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Abstract

Motivated by the challenges related to the calibration of finan-
cial models, we consider the problem of solving numerically a singular
McKean-Vlasov equation

dSt = O'(t, St)StLth,
E[’Ut‘St]

where W is a Brownian motion and v is an adapted diffusion pro-
cess. This equation can be considered as a singular local stochastic
volatility model. Whilst such models are quite popular among practi-
tioners, unfortunately, its well-posedness has not been fully understood
yet and, in general, is possibly not guaranteed at all. We develop a
novel regularization approach based on the reproducing kernel Hilbert
space (RKHS) technique and show that the regularized model is well-
posed. Furthermore, we prove propagation of chaos. We demonstrate
numerically that a thus regularized model is able to perfectly replicate
option prices due to typical local volatility models. Our results are
also applicable to more general McKean—Vlasov equations.

1. Introduction

The present article is motivated by [GHL12], wherein Guyon and Henry-
Labordere proposed a particle method for the calibration of local stochastic
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volatility models (e.g. stock price models). Let us recall that local volatility

models
dSt == O'(t, St)Stth, (11)

where W denotes a one-dimensional Brownian motion under a risk-neutral
measure and S the forward price of a stock, can replicate any sufficiently
regular implied volatility surface, provided that we choose the local volatility
according to Dupire’s formula, symbolically, 0 = opyp, [Dup94]. Unfortu-
nately, it is well understood that Dupire’s model exhibits unrealistic random
price behavior despite perfect fits to market prices of options. On the other
hand, stochastic volatility models

dSy = /0 S, dW, (1.2)

for a suitably chosen stochastic variance process vy, may lead to realistic
(in particular, time-homogeneous) dynamics, but are typically difficult or
impossible to fit to observed implied volatility surfaces. We refer to [Gat11]
for an overview of stochastic and local volatility models.

Local stochastic volatility models can combine the advantages of both
local and stochastic volatility models. Indeed, if the forward price is given
by

dSt == \/TTtO'(t, St)Stth, (13)

then it exactly fits the observed market option prices provided that
opup(t, z)? = o(t,)’E [v; | S; = z]. (1.4)

This is a simple consequence of the celebrated Gyongy’s Markovian projec-
tion theorem [Gyo86, Theorem 4.6], see also [BS13, Corollary 3.7]. With
this choice of o we have

dSt = UDup<t7 St>StLth, (15)
E [’Ut | St]
Note that v in (1.5) can be any positive adapted stochastic process. In a
sense, (1.5) may be considered as an inversion of the Markovian projection
due to [Gyo86], applied to Dupire’s local volatility (asset) model, i.e. (1.1)
with o = opyp.

Thus, the stochastic local volatility model of McKean—Vlasov type (1.5)
solves the smile calibration problem. However, equation (1.5) is singular
in a sense explained below and very hard to analyze and to solve. Even
the problem of proving existence or uniqueness for (1.5) (under various as-
sumptions on v) turned out to be notoriously difficult and only a few results
are available; we refer to [LSZ20] for an extensive discussion and literature
review.

Let us recall that the theory of standard McKean—Vlasov equations of
the form N _

dZt = H(t,Zt,Mt) dt+F(t, Zt,,ut) th (16)



with p; = Law(Z;), is well understood under appropriate regularity con-
ditions, in particular, Lipschitz continuity of H and F w.r.t. the standard
Fuclidean distances in the first two arguments and w.r.t. the Wasserstein
distance in y;, see [Fun84, CD16a, MV16]. Denoting Z; := (X, Y?), it is not
difficult to see that the conditional expectation (z, u¢) — E[A(Y;) | X; = z]
is, unfortunately, not Lipschitz continuous in the above sense. Therefore,
the standard theory does not apply to (1.5).

There are a number of results available in the literature where the Lips-
chitz condition on drift and diffusion is not imposed. Bossy and Jabir [BJ17]
considered singular MV systems of the form:

dXy = E[0(Xy)|Ye]dt + E[y(X¢)[Ye]dW, (1.7a)
dY; = b(Xy, Yy)dt + o(Y)dB, (1.7b)

or, alternatively, the seemingly even less regular equation
dXt = U(p(tht))tha (18)

where p(t,-) denotes the density of X;. [BJ17] establishes well-posedness
of (1.7) and (1.8) under suitable regularity conditions (in particular, ellip-
ticity) based on energy estimates of the corresponding non-linear PDEs.
Interestingly, these techniques break down when the roles of X and Y are
reversed in (1.7), i.e., when E[y(X})|Y}] is replaced by E[v(Y:)|X¢] in (1.7a)
— and similarly for the drift term. Hence, the results of [BJ17] do not imply
well-posedness of (1.5).
In [LSZ20], the authors studied the following two-dimensional SDE,

dXt = bl(Xt)E[h}Eizgf)(t] dt—'_Ul(Xt)E[fo(?Q)‘)Q] th, (19&)
dY; = ba(Yy) dt + 02(Y;) dBy, (1.9b)

where W and B are two independent one-dimensional Brownian motions.
Clearly, this can be seen as (1.5) with a non-zero drift and with the process v
chosen in a special way. The authors proved strong existence and uniqueness
of solutions to (1.9) in the stationary case. In particular, this imposes strong
conditions on b; and by, but also requires the initial value (Xo, Yp) to be
random and have the stationary distribution. Existence and uniqueness of
(1.9) in the general case (without the stationarity assumptions) remains
open.

Finally, let us mention [JZ20, Theorem 2.2], which established weak
existence of the solutions to (1.5) for the case when v is a jump process
taking finitely many values.

Another question apart from well-posedness of these singular McKean—
Vlasov equations is how to solve them numerically (in a certain sense). Let
us recall that even for standard SDEs with singular or irregular drift, where



existence/uniqueness is known for quite some time, the convergence of the
corresponding Euler scheme with non-vanishing rate has been established
only very recently [BDG19, JM21]. The situation with the singular McKean—
Vlasov equations presented above is much more complicated and very few
results are available in the literature. In particular, the results of [LSZ20)]
do not provide a way to construct a numerical algorithm for solving (1.5)
even in the stationary case considered there.

We study the problem of numerically solving singular McKean-Vlasov
(MV) equations of a more general form than (1.5):

dX, = H (t, X3, Yy, E[A1(Y)|Xy)) dt+F (t, Xy, Ys, E[A2(Y)| X¢]) AW, (1.10)

where H, F, A1, Ay are sufficiently regular functions, W is a d-dimensional
Brownian motion, and Y is a given stochastic process, for example, a diffu-
sion process. Note that if one considers the Euler scheme, then a key issue is
how to approximate the conditional expectation E[A4;(Y;)|X; = 2], i = 1,2,
r € RY,
One approach to tackle this problem was suggested by Guyon and Henry-
Labordere [GHL12] (see also [AKHO02]). They used the “identity”
w_» EA(Y%)(Sm(Xt)
E[A(Y) | X = )= ==
where §, is the Dirac delta function concentrated at x. This suggests the
following approximation:

N i, N i, N
L A Y7 X s _
E[A(}/t) ’ Xt — {L‘] ~ Zz:l N( t >k:§\[ t l’)
dim ke (XpT — )

(1.11)

Here € > 0 is a small parameter, k.(-) ~ do(-) is a regularizing kernel,
and (X®N Y4N),_, y is a particle system. While this method provides a
way of constructing solutions to (1.10), it has an important disadvantage.
One has to take ¢ > 0 small enough, but then (1.11) completely ignores
the complicated structure of dependence of ¥ on X outside a tiny region
(r — Ce,x + Ce) for a certain C' > 0 (indeed kE(XZ’N — ) = 0 outside that
region).

As an alternative to [GHL12] we propose in this paper a novel approach
based on ridge regression in the context of reproducing kernel Hilbert spaces
(RKHS) which, in particular, does not have this disadvantage.

Let us recall that an RKHS H is a Hilbert space of real valued functions
f: X CR* = R, such that the evaluation map H > f — f(z) is continuous
for every x € X. This crucial property implies that there exists a positive
symmetric kernel £ : X x X — R such that, for every x € X, k, := k(-,z)
€ H and one has that (f,k;),, = f(z), for all f € H. As a main feature,
any positive definite kernel k uniquely determines a RKHS A and the other



way around. For a detailed introduction and further properties of RKHS we
refer to the literature, for example [SC08, Chapter 4]. We recall that the
RKHS framework is popular in machine learning, where it is widely used for
computing conditional expectations.

Consider a pair of random variables (X,Y) taking values in X x X
with finite second moments and denote v := Law(X,Y). Suppose that
A: X — R is sufficiently regular and H is large enough so that we have
E[A(Y) | X =] € H. Then, formally,

i(r) = /XXXk(-,x)A(y)u(dx,dy):/

X

k(- 2)v(dz, X) /X A(y)v(dylz)

_ /Xk(.,x)g [A(Y)|X = 2] v(dz, X)
— CYE[A(Y)|X = ],

where

CVf = /Xk:(-,:c)f(x)u(dx,X), for feH.

Unfortunately, in general, the operator C” is not invertible. As C" is pos-
itive definite, it is, however, possible to regularize the inversion by replacing
CY by C¥ + Ay for some A > 0. Indeed, it turns out that

mA () = (CY + M)A, (1.12)
is the solution to the minimization problem

m(5v) = ar}ger;in(E(A(Y) = F(X))? + A1), (1.13)

see Proposition 3.1. On the other hand one also has

E[AV)IX =] = argmin  E(A(Y) - f(X))?,
feLo(RY,Law(X))

and therefore it is natural to expect that if A > 0 is small enough and H is
large enough, then m?(-;v) ~ E[A(Y)|X = 1], i.e. m}(+;v) is close to the
true conditional expectation.

The main result of the article is that the regularized MV system ob-
tained by replacing the conditional expectations with their regularized ver-
sions (1.12) in (1.10) is well-posed and propagation of chaos holds for the
corresponding particle system, see Theorem 2.1 and Theorem 2.2.

To establish these theorems, we study the joint regularity of m;\l(az; v)
in the space variable x, and the measure v for fixed A > 0. These type of
results are almost absent in the literature on RKHS and we here fill this gap.
In particular, we prove that under suitable conditions, mﬁ(m; v) is Lipschitz
in both arguments, i.e. w.r.t. the standard Euclidean norm in z and the



Wasserstein-1-norm in v, and, can be calculated numerically in an efficient
way, see Section 2. Additionally, in Section 3 we study the convergence of
mA(-;v) in (1.12) to the true conditional expectation for fixed v as A | 0 .

Let us note that, as a further nice feature of the RKHS approach com-
pared to the d-like) kernel method of [GHL12], one may incorporate, at
least in principle, possible global prior information concerning properties
of E[A(Y)|X = | into the choice of the RKHS generating kernel k (e.g.
smoothness, tail or growth behavior). This degree of freedom is similar to,
for example, how one can choose the basis functions in the usual regression
methods for American options. We also note that the Lipschitz constants
for mj\4(-; v) with respect to both arguments are expressed in bounds related
to A and the kernel &, only, see Theorem 2.3. In contrast, if we would have
dealt with standard ridge regression, i.e. ridge regression based on a system
of basis functions, we would have to control bounds for possibly infinitely
many basis functions, which is considered to be a far more delicate task.

Thus, the contribution of the current work is fourfold. First, we propose
a RKHS-based approach to regularize (1.10) and prove the well-posedeness
of the regularized equation. Second, we show convergence of the approxima-
tion (1.13) to the true conditional expectation as A | 0. Third, we suggest
a particle based approximation of the regularized equation and analyze its
convergence. Finally, we apply our algorithm to the problem of smile cal-
ibration in finance and illustrate its performance on simulated data. In
particular, we validate our results by solving numerically a regularized ver-
sion of (1.5) (with m? in place of the conditional expectation). We show
that our system is indeed an approximate solution to (1.5) in the sense that
we get very close fits of the implied volatility surface — the final goal of the
smile calibration problem.

The rest of the paper is organized as follows. Our main theoretical
results are given in Section 2. Convergence properties of the regularized
conditional expectation mﬁ are established in Section 3. A numerical al-
gorithm for solving (1.10) and an efficient implementable approximation of
m;\l are discussed in Section 4. Section 5 contains numerical examples. The
results of the paper are summarized in Section 6. Finally, all the proofs are

placed in Section 7.

Convention on constants. Throughout the paper C denotes a positive
constant whose value may change from line to line. The dependence of
constants on parameters if needed will be indicated, e.g, C'(A).

Acknowledgements. The authors are grateful to Peter Friz and Mykhaylo
Shkolnikov for useful discussions. CB, OB, and JS are supported by the DFG
Research Unit FOR 2402.



2. Main results

We begin by introducing the basic notation. For a € R we denote a, :=
max(a,0). Let (€, F,P) be a probability space. For d € N, let X € R¢ be an
open subset, and Pz(X’) be the set of all probability measures on (X, B(X))
with finite second moment. If p,v € Po(X), p € [1,2], then we denote the
Wasserstein-p (Kantorovich) distance between them by

WP(M? V) = lnf(E‘X - Y‘p)l/p’

where the infimum is taken over all random variables X, Y with Law(X) = p,
Law(Y) = v.
Let C'(X,R) be the space of all functions f: X — R such that

[fller := sup [f(z)| + sup |0q, f(2)] < oc.
TeX '—xIEXd

Let £ : X x X — R be a symmetric, positive definite kernel, and H be
a reproducing kernel Hilbert space of functions f: X — R associated with
the kernel k. That is, for any « € X, f € H one has

fla) = (f, k(z,))n

In particular, (k(z,-),k(y,:))n = k(x,y), for any z,y € X. We refer to
[SC08, Chapter 4] for further properties of RKHS.

Let A: X — R be a measurable function such that |A(z)| < C(1 + |z|)
for some universal constant C' > 0 and all z € X'. For v € Po(X x X), A >0
consider the following optimization problem (ridge regression)

(1) = arg min { [ 14w - s@P vy + A||f||%} L@

feH

We fix T'> 0, d € N and consider the system

dX; = H(t, Xy, Yy, E[AL(Y})| X)) dt+ F(t, X3, Vi, E[Ao(Y)| X ))dWE (2.2a)
dY; = b(t,Yy)dt + o(t,Y;)dW)Y (2.2b)

where H: [0,T] x X x X xR = R? F:[0,T] x X x X x R — R?% x R,
Ai: X 5 R, b:[0,T] x X — R4, 0:[0,T] x X — RY x R? are measurable
functions, WX, WY are two (possibly correlated) d-dimensional Brownian
motions on (2, F,P), and t € [0,7]. It is also implicitly assumed that the
space X x X is invariant for the process (X,Y) (which is trivially the case
when X = R%, however for our purposes we will be mostly interested in the
case when X = R%).

As explained above, denoting u; := Law(Xy,Y;), we see that the func-
tional (z, u¢) — E[A;(Y;) | Xi = ] is not Lipschitz continuous even if A; is



smooth. Therefore the classical results on well-posedness of McKean—Vlasov
equations are not applicable to (2.2).

The main idea of our approach is to replace the conditional expectation
by an approximation which has “nice” properties (in particular, it is Lips-
chitz). This would imply strong existence and uniqueness of the new system.
Furthermore, we will demonstrate numerically that the solution to the new
system is still “close” to the solution of (2.2) in a certain sense. Thus, we
consider the following system:

AXe = H(t X0, Y, mi), (X i)t + F(t, X, Y, i), (X i) aWi - (2.3a)
dY; = b(t, Y;)dt + o(t, Y;)dW,” (2.3b)
fir = Law(X,, V7). (2.3¢)
where t € [0,7]. We would need the following assumption on the kernel k.

Assumption K. The kernel k is twice continuously differentiable in both
variables, k(z,z) > 0 for all x € X, and

DEi=  sup  max{|0,,0,, K22,y [00,0y; k()] 00 ke, y),
(z,y)EX XX
1<i,j<d

10y, k(2 y)l, [k(2,y)|} < oo

Now we are ready to state our main results. Their proofs are given in
Section 7.

Theorem 2.1. Suppose that Assumption K is satisfied for the kernel k, the
space X x X is invariant for the process (X,Y) and

(1) A; € CHX,R), i =1,2;

(2) there exists a constant C' > 0 such that for anyt € [0,T], z,y, 2",y € R4,
2,2 €R,

|H(t,2,y,2) — H(t, 2"y, )|+ |F(t,2,y,2) = F(t,2',y/, 2)]
+ [b(t,y) = b(t, y")| + |o(t,y) — o(t,y)]
<Cz—2'|+y—y|+]z—7);

(3) for any fized x,y, € R?, z € R one has

T
/ (IH (t, 2.y, 2) P + |F(t, 2.y, 2) [ + |b(t, y)[* + |o(t,y)[?) dt < oo;
0

(4) E|Xo|? < o0, E|Yp[? < .



Then for any A > 0 the system (2.3) with the initial condition (Xo,Yy) has
a unique strong solution.

To analyze a numerical scheme solving (2.3), we consider a particle sys-
tem

dXtN’" = H(t, XtN’n,}QN’n,m;\h(XtN’n; ,uiv))dt

+ F(t, XtN’n, YtN’n, m% (XtN’"; uév))thX’n (2.4a)
YN = b(t, Y dt+ o (8, YN dW )" (2.4b)
voly 5 4
/‘Lt - NZ (XtN,n,Y%N,n), (2 C)
n=1

where N e Nyn=1,...,N, t € [0,7], and the pairs of d x d-dimensional
Brownian motions (WX" WY) n =1,..., N, are jointly independent and
have the same law as (WX, W?Y). The following propagation of chaos result
holds; it establishes both weak and strong convergence of X",

Theorem 2.2. Assume that all the conditions of Theorem 2.1 are satisfied.
Suppose additionally that the functions H, F', b, o are locally bounded and
the initial conditions (Xév’", YbN’") are jointly independent and have the same
law as (Xo,Yy). Moreover, suppose that E|Xo|? < oo, E|Yp|? < 0o for some
q > 4. Then there exists a constant C = C(\, T, E|Xo|9, E[Yo|?) > 0 such
that for any N € N

E sup | X' — Xy*+ sup E[Wa(u, /)% < CN7V2, (2.5)

0<t<T 0<t<T

where the process X solves (2.3) with WX, WY in place of WX, WY,
respectively.

A crucial step which allowed us to obtain these results is the Lipschitz
continuity of m?*. The following holds.

Theorem 2.3. Assume that the kernel k satisfies Assumption K. Let A €
CY(X,R). Then for any z,y € X, u,v € Po(X x X) on has

I (25 1) — my(y; v)| < CYWy(p,v) + Colz — g,

where

= <l)§ -+ 1) dD]%HAucl and Cq := ﬁDzHAncl
A A A
This result is interesting for at least two reasons. First, it shows that
mi‘l is Lipschitz continuous in both arguments, provided that the kernel &
is smooth enough. That is, the Lipschitz continuity property depends on H
only through the smoothness of the kernel k. Second, this result gives an
explicit dependence of the corresponding Lipschitz constant on A and k.



Remark 2.4. Let us stress that Theorem 2.1 establishes the existence and
uniqueness of (2.2) only for a fixed regularisation parameter A > 0 and
can not be used to study the limiting case A — 0. Indeed, it follows from
Theorem 2.3, that as A — 0, the Lipschitz constants of mﬁ blows up. Yet,
we will demonstrate numerically in Section 5, that, actually, as A — 0 the
solution to (2.2) does not blow up; on the contrary it weakly converges
to a limit; this hints that (at least) weak existence of solutions to (1.10)
should hold. Verifying this theoretically remains however an important open
problem.

3. Approximation of conditional expectations

In this section we study the approximation m? introduced in (2.1) in more
detail. Throughout this section we fix an open set X C R a measure
v € Po(X x X), and impose the following relatively weak assumptions on
the function A: X — R and the positive kernel k: X x X — R.

Assumption A°. The function A is sublinear, i.e. there exists a constant
C > 0 such that for all z € X one has |A(z)| < C(1 + |z]).

Assumption K°. The kernel k(-,-) is continuous on X x X and satisfies
0 < k(z,z) < C(1+ |z|?) for some C > 0.

It is easy to see that Assumption K° implies for any x € X
k()3 = (k(z, ), k(z, ) = k(z,z) < C(1+ |zf?). (3.1)

Due to Assumption K° and [SC08, Lemma 4.33], H is a separable RKHS
and one has for any f € H, x € X,

[f (@) = [k, ), Fal < AR, )l fllee < OO+ 2Dl (3.2)

where we also used (3.1). Hence, every f € H is sublinear and, as a con-
sequence, for any fixed v € Po(X x X), the objective functional in (2.1) is
finite.

It is also easy to see that (3.2) and (3.1) imply that for any =,y € X

k(z,y) < C(A+ 2Dk, y)lla = C(A + [z)(1 + [y]). (3:3)
Therefore, the Bochner integrals

= /XXX k(-,z)A(y)v(dz,dy), and C"f:= /XXX k(- z)f(x)v(dz,dy).

(3.4)
are well defined functions in H for every f € H. Moreover, operator
CY: H — H is symmetric and positive definite since

<gjc”f>=/X<g,k(-»96)>f(x)1/(dﬂf,?’f)=/ g9(x) f(x)v(de, X).

X

10



Thus, by the Hellinger-Toeplitz theorem, C¥ is a bounded self-adjoint linear
operator on H. As a consequence, for any A > 0, the operator C¥ + Ay is a
bounded self-adjoint operator on H with spectrum contained in the interval
[\, |IC”|| + A]l. Hence, if A > 0, then (C¥ + Al3)~! exists and is a bounded
self-adjoint operator on ‘H with norm

1€+ AL) "l < A7 (3.5)

We are now ready to state the following useful representation for the solution
to (2.1).

Proposition 3.1. Under Assumptions A°,K°, for any fized v € Pa(X x X)
and XA > 0, the solution to (2.1) can be represented as

my(v) = (C + M)~ ey, (3.6)

This representation may be seen as an infinite sample version of the
usual solution representation for a ridge regression problem based on finite
samples. We thus consider it as not essentially new, but, in order to keep
our paper as self contained as possible we present a proof of it in Section 7.
Proposition 3.1 allows us to prove Lipschitz continuity of m:}l, that is The-
orem 2.3.

Let us now proceed with investigating when the function m?% = m?}(-;v)
is a “good” approximation to the true conditional expectation

ma =ma(r,v) = Exy)[AY)|X = 2] (3.7)

for small enough A\ > 0.

Assume from now on that the measure v € Pa(X x X) is nondegenerate
with respect to the first variable. That is, for every open set U C X one has
v(U,X) > 0. Consider the Hilbert space L4 := Lo(X,v(dz, X)). For f € L}
put

TV = /Xk(-,x)f(x)u(dw,)(). (3.8)

Recalling (3.3), it is easy to see that T% is a linear operator L5 — L4.
Note that that # C L5 due to (3.2); thus, C” is the restriction of T to H.
Further, since k(z,y) < /k(z,2)\/k(y,y), the kernel k is Hilbert-Schmidt
on Lo(X x X, v(dzx, X)v(dy, X)), i.e.

/k2($,y)1/(dx, X)v(dy, X) < oo,

due to Assumption K°. As a consequence of the standard results from
functional analysis, one then has (see for example [Kre89)):

(i) the operator T" is self-adjoint and compact;

11



(ii) there exists an orthonormal system (ay,), oy in £5 of continuous eigen-
functions corresponding to nonnegative eigenvalues o, of T and o1 >
092032 ...

(iii) If J:={n € N: g, > 0}, one has

TV = Zan <f,an>£12,an, fers

neJ
with lim, .o 0, =0 if J = N.

It is easy to see that a generalization of Mercer’s theorem to unbounded
domains [Sun05] implies the following statement.

Proposition 3.2. Let k be a kernel satisfying Assumption K°. Then k has
a series representation

k(x,y) = Z onapn(x)an(y), x,yeX (3.9)
neJ

with uniform convergence on compact sets. Moreover, (an)ncy with ay =
/Onan 1s an orthonormal basis of H and the scalar product in H takes the
form

(f,9)0n = for f,geH. (3.10)

> (f,an)cy(9, an)cy

g
neJ n

Now we are ready to present the main result of this section next re-
sult, which quantifies the convergence properties of mi“(-, v)as A — 0 for a
fixed measure v. Recall the notation (3.7). Let Pj denote the orthogonal
projection of £ onto the closure H of H in L.

Theorem 3.3. Assume that the kernel k satisfies Assumption K° and the
function A is bounded measurable. Then ma € L5 and for any A > 0

2 2
> A (ma, an)? (3.11)
= 5 \MA,Qn) v . .
£3 neJ (U” + )‘)2 o

HPﬂmA —mﬁ(w)‘

In particular, ||Pyma — mﬁ('; V)H[:g —0as A]0.

If, moreover, Pyma € H one has

2 22
Poma —m) 7 H = —— (ma,a 2V, 3.12
|Pama = mts ], = 32 P (312)

and thus HP;:[mA —mA (5 I/)HH — 0 for A1 0.

Theorem 3.3 establishes convergence of mﬁ(-; v) as A — 0 though with-
out a rate. Its proof is placed in Section 7. Additional assumptions are
needed to guarantee a certain convergence rate. This is done in the follow-
ing corollary.

12



Corollary 3.4. Suppose that the conditions of Theorem 3.3 are satisfied,
and that moreover for some 6 € (0,1],

Z o, (Pgma, an>i5 < 0. (3.13)
neJ
Then

2 N>/ 2 \'— _, )
%s(uj>(%ﬁ)§knm%%@-ﬁﬂ>

neJ

| P — i)

In particular, if 0 = 1, that is Pyma € H, we get

_ VA

Ly 2

| Prma = mi(5v) 1Pymally, - (3.15)
Proof. Inequality (3.14) follows from (3.11), (3.13), and the fact that the
maximum of the function x + A\22?/(z + \)%, 2 > 0, is equal to

(1—-6/2)*(26/(2 - 0)).
Inequality (3.15) follows from (3.14) and (3.10). O

Remark 3.5. If operator T defined in (3.8) is injective, then Py = Iry. In
this case J = N and Theorem 3.3 and Corollary 3.4 quantify the convergence
to the true conditional expectation.

Thus, in this section we have shown that, under certain conditions,
mj}l(-, v) may converge at least in £-sense to the true conditional expec-
tation ma(-,v) as A — 0. This makes the heuristic discussion around (1.12)
and (1.13) in Section 1 more rigorous.

Remark 3.6. Note that the measure fi; in the solution of (2.3) depends on
A, so in fact iy = fi. Therefore, even when m)(-,v) — ma(-,v) for fixed
v and A | 0, the question whether mj\éli(-,ﬁi‘) converges in some sense is
still not answered. We believe that this question is intimately linked to the
problem of existence of a solution to (2.2). As already explained, this is an
unsolved open problem and therefore considered out of our scope. However,
loosely speaking, assuming that the latter system has indeed a solution (in
some sense) with solution measure p; say, it is natural to expect that for a
suitable “rich enough” RKHS, mﬁi(-, pt) — ma, (-, 1e) (the true conditional
expectation) as A | 0.

Thus, as follows from the discussion above, the space H has to be large
enough, otherwise there is no hope of convergence of m:}li(', 7i7) to the true
conditional expectation. Fortunately, there is a great flexibility for the choice
of the kernel k& and thus RKHS H. For instance, starting with a simply struc-
tured infinite dimensional kernel, ko (e.g., the Gaussian kernel), in general
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it may happen that mﬁi, i = 1,2, have poor approximation properties in
the RKHS H, generated by k. In such a case we may add another kernel
to it, which incorporates possible prior information of m;\h such as shape
or growth behavior. For example, suppose one anticipates that mi‘li fol-
lows “roughly” some functions in the linear span of some suitably chosen
set of basis functions, say, 1, ...,¥x. One then may consider the RKHS
H := Hoo @ Hy generated by the kernel

K

k(@,y) = koo (,9) + ky(2,9) = koo (z,9) + > vi(@)¥r(y),  (3.16)
k=1
where ky, generates M, and, without loss of generality, Hoo N H, = {0}.

Of course, in this line of reasoning, we think of K being a “very low”
number. The simplest extension one may think of is adding a constant, i.e.
K =1 and ¥; = ¢ # 0. Then, clearly, 1 € H and, for instance, if X and Y
are independent, one then has that E[Y|X =] =E[Y] € H.

As another example, in the context of (1.3) one may think of a given
stochastic volatility process v; such that (1.3) with o = 1 explains the market
prices up to a large extend already. Omne then may expect that, in the
solution of (1.5), E[v]S; =] is roughly proportional to o%up(t, -).  This
suggest to chose a (time dependent) kernel of the form (3.16) with ¢, (¢, -) :=
O’%up(t, -). The advantage of a suitable kernel extension is best seen in the
case where 1 (¢,-) = a%up(t, -)/02(t,-) due to some oracle. Then m} in the
solution of the regularized version of (1.5) is expected to be found “almost”
in the one dimensional space H.

4. Numerical algorithm

Let us now describe in details our numerical algorithm to construct solutions
to (1.10). We begin by discussing an efficient way of calculating m;\l.
4.1 Estimation of the conditional expectation

Let us recall that in order to solve the particle system (2.4) we need to
compute

N
1
m (5 ) = argmin{ — Ay —fXN’n NN 2 L 4.1
Al pt) g {Nn§:1! Y = F(X0) I HH} (4.1)

for ¢t belonging to a certain partition of [0,7] and fixed large N € N; here
A= Ay or A = As. It follows from the representer theorem for RKHS
[SHSO01, Theorem 1] that m? has the following representation:

N
N,i
miCiv) = k(X ), (4.2)
=1

14



for some a = (a1,...,an)’ € RY. Note that the optimal o can be cal-
culated explicitly by plugging the representation (4.2) into the above mini-
mization problem in place of f and minimizing over . However, computing
the optimal « directly takes O(N3) operations, which is prohibitively ex-
pensive keeping in mind that the number of particles IV is going to be very
large. Furthermore, even evaluating (4.2) at XtN’n, n=1,...,N, for a
given a € RY is rather expensive, it requires O(N?) operations, and thus is
impossible to implement.

To develop an implementable algorithm, let us note that many particles
X " — and, as a consequence, the implied basis functions k:(X ) — will
be close to each other. Therefore, we can considerably reduce the computa—
tional cost by only using L < N rather than N basis functions as suggested

in (4.2). More precisely, we choose Z1, ..., Z L among X . XtN N_e. g.,
by random choice or taking every Lth pomt among the ordered sequence
x V(1) x V)

t Ay

PRI

in case that X is one-dimensional — and approximate

N L
D k(X[ ) =Y Bik(Z7, ), (4.3)
i=1 Jj=1

where 8 = (B1,...,01)" € RE. Tt is easy to see that

IS ss], <iﬂjk<za->,iﬁjk<zj,.>>H

= Z BiBi(k(Z7, ), k(Z*,))u
7,k=1
L

= Y BiBxk(Z7, 2") = BT RB,

J,k=1

where R := (k(Z9,2Z%)); k=1, 1 is an L x L matrix. Thus, recalling (4.1),
we see that we have to solve

arg mln[N(G KB) (G—Kp)+ )\BTRB],
BeRL

where G := (A()QN’"))n:17,,,7N, K = (k(Zj,XtN’"))n:17,,,7N,j:1,,._,L isan N x
L matrix. Differentiating with respect to 3, we get that the optimal value

B = BUXM), (¥}) satisfies
(K'TK+NMR)B=K'G, (4.4)

and we approximate expectation as

(5 ") Zﬁg (27, @) = i (w5 1)) (4.5)
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Remark 4.1. Let us see how many operations we need to calculate B,
taking into account that L < N. We need O(NL) to calculate K, O(L?) to
calculate R, O(NL?) to calculate K"K (this is the bottleneck); O(L?) to
invert K"K + NAR and O(NL) to calculate K ' G and solve (4.4). Thus,
in total we would need O(NL?) operations.

4.2 Solving the McKean—Vlasov equation

With the function ffzg in hand, we consider now the Euler scheme for the
particle system (2.4). We fix time interval T', the number of time steps

M, and, for simplicity, we consider a uniform time increment 6 := T/M.
Let AW/iX’n and AW/iY’n denote independent copies of Wé(+1) s — Wi and

W(S;H)& — Wi}g, respectively, n = 1,...,N, ¢« = 1,...M. Note that for
stochastic volatility models, the Brownian motions driving the stock price
and the variance process are usually correlated. We now define X' = X,

370”:%”, and fori=0,...,M —1

Xp = X7+ H (16, X7, ¥ i, (X3 i) ) 6 (4.62)
o+ F (16, Xy v, (X)) aw;
Y = Y+ b(i6, V) + o (i6, Y AW, ", (4.6b)

where ﬁfv = % 25:1 5()"('1.]V,n’}‘;iN,n). Note that after each iteration we might

need to update the values of ()N(Z‘, 372”) in order to ensure that they lie in
X x X (this can be done, e.g., by replacing them by the closest to them
point of X x X).

We see that at each discretization time step of (4.6) we need to compute
the approximations of the conditional expectations fﬁi‘lr(Xf; ﬁfv ), r=1,2.
This is done using the algorithm discussed in Section 4.1, and takes O (N L?)
operations, see Remark 4.1. Thus the total number of operations needed to
implement (4.6) is O(MNL?).

5. Numerical examples and applications to local
stochastic volatility models

As a main application of the regularisation approach presented above, we
consider the problem of calibration of stochastic volatility models to market
data. Fix T > 0. Let C(t,K) be the price at time 0 of a European call
option on a non-dividend paying stock X with strike K and maturity ¢,
K >0,te[0,T]. We assume that the market prices (C(t, K))¢>0,x>0 are
given. To simplify the calculations, we suppose that the interest rate r = 0.
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We study Local Stochastic Volatility (LSV) models. That is, we assume
that the stock price X follows the dynamics

dX; = /Yiopy (t, X)) X dW7X,  te€[0,T], (5.1)

where WX is a Brownian motion and (Y;) is a strictly positive volatility
process, both being adapted to some filtration (}—t)tZO‘ As discussed in the
introduction, if the function ozy is given by

2
) JDup(t,x)
t,x) = ———o—, tel0,T],z>0
O-LV(’x) E[Y”Xt:.f]’ E[a ],LE )
where opyp is the Dupire local volatility
20,C(t
O'l%up(t,l‘) = _20C(hw) te[0,T],z >0, (5.2)

 220,,.C(t,x)’

then the model (5.1) is able to perfectly replicate the given call option prices
(for any choice of the volatility process Y') [Dup94, Gyo86]. That is, one has
the identity

C(t,K)=E(X;— K)., te€l0,T], K>0. (5.3)

In particular, the choice Y = 1 recovers the local volatility model. In case
where Y is a diffusion process

dY; = b(t, Yz)dt + o(t, Yy)dW, (5.4)

where WY is a Brownian motion possibly correlated with W, we see that
the model (5.1)-(5.4) is a special case of the general McKean-Vlasov equation
(2.2) with X = R,.

To solve (5.1)-(5.4), we implement the algorithm described in Section 4:
see (4.6) together with (4.5). To validate the results, we compare the call
option prices obtained by the algorithm (that is N ! ZiV:l(X]’\L/[ —K)4) with
the given prices C(T, K) for various T' > 0 and K > 0. If the algorithm is
correct and if i ~ Law (X7, Yr), then, according to (5.3) one must have

N
C(t,K)~ N7y (Xj — K) = C(t, K). (5.5)

n=1

On the other hand, if the algorithm is not correct and the true law Law(Xp, Y7)
is very different from zi};, then (5.5) will not hold.

We verify (5.5) in two different setups. First, we consider the Black—
Scholes (BS) dynamics for the market; that is we assume op,,, = const for
const = 0.3 and Sy = 1. Second, we consider the local volatility dynamics

17



for the market, that is we set C(¢, K) := E(S; — K)4, where S; follows the
Heston model

dSt = \/1TtSt th, (56&)
dvy = k(0 — v) dt + €\/vi dBy, (5.6b)
with the following parameters: x = 1.5768, § = 0.0484, £ = 0.5751, and
correlation p = —0.7 between the driving Brownian motions W and B, with

initial values Sy = 1, v9 = 0.1024, cf. similar parameter choices in [FO09].
We solved (5.6) with the standard Euler method with 108 trajectories and
10? time steps. We calculate then op,, from C(t, K) using (5.2).

As our back-bone stochastic volatility model for Y, we choose a Heston-
type model but with different parameters then the data-generating Heston
model. That is, we set in (5.4) b(t,z) = AMp — ), o(t,x) = nvz, Yo =
0.0144, A = 1, p = 0.0144, n = 0.5751. We assume that WX and WY are
uncorrelated. Hence, the backbone model exhibits smaller initial as well as
long-term variance, slower speed of mean-reversion, no correlation, but the
same vol-of-vol as compared to the price-generating model. In particular,
as the variance process has different parameters compared to the price-
generating stochastic volatility model, a non-trivial local volatility function
is required in order to match the implied volatility. Hence, even though
the generating model is of the same class, the calibration problem is still
non-trivial, and involves a singular MKV SDE.

We took H to be RKHS associated with the Gaussian kernel k& with
variance 5. We fix the number of time steps M = 500, A = 1075, L = 40.
At each time step of the Euler scheme we choose (Zj )j=1,....1. by the following
rule:

Zjis j-100/(L + 1) percentile of the sequence {XtN’"}nele. (5.7)

Figure 1 compares the theoretical and the calculated prices (in terms of
implied volatilties) in the Black-Scholes (a) and Heston (b-d) settings for
various strikes and maturities. That is, we first calculate C(¢, K) using the
Black-Scholes model (“Black-Scholes setting”) or (5.6) (“Heston setting”);
then we calculate U%up by (5.2); then we calculate X}, n =1,..., N using
the algorithm (4.6) with H =0, As(x) = 2, and

F(t,z,y,z) = xa%up(t, x)g,
then we calculate C(¢, K) using (5.5); finally we transform the prices C/(T, K)
and C(t, K) to the implied volatilities. As usual, for K > Sy (out-of-the-
money options) the implied volatilities are calculated from the call option
prices C(t, K) and C(t,K), and for K < Sy (in-the-money options) the
implied volatilities are calculated from the put option prices P(t, K) and

P(t, K) defined similarly.
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We plot at Figure 1 implied volatilties for a wide range of strikes and
maturities. More precisely, we consider all strikes K such that P(Sp < K) €
[0.02,0.98] — this corresponds to all but very far in—the-money and out—
of-the-money options. Pricing of the options with very far in or out of
the money strikes is discussed later. One can from Figure 1 that already
for N = 10* trajectories, identity (5.5) holds up to a small error for all
the considered strikes and maturities. This error further diminishes as the
number of trajectories increases. At N = 10° the true implied volatility
curve and the one calculated from our approximation model become almost
indistinguishable.

0.350

Number of trajectories 0.40 Number of trajectories
— 1! i U — — "
0.325 g — truelV k —
B rue 035 10 true IV
g g
T 0300 S — T 0.30
=3 =3
E E
0.275 0.25
0.20
0.250 . . . . .
0.50 0.75 1.00 1.25 1.50 175 0.4 0.6 0.8 1.0 12 14 15
Strikes Strikes
(a) (b)
MNumber of trajectories 0.300 Number of trajectories
\ — ! — e o —
0.30 1P — truelV 0.275 0 — trelV
] S 0.250
k]
2 0.25 E 0.225
2 N
£
- = 0.200
0.20
0.175
T T T T T T T T T T 0.150
0.2 04 06 08 1.0 12 14 1.6 18 2.0 0.09 0.5 1 1.5 2 2.52.7
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Figure 1: Fit of the smile vs number of trajectories. (a): Black-Scholes
setting, 7" = 1 year. (b): Heston setting, 7' = 1 year. (c): Heston setting,
T = 4 years. (d): Heston setting, 7' = 10 years.

Now let us discuss the stability of our model as the regularization pa-
rameter A — 0. We study the absolute error in the implied volatility of the
1 year ATM call option for various A € [1077, 1] in the Black-Scholes and
Heston settings described above. We took N = 10° trajectories and L = 40
Zjs at each step according to (5.7); we performed 100 repetitions at each
considered value of A. The results are presented at Figure 2. We see that in
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both settings, initially, the error drops as A\ decreases, then it stabilizes once
A < 107°. Therefore for all our calculations we took A = 107°. It is clear
that the error does not blow up as A becomes very small; the remaining error
is due to other factors (numbers of trajectories and time steps being not big
enough, etc). This indicates that (at least in our setting) the solution to the
approximating equation (2.2) does converge weakly to the solution of (1.10)
as A — 0.

10°1

10! . .
[ _ L]
L] _ .
E 10-2 £ 1072
w . w .
2 =
g ' g *
= 5 -3
© 1073 f ] 10 +
W 1%
=} =)
10-4 " 107
10°6 1074 102 100 10°6 1074 102 100
Lambda Lambda

Figure 2: Mean absolute implied volatility error for different values of .
(a): Black-Scholes setting. (b): Heston setting.

Let us see how the error in call option prices in (5.5) (and thus the
distance between the laws of the true and approximated solutions) depends
on the number of trajectories N. Recall, that it follows from Theorem 2.2
that this error should decrease as N~1/* (note the square in the left-hand
side of (2.5). Figure 3 shows how the absolute error in the implied volatility
of 1 year ATM call option decreases as the number of trajectories increases
in (a) Black-Scholes setting and (b) Heston setting. We took A = 1077,
L =40, N € [250,2'2 . 250]. We performed 100 repetitions at each value of
N. We see the error decreases as O(N ~1/2) in both settings, which is even
better than predicted by theory.
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Figure 3: Mean absolute implied volatility error vs number of trajectories.
The black line is the approximation: error= CN~Y2 (a): Black-Scholes
setting; C' = 0.423. (b): Heston setting; C' = 0.272.

We also investigate the dependence of error in the implied volatility on
the number of basis functions L in the representation (4.5). Recall that since
the number of operations depends on L quadratically (it equals O(M N L?)),
it is extremely expensive to set L to be large. At Figure 4 we plotted the
dependence of the absolute error in the implied volatility of 1 year ATM call
option on L. We used N = 10° trajectories, A = 1075, L € [1...30] and did
100 repetitions at each value of the number of basis functions. We see that
as the number of basis functions increases, the error first drops significantly,
but then stabilizes at L ~ 20.

LY .0
1072
. 1077 _ .
s ¢ s .
T ' £ ¢
2 =
g + o 1073
3 - =}
5 107 i 3 T ’
0 w
o =]
< <
i 1074
1074+ : : : : . : . : ; : : :
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Number of basis functions Number of basis functions

(a) (b)

Figure 4: Mean absolute implied volatility error vs number of basis func-
tions. (a): Black-Scholes setting. (b): Heston setting.

As discussed above, Fig. 1 shows that our approximating model (2.3)
agrees with the original model (1.10) and is able to callibrate the market
correctly for a wide range of maturities 7" and strikes K with P(S7 < K) €
[0.02,0.98]. Now let us discuss the pricing of very far in-the-money or
out-of-the-money options when P(Sy < K) ¢ [0.02,0.98]. At Fig. 5(a),
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we zoom out Fig. 1(b) to see the fit of the smile for all K such that
P(Sr < K) € [0.0001,0.9999]. We see that for very in/out-of-the money
strikes with P(Sp < K) < 0.005 or P(Sp > K) > 0.995, the approximated
model does not converge to the correct price as number of trajectories goes
to infinity. This error is due to our way of choosing Z;s. Recall that we
have selected them using (5.7). This means however that there will be no
Zj next to the very far in/out of the money strikes. Indeed, with L = 40 for
T =1 the left-most Z; corresponds to 2.44th percentile of {X]TV’H}HGL,_,N,
which is approximately 0.451. One can see that this is quite far from 0.15
(the smallest strike considered in Fig. 5) and therefore it is not surprising
that the approximation (4.3) fails. Similarly, the right-most Z; corresponds
to 97.56th percentile of {Xg’n}nel7,,,]v, which is 1.440 and is far from 2, the
largest strike considered in Fig. 5.

MNumber of trajectories 0.5 Number of trajectories
— 1! Lo® — 1! e
0.5 0> —— truelV 10° —— truelV
© © 0.4
> >
204 2
a a
E E 03
0.3
0.2 0.2
015 050 1.00 1.50 2.00 015 050 1.00 1.50 2.00
Strikes Strikes

(a) (b)

Figure 5: Fit of the smile for very far in/out-of-the-money options. (a): He-
ston setting, Z;s are chosen according to (5.7). (b): Heston setting, Z;s are
chosen according to (5.7) and (5.8).

A naive solution to this problem would be just to increase L, which is
the number of Zjs that has to be taken in (4.3). Note however, that 0.15
corresponds to 0.01th percentile of {Xéﬂvm}nel,mN, and to cover it one needs
to take L ~ 10%. Recalling that the number of operations of our algorithm
depends quadratically on L, one can see that this new algorithm would
require 6 - 10 more time than the current version with L = 40 and therefore
is not feasible.

Therefore we suggest here another approach. We add to Zjs chosen
according to (5.7), 2L more elements: corresponding to L very small and L
very large percentiles. More precisely, we took L =5 and added

Z, which is r - 0.1 and (100 — r - 0.1) perecentiles of {X:]FV’n}neL,__N, r=1,...

(5.8)
Thus, in total we have now 50 different Z; in representation (4.3).

22



One can see from Fig. 5(b) that this choice have drastically increased the
accuracy of the approximation of the smile for very far in/out-of-the money
options, increasing the total time only by 60%. A small price to pay is that
some of the near-the-money options has now a slightly larger error than it
was in the initial way of choosing Z;s according to (5.7), see Table 1.

Strike K 0.15 0.25 0.75 1 1.25 1.75 2
P(Sr < K) | 0.0001 0.0017 0.1595 0.4574 0.8599 0.9988 0.9999
True IV 0.4832 0.4512 0.3103 0.2465 0.2025 0.1935 0.1995

IV error (A) | 0.0786 0.0339 0.0010 0.0012 0.0006 0.0149 0.0268
IV error (B) | 0.0233 0.0043 0.0007 0.0012 0.0008 0.0021 0.0067

Table 1: Comparison of two methods of choosing basis functions: only by
(5.7) vs by (5.7) and (5.8). IV error denotes the average absolute error of
implied volatilities, where Z;s is chosen by (5.7) (A); Z;s is chosen by (5.7)
and (5.8) (B).

6. Conclusion and outlook

In this paper, we study the problem of calibrating local stochastic volatil-
ity models via the particle approach pioneered in [GHL12]. We suggest
a novel RKHS based regularization method and prove that this regular-
ization guarantees well-posedness of the underlying McKean-Vlasov SDE
and the propagation of chaos property. Our numerical results suggest that
the proposed approach is rather efficient for the calibration of various lo-
cal stochastic volatility models and can outperform widely used local kernel
methods. There are still some questions left open here. First, it remains
unclear whether the regularised McKean-Vlasov SDE remains well-posed
when the regularisation parameter X\ tends to zero. This limiting case needs
a separate study. Another important issue is the choice of RKHS and the
number of basis functions which ideally should be adapted to the problem
at hand. This problem of adaptation is left for future research.

7. Proofs

In this section we present the proofs of the results from Section 2 and Sec-
tion 3.

Proof of Proposition 3.1. Let I C N and let e := (e;);es be a total orthonor-
mal system in ‘H (note that I is finite if # is finite dimensional). Define the
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vector v € lo(I) by

W= e = [ (ea k), Aly)oda, dy)

XxX

. / ei(2)A(y)v(de, dy), i€ l. (7.1)
XxX

Since the operator C¥ is bounded it may be described by the (possibly infi-
nite) symmetric matrix

BY = (<ei7CV€j>H)(i,j)61x1 = (/Xei(x)ej(:r) u(d:r,X)) (7.2)

(i,j)eIxI’
which acts as a bounded positive semi-definite operator on ¢5(I). Denote
BY = (B+ )"y, (7.3)

For f € H write f =72, Bie;. Then, recalling (7.1) and (7.2), we derive

acg min{ /X 1AW~ F@) vlde.dy) + A1)

feH

— argmin{ / Ay) = 3 Bes  v(de, dy) + MBI, 1)}
peta () Jxxx P

= argmin{—2(5,7")¢,(r) + (B, (B + A)B) (1) }
BeLla(I)

= argmin{—2(8 — 8", 9")g,1) + (B — 8%, (B+ M) (B = ")) en)

Bela(T)
+2(8 = 87, (B+ADB) 1)}
= argmin{<,6 — B, (B+X)(B— BV»EQ(I)}

pela(I)

= 5",

where we used the fact that B + AI is strictly positive definite and the
definition (7.3). To complete the proof it remains to note that

> Brei=(CY+ My) "4,
=1

which shows (3.6). O

Proof of Theorem 2.3. Let us write

ma (s ) — mh (y; v)| < [mh (s ) — m (w5 0)| + [mi (w5 v) — mi (y; v))|
=1+ Is. (7.4)
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Working with respect to the orthonormal basis introduced in the proof of
Proposition 3.1, see (7.3), we derive for the first term in (7.4)

Iy = [(k(z, ), my (5 ) — mA (3 v))ul
< k@, lalm (s 1) — mA (5 v) |
< VE(z, 2) 18" = Bl ey

< D[ = BY[ley(r) (7.5)

where we used (3.1) and Assumption K.
Denote Q¥ := BY + A and Q* := B" 4+ Al. Recalling that they are
bounded ¢5(I) — ¢2(I) operators with bounded inverses, it easy to see that

Q)™ = (@) e < 1@ Hleamn Q) uml@" = Qe

Therefore

18" = B llex(ry = 10Q") ' — (@) "V lleary
< (@)~ = (@)~ ) MH@(I +[[(@) 7 (v _'YV)HZQ(I)
< 1@ e 1@ e ) 197 = @7l ey V¥l e
+ ||(Q”)’1H@(I)HV“ - VVHzQ(I)

1 » 1 Y
= ﬁHBu - B HZQ(I)H’YMHZQ(I) + XH’YM -7 H@([)‘ (7.6)
Now observe that for any i,5 € I

(B# BV) (/ i(z)ej(z) (p(de, X)—V(dﬂt,X)))Q

//eZ z)ej(x)ei(y)e;(y)

p(dz, X) — v(de, X)) (u(dy, X) — v(dy, X)).

Hence, by using the identity

Z ei(x)ei(y) = Z <k’(£L’, ')a €i>7.[<k(y7 ')7 ei>'H = <k($> ')7 k(ya )>7.[ = k:(:v,y),

el i€l
(7.7)
we get,
1B = B[l ) < 1B* = B[ 115
:/ (,u(dx, X) — V(dm,X))/ k2(ac,y)(u(dy,2\,’) — V(dy,)()).
i i (7.8)
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By the duality principle, for every smooth h : X — R one has

)/h p(dz, X) — v(dx, X)) ‘—’/XX ((dxdy)—y(d:cdy))‘
<sup’8h |W1 Wy V).
TEX

So we continue (7.8) in the following way:

1B = BV < Wev)sup | [ 0080 (sl ) = v(dy, 1)) (7.9

zeX

and for each particular x € X we have similarly
d
| /X 0,2 (z,y) ((dy, X) = v(dy, X))| < Z! / 0u k% (2,y) ((dy, X) — v(dy, X))|

< Zsup]@ O,k (2, )| W1 (1, v)
= 1y€X

< dQDkwl(:uv V)v

where the last inequality follows from by Assumption K. Combining this
with (7.9), we deduce

|1B* = B4y (1) < DeW1(p, v)d. (7.10)
By a similar argument, using (7.7), we derive
112
IV =" lleaay
<[] @A AW) - ). dy)n - ) dy)
XXX XXX

el

< / / k(e 2) A(y) AW (1 — v)(de, dy) (1 — v) (e dy)
XXX JAXXX
< W2 (u, v)| A% D2, (7.11)

where again Assumption K was used. Next note that

Wl = [ k) A AW s, dyutas dy)
XXX JXXX
<[ AWV D) AW VR (e, s’ dy)
XXX JXXX

—(/X |A )| :Ux,udxdy))

< | JAwPutde.dy) | koot dy)
< DA% (7.12)
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due to Assumption K. Substituting now (7.10), (7.11), and (7.12) into (7.6)
and then into (7.5), we finally get

I < AID + DATIDIW, (i, v)d|| A 2 (7.13)
Now let us bound I in (7.4). We clearly have
I = |(k(z,) = k(y, ), mAi (o) < k() = Ky, )llmi(0) I (7.14)

Note that

- (/01 Ok, + E(y — x))df)T(x —y) - (/01 Ook(y, x + E(y — x))dg)T(g; —y)

=) ([ [ 0sktataty )0+ 6ty - ) tean) 2 -),

with 01,02 denoting the vector of derivatives of k with respect to the first
and second argument, respectively. Recalling Assumption K, we derive

Ik(z, ) = k(y, )3, < dD} o — y|*. (7.15)
Further, using (7.12), we see that
1m0l = 118" Loy < N(B” 4+ XD Moyl leacry < A Dl Al 1.
Combining this with (7.15) and substituting into (7.14), we get
I < VAT D}||Aller | — yl.
This, together with (7.13) and (7.4), finally yields
) (5 1) — m ()] < YW (, v) + Calz — ),

where C; = (A\7!'Dy, + 1)A"1D2d||Alj¢r and Cy = VdA\"'D?||A¢c1. This
completes the proof of the theorem. O

Now we are ready to prove the main results of Section 2. They would
follow from Theorem 2.3 obtained above.

Proof of Theorem 2.1. It follows from Theorem 2.3, and the assumptions of
the theorem, and the fact that Wi-metric can be bounded from above by
the Wy-metric, that the drift and diffusion of (2.3) are Lipschitz and satisfy
the conditions of [CD16a, Theorem 4.21]. Hence it has a unique strong
solution. O
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Proof of Theorem 2.2. We see that Theorem 2.3 and the conditions of the
theorem implies that all the assumptions of [CD16b, Theorem 2.12] hold.
This implies (2.5). O

Proof of Theorem 3.3. Consider the operator C¥ in the orthonormal basis
(an)nes of H. Put

D" = <<6i7cyaj>H)(i7j)eJxJ - (<5i7TVaj>H)(i,j)eJXJ - (O—j(sij)(i,j)GJXJa

since a; is an eigenvector of T with eigenvalue o;. Since C” is diagonal in
this basis, we see that for A > 0 one has for ¢ € J

(CY 4+ Ny)'a; = (o: + V) ta. (7.16)

Consider also the function % in this basis. We write for ¢ € J similar to
(7.1)

ﬁ:wxmﬂz/ @) A@)v(de,dy), i€l
XXX

and we clearly have ¢y = >, ;7/a;. Then, using Proposition 3.1 and (7.16)
we derive for A > 0

mﬁ(ﬂ/) = (CV + )\I’H)_lci = any(cu + )\IH)_lal

icJ
=> 0/ (oi+ NG (7.17)
ied
Next, since my € L5, we have
PﬁmA = Z <E(X,Y)~1/ [A(Y)’X = ] ,CLZ‘>£12, Qy; . (718)
ieJ
Further, for i € J we deduce
(B AWIX = L)y = [ Eoxayes [AWIX = sl as(ov(da, ¥)
= E(x,y)~(@i(X)E[A(Y)]X])
= E(x,y)~ai(X)A(Y)
-1/2
= O—'L T’l 9

where we used that @, = \/0,a,,. Substituting this into (7.18) and combining
with (7.17), we get

Pyma —my =Y _(fo; " —nf(oi +A)” Zm

(oi /\
ieJ ieJ it

28



Thus

2 2

A2 v\2 A _ \2 A
HPﬁTn'A - mA‘ £y Z(nz) Gi(ai + )\)2 - Z<mA,aZ>,CZ (Gi n )\)Qa

ieJ i€J
which is (3.11). Similarly, recalling (3.10), we get

)\2 )\2
Pryma —my | = L N, —
|1 Przma mAHH Z(Th ) o2(o; + )2 Z<mA’al>£2 oi(oi + A)?’

ieJ e

which is finite whenever Pyma € H, that is, ) ;. ;(ma, ai)%gafl < 0o. This
shows (3.12). It is easily seen by dominated convergence that the Lh.s. of
(3.11) goes to zero, and, in the case Pyma € H the Lh.s. of (3.12) goes to
zero as well. O
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