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Introduction 1/2

B Hysteresis operators as introduced in Krasnosel'skii-Pokrovskii 1983 can

be considered as mathematical operators mapping time dependent
functions to time dependent functions being causal and
rate-independent, see Visintin 1994, Brokate—Sprekels 1996, Krej¢i
1996, Mayergoyz 2003.

Brokate—Sprekels 1996:
a representation result for hysteresis operators acting on scalar inputs
input function

Representation result applied in Brokate 1994, Brokate 2000,
Ekanayake-lyer 2008, Gasinski 2004, 2008, Jais-2008,
Kaltenbacher—Kaltenbacher-2007, Léschner—Brokate 2008,
Léschner-Greenberg 2008, Miettinen—Panagiotopoulos 1998,
Tan—Baras—Krishnaprasad 2005, Visone 2008
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Introduction 2/2

B K.2012 a,b, K. 2013:
extension of this representation result to hysteresis operators acting on
vector-valued input functions.

B This talk, K. 2013p (=WIAS Preprint No. 1912 (2013)):
extension of this representation to input functions with a finite number
number of discontinuities
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Some Notations and Definitions

B Let 7 > 0 denote some final time.

B Let X be some topological vector space.

B Let Y be some nonempty set, and let
Map ([0,7],Y) :=={v:[0,T] = Y}.

B Let C (][0, 7]; X') denote the set of all continuous functions
u:[0,7] — X.

B «:[0,7] — [0,T]is an admissible time transformation :<=> « is

continuous and increasing (not necessary strictly increasing), a/(0) = 0
and o(T") =T.
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Let H : D(H)(C Map ([0, 7], X)) — Map ([0, 7],Y") with D(H) # () be
given.

B H a hysteresis operator :<—=> H is rate-independent and causal.

B H is rate-independent :<= Y v € D(H),V admissible time
transformation « : [0, 7] — [0, 7] withv o« € D(H), V't € [0, T7:

Hv o af(t) = H[v]((t)).

B His causal <=V v1,v2 € D(H),Vt € [0,T):
Ifv1(7) =va(1) V7 €[0,t] then H[vi](t) = H[va](%).
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Monotaffine function: Definition

B Brokate-Sprekels 1996: Hysteresis operators act on the set of all
continuous and piecewise monotone functions and the set of all
piecewise monotone functions from [0, 7] to R.

B K. 2012a, K. 2012b, K. 2013: Hysteresis operators acting on continuous
and piecewise monotaffine function from [0, 7] to X.

B Monotaffine function informal: composition of a monotone and an
affine function, monotone functions being evaluated first

B Monotaffine function precise: K. 2012a, b, K. 2013:

Let some function w : [0, 7] — X be given

Let some t1,to € [0, T] with t; < to be given.

u is monotaffine on [t1, ta] <=

38 : [t1,t2] — [0, 1] monotone increasing (not necessary strictly
increasing) such that 3(t1) = 0, 5(t2) = 1 and

u(t) = (1= B(®)u(ty) + Bt)u(ts), Yt € [t ta].
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Piecewise monotaffine function 1/2

u(ts)

u(ty)

u(t;)

B u:[0,7] — X uis denoted as piecewise monotaffine <=
there exists a decomposition 0 = tg < t; < --+ < t, = T of [0, T
such that for V1 < ¢ < n: w is monotaffine on [t;_1, t;].
B Let Map,, ., ([0, 7]; X) be the set of all piecewise monotaffine
functions in Map ([0, 77, () [0, T]; X).
Mappw ma. ([0, T]; R) is just the set of all piecewise monotone functions
B Let Chyma ([0, 775 X) := Map ma ([0, T]; X) N C([0, TT; X).
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Standard monotonicity/monotaffinicity partitions

B The standard monotonicity partition of [0, T'] for piecewise monotone,
scalar input functions is introduced in Brokate—Sprekels 1996.

B In K. 2012a, K. 2012b, K. 2013 the standard monotaffinicity partition of
0, T for u with u € Map . ([0, T; X) being appropriate is
defined.

B Now, this definition it extended to:

Letu € Map,y, m, ([0, TT; X) be given.

The standard monotaffinicity partition of [0, T'| for u := uniquely defined
decomposition 0 =ty < t1 < --- < t,, = T of [0, T'] such that for

1 <7 < n holds:

t; ;= sup {t €lti—1, T]|u is monotaffine on [t;_1, t]}
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Convexity triple free string of elements of X

K. 2012a,b; K. 2013:

B (vg,vp, vc) € X3 is denoted as convexity triple <= v, € conv(vg, vc)
with conv (v, vej) == {(1 — A)vg + Ave | A € [0, 1]}

W A convexity triple free string of elements of X is any (vg,v1) € X? and
any (vo, ...,v,) € X" with 1 < n € N such that for all
i€ {l,...,n— 1} itholds that (v;—1,v;, v;+1) is no convexity triple.

W letSp(X):={VeX" |neN and V isa convexity triple
free string of elements of X }.

B ltholds Sp(R) = S4 with S4 being the set of alternating strings:
introduced in Brokate—Sprekels 1996, i.e.:

Sa={(vo,v1,...,v,) €ER"™ |n>1,

(Ui — vi_l)(le — Ui) <0, Vi<ik n}
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Representation result 1/3

Lemma

Every function G : Sp(X) — Y generates a hysteresis operator
Hglap : Map,y, ma. ([0, T]; X') — Map([0,T];Y) by mapping

u € Mapp,y, ma ([0, T]; X) to the function HyPlu] - [0,T] — Y being
defined by considering the standard monotaffinicity partition

0=ty <ty <--<ty,="Tof|0,T] foru and defining

Hey Pl (t) = G (ulto), u(t)),Vt € [to, t1],
Hyn (1) = G (ulto), u(ti—),u(t)), V¥ t€lty,ta,
(

Hy P lul(t) = G (ulto), w(ti—), - . ., ulti——), u(t)),
vV t G]ti_l,ti], 3<i1<n.
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Representation result 2/3

K. 2012a, K. 2012b, K. 2013:

Theorem

For every hysteresis operator 3 : Cpy ma. ([0, T]; X) — Map([0,T];Y)
there exists a unique function G : Sp(X) — Y such that B = HS with
HC. being the restriction of ’HI\G/[ap to Cpw.ma. ([0, T); X)

(G can be determined by considering appropriate piecewise affine function
representing the strings.)

(Result in Brokate-Sprekels 1996 for operators with scalar input and output:
X =R, Y :=R, Sp(X) — 54, Cpw.ma. ([0, T]; X) — Cpm([0,T]),
“monotaffinicity” — “monotonicity”,
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Representation result 3/3

K. 2013:

Corollary

Forevery G : Sp(X) — Y is holds that Hy; "™ is the restriction to
Map .y ma, ([0, T]; X) of the arclength BV-extension (see Recupero 2011,
talk Recupero) of 7—[8
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Limits of representation result

For the hysteresis operator A : Map([0,T]; X) — Map([0,T]; X) defined
by
Ox, if Is€]0,t]:u(s)=0x,
Alu](t) := .
u(t), otherwise.
it holds:
B The restriction of A to Cpyw.ma. ([0, 7]; X) is equal to ’Hg with

vy, itV € {1,...,n}:
G(vo,...,v) = (vi—1,0x,v;) is no convexity triple,

Ox, otherwise,

B but the restriction of A to Map,,y, 1, ([0, T]; X) is not equal to Hgap.
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Let (Za, Yas Ta), (Toy Yo, 705 (Tes Yo, Te) € X2 x {0, 1} be given.
(Ta,YasTa)s (Tos Ybs b)), (Tey Ye, Tc) is denoted as convexity triple containing
triple of elements of X2 x {0,1} ie.as CTC triple, if z;, = yp and

(Ya, b, Tc) is a convexity triple.
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Definition

a) Let

S20(X)

5:{((1’0,y0,7’0), EEr (wnaymrn)) € (X2 X {0, 1})
n€N7 xn:yn,Tn:L

n+1 {

Vizl,...,n:(yi_lza:i=>7“7;_1=1)}.

b) ((;z:g, Y0,70)s -+ - » (Tny Yns rn)) € S?°(X) is denoted as CTC triple free
string ifn = 1orifn > 1anditholds foralli € {1,...,n — 1} that.

((@i1, yi-1, 7y, (T4, Yi)s (Ti1, Yi+1)) is no CTC triple.
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Definition

Let some function w : [0, 7] — X be given

Let some t1,to € [0, 7] with t; < t2 be given.

w is monotaffine on |ty , ta] <= u(t1+) exits and for v : [0, 7] — X with
v(t) = u(t) forall t # t1 v(t1) = u(t1+) if holds that v is monotaffine on
[th t2]
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Definition

a) Afunction u : [0,7] — X is denoted as piecewise left-open, right-closed
monotaffine-continuous (pw. lo. rc. monotaffine-continuous) if there exists a
decomposition 0 =ty < t; < --- < t,, = T of [0, T'] such that u is
monotaffine and continuous on ]ti, ti+1] forallz =0,...,n — 1. In this
case, the decomposition is denoted as lo. rc. monotaffinicity continuity
decomposition of [0, T for w.

b) Let Mapy,, . ([0, 77, X) be the set of all pw. lo. rc.
monotaffine-continuous functions from [0, 7] to X.
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Definition

For u € Mapy,, . ([0, T], X) the standard lo. rc. monotaffinicity continuity
decomposition of [0, T'| for u is the lo. rc. monotaffinicity continuity
decomposition 0 = tg < t; < -+ < t, = T of [0, T'] for u, such that for all
foralls =0,...,n — 1, it holds

ti+1 = max {t €|t;, T | u is monotaffine and continuous on |¢;,t]} . (1)
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u(to) = u(to +)
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Definition operator

Let F': SIZ;b(X ) — Y be some function. The hysteresis operator

Hio : Map,,, ., ([0, 7], X) — Map ([0, 7], SE(X)) generated by F'is

defined by mapping u € Map,,, . ([0, 7], X) to #}:[u] : [0, T] = S%(X)

accordingto: Let0 =ty < t1 < --- < t,, = T be the standard lo. rc.

monotaffinicity continuity decomposition of [0, T'] for w. Let

70, .-, n—1 € {0, 1} be defined by

rﬂ:{L it w(ti1+) € u(lti_1, i),
0, otherwise,

Hi[u] : [0, T] — S%(X) be defined by

Vie{l,...,n}. Let

Hp = F((u(0),u(0),1), ( u(0),1)),
Hp[u](t) == F((u(0),u(0+),r ) ( ( ),u(t),1)) Yt €lto, t1],
Hip[u](t) == F((u(to), u(to+),70), - - -, (ulti—1), u(ti-a+),7i-1),

(w(t),u(t),1) Yt €ltitir), i€ {2,....n}.
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a) LetF': S?,’b(X ) — Y be some function. Then it follows that the operator
Hy : Map,, , ([0,T], X) — Map ([0, T],Y') is a hysteresis operator.
b) For every hysteresis operator
B : Map,, . ([0,T], X) — Map ([0, 7], Y") there exists a unique
function " : S?,’b(X) — Y suchthat B = F o p.
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B For the hysteresis operator A : Map([0,7]; X)) — Map([0,T]; X)
defined by
Ox, if Ise]0,t]:u(s)=0x,
Alu)(t) := .
u(t), otherwise.
it holds:
B The restriction of A to Map,,,, , ([0, 77, X) is equal to Hg; with
G((l’o, Yo, ’r’o) ey (:En, Yn s Tn) cey
(0x, if3ie{l,...,n}:
yi—1 # 0x, (yi—1,0x,x;) is a convexity triple,
=0y, iftdie{l,....n}:

Yi-1 =0x,r; =1,

| Zn, Otherwise,

String-representation of hysteresis operators.... - MURPHYS-HSFS-2014, April 11th, 2013 - Page 21
(21)



Many thanks for your attention
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