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Weak derivatives %

> Let G c R open. Integration by parts: for u € CX(G), v € C(G) :=
{f€C¥(G) | supp f c Gandbounded }, « € N¥, || := 3¢, a; < k, we have

f D%u(x) v(x)dx = (=D f u(x) D%(x) dx.
G G
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Weak derivatives zﬁ@

> Let G c RY open. Integration by parts: for u € CX(G), v € C(G) :=
{ feC®G) | supp f € G and bounded }, @ € N¢, |o] := Zf’zl a; < k, we have

f D%u(x) v(x)dx = (=D f u(x) D%(x) dx.
G G

(G), wy € L}

» Weak derivatives: If u € L} b

loc (G) is weak derivative of order «a of u iff

Vv e CY(G) f wo (X) v(x) dx = (1) f u(x) Dv(x) dx.
G G
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Weak derivatives %

> Let G c R open. Integration by parts: for u € CX(G), v € C3(G) =
{feC®G) | supp f € G and bounded }, @ € N?, |a| := Zle a; < k, we have

f D%u(x) v(x)dx = (-1 f u(x) D*v(x) dx.
G G

(G), wy € L}

» Weak derivatives: If u € L! .

loc (G) is weak derivative of order «a of u iff

Vv e CY(G) f wo (X) v(x) dx = (1) f u(x) Dv(x) dx.
G G

Let G =R, u(x) := (1 — |x])*. Then u is weakly
differentiable with weak derivative
0, [x] > 1,

W' (x)=31, -1<x<0,

-1, O0<x<1.
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Weak derivatives

> Let G c R open. Integration by parts: for u € CX(G), v € C3(G) =
{feC®G) | supp f € G and bounded }, @ € N?, |a| := Zle a; < k, we have

f D%u(x) v(x)dx = (-1 f u(x) D*v(x) dx.
G G

(G), wy € L! (G) is weak derivative of order « of u iff

loc

» Weak derivatives: If u € L!

loc

Vv e CY(G) f wo (X) v(x) dx = (1) f u(x) Dv(x) dx.
G G

Let G =R, u(x) := (1 — |x])*. Then u is weakly Letu:RY 5 R, x i 2. If
differentiable with weak derivative a+ 1 < d, then u is weakly
0, lxl > 1, differentiable with derivative
W' (x)=31, -1<x<0, x; x; 1
Oy u(x) = —a =l-a— | ——.
-1, 0<x<l. |x|*+? |x /] |xjot!
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Sobolev spaces X“g’}

Definition (Sobolev space)
For1 < p < o0, k € N, define:

Wy(G) = {ue L’(G)| Vol < k:DueLG) ), ullf, 5 > ol . HG) = WEG).

la<k
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Sobolev spaces %

Definition (Sobolev space)

For1 < p < o0, k € N, define:

Wy(G) = {u € LP(@G) | Vol < k: D*u e LP@G) ), Iy, = ) [IDul}, . HY(G) = W5(G).

la<k

» Definition of WX (G) similar.

> WX(G) is a Banach space, H*(G) is a Hilbert space with (u, v) i = ¥k (D*ut, D) 2.
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Sobolev spaces zﬁ@

Definition (Sobolev space)

For1 < p < o0, k € N, define:

Wy(G) = {ueL’(G)|Vlal <k:D"ue L'G)}, lullf, 5 > ol . HG) = WEG).

la<k

» Definition of WX (G) similar.
> WX(G) is a Banach space, H(G) is a Hilbert space with (i, v) i = ¥k (D*ut, D) 2.
> We define H{;(G) as the closure in |||z of C7(G) © H*(G). In a specific sense (of

traces), this means that H}(G) = { u € HY(G) \ Uy =0 }

Computational finance — Lecture 12 - July 2, 2021 - Page 4 (8) %



Sobolev spaces z@’}

Definition (Sobolev space)

For1 < p < o0, k € N, define:

Wy(G) = {(u € LP(G) | Vlal < k: D*ue L)}, Iy, = ) [ID*u}, . HY(G) = W5(G).

lal<k

» Definition of WX (G) similar.

> WX(G) is a Banach space, H(G) is a Hilbert space with (i, v) i = ¥k (D*ut, D) 2.

> We define H’g(G) as the closure in |||z of C7(G) © H*(G). In a specific sense (of
traces), this means that HX(G) = {u € H*(G) | ulg = 0 }

> Alternative definitions in terms of Fourier transform allows extension of definition to
ke R.

> Sobolev embedding theorems study embeddings of W1’§ in L”, Wy, Ce.
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Weak solutions @

Consider the elliptic model problem:

d d
= > 0y (a(00u(x) + Y bix)du(x) + cux) = f(x), x€G, u®)lsg =0
i=1

ij=1
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Weak solutions %

Consider the elliptic model problem:

d d
=3 0 (@005 u(0) + Y BRI + c(u(D) = f), x€G, Ul =0
i=1

i.j=1

> a;j, c € L™(G), b € WL(G), f € L*(G), () — § £, 0:,bi() > 0.
» Uniform ellipticity: 3C > 0¥¢ e R4, x € G : a(x)é - & > C &%

Computational finance — Lecture 12 - July 2, 2021 - Page 5 (8) %



Weak solutions

Consider the elliptic model problem:

d d
=3 0 (@005 u(0) + Y BRI + c(u(D) = f), x€G, Ul =0
i=1

i,j=1

Conditions
> ajj, c € L™(G), bj € WL(G), f € LX(G), () = § T, 8bi() > 0.
» Uniform ellipticity: 3C > 0 ¥¢ e RY, x € G : a(x)é - &€ > C |&%.

Definition
u € Hj(G) s called weak solution of the PDE, iff for all v € H)(G) we have

d d
Z f (%) O,u(x) By, v(x) dx+z f bi(x) 0, u(x) v(x)dx + f c(u(x)v(x)dx = f Flov(x
G ‘= JG G G

i,j=1

| \,

dx.
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Weak solutions

Consider the elliptic model problem:

d d
=3 0 (@005 u(0) + Y BRI + c(u(D) = f), x€G, Ul =0
i=1

i,j=1

Conditions
> ajj, c € L™(G), bj € WL(G), f € LX(G), () = § T, 8bi() > 0.
» Uniform ellipticity: 3C > 0 ¥¢ e RY, x € G : a(x)é - &€ > C |&%.

Definition
u € Hj(G) s called weak solution of the PDE, iff for all v € H)(G) we have

d d
Z f (%) O,u(x) By, v(x) dx+z f bi(x) 0, u(x) v(x)dx + f c(u(x)v(x)dx = f Flov(x
G ‘= JG G G

i,j=1

| \,

A(u,v) = L(v). J

dx.
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Existence and Uniqueness of solutions

Theorem (Lax—Milgram lemma)

Let V be a real Hilbert space with norm |||, and inner product (., -)y,. Assume that the
bi-linear functional A : V x V — R and the linear functional L : V — R satisfy:

(i) [A is symmetric;]

(i) A is elliptic, i.e., Ja > 0Vv e V: AW,v) > alvll?;

(iii) A is continuous, i.e., AC > 0Yv,w € V : |A(v,w)| < C |y lIWlly ;

(iv) Lis continuous, i.e, AN >0VYv e V: |[LW)| < Ay .
Then there is a unique u € V such that Vv € V : A(u,v) = L(v). Moreover, we have the
a-priori estimate ||ully < 2.
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Existence and Uniqueness of solutions

Theorem (Lax—Milgram lemma)

Let V be a real Hilbert space with norm |||, and inner product (., -)y,. Assume that the
bi-linear functional A : V x V — R and the linear functional L : V — R satisfy:

(i) [A is symmetric;]

(i) A is elliptic, i.e., Ja > 0Vv e V: Aw,v) > alvll};

(iii) A is continuous, i.e., AC > 0VYv,w e V : |A(v,w)| < C |y lIWlly ;

(iv) L is continuous, i.e, AN >0VYv e V: |[LW)| < Ay .
Then there is a unique u € V such thatVv € V : A(u,v) = L(v). Moreover, we have the
a-priori estimate ||ully < 2.

Corollary

The elliptic model PDE has a unique solution u € H;).
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PDEs as solutions of minimization problems @

Assume that the bi-linear form A is symmetric and positive semi-definite, i.e.,

Yv,weV: Alv,w) = A(w,v), YveV: A(v,v) > 0.

Then u € V is a weak solution iff u minimizes the functional F(v) == JA(v,v) = L(v), v € V.
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Proof of the Theorem
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