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Affine processes

I Consider a time-homogeneous Markov process X on the state space D B Rm
≥0 × R

n,
d B m + n.

I Associated semigroup and infinitesimal generator defined by

Pt f (x) B E
[
f (Xt) | X0 = x

]
, A f (x) B lim

t→0

Pt f (x) − f (x)
t

.

I X is assumed to be stochastically continuous.

Definition (Affine process)

X is called affine iff there are functions φ : R≥0 × iRd → C, ψ : R≥0 × iRd → Cd s.t.

∀x ∈ D, t ≥ 0, u ∈ iRd : E
[
exp (〈u, Xt〉) | X0 = x

]
= exp (φ(t, u) + 〈ψ(t, u), x〉) .
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Semi-flow property

Lemma

φ(t + s, u) = φ(t, u) + φ(s, ψ(t, u)), ψ(t + s, u) = ψ(s, ψ(t, u))
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Riccati equations

Definition
The affine process X is called regular iff there are F,R continuous s.t.

F(u) =
∂

∂t
φ(t, u)

∣∣∣∣∣
t=0

, R(u) =
∂

∂t
ψ(t, u)

∣∣∣∣∣
t=0

.

Lemma
For a regular affine process, the following system of ODEs holds:

∂

∂t
φ(t, u) = F(ψ(t, u)), φ(0, u) = 0,

∂

∂t
ψ(t, u) = R(ψ(t, u)), ψ(0, u) = u.
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Chracterization theorem

Theorem
The Markov process X with generator A is affine iff (up to some admissibility conditions)

A f (x) =

d∑
k,l=1

Akl(x)
∂2 f (x)
∂xk∂xl

+ 〈B(x), ∇ f (x)〉 −C(x) f (x)

+

∫
D\{ 0 }

( f (x + ξ) − f (x) + 〈∇ f (x), χ(ξ)〉) M(x, dξ),

for A, B,C affine functions and M(x, dξ) = m(dξ) +
∑m

i=1 xiµi(dξ), χ ∈ Cb, χ(x) = x around 0.
F and R can be explicitly expressed in terms of A, B, C, M. Indeed,

F(u) = 〈A(0)u, u〉 + 〈B(0), u〉 −C(0) +

∫
D\{ 0 }

(
e〈u, ξ〉 − 1 − 〈u, χ(ξ)〉

)
m(dξ),

Ri(u) =
〈
∂xi A(0)u, u

〉
+

〈
∂xi B(0), u

〉
− ∂xiC(0) +

∫
D\{ 0 }

(
e〈u, ξ〉 − 1 − 〈u, χ(ξ)〉

)
µi(dξ)1i≤m.
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Proof
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Examples

1. Lévy processes are affine. By the Lévy-Khintchine formula,
E

[
exp (i 〈u, Xt〉) | X0 = x

]
= exp (−tϕ(u) + i 〈u, x〉), u ∈ R, with

ϕ(u) = −i 〈u, α〉 +
1
2
〈Σu, u〉 −

∫
Rd

(
exp(i 〈u, x〉) − 1 − i 〈u, x〉 1|x|≤1

)
ν(dx).

This corresponds to the case A, B,M constant in x, C = 0 above.

2. The Heston model is affine. Letting Yt B log S t, we have

dYt = −
1
2

vtdt +
√

vtdZt, dvt = κ(ξ − vt)dt + η
√

vtdWt.

Indeed, the characteristic function can be expressed in closed form.
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Riccati ODE

Lemma

For a, b, c, u ∈ C, a , 0, b2 + 4ac ∈ C \ R<0, let λ B
√

b2 + 4ac. Consider

ẏ(t) = ay(t)2 + by(t) − c, y(0) = u.

Then, for t s.t. the solution exists up to t, we have

y(t) = −
2c(eλt − 1) −

(
λ(eλt + 1) + b(eλt − 1)

)
u

λ(eλt + 1) − b(eλt − 1) − 2a(eλt − 1)u
,∫ t

0
y(s)ds =

1
a

log
(

2λe(λ−b)t/2

λ(eλt + 1) − b(eλt − 1) − 2a(eλt − 1)u

)
.

Additionally, if a > 0, b ∈ R,<c ≥ 0,<u ≤ 0, then y is globally defined and<y ≤ 0.
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Characteristic function for the Heston example

Computational finance – Lecture 9 · June 11, 2021 · Page 10 (15)



Outline

1 Affine processes

2 Fourier method for option pricing
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Dampening and moment generating functions

I Setting: Let X be the log-price of the asset and f the payoff function (in x).

Example

In the Black-Scholes model, X = XT = log S 0 +
(
r − σ2

2

)
T + σWT , and

fput(x) B
(
K − ex)+ , fcall(x) B

(
ex − K

)+ , x ∈ R.

I Define the moment generating function (Laplace transform)

MX(u) B E
[
euX

]
, u ∈ C s.t. MX exists.

Further, let J B { R ∈ R : MX(R) < ∞ }.

I For R ∈ R define fR(x) B e−Rx f (x) and let I B
{

R ∈ R : fR ∈ L1
bc(R) and f̂R ∈ L1

}
.
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Pricing formula

Theorem
Assume that R B I ∩ J , ∅ and choose R ∈ R. Then

I[ f ; X] = E[ f (X)] =
1

2π

∫
R

MX(R − iu) f̂ (u + iR)du.
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Remarks

I I , ∅ requires continuity of f , whereas J , ∅ is a pure integrability condition.
Alternatively, we can use

I′ B
{
R ∈ R : fR ∈ L1(R)

}
and J ′ B

{
R ∈ R : MX(R) < ∞ and MX(R − i·) ∈ L1(R)

}
.

I Minimal requirements: formula holds in the sense of a pointwise limit for

Imin :=
{
R ∈ R : fR ∈ L1(R)

}
and Jmin :=

{
R ∈ R : MX(R) < ∞

}
.

I A sufficient condition for f̂ ∈ L1(R) is that f ∈ H1(R).
I Assume that we extend the definition of the Fourier transform to u ∈ C, for which the

integral exists. Then

f̂R(u) =

∫
R

eiux−Rx f (x)dx =

∫
R

ei(u+iR)x f (x)dx = f̂ (u + iR).
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Payoff functions

Lemma (Call option)

For f (x) = fcall(x) = (ex − K)+, we have I =]1,∞[ and

f̂ (u) =
K1+iu

iu(1 + iu)
, u ∈ C, =u > 1.

Lemma (Put option)

For f (x) = fput(x) = (K − ex)+, we have I =] −∞, 0[ and (same formula!!!)

f̂ (u) =
K1+iu

iu(1 + iu)
, u ∈ C, =u < 0.

I f̂ has singularities in u = 0 and u = i. Moving the contour integral in the Fourier pricing
formula over both singularities, residual calculus provides the put-call-parity:

C(S 0,K,T ) = P(S 0,K,T ) + S 0 − e−rT K.
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