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Motivation: biological systems with hysteresis

B SI-model in epidemiology. Population behaviour: safe and risky
S = b—(Br(l— Ps)+ BsPs)SI — S,
1 (Br(1 = Ps) + BsPs) SI — (y + pu + o)1,
Ps(t) = k(A(t) —y(®),  Ps(t)= (Plwly)(®).

Pimenov, Korobeinikov, Rachinskii, Pokrovskii et al, Memory Effects in Population
Dynamics: Spread of Infectious Disease as a Case Study, Math. Modelling of Natural
Phenomena, 2012.

B Predator-prey model with safe and risky patches.
u = (bsPs(t) + br(1 — Ps(t)))u — (csPs(t) + cr(l — Ps(t)))u2
—(asPs(t) + ar(l — Ps(t)))vu,
0 = —dv + e(asPs(t) + ar(l — Ps(t)))vu,
Ps(t) = (Plnoly)(®),  y(t) = ru(t).

Pimenov, Korobeinikov, Rachinskii et al, in preparation.
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Motivation: near-equilibrium dynamics in planar systems

B Connected sets of neutrally stable equilibria

w = f(u,v,1),

i) = g(u7v?x)7

x = Pnolv.
B Partially stable equilibria.

= flu,v),

v = g(u,v),

z = Pnolv.

S. McCarthy and D. Rachinskii: Dynamics of systems with Preisach memory near

equilibria. Mathematica Bohemica, accepted.

B Homoclinic orbits?
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Motivation: excitable behaviour in a predator-prey system 'Zﬁf’g

Predator v, prey ur in the risky patch, prey ugs in the safe patch,

ur = ar(ur) — fr(ur)g(v) + ha(t)us — hs(t)ur,
is = as(us) — fs(us)g(v) — ha(t)us + hs(t)ur,
b =o(fr(ur) + fs(us))g(v) — c(v),

where the flows hr, hs are hysteretic

d * d +
hs(t) = (kso + ks S PIRIND ) ha(®) = (Ko = ki (Plla)0))
Pimenov, Rachinskii, Homoclinic orbits in a two-patch predator-prey model with Preisach

hysteresis operator, WIAS preprint 1849, Mathematica Bohemica EQUADIFF 2013, accepted.
kr = kro = fs = 0 — aplanar system.
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Model

We consider a coupled system of differential equations

v = f(u,v) +z'h(u,v), v =glu,v) (1
and an operator equation
(t) = (Plnolv)(t), )
ag
Pl = [ [ wlan.as) oo bn(ar. as)o)e) dandas, ()
where R .« is as a non-ideal relay: for v(¢) monotone on ¢ € [to, t]
X
1
0 @) <ar; | i
y(t) = (Rapash®o)o)(t) =4 1 o(t) > as; :
n(to) otherwise. !
Here n(to), y(t) are boolean values v
@ @
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Memory evolution
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Intervals of monotonicity

ocs Q(to) ,190(10) .
A L I )
Denote by (vm,v), (v,var) the end T el
points of the segment ., where .—.».":Qm
vm = v if Qe is a vertical segment e
and vy = v if Qe is horizontal. |
L ‘0 V‘o v(t) %,
If v = v(t) increases, then the time derivative of the output of the Preisach operator satisfies
d v
% =0H(v,vm) with H(v,vm) = / u(ar,v)dag. (4)
Um
If v decreases, then
d(Plnolv . . vM
% =0V (v,unm) with V(v,onm) = / w(v, as) das. (5)
v

Hence at an interval of monotonicity solution of (1)-(2) satisfies a system of ODEs, and we
solve (1)-(2),(4)/(5), where v in (4)/(5) is replaced by (2).
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Partially stable equilibrium ’Z‘ff’g

Without loss of generality we consider system (1)-(2) near to the zero equilibrium.

The zero equilibrium is partially asymptotically stable if

B for any € > 0 there is an open ball in the product of the (u, v) phase plane and the set X
of state space of the Preisach operator such that any solution of system (1)-(2) with initial
data from this ball satisfies |u(t)| + |v(t)| < € for all ¢ > to and u(t), v(t) — 0 as
t — oo;and,at the same time,

B thereis an € > 0 such that for every § > 0 there is an open ball in the product of the disk
|u| + |v] < 0 and the set X of states of the Preisach operator such that any solution of
system (1)-(2) with initial data from this ball satisfies |u(t)| + |v(¢)| > € at some
moment t > to.

Partially stable equilibria are related to the change of stability of zero equilibrium in the different
systems of ODEs on different intervals of monotonicity.
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Homoclinic orbit e é

We study homoclinic orbits attached to the partially stable equilibria.

Definition

We call the tripple {u(t), v(t), n(t)} the solution of (1)-(2) for all —co < ¢ < oo if for each tg
the tripple {u(t), v(t), n(t)} is the solution of (1)-(2) with the initial values
U = u(to),v = v(to), Mo = n(to) for all £ 2 to.

Definition

We call the solution {u(t), v(t), n(t)} of (1)-(2) for all —oco < t < oo homoclinic if
u(t) — 0,v(t) — 0fort — Fo00, and u(t) Z 0 or v(t) Z 0.

We are interested in the homoclinic orbits with the following property: there exist moments
t1 < t2 such that v(t) is monotone for all t < ¢1 and ¢t > to.
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Local analysis

We consider the system (1)-(2) in a small vicinity |u| + |v| < € of the zero equilibrium. For
example, if h(u, v) ~ 1/¢ inside this ball, the local dynamics of (1) is given by

u = au+ bv — k2, v = cu + dv, (6)
where the measure p(agr, as) = landa = %(O),b = %(0)’ c= S—Z(O),d = %(0),

Kk~ 1/e.
Weassume A =ad —bc>0,7=a+d>0,D =7>—4A > 0, i.e. the zero
equilibrium is an unstable node, and a > 0,c > 0,d < 0,b < 0.

o My .
sQ L
VM Q R )
e oy
/ ,
S R
S
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e
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|
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I
|
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|
|
|
. I
e 0 dv o
. R
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Local analysis

Initially, v(¢) increases:
v =au+bv—kv'(v—0), v =cu+tdv.

Atv(t1) = v1 we have v’ (¢1) = 0, and v(t) decreases for t > t1 (6),(2), (5) with
v = v(t1) = v1:

o =au+bv—kv'(v1 —v), v =cu+tdv.

Eq. 8): A =ad—bc>0

v
T=a—cuik+d. b aedsrve
6 e cx //
v1 < %: unstable node, B R’ T
a+ ’ e
vy > L:;d:stable, ’4””:?’7 N T )T
v > %: stable node. 2L R
. a N el VT
Eq. (7):u — 00, v — =. P o
5 10 15

0=1u=v(b—krdv)+u(a—rKev).
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Simplified model

v = au+bv — k(z' —|v'|v),

We pick a point v1 >

/
v = cu+ dv,

% on the line ¥ = 0. For v, increasing from 0

/ /
u = au + bv, v = cu+ dv,

For v, decreasing from v(t1) = vy

v = (a — kvic)u + (b — kvid)v,

v = cu+ dv.

o Ty .
sQ L
Vum Q e
1.© R
S e
/| ,
S
L
-x
e
g
|
|
|
|
|
|
|
|
L
e 0 dv o
R

(10)

an
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Simplest homoclinic orbit 'Zﬁf’g

First, we consider the solution of (10) in reverse time t = —t with initial condition
v(0) = v1,u(0) = —v1d/c
= U1 —L+vD)i —L(+—vD)i
vt:—(ez VD —7)4+ (VD +71)e 2 ) (12)
0= (VD7) + (VD +7)

hence for 7 > v/D: v(f) — Owithf — codueto 0 < 72 — D = 4A.

;. u( = D) (e—%wmf _ e—%(r—\/ﬁ)i) 20

4vD

for any t>0,iet<0.
For ¢ > 0 the solution has the same form as (12) with 7 = —(a — kvic+d), D = F2 AN,

where 7 > \/ D due to the choice of v, > %, and v(t) — 0 with t — oo.
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Simplest homoclinic orbit

k=1 v
a=2>5
b= -7
c=1
d=-1
T=4
A=2
D=71>—4A=38

v =T7T>44+2V2
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Homoclinic orbit: global memory

If v(t) hits local minimum vs at t = ¢3 then for ¢ > ¢3 it's the solution of
= (a + rkvsc)u + (b + kusd)v, v = cu+dv, (13)

Wetake vy =v1 =1 <6—2v5,vm =T, ome =T:7=3,D =
n ’

Yme2 ¢
v 7 7
M Qe,’ e 7O u
i
i
|
|
1 ‘
e 0 o TV v 0 o

R

Here v(t2) = vy, forta = t1 + log(1 + 2v/2), where u(t2) = —23 — 44/2. The solution
v(t) of (11) with 1 := vase has the minimum vs = v(t3) = u(ts) = —(697 4 64/2) /71
attsz = 2 arctanh(10 + +/2) /49.
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Predator-prey model

Predator v, prey u

Population terms

wu
v
g(U) - 1+,3U’ C(U) =70,
and hysteretic flow
d +
h(t) = (ko + ka(P[UO]U)(t) — 2k6|v|(v — UT)) ,
where & = {0,1}, and k(v* — vf) ~ 1.
+
v>0: h(t) = (ko + kv H (v, ) — 2kév" (v — vf)) ,
v<0:

= a(u) = f(u)g(v) = h(t)u,
b= o f(u)g(v) - c(v).

a(u) = pu — \u?,

h(t) = (Ko + KoV (v, 001) + 200 (v vf))+ .

(14)
(15)

(16)

a7

(18)
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Numerical example

Wetake p = 1.35,¢ = 0.1, =1.2,7v = 0.5, w = 2, ko = 0.01, A = 0.01 there are 3
positive equilibria

(u*,v") = (0.183649,0.245752), (19)
(u',v") = (0.340215,0.45473), (20)
(ut, v?) = (133.376,0.832085). (1)

with the eigenvalues for k = 0: (0.136,0.614), (—0.089, 0.942), and (—1.33, —0.25). We
define the density function
N(O‘R?O‘S) =2

in the triangle 0 < ar < as < 1 with g = 0 outside this triangle.
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Numerical example: 6 = 1

0.249
) \
e 0.248} ‘ -
7
o
e Qe(t) >0.247 —
0.246 4
—
A
[04
R 02 5 L L L L L L L L L L L
28183 0.1835  0.184 01845 0185 01855 0186

k= 8000, var = 1, v’ = 0.246, v1 = 0.248: (—5.73072, —0.0146083).
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Numerical example: 6 = 0

In another example
h(t) = (ko + ko H (v,vm))", h(t) = (ko + koV (v,var)) ", (22)

when © < 0 we can have ko + k0V (v, var) < 0 and there is no flow.
We take k = 700, vpre = vy = v1 = 0.2596, and vs = 0.0384.

|
4
A

vy ¢ (—0.044584 — 0.285881i, —0.044584 + 0.2858817),
vs ¢ (—11.8176, —0.00708397).
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Conclusion and outlook e é

B Robust homoclinic orbits in systems with hysteresis: the mechanism.

Rigorous construction of homoclinic orbits in a planar simplified system.

We have found numerically that homoclinic orbits can be observed in biological
planar systems where

1. nonlinearity is supressed: artificially or 0 < det J < 1?

2. hysteresis is supressed due to natural model limitations.

Study of the conditions of existence of homoclinic orbits for general systems

(1)-(2).

Periodic orbits near partially stable equilibria.

Partial stability and excitability in the system with continuous sets of equilibria .
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