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Complexity theorem

I hl B T N−l, l = 0, . . . , L, Pl B f
(
X

(hl)
T

)
, Il B

1
Ml

∑Ml
m=1

(
P(m)

l − P(m)
l−1

)
, with P−1 B 0.

I There are constants α ≥ 1
2 (weak rate), β > 0 (twice strong rate), C1,C2 > 0 s.t.∣∣∣E [

f (XT ) − Pl
]∣∣∣ ≤ C1hαl , var (Il) ≤ C2

hβl
Ml

Theorem

For any error tolerance ε > 0 there are L,M0, . . . ,ML ∈ N s.t. I B
∑L

l=0 Il satisfies

E
[
|E[ f (XT )] − I|2

]1/2
≤ ε with computational work

C ≤


C3ε

−2, β > 1,

C3ε
−2 log(ε)2, β = 1,

C3ε
−2−(1−β)/α, β < 1.
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Multilevel Monte Carlo for the Euler scheme

Corollary

Choose L =
− log ε
log N + O(1) and Ml ' (L + 1)hlε

−2. Then the MLMC estimator for the Euler
scheme has RMSE O(ε) with computational cost proportional to (log ε)2ε−2.
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Fourier methods for option pricing

I The characteristic function of the asset price distribution is often known in closed form.

I Fast Fourier transform (FFT) provides fast ways of Fourier inversion.

I Exponential Lévy models: S t = exp (Xt) for a Lévy process X. By the Lévy-Khintchine
formula, E

[
exp (iu · Xt)

]
= exp (−tψ(u)), u ∈ R, with

ψ(u) = −iu · α +
1
2

Σu · u −
∫
Rd

(
exp(iu · x) − 1 − iu · x1|x|≤1

)
ν(dx).

I Affine processes: Suppose that X is a Markov process with “generator L affine in the
state variable x”. Then, for u ∈ C s.t. the expectation exists,

E
[
exp(u · Xt) | X0 = x

]
= exp (φ(t, u) + x · ψ(t, u)) , for φ, ψ solving Riccati ODEs.

I Use suitable generalization of Parseval’s identity:

E
[
f (XT )

]
=

∫
Rd

f (x)PXT (dx) =

∫
Rd

f̂ (u)P̂X(u)du.
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Fundamentals of Fourier analysis

I For simplicity, we now assume d = 1.

Definition

Let f ∈ L1 B L1(R,B(R)dx;C). Then for u ∈ R, we define

f̂ (u) B
∫
R

eiux f (x)dx, f̂ (u) B
1

2π

∫
R

e−iux f (x)dx.

Both definitions are extended to u ∈ C wherever the integrals exist.
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The Lemma of Riemann–Lebesgue

Theorem

For f ∈ L1 we have f̂ ∈ C0, the continuous functions vanishing at ∞.
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Properties for f ∈ L1

1. If g(x) = f (x)eiax for a ∈ R, then ĝ(u) = f̂ (u + a).
2. If g(x) = f (x − a) for a ∈ R, then ĝ(u) = eiua f̂ (u).
3. If g(x) = f (x/λ) for λ ∈ R+, then ĝ(u) = λ f̂ (λu).

4. If g(x) = f (−x), then ĝ(u) = f̂ (u).
5. If g ∈ L1(R) and h = f ∗ g, i.e., h(x) =

∫
R

f (y)g(x − y)dy, then ĥ(u) = f̂ (u)̂g(u).

6. If g(x) = ix f (x) and g ∈ L1(R), then f̂ is continuously differentiable with
(

f̂
)′

(u) = ĝ(u).

7. Let f ∈ C1(R) and assume that f , f ′ ∈ L1
bc(R) B L1(R) ∩Cb(R). Then f̂ ′(u) = −iu f̂ (u)

and, in particular, u 7→ u f̂ (u) is bounded.
8. Let f ∈ C2(R) and assume that f , f ′, f ′′ ∈ L1

bc(R). Then f̂ ∈ L1
bc(R).

9. If f ∈ L1
bc(R) and f̂ ∈ L1(R), then the Fourier inversion formula f =

̂̂
f holds, i.e., for

every x ∈ R

f (x) =
1

2π

∫
R

e−iux f̂ (u)du.
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Proofs
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Dampening and moment generating functions

I Setting: Let X be the log-price of the asset and f the payoff function (in x).

Example

In the Black-Scholes model, X = XT = log S 0 +
(
r − σ2

2

)
T + σWT , and

fput(x) B
(
K − ex)+ , fcall(x) B

(
ex − K

)+ , x ∈ R.

I Define the moment generating function (Laplace transform)

MX(u) B E
[
euX

]
, u ∈ C s.t. MX exists.

Further, let J B { R ∈ R : MX(R) < ∞ }.

I For R ∈ R define fR(x) B e−Rx f (x) and let I B
{

R ∈ R : fR ∈ L1
bc(R) and f̂R ∈ L1

}
.
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Pricing formula

Theorem
Assume that R B I ∩ J , ∅ and choose R ∈ R. Then

I[ f ; X] = E[ f (X)] =
1

2π

∫
R

MX(R − iu) f̂ (u + iR)du.
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Remarks

I I , ∅ requires continuity of f , whereas J , ∅ is a pure integrability condition.
Alternatively, we can use

I′ B
{
R ∈ R : fR ∈ L1(R)

}
and J ′ B

{
R ∈ R : MX(R) < ∞ and MX(R − i·) ∈ L1(R)

}
.

I Minimal requirements: formula holds in the sense of a pointwise limit for

Imin :=
{
R ∈ R : fR ∈ L1(R)

}
and Jmin :=

{
R ∈ R : MX(R) < ∞

}
.

I A sufficient condition for f̂ ∈ L1(R) is that f ∈ H1(R).
I Assume that we extend the definition of the Fourier transform to u ∈ C, for which the

integral exists. Then

f̂R(u) =

∫
R

eiux−Rx f (x)dx =

∫
R

ei(u+iR)x f (x)dx = f̂ (u + iR).
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Payoff functions

Lemma (Call option)

For f (x) = fcall(x) = (ex − K)+, we have I =]1,∞[ and

f̂ (u) =
K1+iu

iu(1 + iu)
, u ∈ C, =u > 1.

Lemma (Put option)

For f (x) = fput(x) = (K − ex)+, we have I =] −∞, 0[ and (same formula!!!)

f̂ (u) =
K1+iu

iu(1 + iu)
, u ∈ C, =u < 0.

I f̂ has singularities in u = 0 and u = i. Moving the contour integral in the Fourier pricing
formula over both singularities, residual calculus provides the put-call-parity:

C(S 0,K,T ) = P(S 0,K,T ) + S 0 − e−rT K.
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