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Stochastic model problem

Elliptic BVP on Lipschitz D ⊂ Rd, u ∈ L2
π(Γ) ⊗ H1

0
(D),

−∇ · (a∇u) = f in Γ × D and u|∂D = 0.

Expansion of random field a

a(y, x) = a0(x) +
∞∑

m=1

ymam(x)

with independent and uniformly distributed random variables

y = (ym)∞
m=1
∈ Γ := [−1, 1]∞

and
∞∑

k=1

∥∥∥∥∥am

a0

∥∥∥∥∥
L∞(D)

< 1, a0 > 0, a0, 1/a0 ∈ L∞(D).
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Stochastic basis

� determined by F := {µ ∈ N∞
0

: # supp µ < ∞}

� for µ ∈ F , tensorised Legendre polynomials

Pµ(y) :=
∏

m∈supp µ

Pµm(ym)

form basis of L2
π(Γ)

� three-term recursion of orthogonal polynomials

ymPµ(y) = βµm+1Pµ+εm(y) + βµmPµ−εm(y)

with (εm)n = δmn
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Structure of the operator

Action of A : v 7→ −∇ · (a(y)∇v) on u = (uµ)µ∈F takes the form

(Au)ν = A0uν +
∞∑

m=1

Am(βµm+1uν+εm + βνmuν−εm)

for ν ∈ F with

A0v := −∇ · (a0∇v) and Amv := −∇ · (am∇v).

Expansion of solution

u(y, x) =
∑
µ∈F

uµ(x)Pµ(y)

where coefficients uµ ∈ H1
0
(D) satisfy

Au = f.
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Matrix operator structure

Au = f is represented by

. . .
...

...

Aµ−εm · · · Bµ
µ−εm,m,1

· · · 0
...

...
...

· · · Bµ−εm

µ,m,0
· · · Aµ · · · Bµ+εm

µ,m,1
· · ·

...
...

...
0 · · · Bµ

µ+εm,m,0
· · · Aµ+εm

...
...

. . .





...
uµ−εm
...

uµ
...

uµ+εm
...


=



...
fµ−εm
...
fµ
...

fµ+εm
...


with a basis {ϕ j}

∞

j=1
of H1

0
(D) and[

Aµ
]

i j
= 〈A0ϕ

µ

i
, ϕ

µ

j
〉 and

[
Bµ2

µ1,m,c

]
i j
= βm

µm+c〈Amϕ
µ1

i
, ϕ

µ2

j
〉
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Stochastic error indicator

For a finite set Λ ⊂ F and the Galerkin projection
uΛ =

∑
µ∈Λ uΛ,µ(x)Pµ(y) ∈ VΛ, define the residual

r(uΛ) := A(u − uΛ) = f − AuΛ.

Then, for ν in boundary ∂Λ ⊂ F \ Λ, i.e. ν = µ ± εm for µ ∈ Λ,

rν(uΛ) =
∞∑

m=1

Am(βνm+1uΛ,ν+εm + βνmuΛ,ν−εm)

‖(rν)ν∈∂Λ(uΛ)‖ ≤ ζ(uΛ, ∂Λ) :=

∑
ν∈∂Λ

ζν(uΛ)2


1/2

with upper bound

ζν(uΛ) :=
∞∑

m=1

∥∥∥∥∥am

a0

∥∥∥∥∥
L∞(D)

(βνm+1‖uΛ,ν+εm‖ + βνm‖uΛ,ν−εm‖).
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Stochastic adaptivity

The Galerkin projection uΛ ∈
∏
µ∈Λ H1

0
(D)

〈AuΛ, vΛ〉 = 〈 f, vΛ〉 ∀ vΛ ∈
∏
µ∈Λ

H1
0
(D)

yields the equivalence

‖u − uΛ‖A h ‖(rν)ν∈∂Λ(uΛ)‖A∗

≤ ζ(uΛ, ∂Λ).

Indicators ζν can be used to enlarge Λ by Θ ⊂ ∂Λ s.t.

∑
ν∈Θ

ζν(uΛ) ≥ ϑ
∑
ν∈∂Λ

ζν(uΛ) 0 < ϑ ≤ 1.

Advances in Adaptive SGFEM ·WIAS UQ Workshop, 14 Nov 2013 · Page 7 (26)



Stochastic adaptivity

The Galerkin projection uΛ ∈
∏
µ∈Λ H1

0
(D)

〈AuΛ, vΛ〉 = 〈 f, vΛ〉 ∀ vΛ ∈
∏
µ∈Λ

H1
0
(D)

yields the equivalence

‖u − uΛ‖A h ‖(rν)ν∈∂Λ(uΛ)‖A∗ ≤ ζ(uΛ, ∂Λ).

Indicators ζν can be used to enlarge Λ by Θ ⊂ ∂Λ s.t.

∑
ν∈Θ

ζν(uΛ) ≥ ϑ
∑
ν∈∂Λ

ζν(uΛ) 0 < ϑ ≤ 1.

Advances in Adaptive SGFEM ·WIAS UQ Workshop, 14 Nov 2013 · Page 7 (26)



Deterministic FE basis

For
� some simplicial mesh T of D
� elements T ∈ T and edges E ∈ E
� edge jump [v]E and normals nE for E ∈ E
� polynomial degree p

letVp(T ) ⊂ H1
0
(D) denote the conforming space of piecewise

polynomials of degree p on T .

A fully discrete approximation of u with
� finite element space Vp(T ) and
� index set Λ ⊂ F

is given by

uN(y, x) =
∑
µ∈Λ

uN,µ(x)Pµ(y), uN = (uN,µ)µ∈Λ ∈
∏
µ∈Λ

Vp(T ).
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Spatial error indicator

Residual

〈rµ(uN), v〉 :=
∫

D
fδµ0v − σN,µ · ∇v dx with numerical flux

σN,µ := a0∇uN,µ +

∞∑
m=1

am∇(βµm+1uN,µ+εm + βµmuN,µ−εm).

Local error estimator for T ∈ T

ηT(uN , Λ)2 :=
∑
µ∈Λ

(
h2

T
‖ fδ0µ + ∇ · σN,µ‖

2
T
+ hT‖[σN,µ · νE]E‖

2
E(T)

)
.

For Galerkin projection uN ∈
∏
µ∈Λ vP(T )

‖uN − uΛ‖A h ‖rΛ(uN)‖A∗ . η(uN , Λ,T ) :=

∑
T∈T

ηT(uN , Λ)2


1/2

.
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Fully Adaptive Stochastic Galerkin FEM

Combined upper error bound [EGSZ1]

‖uN − u‖2
A
h ‖r(uN)‖2

A∗
. η(uN , Λ,T )2 + ζ(uN , ∂Λ)2

adaptive algorithm

� evaluate Galerkin solution uN

� evaluate error bounds η(uN , Λ,T ) and ζ(uN , ∂Λ)

� spatial refinement if η dominates

� stochastic refinement if ζ dominates

� enlarge active set Λ
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Method I: Separate FE spaces

Let Vµ = Vp(Tµ) ⊂ H1
0
(D) for µ ∈ Λ and some simplicial mesh Tµ

of D.

Sparse approximation

uN(y, x) =
∑
µ∈F

uN,µ(x)Pµ(y), uN = (uN,µ)µ∈F ∈
∏
µ∈F

Vµ.

Coupling requires projections between compatible FE spaces
� for any T ∈ Tµ and T′ ∈ Tµ′ , T ∩ T′ ∈ {∅, T, T′}
� uniform local polynomial degree p
� localisation of projection errors for T ∈ Tµ, µ ∈ Λ,

ζµ,T(uN) :=
∞∑

m=1

∥∥∥∥∥am

a0

∥∥∥∥∥
L∞(D)

(
βµm+1|uN,µ+εm − ΠµuN,µ+εm |H1(T)

+ βµm |uN,µ−εm − ΠµuN,µ−εm |H1(T)

)
.
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L-shape meshes

mesh [] (iteration 15) mesh [0001] (iteration 15) mesh [000001] (iteration 15)
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L-shape and square efficiency
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� am(x, y) := mα cos(πβ1(m)x) cos(πβ2(m)y))
� scaled s.t.

∑
∞

m=1 am = 9/10
� α = −2 (slow decay) and α = −4 (fast decay)
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Cook’s membrane meshes

mesh [] (iteration 8) mesh [1] (iteration 8) mesh [0000001] (iteration 8)

Advances in Adaptive SGFEM ·WIAS UQ Workshop, 14 Nov 2013 · Page 14 (26)



Method II: Higher-order spatial discretisation

Employ

� uniform local polynomial degree p > 1

� single mesh T for all active indices µ ∈ Λ

� no projection errors among active coefficients

Adaptive algorithm is provably convergent [EGSZ2] since the
quasi-error

‖un − u‖2
A
+ ξη(uN , Λ,T )2 + ωζ(uN , ∂Λ)

is a contraction w.r.t. combined stochastic/spatial refinement.

Advances in Adaptive SGFEM ·WIAS UQ Workshop, 14 Nov 2013 · Page 15 (26)



Method II: Higher-order spatial discretisation

Employ

� uniform local polynomial degree p > 1

� single mesh T for all active indices µ ∈ Λ

� no projection errors among active coefficients

Adaptive algorithm is provably convergent [EGSZ2] since the
quasi-error

‖un − u‖2
A
+ ξη(uN , Λ,T )2 + ωζ(uN , ∂Λ)

is a contraction w.r.t. combined stochastic/spatial refinement.

Advances in Adaptive SGFEM ·WIAS UQ Workshop, 14 Nov 2013 · Page 15 (26)



Numerical example (square, efficiency)
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Numerical example (square, active mi)
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Numerical example (square, P1/P3 estimators)
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Numerical example (square, mesh/mi)
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Comparison of methods (square)
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Equilibration error estimators[1]

For approximation uN ∈ VN of u recall residual

Res(v) :=
∫

D
fv −

∫
D
σN · ∇v dx

with discrete flux σN := a∇uN. It holds

‖u − uN‖A h ‖Res‖A∗ .

Any q ∈ H(div,D) yields

‖Res‖A∗ = sup
v∈V
‖v‖A=1

∫
D

( f + ∇ · q)v dx +
∫

D
(σN − q) · ∇v dx.
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Equilibration error estimators[2]

Different methods available to construct q ∈ H(div,D) s.t.∫
T

( f + ∇ · q)v dx ≤ CP,T oscT,q︸      ︷︷      ︸
=:õscT,q

‖∇v‖L2(T),

e.g. for
∫

T ∇ · q + fT dx = 0.

Then,

‖Res‖A∗ = sup
v∈V
‖v‖A=1

∑
T∈T

∫
T

( f + ∇ · q)v dx +
∫

T
(q − σN) · v dx

≤


∑
T∈T

(
õscT,q + ‖a−1/2(σN − q)‖L2(T)︸                    ︷︷                    ︸

=:ηT (q)

)2


1/2
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Equilibration error estimators[3]

In stochastic setting

� determine qν ∈ H(div,D) with
∫

T ∇ · qν + fT δν0 dx = 0, ν ∈ Λ

� it then holds

‖rν(uN)‖2
A∗
≤

∑
T∈T

(
‖a−1/2

0
(qν − σN,ν)‖L2(T) + õscT ,qν

)2

� global minimisation for any discrete space Q(T ) ⊂ H(div,D)

qν = argminτ∈Q(T )

{
‖a−1/2

0
(τ − σN,ν)‖L2(D)

}
e.g. RTk(T ) or BDMk(T ) with order k equal or greater than
polynomial order of discrete flux σN,ν ∈ Pk(T ;Rd).
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Preliminary result
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Summary & outlook

Available results

� fully adaptive algorithms in spatial and stochastic variables

� construction of single-level or multilevel approximations

� based on techniques of adaptive FEM

� higher-order competitive with sparse approximations

� simulations carried out in open source framework ALEA

Current development

� guaranteed a posteriori error est., local equilibration [EM]

� ASGFEM with low-rank tensor approximation [EZ]
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