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Stochastic Taylor expansion

For simplicity, consider the one-dimensional SDE dXt = β(Xt)dWt, X0 = x.

Xh = x +
∫ h

0
β(Xt)dWt

= x +
∫ h

0

[
β(x) +

1
2

∫ t

0
β′′(Xs)β(Xs)2ds +

∫ t

0
β′(Xs)β(Xs)dWs

]
dWt

= x + β(x)Wh +
1
2

∫ h

0

∫ t

0
β′′(Xs)β(Xs)2dsdWt +

∫ h

0

∫ t

0
β′(Xs)β(Xs)dWsdWt

= x + β(x)Wh + β
′(x)β(x)

∫ h

0
WtdWt +

1
2
β′′(x)β(x)2

∫ h

0
tdWt + H.O.T.

I The above scheme is the Milstein scheme (strong order 1, weak order 1).

I Higher order scheme require simulation of iterated integrals of (t,W1
t , . . . ,W

d
t ). This is

not feasible in the strong sense for d > 1. (Exception: commuting vector fields.)
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Example with weak rate 1/2

Example
Linear vector fields Vi(x) = Aix,
i = 1, 2, n = 3,

dXt = V1(Xt) ◦ dW1
t + V2(Xt) ◦ dW2

t ,

A1 =


0 1 1
−1 0 1
−1 −1 0

 , A2 =


0 1

2 − 1
2

− 1
2 0 1

2
1
2 − 1

2 0

 ,
f (x) B (|x| − 1)+, X0 =


1
0
0

 .
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Euler – Monte Carlo method

X = XT is the solution of an SDE, f : Rn → R a payoff. Compute E
[
f (XT )

]
= I[ f ; XT ].

Euler – Monte Carlo method

E
[
f (XT )

]
≈ IM

[
f ; XT

]
, XT based on grid of size N.

I Computing E[ f (XT )] is a N × d-dimensional integration problem (difficult for QMC?).

I Error decomposition:∣∣∣∣E[ f (XT )] − IM
[
f ; XT

]∣∣∣∣ ≤ ∣∣∣∣E[ f (XT )] − E
[
f
(
XT

)]∣∣∣∣︸                         ︷︷                         ︸
Cedisc

+
∣∣∣∣E [

f
(
XT

)]
− IM

[
f ; XT

]∣∣∣∣︸                          ︷︷                          ︸
Cestat

I Generically, edisc . Cdisc/N, estat . Cstat/
√

M. Hence, given error tolerance TOL > 0,
choose N ' TOL−1, M ' TOL−2, leading to computational cost ' TOL−3.
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Outline

1 Multilevel Monte Carlo
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Multilevel Monte Carlo

Idea

Let XT , X
′

T be the Euler approximations of XT based on different step sizes h < h′, but the
same Brownian paths. Then XT and X

′

T are highly correlated. Hence, f (X
′

T ) can serve as
control variate for f (XT ).

I Let h0 > h1 > . . . > hL > 0 and X
(h)

the Euler scheme with step size h.

1. Compute E[ f (X
(hL
T ) − f (X

(hL−1)
T )] by Monte Carlo with ML samples, at cost ' ML

hL
.

2. Compute E[ f (X
(hL−1
T ) − f (X

(hL−2)
T )] by Monte Carlo with ML−1 samples, at cost ' ML−1

hL−1
.

· · ·

L. Compute E[ f (X
(h0
T )] by Monte Carlo with M0 samples, at cost ' M0

h0
.

By strong convergence, var
(

f (X
(hL
T ) − f (X

(hL−1)
T )

)
. hL, allowing us to choose ML → 0.
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Complexity theorem

I hl B T N−l, l = 0, . . . , L, Pl B f
(
X

(hl)
T

)
, Il B

1
Ml

∑Ml
m=1

(
P(m)

l − P(m)
l−1

)
, with P−1 B 0.

I There are constants α ≥ 1
2 (weak rate), β > 0 (twice strong rate), C1,C2 > 0 s.t.∣∣∣E [

f (XT ) − Pl
]∣∣∣ ≤ C1hαl , var (Il) ≤ C2

hβl
Ml

Theorem

For any error tolerance ε > 0 there are L,M0, . . . ,ML ∈ N s.t. I B
∑L

l=0 Il satisfies

E
[
|E[ f (XT )] − I|2

]1/2
≤ ε with computational work

C ≤


C3ε

−2, β > 1,

C3ε
−2 log(ε)2, β = 1,

C3ε
−2−(1−β)/α, β < 1.
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Multilevel Monte Carlo for the Euler scheme

Corollary

Choose L = − log ε
log N + O(1) and Ml ' (L + 1)hlε

−2. Then the MLMC estimator for the Euler
scheme has RMSE O(ε) with computational cost proportional to (log ε)2ε−2.
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