I\ .
NS

-
Weierstrass Institute for Leibniz .
Applied Analysis and Stochastics Association

Computational finance — Lecture 10

Christian Bayer

Mohrenstrasse 39 - 10117 Berlin - Germany - Tel. +49 30 20372 0 - www.wias-berlin.de

i 40 ANNA4



Outline

El Fourier method for option pricing
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Multi-dimensional setting @

Given a payoff f : R? — R and a d-dimensional r.v. X. Define

> For u € R? — but extended to suitable u € C? — define the Fourier transform of f by

]?(u) = f e f(x)dx.
Rd

> For R € R? define the dampened function fz(x) := e®2 f(x), x € R%.

> Define the moment generating function Mx(u) := E [e<“’x>], u € C? s.1. the expectation
exists.
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Multi-dimensional setting zﬁgy

Given a payoff f : R? — R and a d-dimensional r.v. X. Define

> For u € R? — but extended to suitable u € C? — define the Fourier transform of f by

]?(u) = f e f(x)dx.
Rd

> For R € R? define the dampened function fz(x) := &2 f(x), x € R%.

» Define the moment generating function Mx(u) := E [e<”’x>], u € C? s.1. the expectation
exists.

» Define the admissible sets

I:={ReRd|fReLgc(Rd)andﬁeLl(Rd)}, J={ReR!| Mx(R) < o0},
Z/;:{ReRd|fReLl(Rd)}’ j’:={R6Rd|MX(R)<ooandMX(R—i')eL1(Rd)}.
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Multi-dimensional Fourier pricing formula @

Suppose thatRe RUR, R=INYJ,R =1I"n9g’. Then

E[fX)] = f MX(R—lu)f(u+1R)du

2n)
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Multi-dimensional Fourier pricing formula zﬁ@

Suppose thatRe RUR, R=INYJ,R =1I"n9g’. Then

E[fX)] = on )df MX(R—lu)f(u+1R)du

Examples of options in multi-dimensional assets include:
» Best of put options, with
KIHZL 7

f)=(K-eve?v...ve), f(z)= —d R
(1 +1Zz:1zl) [T, Gz)

zeC% Iz <0

> Basket put options, with

d + d .

_ r

f(x)=(K—Zele , f(z)=M, zeC? 97,<0
I=1 F(Ilelzl+2)

Computational finance — Lecture 10 - June 18, 2021 - Page 4 (14)



Outline

Bl Fast Fourier Transform (FFT)
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Computation by the Fourier pricing formula %

1. Typical models of the form log S = s + X7 for, say, affine X7 and s := log S¢. Then,

Rs
E[f(X)] = % f RSN (R — i) f(u + iR)du = 62— f e Sy (u)du.
R T JUrR
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Computation by the Fourier pricing formula %

1. Typical models of the form log S+ = s + X7 for, say, affine X7 and s := log Sy. Then,

1 . . Rs .
E[fX)] = > f e®TWs My (R — iu) f(u + iR)du = Z—ﬂ f e Sy (u)du.
R R
2. Truncate the integral, leading to

eRs b
ELFOO)~ 5 f ey (u)dut
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Computation by the Fourier pricing formula zﬁ@
1. Typical models of the form log S+ = s + X7 for, say, affine X7 and s := log Sy. Then,
1 . . Rs .
E[fX)]=— f e®TWs My (R — iu) f(u + iR)du = c f e Sy (u)du.
2 R 2 R
2. Truncate the integral, leading to

eRs b
E[f(X)] = Zf e "“y(u)du.

b—a .
1

b —1as —1bs b N-1 L
f e_lu‘yl,b(u)du ~ [ Y(a) n Z mfsl//(u )+ lﬂ( )) =7 Z e_lwsl,b(ug)
a =0

3. Discretize, e.g., by the trapezoidal rule with uy :=a+nf,£=0,...,N-1,n =

=
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Computation by the Fourier pricing formula zﬁ@
1. Typical models of the form log S+ = s + X7 for, say, affine X7 and s := log Sy. Then,
1 . . Rs .
E[fX)]=— f e®TWs My (R — iu) f(u + iR)du = c f e Sy (u)du.
2 R 2 R
2. Truncate the integral, leading to

eRs b
E[f(X)] ~ Zf e "Y(u)du.

b—a .
1

b —1as —1bs N-1 L
f e_lu‘yl,b(u)du ~ [ Y(a) n Z _mfsl//(u )+ lﬂ( )) _ UZ e_lwsl,b(ug)

4. For prices on a grid of s —or, equwalently, strike —values. s; == —-f+1j,j=0,...,N-1:

3. Discretize, e.g., by the trapezoidal rule with uy :=a+nf,£=0,...,N-1,n:=

=

N-1
ne~iedi Z e ey,  j=0,...,N—1.
(=0
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Discrete Fourier transform

5. Under the Nyquist relation An = 27/N, we obtain
N-1 N-1

O =y e = N T gy, =P Gug), € =0,

=0 =0
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Discrete Fourier transform %

5. Under the Nyquist relation An = 2z/N, we obtain

N-1 N-1
;= ey = N Ty, gy =P Gup), € j=0,.. N1
=0 =0

Definition (Discrete Fourier transform)

Fix N € N. Then DFT : C¥ — CV is given by DFT(x); = /)" e~ i¥lx, j=0,...,N—1.
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Discrete Fourier transform z@’}

5. Under the Nyquist relation An = 2z/N, we obtain

N-1 N-1
©; = Y e ey = ) e N, b= PUhup), € j=0,...,N—1.
=0 =0

Definition (Discrete Fourier transform)

Fix N € N. Then DFT : C¥ — CV is given by DFT(x); = ¥V e ¥ ¥x;, j=0,...,N - 1.
Let wy = e 2N Then DFT(x) = o o o o,
NXN i 0 1 2 N-1
Tyx forTy € C given by wS’ wlzv wf‘\’ aa0 az)f}’v .
Ty =|Wy Wy Wy N
w% w%‘l wIZV(N—l) o w%v-l)(N-l)
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Fast Fourier Transform (FFT) %

Let x € CZN, y := DFT(x). Denote x" = (x1,X3,...,XoN-1), X = (XQ,X4, e XN,
=018, Y = (ON41s. .., Y2n), @nd Dy = dlag (sz’ Wby ) € (CNXN Then

y =Tnx" + DNyTyx”, ' =Tyx" — DyTyx".
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Fast Fourier Transform (FFT) X“(;’}

Let x € C2V, y := DFT(x). Denote x" = (x1,X3,...,XoN-1), X = (X2,X4, ey XON),
=018, Y = (ON41s. .., Y2n), @nd Dy = d1ag (sz’ Wby ) € CNXN Then

y =Tnx" + DNyTyx”, ' =Tyx" — DyTyx".

The lemma is the basis of a famous divide-and-conquer algorithm, the FFT:

Fast Fourier Transform

Given x € CN with N = 2/ for some J € N. Recursively compute DFT(x) by:
1. If N = 2, go to 2. Otherwise, return (DFT(x’) + Dy DFT(x”), DFT(x) — Dy DFT(x”)).
2. Return Thx — computed by ordinary matrix multiplication.

> This is the most basic version, variants exist for powers of 2, 4, 8 or even general N
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Computational work of FFT

Lemma

For N =27, let W(N) denote the work of computing the DFT of a vector x € CN by FFT.
Denoting C the work for one floating point operation (addition, subtraction, multiplication),
we have

W(N) < C(% log,(N) + %)N
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Kl The COS method
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An abstract view on Fourier transforms — Pontryagin duality

> Let G be a locally compact, abelian group and u its Haar measure.
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An abstract view on Fourier transforms — Pontryagin duality

> Let G be a locally compact, abelian group and u its Haar measure.

> Acharactery : G »> T:={ze€ C| |z =1} is acontinuous group homomorphism. The
dual group G is the set of all characters.
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An abstract view on Fourier transforms — Pontryagin duality X“g’}

> Let G be a locally compact, abelian group and u its Haar measure.

> Acharactery : G > T:={ze€ C| |z =1} is a continuous group homomorphism. The
dual group G is the set of all characters.

Definition (Fourier transform)

For f € L' (G, u1; C) we define f € C, (G: C) by f(x) := f FO)xyOu(dx).
G
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An abstract view on Fourier transforms — Pontryagin duality %

> Let G be a locally compact, abelian group and u its Haar measure.

> Acharactery : G > T:={ze€ C| |z =1} is a continuous group homomorphism. The
dual group G is the set of all characters.

Definition (Fourier transform)

For f € L' (G, u; C) we define f € C;,(G: C) by f(y) := f F)xOudx).
G

Example: G = R
> u = A (Lebesgue measure)

» Characters: y(x) = e*, u € R, hence
G =~ (R, +).

» Classical (inverse) Fourier transform!
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An abstract view on Fourier transforms — Pontryagin duality zﬁ@

> Let G be a locally compact, abelian group and u its Haar measure.

> Acharactery : G > T:={ze€ C| |z =1} is a continuous group homomorphism. The
dual group G is the set of all characters.

Definition (Fourier transform)

For f € L' (G, u; C) we define f € C;,(G: C) by f(y) := f F)xOudx).
G

Example: G =R Example: G = [-n, 7] (= T)

> u = A (Lebesgue measure) > 1 = A (up to normalization)

» Characters: y(x) = e*, u € R, hence > Ciharacters:)((x) = e"*, n € Z, hence
G=~[R,+). G =(Z,+).

» Classical (inverse) Fourier transform! > f(n) = = f_’; flx)e "dx
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Cosine series “ 3

Cosine series

Let g : [0, 7] — R. Then, under suitable conditions (e.g., g Holder)

1 - -y 2 ("
g(0) = Ao+ ) Agcos (kx) =t > Agcos (kx), A== f ¢(x) cos(kx) dx.
2 k=1 k=0 T Jo

More generally, let g : [a,b] — R. Then,

xX—a 2 b xX—a
Ay = —— R — .
b—a)’ k b—a£ g(x)cos(kﬂb_a)dx

gx) = Z, Ay cos (kﬂ'
k=0
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The COS method (Fang & Oosterlee ’08)

E[f(X)] = f f(x)g(xdx, g density of X
R
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The COS method (Fang & Oosterlee ’08)

E[f(X)] = f f(x)g(xdx, g density of X
R

b
1. Truncation of the domain: E[f(X)] zf f(x)g(x)dx.

Computational finance — Lecture 10 - June 18, 2021 - Page 13 (14)



The COS method (Fang & Oosterlee ’08) %

E[f(X)]=ff(x)q(x)dx, q density of X
R

b
1. Truncation of the domain: E[f(X)] xf f(x)g(x)dx.

a
2. Cosine series expansion of the density:

0 , b B . )
el Z A f J(x) cos (kﬂ%) dr. A= b % a f q(x) cos (kﬂ z — Z) dx.
=0 "

a
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The COS method (Fang & Oosterlee ’08) zﬁ@

E[f(X)]=ff(x)q(x)dx, q density of X
R

b
1. Truncation of the domain: E[f(X)] zf f(x)g(x)dx.

a
2. Cosine series expansion of the density:

S ’ - 2 (P _
Y e T R = I
k=0 a a aJ, a
x—a i km - akn

3. Approximation by characteristic function using cos (k;r—) =R (elﬁxe“m):

a

2 b 2 |k
A = R f e'lffaxq(x)e_‘b%dx ~ Rlq T )it = Fy.
b—a a b—a b-—a
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The COS method (Fang & Oosterlee ’08)

E[f(X)]=ff(x)q(x)dx, q density of X
R

b
1. Truncation of the domain: E[f(X)] zf f(x)g(x)dx.

a
2. Cosine series expansion of the density:

> ’ b xX—a 2 b
E[f(X)] = Akf f(x)coslkn——|dx, Ax= —f g(x)cos [kn
; a ( b—a) b—-aJ, (

3. Approximation by characteristic function using cos (kri=%) = R (eibkfaxe‘im :

b-a b-a

X

b

—da
—da

2 b s km - akm 2 — k 1 Gk
Ay = ?"\(f e'lfaxq(x)e_‘bkadx) ~ R q( d )e_‘bka) = Fy.
a

N-1 b
4. Truncation of the series: E[f(X) ~ > Fy f £(x) cos (kﬂ
k=0 a

) dx.
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Cosine series for put and call options

Jeal(®) = (" = K)",  four(x) = (K —e*)" J
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Cosine series for put and call options

Sean(x) = (ex - K)+ >

Jout(x) = (K —e)”

1 d—
xi(c,d) = —2 [cos (kﬂb

b p {sm (kﬂ'

)ed—cos(knc_a)ec

nea = {< k) ~sinfr2)
d-c

’

call
Ck

2
= b—K(Xk(O, b) — ¥ (0, b)),
—da

put _
Ck =

b

b—a

km

b-a

)e —sm(k C:Z)e}]

»?\NW‘
H
o o

2
35— KW@, 0) - xi(a, 0)).
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