation @

Let K :=¢/c.(G) — from the Poincaré—Friedrichs inequality. Then

1 !

2 -K 2 —-K(t- 2

laCe, iz < ™ fluolly + f e K1 £ (s, 7 ds.
0
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Energy dissipation zﬁgy

Let K :=¢/c.(G) — from the Poincaré—Friedrichs inequality. Then

_ (" ko
e, g2 < e luollZ + 2 f e I (s, 117, ds.
0

> Note that energy dissipation implies uniqueness of solutions: If u; and u; are solutions,
than u; — u, solves the PDE with initial value 0 and source term 0.
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1 Euler schemes
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Forward Euler scheme

One-dimensional heat equation: G = (0,1), a;; =6;;, b =0,c =0, i.e,,

Auu(t, x) = ru(t, x) + f(t,x), u(t,0)=u(t,1)=0, u(0,x) = up(x)
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Forward Euler scheme %

One-dimensional heat equation: G = (0,1), a;; =6;;, b =0,c =0, i.e,,

ou(t, x) = aiu(t, x)+ f(t,x), u(t,0)=u(t1)=0, u0,x)=uy(x)

> Uniform grids x; := jh,0< j< N+ 1,1" :=mAt,0 <m < M, V, as before.

> Notation: for v = v(z, x) denote v == v(r"", -). As before, A(v,w) = fol v (x)w’ (x)dx.
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Forward Euler scheme

One-dimensional heat equation: G = (0,1), a;; = 6;;,b=0,c =0, i.e,,

ou(t, x) = aiu(t, x)+ f(t,x), u(t,0)=u(t1)=0, u0,x)=uy(x)

» Uniform grids x; == jh,0< j< N+ 1,1" :=mAt,0 <m < M, V, as before.

> Notation: for v = v(z, x) denote v == v(t"™, -). As before, A(v,w) = fol Vv (x)w' (x)dx.

Forward Euler scheme
Find uy € Vy,m=0,...,M, st foreveryve V,,m=0,...,M - 1:

At

ur71+1 _ . m
I/ I 0
<—7 L, v> + ALY = (" vy, () - uo, v>L2 =0,
L’7
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Forward Euler scheme

One-dimensional heat equation: G = (0,1), a;; = 6;;,b=0,c =0, i.e,,

ou(t, x) = aiu(t, x)+ f(t,x), u(t,0)=u(t1)=0, u0,x)=uy(x)

» Uniform grids x; == jh,0< j< N+ 1,1" :=mAt,0 <m < M, V, as before.

> Notation: for v = v(z, x) denote v == v(t"™, -). As before, A(v,w) = fol Vv (x)w' (x)dx.

Forward Euler scheme
Find uy € Vy,m=0,...,M, st foreveryve V,,m=0,...,M - 1:

At
<MZ1+1’ V>L2 - <”Zl’ V>L2 = AtAQuy,v) + AL V) <u2, V> = (o, v).

m+l _ .m

uh Mh m m 0

S hy Z+A(uh,v)=<f ,V>L2, <uh—u0, V>L2 =0,
L
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Backward Euler scheme and ¢-schemes XA@

Backward Euler scheme

Find u}' € V), m=0,...,M, s.t. foreveryve V,,m=0,...,M - I:

um+1 —um
h h m+1 _ [ gm+l 0 —
<—At : v>L2 +AGHT ) = (1 v) 2 (uf — wo, v) =0
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Backward Euler scheme and ¢-schemes

Backward Euler scheme
Find u}' € V), m=0,...,M, s.t. foreveryve V,,m=0,...,M - I:

um+1 —yn
h h +1 _ +1 0 —
<—At ; v>L2 + A vy = ()L, () = o, ), =0,

1 1 1 0
<MZ’+ , v>L2 + AtA(uy,v) = <MZ’, v>L2 + At <fm+ , v>L2, <uh, v> = (ug, v).
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Backward Euler scheme and ¢-schemes

Backward Euler scheme
Findu)' € V), m=0,...,M, s.t. foreveryve V,,m=0,...,M - I:

At

<uhm+1’ V>L2 i+ AtA(”ZnH,V) = <”Z’ v>L2 + A <fm+1’ v>L2 ’ <u2, v) = (o, V).

Mm+l —yn
h h +1 +1 0
<—, v> i + Ay, v) = <fm , v>L2, <uh — U, v>L2 =0,
L

6-schemes
For0 <0 <1 andv = v, x) define v**? == gv(7"*1, ) + (1 — O)v(r™, -).
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Backward Euler scheme and ¢-schemes

Backward Euler scheme
Findu)' € V), m=0,...,M, s.t. foreveryve V,,m=0,...,M - I:

At

<uhm+1’ V>L2 i+ AtA(”ZnH,V) = <”Z’ v>L2 + A <fm+1’ v>L2 ’ <u2, v) = (o, V).

Mm+l —yn
h h +1 +1 0
<—, v> i + Ay, v) = <fm , v>L2, <uh — U, v>L2 =0,
L

6-schemes
For0 <6 <1 andv = v, x) define v*? = gv(#"*1, ) + (1 — O)v(r™, -).
Find u}" € V), m=0,...,M, s.t. foreveryve V,,m=0,...,M - I:

m+l _ . m

u u

h h m+6 _ [ pm+6 0 _

<T’ v> + A vy = (Fm00) L, () — o, v),, = 0.
12
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Backward Euler scheme and ¢-schemes

Backward Euler scheme
Findu)' € V), m=0,...,M, s.t. foreveryve V,,m=0,...,M - I:

Mm+l —yn
h h ml N [ emel 0 _
<—At , v>L2 + A, ) = <f , v>L2 , <uh — u, v>L2 =0,

<uhm+1’ V>L2 i+ AtA(”Z"Ha V) = <”Z’ v>L2 + A <fm+1’ v>L2 ’ <u2, v) = (o, V).

6-schemes

For0 <6 <1 andv = v, x) define v*? = gv(#"*1, ) + (1 — O)v(r™, -).
Findu)' € V4, m=0,...,M, s.t. foreveryve V,,m=0,...,M - I:

um+1 —yn
h h m+6 _ m+6 0 _
<T, v>L2 + A, 7, v) = <f s v>L2 s (uh — U, v>L2 =0.

> Note that 6§ = 0 corresponds to forward Euler, 6 = 1 to backward Euler.
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Stability of 6-schemes

Theorem
For1/2 < 6 < 1 the 8—scheme is unconditionally stable, i.e.,

M-1
lgrlnasﬁ/[”u;tn“iz £ “”2”?2 + Atﬂ; “ferHHi2 ‘

For(0 < 0 < 1/2 the 8-scheme is stable provided that for some 0 < € < 1 we have
At < ﬁ(l — €). In this case,

M-1

1
max ||Ltf||i2 < ||142||]2d2 + AT Z ||f”’+‘9||i2 , G = + Ar(1 = 20)(1 + 1/e€).

1<m<M T 42
m=0
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Proof of stability in the case 1/2 <6<1
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Error analysis zﬁ@

Let u" denote the solution of the backward Euler scheme. Assume that |07 u(t. )| , < e
and ||0;u(t, )||2 < co. Then there is a constant C (depending on u) s.t.

Cmax [ -y, < Car+ ).

> Under similar assumptions, for the Crank—Nicolson scheme (6 = 1/2) we have

max Hum —up
m=1,...M

2 S CAP + 1)
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Proof
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