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• The one particle Hilbert space: H = l2(N)⊕ l2(N)⊕ l2(Γ)

• The canonical basis: {|j−〉}j≥0 ∪ {|j+〉}j≥0 ∪ {|m〉}1≤m≤M

• Leads: hL = h
(−)
L + h

(+)
L , with

(h
(±)
L ψ)(j) = 1

2 [ψ(j + 1) + ψ(j − 1)]

• Small system: hS =
∑
tmn|m〉〈n|

• Coupling: hT (t) =
∑

γ=± Vγ(t){|0γ〉〈mγ |+ |mγ〉〈0γ |}
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The initial state

• The Fock space: F = FL ⊗FS

• dΓ(obs) = OBS, and ρ0” = ” e−β(H
(γ)
L

−µγN(γ))

TrFL
{...} ⊗ ρS

• Expectations: 〈dΓ(o)〉ref = TrF{ρ0dΓ(o)} =∑
γ=± TrH{fγ(h(γ)L )Pγo}+

∑
λ nλ〈φλ, oφλ〉, with

hSφλ = λφλ
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The current

• Current operator: Jα(t) = i[H(t), Nα] = dΓ(i[hT (t), Pα])

• Another expression:
Jα(t) = iVα(t){a∗(|mα〉)a(|0α〉)− a∗(|0α〉)a(|mα〉)}

• The unitary evolution: idtU(t, t0) = H(t)U(t, t0), with
U(t, t0) = Id

• The current at time t: Iα(t) = TrF{U(t, t0)ρ0U
∗(t, t0)Jα(t)} =

〈U∗(t, t0)Jα(t)U(t, t0)〉ref
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• The Heisenberg evolution:
a#H(|x〉, t) := U∗(t, t0)a

#(|x〉)U(t, t0) = a#(u∗(t, t0)|x〉)

• The Keldysh ”lesser” function:
G<

x,x′(t, t′) := i〈a∗H(|x′〉, t′)aH(|x〉, t)〉ref

• The current formula: Iα(t) = 2Re{Vα(t)G<
mα,0α

(t, t)}.
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The noninteracting case

• G<
x,x′(t, t′) = i〈a∗H(|x′〉, t′)aH(|x〉, t)〉ref =

i〈a∗(u∗(t′, t0)|x′〉)a(u∗(t, t0)|x〉)〉ref ,

• or: G<
x,x′(t, t′) = i

∑
γ〈x, u(t, t0)fγ(hL)Pγu

∗(t′, t0)x
′〉+

i
∑

λ nλ〈φλ, u∗(t′, t0)x′〉 〈u∗(t, t0)x, φλ〉.
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The noninteracting case

• G<
x,x′(t, t′) = i〈a∗H(|x′〉, t′)aH(|x〉, t)〉ref =

i〈a∗(u∗(t′, t0)|x′〉)a(u∗(t, t0)|x〉)〉ref ,

• or: G<
x,x′(t, t′) = i

∑
γ〈x, u(t, t0)fγ(hL)Pγu

∗(t′, t0)x
′〉+

i
∑

λ nλ〈φλ, u∗(t′, t0)x′〉 〈u∗(t, t0)x, φλ〉.

• (retarded Keldysh):
GR

x,x′(t, t′) := −iθ(t− t′)〈[a∗H(|x′〉, t′), aH(|x〉, t)]+〉ref

• or: GR
x,x′(t, t′) = −iθ(t− t′)〈x, u(t, t′)x′〉

• (self-energy of the leads):
Σ<

γ (s, s
′) := Vγ(s)Vγ(s

′)〈0γ , fγ(h(γ)L )ei(s−s′)h
(γ)
L 0γ〉
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The Keldysh equation

• Duhamel:
u(t, t0) = e−i(t−t0)h0 − i

∫ t

t0
u(t, s)hT (s)e

−i(s−t0)h0ds
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The Keldysh equation

• Duhamel:
u(t, t0) = e−i(t−t0)h0 − i

∫ t

t0
u(t, s)hT (s)e

−i(s−t0)h0ds

• Keldysh: G<
m,m′(t, t′) =∑

γ

∫ t

t0
dsGR

m,mγ
(t, s)

∫ t′

t0
ds′Σ<

γ (s, s
′)GA

mγ ,m′(s′, t′) +

i
∑

λ nλ〈φλ, u∗(t′, t0)m′〉 〈u∗(t, t0)m,φλ〉
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The Jauho-Meir formula

Iα(t) = 2Re{Vα(t)G<
mα,0α

(t, t)}
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The Jauho-Meir formula

Iα(t) = 2Re{Vα(t)G<
mα,0α

(t, t)}

=

∫ t

t0

dt′
∫ 2

−2

dE
√

4− E2Vα(t
′)Vα(t)e

i(t−t′)E

× {G<
mα,mα

(t, t′) + fα(E)GR
mα,mα

(t, t′)}
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• G<
x,x′(t, t− s) = i
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• G<
x,x′(t, t− s) = i

∑
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′〉+
i
∑

λ nλ〈u∗(t, t0)x, φλ〉 〈φλ, u∗(t− s, t0)x
′〉

• u(t, t0) = e−i(t−t1)hu(t1, t0) and
u(t− s, t0) = e−i(t−s−t1)hu(t1, t0)

• G<
x,x′(t, t− s) =

i
∑

γ〈x, e−i(t−t1)hu(t1, t0)fγ(hL)u
∗(t1, t0)e

i(t−s−t1)hx′〉+
i
∑

λ nλ〈ei(t−t1)hx, u(t1, t0)φλ〉 〈u(t1, t0)φλ, ei(t−s−t1)hx′〉
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Large t

• G<
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λ nλ〈ei(t−t1)hx, u(t1, t0)φλ〉 〈u(t1, t0)φλ, ei(t−s−t1)hx′〉

• Riemann-Lebesgue: limt→∞〈ei(t−t1)hy, y′〉 = 0

• G<
x,x′(t, t− s) ≈

i
∑

γ〈x, e−i(t−t1)hu(t1, t0)fγ(hL)u
∗(t1, t0)e

i(t−s−t1)hx′〉

• u(t1, t0)− e−i(t1−t0)h0 and u∗(t1, t0)− ei(t1−t0)h0 are compact
operators!
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• G<
x,x′(t, t− s) ≈ i

∑
γ〈x,

e−i(t−t1)hei(t−t1)h0fγ(hL)e
−ishLe−i(t−s−t1)h0ei(t−s−t1)hx′〉

• G<
x,x′(t, t− s) ≈ i

∑
γ〈x, ω−fγ(hL)e

−ishLPγω
∗
−x

′〉
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Steady current

• Iα(t) = 2Re{Vα(t)G<
mα,0α

(t, t)}

• Iα(t) ≈ −2VαIm
∑

γ〈mα, ω−fγ(hL)ω
∗
−0α〉
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Conclusions

• The Keldysh formalism contains no extra information compared
to the ’usual’ scattering approach

• The Jauho-Meir current formula is higly dependent of the
composed form of h

• The computations tend to be much more complicated than in the
scattering approach
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