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Fast-Slow Systems - Standard Form

Fast variables x ∈ R
m, slow variables y ∈ R

n, time scale separation 0 < ǫ≪ 1.

{

x ′ = f (x , y)
y ′ = ǫg(x , y)

ǫt=s←→
{

ǫẋ = f (x , y)
ẏ = g(x , y)

↓ ǫ = 0 ↓ ǫ = 0

{

x ′ = f (x , y)
y ′ = 0

{

0 = f (x , y)
ẏ = g(x , y)

fast subsystem slow subsystem
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◮ C := {f = 0} = critical manifold = equil. of fast subsystem.

◮ C is normally hyperbolic if Dx f has no zero-real-part eigenvalues.

◮ Fenichel’s Theorem: Normal hyperbolicity ⇒ “nice” perturbation.



A 4D System in Nonstandard Form

Olsen Model for peroxidase-oxidase reaction (Olsen 1979)

dA
dT

= −k3ABY + k7 − k−7A,
dB
dT

= −k3ABY − k1BX + k8,
dX
dT

= k1BX − 2k2X
2 + 3k3ABY − k4X + k6,

dY
dT

= −k3ABY + 2k2X
2 − k5Y .
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Figure : (a) MMOs for k1 = 0.16, (b) chaotic/aperiodic oscillations for
k1 = 0.35 and (c) periodic oscillations for k1 = 0.41.



Change of variables (PhD thesis of A. Milik)

A =
k1k5

k3
√
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a2, B =

√
2k2k8
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b2, X =
k8
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x2,
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k3k8
√
2k2k8

s,

transforms the Olsen model into

(Ols2)















da2
ds

= µ− αa2 − a2b2y2,
db2
ds

= ǫb(1− b2x2 − a2b2y2),

ǫ2 dx2
ds

= b2x2 − x22 + 3a2b2y2 − ξx2 + δ,

ǫ2 dy2
ds

= κ(x22 − y2 − a2b2y2).
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µ α ǫb ǫ2 ξ δ κ

k1 = 0.16 0.97 0.15 0.0095 0.033 0.98 1.2 · 10−5 3.93
k1 = 0.35 0.97 0.32 0.045 0.015 0.98 1.2 · 10−5 3.93
k1 = 0.41 0.97 0.37 0.062 0.013 0.98 1.2 · 10−5 3.93

Table : Standard parameter values for the Olsen model.



We need one more transformation:

a = a2, b = b2, x = ǫx2, y = ǫ2y2, τ = ǫ−2s

(Ols2)
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da
dτ

= ǫ2(µ− αa)− aby ,
db
dτ

= ǫ(ǫbǫ− ǫbbx)− ǫbaby ,

ǫ dx
dτ

= −x2 + ǫ(b − ξ)x + 3aby + ǫ2δ,
dy
dτ

= κ(x2 − y − aby).
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The “Fastest-Scale” Model

⇒ (Ols1)















da
dτ

= ǫ2(µ− αa)− aby ,
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dτ

= ǫ(ǫbǫ− ǫbbx)− ǫbaby ,

ǫ dx
dτ

= −x2 + ǫ(b − ξ)x + 3aby + ǫ2δ,
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dτ

= κ(x2 − y − aby).

For ǫ→ 0, critical manifold

C0 =
{

(x , y , a, b) ∈ R
4 :

x2

3ab
= y

}

.
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a, b
a2

b2

x

y x2, y2

L0

C0
γc

γc

γj

γj

{x2 = 0 = y2}

b2 = ξ

2a2b2 = 1



Theorem (K., Szmolyan 2012/2013)

◮ Canard case 0 < ǫ≪ 1 δ = O(ǫ2e−K1/ǫ
2
) then nonclassical

relaxation oscillation has a canard segment.

◮ Jump case: 0 < ǫ≪ 1 δ = K2ǫ
2, K2 > 0 then nonclassical

relaxation oscillation jumps near transcritical bifurcation.
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◮ Dynamics in the main chart (Ols2).

◮ Normal hyperbolicity → fast-slow reduction to 2D slow flow.

◮ Normal form theory for transcritical singularity.

◮ Requires center manifold reduction from 6D to 5D.

◮ Way-in, way-out function for canards + exchange lemma.

◮ Global return map analysis, explicit estimates.



The Blow-Up Method - An Example

vector field X







dx
dt

= −x2 + y ,
dy
dt

= ǫ,
dǫ
dt

= 0.

Blow-up map Φ : S2 × [0, r0]→ R
2 ⇒ φ∗(X̄ ) = X .
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dx
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= −x2 + y ,
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dt

= ǫ,
dǫ
dt

= 0.

Blow-up map Φ : S2 × [0, r0]→ R
2 ⇒ φ∗(X̄ ) = X .

x̄

ǭ

ȳ

κ1

κ1

κ2

κ2

κ12

κ21

{x̄2 + ȳ2 + ǭ2 = 1} × {r̄}

B̄ = S2 × [0, r0]
(a)

(b)

R
3

R
3

R
3

(x1, r1, ǫ1)(x2, y2, ǫ2) (x , y , ǫ)

Φ



Main Olsen Blow-Up

(Ols1)
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a′ = ǫ3(µ− αa)− ǫaby ,

b′ = ǫ2(ǫbǫ− ǫbbx)− ǫǫbaby ,

x ′ = −x2 + ǫ(b − ξ)x + 3aby + ǫ2δ,

y ′ = ǫκ(x2 − y − aby),
ǫ′ = 0.

Define the manifold

D̄ := [a∗,∞)× [b∗,∞)× (S2)+0 × [0, r0].

Blow-up transformation Φ : D̄ → D defined via

a = ā, b = b̄, x = r̄ x̄ , y = r̄2ȳ , ǫ = r̄ ǭ



Dynamics in the Classical / Rescaling Chart
System (Ols2) - nonclassical relaxation orbit, canard case.

a2

a2
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b2

b2

x2

x2

b2 = ξ

b2 = ξ

ψǫ

ψǫ

ψǫ

2a2b2 = 1

(a) (b)

(c)

Sa+
2,0

Sa−
2,0

Sr+
2,0

Sr−
2,0

Figure : (a) Projection into (a2, b2, x2)-space. δ = 0. Critical manifold in
blow-up (blue=repelling, red=attracting), transcritical (magenta) and
hyperplane {b2 = ξ}. (b) Projection of the full periodic solution into
(a2, x2)-space. (c) Important curves in the (a2, b2)-plane.
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Remark: Normal form unfolding for jumps across singularities at
infinity CK arXiv:1204.0947.



Case 2: Mixed-Mode Oscillations

ǫb → 0, three fast variables and one slow variable
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y ′ = ǫκ(x2 − y − aby).
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a, b
a2

b2

x

y x2, y2

L0

C0

γm

γm

{x2 = 0 = y2}

b2 = ξ

Ua
0

U r
0

Va
0

V r
0

Note: Delayed Hopf bifurcation is involved.



Case 3: A Chaos-Generating Mechanism

“Intermediate” between MMOs and Nonclassical Relaxation

(a)
(b)

a2

b2

oscillation

sliding

x2, y2

{x2 = 0 = y2}

b2 = ξ

Conjectures:

1. Smale Horseshoe “splitting-streching-folding”.

2. Grazing-sliding nonsmooth limit scenario.



Other Topics
Remark: Multiscale Dynamics (almost) everywhere!

1. Critical transitions / tipping points in applications

2. Noise and mixed-mode oscillations in SODEs

3. Large deviation principles in SIDE/SPDEs

4. Singular perturbations of PDE operators

5. Self-organized criticality in adaptive networks

6. Averaging / homogenization problems

7. Numerically challenging (“multiscale methods”)

8. ...
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Thank you for your attention.


