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Abstract

In this paper we show the existence of a weak solution for a compressible single-phase Stokes
flow with mass transport accounting for the degeneracy and the singular behavior of a density-
dependent viscosity. The analysis is based on an implicit time-discrete scheme and a Galerkin-
approximation in space. Convergence of the discrete solutions is obtained thanks to a diffusive
regularization of p-Laplacian type in the transport equation that allows for refined compactness
arguments on subdomains.
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1 Introduction

Suspensions, i.e., flows of solid particles immersed in a viscous fluid appear in many aspects in nature and
their understanding is of great importance for many technological processes, e.g., in the food, pharma-
ceutical, printing and oil industries. For suspension flows two major regimes with substantially different
rheological properties can be observed. In the dilute regime the volume fractions of the solid particles
are very small and mutual interaction between particles is negligible. Instead, in the dense regime large
volume fractions lead to rheological behaviors like shear thinning and discontinuous shear thickening, see
[BJ14]. When a critical volume fraction of solid, rigid particles is reached, jamming occurs, which means
that the rheological behavior of the suspension turns into that of a solid.

The development of a continuum model for binary suspensions of solid and liquid phase applicable
across different concentration regimes with substantially different rheology is of great importance to
understand the applications but also very challenging from a mathematical point of view. In [PTAT19],
the authors construct a PDE model also suited for dense suspensions using a gradient flow structure
featuring a dissipative coupling between fluid and solid phase as well as different driving forces. This
approach leads to a general mathematical structure of variational type which is able to model the different
suspension regimes, from dilute to highly concentrated states up to jamming. This is done by taking into
account physically realistic but mathematically non-standard density-dependent constitutive relations,
which degenerate for dilute suspensions as the density of solid particles tends to zero and which get
singular when reaching a critical value that stands for jamming. Due to these degeneracy and singularity
properties in these two extremal situations, the mathematical analysis of the derived model in [PTAT19)
requires significant mathematical efforts and is very challenging. Concerning the mathematical analysis of
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compressible viscous fluid models with density-dependent viscosities, we mention here a series of papers
[BDL03, BD06, BD07, BMZ19], where the authors investigate with great effort compressible Navier-
Stokes fluid models with density-dependent viscosities, which also appear in shallow water and lubrication
models. The well-posedness of the models is shown by introducing a new mathematical entropy identity,
which is derived either by assuming a linear dependence of the viscosity with respect to the density
or by assuming a power-law structure of the viscosity p(o) on the mass density o. However, the non-
standard form of the viscosity in [PTA*19] cannot be treated by the mathematical methods developed
in [BDL03, BD06, BD07, BMZ19, LT18a, LT18b], and references therein.

Our long-term goal is to investigate the full two-phase model for concentrated suspensions proposed in
[PTAT19]. As a first step towards this analysis, a single-phase model, which captures the above-described
degeneracy and the singularity properties, is investigated in this paper to understand the main difficulties
and to pave the road for forthcoming analysis of the full two-phase Stokes and Navier-Stokes system. Let
[0,T] x © C RY denote the space-time cylinder with space dimension d € {2,3} and final time T > 0
general but fixed. For the density o : Q — R and the velocity u : Q — R? as unknowns, the bulk equations
of our model are given by

Oro + div(ou) — ediv(|Vo[P~2Vo) =0 in [0,7] x Q, (1.1a)
—div(u(o)e(u)) + M(o)u + rlu|*"2u+ 0VD,E(0) =0 in [0,T] x €, (1.1b)

with the symmetric strain tensor e(u) := (Vu + Vu') and the energy

&(o) = /Q <w29+ §|9|2> da. (1.1c)

The bulk problem (1.1) is complemented by suitable boundary and initial conditions, which are specified
in Section 2.1. By D,E(p) we indicate in (1.1b) the variational derivative of €(g) with respect to p.
Moreover, the shear viscosity p and the friction M are material parameters, which are modeled as
density-dependent functions. Equation (1.1a) is a continuity equation with a diffusive regularization of
p-Laplacian type. The Stokes equation (1.1b) contains a regularization in terms of an L®-nonlinearity,
whose exponent s is closely connected to the exponent p appearing in p-Laplacian in the continuity
equation. Moreover, the first component in the energy functional is given by the gravitational force and
the second convex term of lower order is chosen as a further regularizing term. The prefactors €,&,k > 0
of the regularizing terms may be arbitrarily small but positive. The density ¢ can be understood as the
mass density of the system. Yet, setting ¢ := gg¢ with constant mass density gg it can be seen in direct
relation with a phase indicator ¢ when extending the model (1.1) to suspensions in the future. In both
situations it will be important to obtain that a solution ¢ of (1.1a) is non-negative and bounded from
above by a critical value ocyit.

Structure of the paper. In Section 2, we state the precise assumptions and give the Definition of
a weak solution to system (1.1) with a corresponding, first existence result. Moreover the diffusive
regularization of p-Laplacian type in the transport equation allows for refined compactness arguments
on subdomains, discussed in Theorem 2.4. In Section 3 an implicit time-discrete scheme combined with
a Galerkin-approximation in space (3.2) is introduced and solved in Proposition 3. Moreover, a priori
estimates are investigated in Proposition 3.4 which lead to convergence results, given by Proposition 4.1
in the final Section 4. There, we also establish the non-negativity and boundedness of weak solutions g
of (1.1a).

2 Basic assumptions and main results

2.1 Notation and basic assumptions

Let Q C R? with d € {2,3} be a bounded Lipschitz domain with boundary I' = 9 and 7 the outer unit
normal on I'. By £™(B), we denote the m-dimensional Lebesgue measure of a set B C R™, m € N.
Furthermore, we denote by LP(Q2), resp. WP(Q) for 1 < p < oo the Lebesgue-, resp. Sobolev-spaces
on Q. For a time interval (0,T), T' > 0 and a Banach space X we denote by LP(0,T; X) the spaces of



Bochner-integrable functions with values in X. Moreover, for a Banach space X we denote its dual by X*
and the duality pairing by (-,-) . For LP-spaces, we denote by p’ the dual index defined by 1% + L4 =1
”Generic” positive constants are denoted by C. Moreover, for subsets of R™ defined by the values of a
function f : R™ — R, m € N we shall use the following notation

[f 2a]:={z eR™, f(z) X a}, (2.1)

where the symbol = is here used as a placeholder for one of the relation symbols, i.e., <€ {<, >, =,<,>}.
Throughout this work, we adopt the following assumptions:

(A1) The shear viscosity is given by

R = [0,00], p(o) = leln(o), (2.2a)
where
o0 if o <0,
n(o) = (gc-%g)“ if0 <0< gerit, for a>2andv> geit. (2.2b)
S if o > Qcrit

As we shall see in Theorem 2.7 and lateron in Section 4.3 the singularity of power o > 2 prevents
solutions g of (2.5a) to exceed the value gcyit.

(A2) The friction coefficient M(p) is defined by a continuous function M : R — R with the following
growth property: There exist constants M, M > 0 such that

M|o> < M(g) < Mlg|* for all p € R. (2.2¢)
(A3) The initial condition for the density fulfills
00 € L*(2). (2.2d)
(A4) The boundary conditions are given by
u=0, and ¢|Vo|" ?Vp-i=0onT. (2.2¢)
(A5) Assumptions on the exponents p and s in (1.1):

1 1 1
-4+ -—-=1. 2.2f
2+s+p ( )

{2,3} 5d<p<6, and

(A6) Assumptions on the regularization parameters ¢, € and x in (1.1):
0<egé<l, and k>0 (2.2g)

Remark 2.1. 1. In [PTA™ 19] the real constitutive material law for the solid phase is given by

n(e) =1+

5 ocrit p2 — i1 ) 0 (2.3)

— 4 (+
2 Ocrit — O ( ! 1 + IO(chit - 9)72 (chit - 9)2

with the non-dimensional parameters, ps > p1 and Iy. Our choice in (2.2b) captures the essential
behavior of (2.3) and is well tailored for the mathematical analysis in this paper.

2. By (2.2f), the dual indices p' and s’ are given by & =1—-1 =14 % and ; =1-

-2
respectively.
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2.2 Basic notion of solution

Here, we specify our notion of solution for the system (1.1).

Definition 2.2 (Basic notion of weak solution). Suppose that the general assumptions (A1)-(A6) are
fulfilled and let the final time T > 0 general but fized. A weak solution of system (1.1) is a quadruplet
(0,u, By, C) with the regqularity

0 € WH (0, T; WhHP(Q)*) N LP(0, T; WHP(Q)),  w € L¥(0,T; L (9 RY)), (2.4a)
B, € L¥ (0, T; WH2(;RY*), ¢ e L¥(0,T; L¥ (; RY)), (2.4b)
that satisfies
T
<at97 w>LP(0,T;W1>P(Q)) - /0 /Q(Qu - 5‘v9|p72v9) -Vipdzdt =0, (2.5&)

for all v € LP(0,T; WHP(Q)),

T
(B, U>LS(O’T;W1.2(Q;Rd)) + /0 /Q(M(g)u + k(4 0VD,E(p)) - vdadt =0, (2.5b)

for all v € L*(0,T; Wh2(; RY)).

We will show in Theorem 2.3 the existence of a weak solution in the sense of Definition 2.2. Moreover,
in Theorem 2.4, it will be possible to identify the limit elements B,, and ¢ in (2.5b) as the viscous
stress and the L*-nonlinearity generated by the limit pair (o, u) on Lipschitz subdomains QLP(¢), where
v < o(t) < gerit — v for a.a. t € (0,7) and for all v > 0, cf. (2.6a). A further refinement of the notion of
weak solution will be deduced in Theorem 2.7: Given that the initial datum gy satisfies 0 < 09 < Oerit
a.e. in  one finds that also the weak solution g satisfies 0 < ¢ < geit a.e. in Q for all ¢ € [0,7]. In this
situation the identification of the limit elements B, and ¢ as the viscous stress and the L°-nonlinearity
generated by (o, u) can be shown to be valid even a.e. in [0 < ¢ < gerit]-

2.3 Main results

In this section we present and discuss our main results.

Theorem 2.3. Suppose that the general assumptions (A1)-(A6) are fulfilled. Then (1.1) has a weak
solution in the sense of Definition 2.2.

The proof of Theorem 2.3 is carried out in Sections 3 and 4. In Section 3 a fully discrete (time-discrete
Galerkin) scheme together with a suitable regularization of the shear viscosity u is devised and inves-
tigated. A priori estimates based on a discrete energy estimate are derived. In Section 4 the a priori
estimates are used to perform the limit from the discrete to the continuous problem.

In the following Theorem we will provide, on subdomains, an identification for the objects B, and ¢
appearing in (2.5b). To this end, we define subdomains

Q) ={r e Q| v <o(t) < guit — v} for any v > 0 and for a.a. t € (0,7, (2.6a)

and consider any
Lipschitz-subdomain ~ QYP(t) € Q,(t) for a.a. t € (0,T). (2.6b)
We note that Q,(¢) is an open set in € due to the compact embedding W1P(Q) C C°(Q) thanks to

p > d by assumption (2.2f). Moreover, on the Lipschitz-domains QLP(¢) (reflexive) Sobolev spaces such
as WH2(QLiP(t)) are well defined and embedding theorems are valid, cf. [AF03]. Now, we have



Theorem 2.4. Let (0, u, B,,() be a weak solution of system (1.1) obtained in Theorem 2.3. Then, for
every § > 0, there exists a measurable set Is C (0,T) such that L((0,T)\I5) < § and non-cylindrical
domains

Q= U {t} x QUP(¢) € (0,T) x Q  with QLP(t) as in (2.6), for all v > 0, (2.7)

tels

such that for all v € L*(0,T; WH2(Q;R%)) with supp(v) C QS there holds

T T
/ /u(g(t))e(u):e(v)dxdt+/ /(M(Q)u+H|u|572u—|—QVD98(g))~dedt:0, (2.8)
0 Q 0 Q
i.e., it 18
(B, V) e (0,7, w1 2 (0;R4)) :/O/Qu(g(t))e(u):e(v)dxdt and (2.9a)

T T
/ / k¢-vdedt = / / wlul* 2w - vde dt (2.9b)
0Jo 0Jo

for all v € L*(0, T; WH2(Q; R?)) with supp(v) C QF, for any Q% from (2.7), for all §,v > 0.
Consequently, relations (2.8) and (2.9) hold true even for all test functions

v e L0, T; WH2 (4 RY)) such that supp(v(t)) C [0 < o(t) < Ocit] for a.a. t € (0,T). (2.10)

The proof of Theorem 2.4 is given in detail in Section 4.2; we adress here the main ideas: The identification
of B, and ¢ in terms of the limit velocity u can be achieved on subsets of the space-time cylinder (0,T") x 2
where the values of the limit density ¢ and its approximants are strictly bounded away from zero and away
from the singularity gerj;. In space this is ensured by retreating to the subdomains Q%P (¢) from (2.6).
Again, thanks to the assumption p > d there holds W1?(Q2) C C°(Q2) compactly and the approximants
converge uniformly in space to the limit density ¢. In this way, it can be ensured for a.a. t € (0,7T)
that also the approximants are strictly bounded away from zero and away from o.. from a particular
index n(t) on. We point out that the regularity in time o € W12 (0, T; WP(Q)*) N L2 (0, T; WP (Q))
given in (2.4), and similarly also for the approximating solutions, is too low in order to ensure continuity
and uniform convergence in time. Instead, one can only make use of almost uniform convergence, which
will be deduced from strong LP(0,T; LP(f2))-convergence together with Egorov’s theorem in Section 4.
The almost uniform convergence in time induces the measurable sets Iy C (0,T) from (2.7) where the
sequences converge uniformly and this will allow it to find both the limit density and the approximants
strictly bounded away from zero and away from g.; on the non-cylindrical domains Q°. In order to carry
out the identification argument we need compactness results in Banach spaces defined on non-cylindrical
sets. To this end, for Q2 from (2.7) we introduce the normed vector space

Lo = ( / 50

Lemma 2.5. Consider a non-cylindrical domain Q% as in (2.7) and let s € (1,00). The normed vector
space L*(Q?) defined in (2.11) is a reflexive, separable Banach space.

1/s
L5(Q%) = {f : Q% — R measurable, || f| Lo @uv () dt) < oo} . (2.11)

Proof. Let Q5 be a non-cylindrical domain as in (2.7) and let s € (1, 00).
1. We show that the normed vector space L*(Q°) is complete: Let (f,)nen C L*(Q2) be a Cauchy

sequence. We show that there exists an element f € L*(Q%) such that f,, — f in L*(Q%). To this end,
we define for a.a. t € I

~ ) fa(t) on QLip (1),
Sult) = {o on 0\ QLIP(1).



Indeed, we have for all n € N that f, € L*(I5; L*(Q)) with ||fn||Ls(15;Ls(Q)) = [|fullzs(qs) and it follows
that (f,)nen is a Cauchy sequence in L*(Is5; L*(€2)). Due to the completeness of L*(Is; L*(f)), we
conclude that there exists an element f € L*(Is5; L*(2)) such that

fn = fin L(I5; L°(R)). (2.12)

For a.a. t € I we set f(t) = ﬂQlI;ip(t) and showAfor a.a. t € Is t/}\lat f,‘\(t)|Q\QI’jip(t) = 0. In view of
(2.12), it follows that there exists a subsequence (fy,)ien such that f,, (t,z) — f(t,z) pointwise for a.a.
(t,z) € I5 x Q. Because of f,,(t,x) =0 for a.a. (t,z) € {t} x (Q\ QLP(¢)) and for all I € N, it follows
f(t,z) =0 for a.a. (t,z) € {t} x (2\ QLP(¢)). We finally obtain

which proves that L*(Q%) is a Banach space.

L3(Q5) = ||fn - fHLS(Ls;LS(Q)) =0,

2. We show that L*(Q?) is reflexive and separable: To this end, we define
V= {fe L°(I5; L°(Q)) | for a.a. t € Is: f(t) =0on Q\Q¥P(1)},

which is a closed subspace of L*(Is; L*(f2)), and thus, a reflexive and separable Banach space. Moreover,
we have L*(Q%) = V and due to isomorphism of the norms, we obtain that L*(Q°) is reflexive and
separable, too. Further, we note that the dual space of V is given by V* := L* (Is; LS,(Q))|V. Due to
L*(Q%) =V, we also have V* = L5(Q%)* = L* (Q9). O

Remark 2.6. Thanks to the properties of L*(Q?%) verified in Lemma 2.5 and Eberlein-Smuljan’s theorem,
each bounded sequence in L*(Q?) contains a subsequence that converges weakly to a limit in L3(Q?%).

The above results for Banach spaces on the non-cylindrical domains Q% will allow us to carry out the
identification argument in Section 4.2. We mention that our use of non-cylindrical domains is motivated
by the works [Sal85, Sal88], where Banach spaces on non-cylindrical domains are introduced at first using
very general sets () := Useo,m){th x Q(t). Yet, lateron, in the course of the analysis, higher regularity

assumptions, i.e., C3-regularity for the boundary of Q, are required in [Sal85]. This is in line with the fact
that many works dealing with the analysis of PDEs related to fluid flow on moving domains [SS07, NRL16,
AET18, Saa07] postulate higher regularity assumptions for the flow map, which is used to map the current
domain Q(¢) to a fixed reference domain . Translating these assumptions to our situation shows that
higher temporal regularity would be needed for the density p and its approximating solutions and in some
cases also volume conservation for the set {x € R%, o(t, ) € (0, 0zit) } in order to apply the methods of the
works mentioned above. Instead here, we can only expect ¢ € WP (0, T; WLP(Q)*) N LP(0, T; WHP(Q)).
In difference to the above mentioned works, the non-cylindrical domains Q% used in our context are
induced by the solution g, so that good regularity of the sets cannot be expected in general. As approved
by Remark 2.6, we shall solely use the L®(Q%)-spaces for a compactness argument in the a posteriori
identification of the limit elements.

With a suitable adaption of the non-cylindrical domains and via a contradiction argument, it is
possible to deduce the non-negativity of the density ¢ and its boundedness in terms of the critical value
Ocrit- We point out that ¢ = 0 is not excluded on subsets of (0,7) x Q of positive measure.

Theorem 2.7 (Non-negativity & boundedeness of the limit density g, refinement of (2.8) & (2.9)). Let
the assumptions of Theorem 2.4 be valid and let (o,u, B, () be a weak solution obtained in Theorems 2.8
and 2.4. Further assume for the initial datum

00 € LQ(Q) such that 0 < 09 < Ocrit a.e. in ). (2.13)
Then the density o from (2.5a) also satisfies
0<o(t) <owit a.e inQ, foralltel0,T]. (2.14)

Moreover, identification relations (2.8) and (2.9) hold true for all test functions

v € L0, T; WH2(Q;RY)) such that supp(v(t)) C [0 < o(t)] for a.a. t € (0,T). (2.15)



3 Existence of discrete solutions
For final time T general but fixed, we define a partition of the time interval [0, T

T
0=t} <...<th=T with tﬂ“VT—tﬁ,:l:F::T,
T

and a sequence of finite-dimensional subspaces U,,, X,, such that, for all n € N

X, C X,41 and U X, dense in X := W'?(Q) with span{e;j;j=1,...,n} =X, (3.1a)
neN
U,CcU,;1 and U U, dense in U := Wh2(Q; R?) with span{e;;j =1,...,dn} =U,, (3.1b)
neN
where e; € X for j =1,...,n, resp. ¢; € U for j =1,...,dn, are linearly independent.

Remark 3.1. This motivates us to define two different projectors: The projector PX : X — X,, such
that PX(X) = X,, and the projector PV : U — U,, such that PY(U) = U,,. For PY we claim that it is
selfadjoint (note that U is a Hilbert space) and HP,ILJHL(U,U) s bounded independently of n. Hence, such
a projector PY with the mentioned properties exists, cf. [Rou05, Remark 8.41, p. 238]. Above, we use
the notation L(U,U) := {4 : U — U linear and continuous}.

Now, we consider the fully discrete Galerkin scheme corresponding to (1.1) for k € {1,...,N;} and n € N
ok, — okt E ok kE |p—2y k
|t pdn = [ (g, — eV PV Vide =0, (320)
for all ¥ € X,,,
Q

Q
for all v € Uy,

where the regularized viscosity p is defined by

7+ 2=lo| if o <0,

Ocrit _

pr(0) = |o|nr(0) + 77 for B> 0 and with 7, (o) = m if 0 <0< gerit — T, (3.3a)
vle
T Qcrit —T|

if 0 Z Ocrit — 7,

for > 2 and U > 0¢rit-
In contrast to p from (2.2), p, is continuous for every fixed 7 and can be estimated from below, i.e.,

there is a constant ¢, > 0 such that p,(0) > c,lo|*> +7° for all p € R and for all 7 > 0.  (3.3b)
Moreover, we have

pr(0) = p(o) as 7 — 0, forall peR. (3.3¢)

Proposition 3.2 (Existence of discrete solutions). Let the assumptions (A1)-(A6) be satisfied and T > 0
general but fired. Also keep 7 > 0 and n € N fized. Then the following statements hold true:
1. Forallk € {1,...,N,} there exists a solution (o¥,,u*, ) € X,, x U,, for problem (3.2).



2. For all K € {1,...,N,} the discrete solutions (Q’ﬁn,ufn)i\zl satisfy the following discrete energy-
dissipation estimate:

K K
£(o)+ D07 [ plehaetul) s et do e Yo [ Mk )luk s
k=1 k=1

K . K
. €&
MZT/ [ 7 do =S PV 1 me (3.4)
k=1 v PO

gél-

< E(e2,) + L4 x (0,7)).

The proof of Proposition 3.2 will be carried out in Section 3.1 below.

Using the discrete solutions (oF,,, u’ﬁn)ngl obtained in Prop. 3.2, Item 1., we define suitable approximating
solutions by interpolation in time. More precisely, we introduce the piecewise constant left-continuous
interpolants

Orn(t) =00, Upn(t) =10l forte(t 'ty ] k=1,... N, (3.5a)

as well as the piecewise linear interpolant

t—th-1 th —t
Nr ok, + N*T ol forte (thh ik L k=1,....N,. (3.5b)

Q‘rn(t) =
Moreover, by (3.5b), the time derivative of the piecewise linear interpolant is given by

D £) ok, — bt I k=1 4k 1 —q N 3.5
TQ'rn( ) - T ) OI'tE (tNT 7tN7]7 — Ly T- ( . C)

Additionally, we will also use the following notation for the time
t(t) =ty forte(th ' th ] k=1... N. (3.5d)

Using (3.5), we will rewrite (3.2). For this, also note that (J, oy C°([0,T];X,,) is dense in LP(0,T;X)
for any 1 < p < oo, cf. [GGZT74, Lemma 1.12.; p. 144]. Hence, for any ¢ € LP(0,T;X) there exists a
sequence (1, ), such that ¢, € L?(0,T;X,,) for each n € N and ¢,, — ¢ in LP(0,T; X) as n — oo. For any
¥ € C°([0,T]; X) we use nodal projection and subsequent constant interpolation in time, i.e., we introduce
the operator P : C°([0,T}; X) — LP(0,T;X), Pro(t) := 1(th ) = (t) for all t € (tlfvjl,tfvf], where we
used the notation (3.5a) for the piecewise constant, left-continuous interpolant. Based on this, we define
a projector for the space LP(0,T;X) to piecewise contant functions in time with values in the finite-
dimensional subspaces X,, by making use of the approximating sequences (,,), with ¥, € C°([0,T],X,,)
for all n € N. More precisely, we introduce

P, : LP(0,T;X) — LP(0,T;X,,), where P, (¢) := PX(P.(¢)) := 1, , (3.6)

with the notation from (3.5a). In a similar manner we also define a projection for the space L*(0,T; U)
and we denote the corresponding projector by PY (P, (v)) : L*(0,T;U) — L*(0,T;U,,). Now, we have

T
(Drorn, Pri(¥)) poo,7x,) — /O /Q Ornlrn - V() dedt + (Ap(rn), Pri(¥)) oorix,) = 00 (3.7a)
for all n > 1, for all v € LP(0,T;X),
T
(A ) PP oy & [ M@)o PY(P0)

T T
b [ [ el PP @) dedet [ [ 2,VD,8(0,0) - PY(P, () dedt =0, (3.7b)
0 Q 0 Q
for all v € L*(0,T;U),



where we abbreviated

T
<DTKQTTL7PTI(Q/J)>LP(O7T;XL) ::/ /QDTAQTTLPTl(w)dxdt7 (37C)
’ T
Aol P iy = | [ IVl 292, Pl dad, (3.7d)
g Q
(Au@en T PY PO iy = [ [ el (PO P bt (370)

Remark 3.3. Using the projector Py, (instead of Pr,) with | < n in (3.7a), gives us more flexibility in
showing a priori estimates and convergence results. This is carried out by first sending n to infinity by
holding | fixed and in a second step letting | to oco.

In a similar fashion also the discrete energy-dissipation estimate (3.4) can be rewritten in the notation
of the interpolants (3.5), i.e., for all ¢ € [0, 7] there holds

tr(t) tr(t)
E(Bn(t) + / / bz (@ (7)) (T (1)) : €(Tipn(r)) dardr + / / Mo () [ (1) iz

tr(t) 0
+/ / [Urp ()] daz drr + —/ ||vEm(r)||’£p(Q,Rd) dr (3.8)
0 Q P Jo ’
alp
< &(l,) + EETL“(Q % (0,T)).

Based on this, we establish a priori estimates for discrete solutions given by Proposition 3.2.

Proposition 3.4 (A priori estimates). Let the assumptions of Proposition 3.2 be satisfied and consider
a sequence (Opp, Urn)rn Of solutions for system (3.7). Then there exists a constant C' > 0 such that the
following statements hold true uniformly with respect ton € N and T > 0

||\/me(ﬂm)||L2(0,T;L2(Q;Rdxd)) <C, (3.9a)
TﬁHe(ﬂT’ﬂ)||i2([)’T;L2(Q;Rd><d)) <C, (3.9b)
cl’«”?’rne(ﬂTWz)||i2(0’T;L2(Q;Rd><d)) <C, (3.9¢)
MHETHETH||%2(0’T;L2(Q;Rd)) <C, (3.9d)
@rnllLs 0,7:00 (@ray) < O, (3.9¢)
102 < C  forallt €[0,T], , (3.91)
VO, llLr 0,10 (rey) < C- (3.92)

In addition, also the following estimates are valid uniformly with respect ton € N and 7 > 0
20l 2o 0,791 (2)) < C, (3.9h)
div (2., trn )l L2(0,7:L2(0)) < C, (3.91)
IDr0rnll(ro,rx, )y < C foranyl €N, for alln > 1, (3.9))
[Ap(@rn)ll(Lro.rx))- < C (3.9k)
HDTQTTL||LP’(0,T;W2’2(Q)*) <C, (3.91)
[ A (@rrs Trn) | L (0, 73w 2(ray ) < O, (3.9m)
||WTH‘S_QETn”LS’(O,T;LS’(Q;Rd)) <C (3.9n)

3.1 Proof of Proposition 3.2
Throughout the proof, 7 > 0 and n € N are kept fixed.



To Proposition 3.2, Item 1.: To show the existence of discrete solutions, we observe that the
Galerkin scheme (3.2) can be rewritten as a system of nonlinear equations for the coefficient vectors

Fn = (Ohn )iy ERY, WL, = (uf,, )2y € RO
g( b=t +7’“ BGF, +eM,(0",)dk, =0, (3.10a)
M. () TR, +M,(0k,)UWh,, + M (ul,)U%, + X%, + B, ® 7%, =0, (3.10b)
and the matrices appearing in (3.10) are defined with the aid of the basis elements {e;, i = 1,...,n} and

{e;, i=1,...,dn} from (3.1) as follows

M := (/ eiej dx) € R™", (3.10c)
Q i,

B:= (/ eiej - Ve dx) € Rinxnxn (3.10d)
Q ,9,1
M, (0%,) : ( Ve, - Ve;|VoF, [P~ 2dx> e R™ ™ (3.10¢)
ij
M, (oF,) == (/ ur(0F,)e ).e(ej)dx) € Ridnxdn (3.10f)
Q Z,]
M, (0k,) == ( M(ok,)e; - e; da:) € RAmxdn, (3.10g)
/L7-j
( Vize; - €, dx) € Rinxn (3.10h)
Z’j
M (uf,,) : (/ [k, |5 2%e; - e; dx) € Rinxdn, (3.101)
Z’j

We show in the follovvlng that for every k € {1,..., N, } the nonlinear system of equations given by (3.10)
has a solution ( 7k ) € R" x R4 For this, we make use of the following classical result:

T’n’

Proposition 3.5 ([Zei86, Prop. 2.8, p. 53]). Consider the system of equations
§(2) = (gDt =0 for Z€R™ (3.11)

Let BR(0) := {Z € R™, ||Z|| < R} for fized R > 0 and || - || a norm on R™. Let g; : Br(0) — R be
continuous for i =1,...,m. Further assume that

g(2)-Z>0  for all Z with ||Z]| = R. (3.12)

Then (3.11) has a solution Z with ||Z]| < R.

In the following we verify that the nonlinear system (3.10) satisfies the assumptions of Proposition 3.5.

We first show the continuity of § given by (3.10). For this, let Z:= (g%, @¥,) € R™ with m := n+dn
and consider a sequence (Z;)gey with 2 := (9%, ,, ¥ ,) € R™ and such that

Tnt?
Zp—Z asl— o0. (3.13a)
We aim to show that also
d(Ze) = §(z) asl— . (3.13b)

A close perusal of (3.10) reveals, that the maps (9%, w*,,) — Mgk, — okt +7me Bg*,, and
ko X?fne +Bgk ne ® ?‘rnl can be rewritten as polynomials of the components of Z;. Hence, these
terms constitute continuous functions. We now discuss the continuity properties of the remaining terms
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M, (0%,) G, M, (ok )Tk, M, (0¥, Wk, and M (u¥,) ¥, For this, we first observe that convergence
(3.13a) implies that as £ — oo

n n

o= dFpivei = o, = b, e i WHP(Q), (3.14a)
i=1 =1
nd

Tné Z Urn,ie®€i - u Zuﬁn,iei in WLZ(Q; Rd) ’ (314b)
=1

again with the basis elements {e;, ¢ = 1,...,n} and {e;, i = 1,...,dn} from (3.1). Next, we note that
the p-Laplacian A, : WP(Q) — (WHP(Q))*, defined in (3.7d), is a Nemyckii operator, hence continuous.
In view of (3.14a), this yields that M, (%, ,) 7%, , = M, (c,) 7%, In a similar manner, we also see that

u — [ |ul*"2udz as a map from L*(Q) to L#'(Q) is a Nemyckii operator, and thus continuous. This
provides that M (uf, )k, , — M(u?,)@%,. Finally, to conclude that M, (o, ,) W%, , — M, (o*) ",
and that Mg(g’jw)ﬁljw — M (gm@)ﬁljn@, we observe that (3.14a) implies that the sequence (o, ,), is
uniformly bounded in 2 and hence the dominated convergence theorem provides the result. This verifies
(3.13b) and thus we conclude the continuity of the map g.

Now we deduce (3.12). Testing (3.10) by Z = (g%, @*,) we obtain

7 -2

k—1
Orn — Orn
= [ eV + | eletetut) et [ A
Q Q Q

Q Q
||QT7’L||L2(Q) ||Q¢;1H%2(Q) B k 2 k k 2
2> 2 2 ||V97n||Lp (Q;R4) +7 He(urn)”Lz(Q;RdXd) + C#”Q‘rne(u'rn)||L2(Q;]Rd><d)

+M||Q£nu£n”%2(ﬂ,ﬂ§d) + R”uk SLS(Q;Rd) - |1 - ‘§|/ |Q§nuin||VQ$n‘ dz — / |Q¢nu¢n‘ |V$2‘ dx
Q Q ~—~—

=1

k
1ok 12 20

”an1”22 k k k
2T - 27-L = +e (1 - 7) HVQ'rnHLp Q;R?) + TBHC(uTn)H%z(Q;]RdXd) + CHHQTne(u'rn)||%2(Q;Rd><d)
|1_6~|2)P/(P—2)

v

-2

+ %”QﬁnuﬁnH%z(Q,Rd) + KHuinHis(Q,Rd) + (pT) ( 5_2/(1)_2)Ld(9) + ﬁﬁd(g) :

(3.15)

S

Above, in the first inequality we have exploited the convexity of the L?-norm together with (3.3b) and
(2.2c). Moreover, to arrive at the second estimate, by virtue of (2.2f), (2.2g), Holder’s and Young’s
inequality, we have

~ M
I]' - Z.:| /Q |Q¢nu¢n”v95n| dzx ST”Qﬁnuﬁn”%Z(Q) + %”v‘gﬁnnip(g;ﬂgd)
_ 1_z2 p/(p—2) _ _
() ()

M
[ ekl [Vaa] do <8 ok ke + 4290,
=1

Using that span{e;;j =1,...,n} = X,, and span{e;; j = 1,...,dn} = U,, we further estimate the norms
in (3.15) via Young’s inequality as follows

19k ey > 00 IVel gy | F5l = 017 min Vil g |25

1
k—1)2 2 k-1 2 k=12
= llo7n HLZ(Q) 2 _Z.:Hll%}fn”ei”Lz(Q;Rd)”?'rn 17 > _ﬁi:Hll?}anCiHL%Q;Rd)” i [

¥l may = ,in_ ||ei||SLs(Q;Rd)||7’in||fs 2 (dn)l_si:Iln.iTldn||ei||iS(Q;Rd)”7£nH?17
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and finally obtain

ONE
1— : 1— .
> min{e (1= 2) 0t min [Vl 1001 in edlsazn | (12505 + 1517)
1 2
T 9 nllax ||ez||L2 Q]Rd)” Il

For this we see that condition (3.12) is satisfied when choosing

. wm ax [leillZz om0 I

i ”ei”iS(Q;Rd))

min (E(l B %)nlip Z:r{nnn ”vei”i”(Q;Rd)’ K(dn)lisi
To Proposition 3.2, Item 2.: Testing (3.2a) by D,&(0¥,) and (3.2b) by u¥,,, respectively, gives
0= [ eleha)elut,) s etub) dot [ MGk P oot [ fub, o
Q Q Q

ko k=1
+/ WDQS(Q’%N%@/ IV orn P72V ey, - V(@ + E07,) do
Q Q

(3.16)

X X ) 1

> [ e etut) s elub ) doot [ MGGk o+ [ bl e+ (8(k) - £k )
Q Q T
g&tp
7||V97n||Lp (;R4) 75(1(9)7
p
where we exploited the convexity of &(o¥,), and Holder’s and Young’s inequalities in the form
. A-p
e [ (19l ek, Vst edk)) do= [ Vek, e - (@),
Q P Ja

Now we multiply (3.16) by 7 und sum up from k& = 0 to K to find (3.4). O

3.2 Proof of Proposition 3.4

To a priori estimates (3.9a)—(3.9g): The estimates (3.9a), (3.9d)—(3.9g) are immediate consequences of
the discrete energy-dissipation inequality (3.8) for the interpolated solutions of system (3.7). Furthermore,
we also deduce estimates (3.9b) and (3.9¢) from (3.8) by exploiting the growth property (3.3b) of p., i.e.,

N, N,
ZT/Q/’LT(Qﬁn)e(UEn) : ( n d.’L‘ 2 TB ZT” Urp HL2(Q ;Raxd) +cu ZTH‘QTH ( Zlc'n)H%Q(Q;RdXd) :
k=1 k=1

To a priori estimates (3.9h)—(3.9n): Estimate (3.9h) follows from (3.9f) and (3.9g) together with
a generalized Poincaré inequality, see [Rou05, Theorem 1.32, p. 21]. Thanks to (3.9¢), (3.9e), (3.9g),
Holder’s and Young’s inequalities, and the relations (2.2f) for the exponents p and s, we obtain (3.91):

[div (2., Wrn) ”%2(0,T;L2(Q)) < lle(@rntrn) H%Z(o,T;L?(Q;Rd))

uk, ® Vok, + Vb, ®uk, |’
2

k k
< 2”ane(u'rn)H%?(O,T;LZ(Q;R@“)) +2
L2(0,T5L2 (QRAx4))

2
< 2”Qlf—ne(uﬁn)||2L2(0,T;L2(Q;Rdxd ”ern”Lp 0,T;LP (Q;R4)) + g”uﬁn‘ SLS(O,T;LS(Q;R“‘)) <G,
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where the bounds on the above three terms are provided by the immediate estimates (3.9¢), (3.9g) and
(3.9¢). To find (3.9j) we argue by comparison in the discrete transport equation (3.7a), which reads

<D7-Q-rm B(w)>LP(07T;Xl) = / / OrplUrn VP, 1/)) dz dt — <Ap(§-rn)7 B(¢)>LP(O7T;XL)

=: (RH — A, (2,,), Pl(¢)>Lp(0TXz) J

for any test function ¢ € LP(0,T;X) projected to X; by F;. Now, to find that ||[Drornll(Lr0,7;x,))*
is bounded, we show that each of the terms on the right-hand side of (3.17) is uniformly bounded. In
particular, we have for all n > [:

(3.17)

’ <DTQT7I7 F)l (¢)>LP(O,T;X1)

IDrornll(zro,rx)))- = sup (3.18)
(£#( 1) P($)ELP(0,T:X)) 1P () | Lo 0,7:%))
and by (3.17)
‘ <DT Orn;s Pl(w)>LP(O,T;XZ) = ‘ <(RH - ‘AP(@TTL)>7 Pl(w)>Lp(o7T;Xl) .
Now, the terms on the right-hand side are estimated via Hdélder’s inequality as follows
T
[RIL A o070 | = | [ ] 2entirn - VR0 do (3.19)
0
< Nerntrnllrzo,ms2@) VP 220,712 (2R 4))
< CIP) e 0. 1:x))
T
’<‘AP(ET7L)’ ‘Pl(w)>Lp(0,T;Xl) = 5/ / |v§‘rn|p_2v§rn : V‘Pl W) d.’L‘ dt (320)

< EHVQT’IL”LP 0,T;LP (£ Rd))HVPl( )”LP(O,T;LP(Q;Rd))
< ClIP(W)l L 0,r%)) -

For the last inequality of (3.19) and (3.20) we used (3.9d) and (3.9g), respectively. This finally yields
(3.9j). Estimate (3.9k) then follows by repeating the calculations of (3.20) for (A,(2,,),%)Lr(0,7:%)
realizing that this expression is well-defined for any ¢ € L?(0,T;X) thanks to a priori estimate (3.9g).
In preparation of showing (3.91), we define a sequence of finite-dimensional subspaces Y,, such that, for
allneN

Y,CY,1 and U Y, densein Y := W2’2(Q).
neN

By [Rou05, Remark 8.41, p. 238], we define a selfadjoint projector
PY .Y =Y such that PY(Y) =Y, and ||PY||z(y,v) is bounded independently of n. (3.21)

In view of [GGZ74, Lemma 1.12., p. 144], there also holds that | J,, .y C°([0, T]; Y,,) is dense in LP(0,T;Y)
for any 1 < p < co. We will show that the operator norm given here below is uniformly bounded, again
by testing (3.17), now with functions ¢ € LP(0,T;Y).

’ <D7- Orn, 1/}>LP (0,74Y)

HD 4 H LP(0,T;Y))* = sup
TernliLe( 2 $eLP(0,T5Y) 191l e 0,7:v)

Since PY is idempotent and selfadjoint PY" = PY it is
Y
(Dr0rn, w>LP(0,T;Y) ‘ = ‘<Pn D7 orn, 'lp>Lp(07T;Y) ‘

= ‘<P7?(*D7-Q7'md)> ‘ ‘<D797naPY(¢)>L1¢(0’T;Y”) :

Lr(0,T;Y)
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To find (3.91), we now repeat the lines of (3.19) and (3.20) for the uniform estimates of the right-hand
side of (3.17), also using that

IVPY ()| Lo 0,100 @ray) < IPY () ro,rv) < NP ey v)ll¢llLeo,75v)s

where ||P73{HL(Y,Y) < C by (3.21). This together with the isomorphism (L?(0,T;Y))* = Lp/(O,T; Y™*)
proves estimate (3.91).
To deduce (3.9m) we also argue by comparison based on (3.7b). In particular, we have

<‘AM(§T717 ﬂ‘rn)v U>L5 (O,T;U)

AL (@ Trn) (L5 0,750y = sup
veLs(0,T;U) [[v]

Ls(0,T;U)

Now we exploit (3.7b) and also make use of the selfadjoint, idempotent projector PV : U — U, cf.
Remark 3.1. More precisely, since A, (0,,(t),:) : U — U* is a linear operator for a.a. ¢t € (0,T), cf.
(3.7e), we have

<‘A/t (@-rnv HTn)a U>Ls(01T;U) ‘ = ’<-Au (@T’n? PTILJHTn)a v>LS(07T;U) ’

= ’<P7?*Au(97naurn)av>

= ’<‘AN(§T7L’ET")’PEU>L3(O,T;Un)

L#(0,T;U) ‘ ’

thanks to the fact that PV is idempotent and selfadjoint, with PY * denoting the adjoint operator. Based
on this, we further estimate

<‘A# (E‘rrw ﬂ"’”)’ /U>LS(0’T;U) ’ = <‘Au (?T’n’ﬂ'f—n)7 P;J (v)>LS(O,T;Un)

T
|| [ ne@etinn) s (e ) ot
0 Q

IN

T
/ / M (B,,)Trrn - PP (v)dzdt
0 Q

RHS, (3.22)

T
[ 2 VDee () PV e
0 Q

RHS2

T
+ | / T "2 - PY(v) da dt
0 Q

RHS3

We show that each of the three terms on the right-hand side of (3.22) is bounded. For the first term it is

RHS; < MH@TnETHHL2(0,T;L2(Q;Rd))HPrP(U)||L2(O,T;L2(Q;Rd))

< M2 Trnllp20.7:12 (ura) 1PY | 2o 0y 0] s 0,750
< M8 Trn |l 120,712 (229)) CllV || Lo (0,730,

by virtue of the growth property (2.2c) of M (g,,,), the immediate bound (3.9e) for @, U, and bound-
edness assumption for PY given by Remark 3.1.
Thanks to the relations (2.2f) for the exponents p, s we find for the second term
RHS2 < 10,01l 22(0,7:22 (2R 4)) [€||V@Tn”LP(O,T;LP(Q;]RUZ)) + Ld(Q)l/p] 1PV (v)]
< Crnllz2 0,102 :r)) [EIVBrn | o (0,7 L0 (1)) + £HQ)YPIIPY || cuuy ]
< Cl|

Ls(0,T;L5 ($2;R4))

L*(0,T;U)

L#(0,T;U) -
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Here, we abbreviated @ := (0,T) x Q and we also made use of the immediate bounds (3.9f), (3.9g) and
boundedness assumption for PY given by Remark 3.1. For the third term we have

RHS; < & (8-1 s

S

Ls(0,T;U) < HC||U| L#(0,T;U)>

SLS(O,T;LS(Q;R‘!)) + é) ||P1P||L(U,U)||’U|

where we used Holder’s inequality with the exponent s together with (3.9e) and (3.21). Finally, (3.22)
together with the isomorphism (L*(0,7;U))* = L* (0, T; U*) provides (3.9n). O

4 Limit passage from discrete to continuous

In this Section we give the proof of our main results, the existence Theorem 2.3 and the identification
Theorems 2.4 and 2.7.

4.1 Proof of Theorem 2.3: Existence of solutions in the sense of Def. 2.2

Based on the a priori bounds deduced in Proposition 3.4, we are now in the position to extract a
subsequence of solutions of the discrete problems that converges to a limit (g, u) in suitable topologies.

Proposition 4.1 (Convergence of the discrete approximants to a solution of (1.1)). Let the assumptions
of Theorem 2.3 be fulfilled. Then the following statements hold true:
1. There exists a (not relabeled) subsequence of discrete solutions (0,,, Urn)rn and a limit quadruplet
(0,u,¢,By) as well as limit objects (&, Bp,b) such that as 7 — 0 and n — oo, the following
convergence results are valid

Urn — U in L*(0,T; L (Q;RY)), (4.1a)
[rn | 2t — C in L¥ (0, T; L* (; R%)), (4.1b)
O — 0 in LP(0,T; WHP(Q)), (4.1c)

Drorm — & in (LP(0,T;X;))", (4.1d)
Ap(rn) = Bp in (L*(0,T;X))", (4.1e)
div(0,,Urn) = b in L*(0,T; L*(2)), (4.1f)
Orn(t) — 0(t) in L*(Q), for all t € [0,T], (4.1g)
A(Crs Trn) = B in L* (0, T; Wh2(Q; RY)*). (4.1h)

In addition to (4.1a)—(4.1h), as 7 — 0 and n — oo also the following convergence results hold true:
Orp — 0 in LP(0,T; LP (), (4.1i)
On — 0 in LP(0, T; WHP(Q)). (4.1j)

2. The limit quadruplet (o,u,(, B,,) extracted by convergences (4.1) is a weak solution of system (1.1)
in the sense of Definition 2.2.

The proof of convergence result (4.1i) will rely on the following (discrete) Aubin-Lions type result:

Proposition 4.2 ([DJ12, Thm. 1]). AssumeT >0, N € N7 =T/N, and set ty, = kr,k=0,...,N. Let
X,B and Y be Banach spaces such that the embedding X — B is compact and the embedding B — Y
is continuous. Furthermore, let either 1 < p < oco,r =1 orp =o00,r > 1, and let (u,) be a sequence of
functions, which are constant on each subinterval (ti—1,tr), satisfying

7—_IHU'F —ur(- =7

Lr(r,T;Y) T ||lur] Lr(0,T;X) < Cy for all 7 >0, (4.2)

where Cy > 0 is a constant which is independent of 7. If p < oo, then (u;) is relatively compact in
LP(0,T;B). If p = oo, there exists a subsequence of (u,) which converges in each space L1(0,T;B),
1 < g < oo, to a limit which belongs to C°([0,T); B).
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Proof of Prop. 4.1: The convergence results (4.1a)—(4.1h) are direct consequences of the a priori
estimates (3.9) derived in Proposition 3.4.
To verify convergence statement (4.1i) we observe that (3.9h) and (3.91) imply the bound

IDrornll e (0.7w22(0)) + @nllLeo,7w10(0)) < Co, for all 7> 0. (4.3)

Now, we apply Proposition 4.2 with X = W?(Q), B = LP(Q) and Y = W22(Q)*. Indeed, W1P(Q)
embeds compactly into LP(Q) and LP(Q) embeds continuously into W22(Q)*. Moreover, by (2.2f) and
Remark 2.1, Item 2., we have p,p’ > 1 = r and therefore, estimate (4.3) fits with assumption (4.2).
Hence, Proposition 4.2 provides (4.11).

In order to verify Prop. 4.1, Item 2, we will pass to the limit n — oo, 7 — 0 in system (3.7) for the
interpolated solutions (@,,,, Urn )rn. We carry out this procedure separately in Sections 4.1.1 and 4.1.2. To
deduce the limit transport equation (2.5a) requires to identify that (B, %) 1»0,7:x) = (Ap(0), V) Lr(0,17:X)
for all ¢ € LP(0,T; X) for the p-Laplacian term defined in (3.7d) and the limit B,, obtained by convergence
(4.1e). This identification is also carried out in Section 4.1.1 based on tools from convex analysis and
monotone operator theory. As a result of the identification procedure, we will also conclude the strong
LP(0, T; WHP(Q))-convergence (4.1j) for the densities. O

Remark 4.3. (Preparations for the identification argument in Theorems 2.4 & 2.7)
1. Using Proposition 4.2 with X = W'?(Q), B = C(Q) and Y = W?>*(Q)*, where W'P(2) embeds
compactly into C(Q) for p > d, and following the above line of arguments, also yields

By — 0 in LP(0,T5C(Q). (4.4)

2. The above strong convergence (4.4) together with Egorov’s theorem provides the existence of a further
(not relabelled) subsequence that converges almost uniformly in (0,T). More precisely, for every
§ > 0, there exists a measurable subset I§ of (0,T) such that LY(I§) < &, and such that

[07n(t) — 0)llc@ — 0 uniformly for all t € Is := (0,T) \ I,
which also yields
0., — 0 uniformly in Is x Q. (4.5)

The above uniform convergence on Is x Q will be exploited subsequently in Section 4.2 for the
identification of B,, and ¢ as functions of the limit pair (o,u) on the non-cylindrical domains Q°,
cf. Thm. 2.4 and in Section 4.3 for proving the non-negativity and boundedness of the limit density
o, cf- Prop. 2.7.

4.1.1 Limit passage in the continuity equation and convergence result (4.1j)

In the following, we carry out the limit passage in the discrete transport equation (3.7a) by discussing
each of the three apprearing terms separately. We start with the time derivative (D;0rn, Pri(¥)) £r(0,7:x,)
and subsequently address the two remaining terms defined in (3.7¢) and (3.7d).

The limit passage in the time derivative is carried out in two steps. For this, we follow the strategy
of [Rou05, Proof of Thm. 8.27, p. 225ff]: Firstly, from convergence statement (4.1d), we obtain

(€, P(¥)) oo %0y = Thg%) (D70rn, Pri(¥)) oo, rix,) for each I € N fixed. (4.6a)

n—oo

Secondly, we let I — oo. For this, we note that &1 can be regarded as an extension of & from L?(0,T; X;)
to LP(0,T;X;41). By (4.1d), there holds ||&||(zr(0,1;x,))- < C independently of [ € N. Hence, by
density of |,y LP(0,T;X;) in LP(0,T;X) and since Hahn-Banach’s theorem guarantees the existence
and uniqueness of a continuous extension, we conclude the existence of a functional ¢ € (LP(0,7T;X))*
such that also [|0[|(zr(0,7;x))+ < C. In addition, it is 9|rr(0,7:x,) = & = Ot0lre(0,1;%,) for each I € N.
Hence, we obtain for any ¢ € LP(0,T;X) as | — oo

<at971/)>Lp(o,T;X) = ll_lfg <€Z7Pl(’l/))>LP(O,T;Xl) = lim <llg}) <DTQTnaPTl(w)>Lp(07T;Xl)> . (4.6b)

l—o0
n—o00
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This result also allows us to conclude the regularity stated for ¢ in (2.4), i.e., in particular
d0 € (LP(0,T; X))* = LP (0, T; X*) . (4.6¢)

For the limit passage in the remaining terms we can simultaneously send 7 — 0, n — oo, and [ — oo.
We proceed with the drift term given by (3.7c). Due to (4.1i), in particular g,,, — ¢ in L?*(0,T; L?(£2))
as 7 — 0, n — oo, and by Pr(¢) = ¢ in LP(0,T;X) as 7 — 0, [ — oo, we obtain
10V = 0, VP (V)| Lo (0,11 (25m4Y)
<N@rn = VPl Lo (0,005 ray) T+ [0V (Pri(¥) — )]

<N(@rn = O L2(0,7;22 () IVPri(¥)| e 0,150 () + @l z2(0.m522(0)) IV (Pri(¥) — ¥)||Lr 0,120 (25r4)) 5

L' (0,T5L% (R4))

—0 —0

where we applied Holder’s inequality and exploited the relations (2.2f) and Remark 2.1, Item 2., for the
exponents p, s. Hence, we have as 7 — 0 and n,l — oo

0 VPr(1) = oV in L7 (0, T3 L (% RY)) . (4.7)
Together with the weak L*(0,T; L*(£2))-convergence (4.1a) for the velocities we conclude
T T
/ / ouVydedt = lim / / Ornlrn V Pr (1) da dt, (4.8)
0o Ja W% Jo e

which gives the desired convergence result for the drift term. In addition, we here also deduce an
alternative limit expression, which is obtained by performing integration by parts on the drift term and
by exploiting convergence relation (4.1f); this expression will be useful for the identification of the term
B, lateron:

T T T
lir% / / OrnUrnVPr () dxdt = lim / / —div(0,,Urn)Pri(¥) dxdt = / by drdt. (4.9)
nj—lzoo 0/ ”Tl:%o 0/ 0 “

Moreover, from convergence statement (4.1e) we directly read

<Bp’w>Lp(o,T;x) = ;li% <‘AP(§TH)7PTl(¢)>LP(07T;Xl) : (4.10)

n,l—oo

Putting together (4.6b), (4.8), and (4.10) yields

T
(010,0) 1o (o.1m:%) — /0 /quwp dzdt + (Bp,¢>Lp(O7T;X) =0 forall ¥ € LP(0,T;X). (4.11)

Similarly, when putting together (4.6b), (4.9), and (4.10), we obtain

T
(010,0) oo, mix) T /0 /Q b dadt + (By,¥) oo rx) =0 forall € LP(0,T;X). (4.12)

Hence, it remains to identify in (4.10), resp. (4.11), that

T
By ) smoim) = An@)- D)ooy = [ [ 190290 Tt (4.13)

for the limit density o € LP(0,T;X). For this, we will carry out a Minty-type argument from convex
analysis and monotone operator theory and in the course of this argument we will make use of the limit
continuity equation in the form (4.12). In preparation, we introduce the proper, lower semicontinuous,
and convex functional

T
F: LP(0,T;X) — [0, 00), F(0) ;:/ /f\vgv’dxdt, (4.14)
o Jaob
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and observe that F is Gateaux-differentiable with the Gateaux-derivative DF : LP(0,T; X) — )i (0,T;X*),

T
(DF(2), %) Lr(0,17:%) = (Ap(0),¥) Lr(0,1:%) :/0 /QEWQVFQVQ -Vipdxdt. (4.15)

Hence, for each g € LP(0,T;X) the convex subdifferential 0F(9) of the functional F in g is single-valued
and coincides with the Gateaux-derivative, i.e., it is 0F(g) = {A,(9)} for all g € L?(0,T;X). By
definition of the convex subdifferential, cf. e.g. [ABMO06], any subgradient £ € 0F(9) is characterized by
the inequality (£,v — 0)rr(0,r;x) < F(¢) — F(0) for all ¢ € LP(0,T;X). In view of these reasonings the
identification (4.13) can be achieved by verifying that

<Bp7 P — Q>LP(O7T;X) é F() —F(e) forallyp € LP(0,T5X). (4.16)

To this end, in correspondence to (4.14), we also introduce for the approximating problem (3.7a) the
proper, lower semicontinuous, and convex functionals ¥, : L?(0,T; X) — [0, 0o},

F.(3) = Jo Jo£IValrdzdt if g e LP(0,T:X,,). (4.17)
" 00 else.

Since LP(0,T;X,,) is a closed subspace of LP(0,T;X), the convex subdifferential of &F,, is given by

07,(0) = { (DT} S U@ R E 0L 19

Hence, for all 7 > 0, all n > € N, and for all ¢ € LP(0,T; X) there holds

<‘AI)(§7—n)a P‘I’l(w) - @Tn>LT’(O,T;Xn) = <Dgg:'n (@'rn)v PTl (770) - ?TTL>L1’(O,T;X,L)
< gjn(PTl(,(/))) - gn(ETn)

We will exploit relation (4.19) in order to deduce (4.16). More precisely, we shall verify the following
chain of inequalities

(4.19)

(4.20-1)
F() — F(o) thw@mw%@MW*MM%@ﬁ
oo N 38 g

v

limsup | limsup (Fp, (Pri(¥)) — Fn(0:1))
e\ ao% (4.20)

(4.19)
> lim inf (hm inf <‘AP (ETH)’ PTl (1/’) - QT7L>LP(O,T;X7L)>
l— o0 T—0
I<n n— 00
(4.20-2)

> <Bp7 P — Q>LP(O,T;x) .

In the following we will verify that above in (4.20) the first inequality marked as (4.20-1) and the fourth
inequality marked as (4.20-2) indeed hold true, while the second inequality and the third inequality
directly follow from the properties of the limit superior and the limit inferior applied to relation (4.19).
Alltogether, the chain of inequalities (4.20) will thus prove (4.16), so that (4.13) can be concluded.

To inequality (4.20-1): Since |J,,cn LP(0,7;X,,) is dense in LP(0,7;X) we may deduce that the
sequence of functionals (F,,),, Mosco-converges to F, i.e., that (4.21) below holds true, cf. [Mos67, ABMO06].
For this, consider a sequence (¢,)n, C LP(0,T;X) such that ¢, — ¢ in LP(0,T;X); we show that

lim inf 5, (1) > F(2) (4.21a)

First assume that ¢, ¢ LP(0,T;X,,) for all n € N. Then, clearly co = F,(¢,) > F(¢) so that (4.21a)
holds true. Assume now that there is a (not relabelled) subsequence with v, € LP(0,T;X,,). Along this
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subsequence, it is F, (1,) = F(1,) and now we may exploit the weak sequential lower semicontinuity of
F to find (4.21a).

Consider now any function ¢ € L?(0,T;X). In order to conclude Mosco-convergence, we verify that
there exists a recovery sequence (@n)n C L?(0,T;X) such that

Y — ¢ in LP(0,T;X) and limsup F, () < F(). (4.21D)
n—oo

Indeed, by the density of (J, oy LP(0,7;X,) in LP(0,7;X) it is ensured that for each element 1) €
LP(0,T;X) there exists a sequence (¢,,), such that ¢, € X, and ¢, — ¢ in LP(0,T;X). The first
property ensures that 3"”(1/;,1) = S'“(vf)n) < oo for all n € N and the strong LP(0,T; X)-convergence then
in particular provides that F,(¢,) = F(ibn) — F(¥) as n — oo, which proves (4.21b). In fact, the
construction (3.6) of the projectors Py is based on the density of UnEN ([0, 7); X,,) in LP(0,T;X) and
hence the sequence (Prjt)),; has the property (4.21b). This ensures that F,(Prv¢) — F(¢) as 7 — 0,
and | < n — oo. Moreover, we see that (4.21a) provides that —liminf; 0 n—oo Frn(0,,) < —F(0). This
finishes the proof of inequality (4.20-1).

To inequality (4.20-2): In order to verify inequality (4.20-2) we exploit the transport equation (3.7a)
for the approximants g,,, in order to rewrite the term (A,(2,,), Pri(¥) = 0,,) Lr(0,1;x,,) in (4.20), i.e., by
(3.7a) we have

(Ap(@rn)s Pri() — By 10750 / / (Drrn + div(@,nTirn)) (Pa(®) — Tp) ddt,  (422)

where we have used integration by parts for the drift term. Now we perform the limit procedure used in
(4.20) with the terms on the right-hand side of (4.22). In particular, it is

1illﬂ_1> inf (ﬁl;gigf (Ap(@rp)s Pri(¥) — 0m>Lr’(o,T;xn))
<n n—oo

~ limin <hm inf / / Dy orn + div(B,. o)) (Pr(th) — 3. ) d dt)
I<n n—)oo

> hlm inf (hm inf / / D;orn(Pri(¥) — 0rp) dx dt)
— 00
n~>oo

I<n

(4.23)

+ lim inf (hm inf / / —div(2,, ) (Pri(¥) — 0,,,) dz dt)

l—o0
I<n n—>oo

and we now discuss the limit passage separately for each of the two terms on the right-hand side of (4.23).
We start with the first term on the right-hand side of (4.23) that involves the discrete time derivative.
To pass to the limit in the first contribution therein, we repeat the arguments along with (4.6) to find

T
lim inf <hm1nf/ / D;ornPri(v) dz dt> :liminf/ / —&§ P () dzdt = (=00, %) Lr(0,1:X) -
l—00 l—oo Jo Jo ’

I<n n—00
(4.24)
To handle the second contribution we use integration in time and subsequently exploit the weak sequential
lower semicontinuity of the L?-norm together with convergence result (4.1g). In this way, we deduce

T
i g Q‘rn — O
hgn%%lf/o /Q —D;0:n(-0,,)dzdt = hm mf g / ng dx

n—00 n—>oo k=1

1
sk — 2 — 2
> lim inf (§|\gm<T>nL2<m — 512 OlE2(e ) (4.25)

n—oo

1 1 r
> S0~ gleO s = = [ [ ~deedvar.
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Here, the last equality in (4.25) follows by integration in time, which is feasible thanks to regularity
property (4.6¢). Putting together (4.24) and (4.25) allows us to deduce that

lim (hmmf/ / D, orn(Pr(v) — 0,,) dz dt)
l—o00

] ) (4.26)
> llif& (}_g}% <_D7‘QTT7,7 PTl(/(/))>LP(O7T;X ) - hf_i_}(r)lf/ / atQT’ﬂ‘QTTL dzdt

> (=0t0,% = 0) 1o 1:x) -
Now we turn to the second term on the right-hand side of (4.23), i.e., the drift term. Thanks to

P.1yp — 1 strongly in LP(0,T;X) and @,,, — ¢ in LP(0,T; L?(2)) by (4.1i) together with div(g,,,Trn) — b
in L2(0,T; L?(Q)) by (4.1f), we immediately conclude by weak-strong convergence arguments that

liminf (hm inf / / —div(0,,Urn)(Pri(¢) — 0,,,) da dt)

l—)oo T7—0
n—oo
T
= lim | lim / /—div(@mﬂm)Pﬂ(d)} dzdt | + lim ( lim / / div(,,,rn)0,, dedt | (4:27)
=00 \ 720 [ Q —oo \ 720 Jq Q
I<n \n—oo l<n n— o0

/ | bt = o)daa

Now we collect the results of (4.23), (4.26), and (4.27), and exploit the limit continuity equation (4.12)
to find for all ¢ € LP(0, T; X)

=00 T—
I<n n—00

lim inf (hm I(I)lf <‘AP (@’rn)a P‘Fl ('(/}) - Q’rn>LP(O,T;Xn)>
(4.28)

T
> (00, — 0) oo ex) — /0 /Q b — ) dadt = (Byy b — 0) oo -

This finishes the proof of inequality (4.20-2).
We now recall that the deduced inequalities (4.20-1) and (4.20-2) prove the validity of the chain of
inequalities (4.20), which in turn establishes the identification (4.13), i.e., that

T
(Bp, V) Lo o,mix) = (Ap(0), ¥) Lr0,1ix) = / /QEWQV’%VQ -Vipdzdt
0

for all ¢ € L?(0,T;X) in the continuity equation (4.11), resp. in (4.12) of the limit.

Proof of the strong LP(0,T; W!1?(Q))-convergence (4.1j): Result (4.1i) already provides the
strong LP(0,T; LP(§2))-convergence of the densities (9, )rn. To conclude (4.1j) it remains to prove the
strong LP(0,T; LP(Q; R?))-convergence of the gradients (V@,,,)rn. This can be concluded from the fol-
lowing chain of inequalities

T T T T
/ / e|VolP dzdt < liminf/ / e|Vo,, [P dedt < limsup/ / €|V, P dedt < / / e|VolP dzdt.
0 Ja T30 Jo Ja 70 Jo Ja 0Ja

(4.29)
We note that the first inequality in (4.29) follows from the weak sequential lower semicontinuity of the
functional F : LP(0,T; X) from (4.14) and the weak convergence (4.1c), while the second inequality is a
property of the limit inferior and the limit superior. The third inequality in (4.29) will be verified now
by once more exploiting the transport equations of the approximating solutions (3.7a) and of the limit
(4.12), and by making use of the already above deduced convergence relations for the time-derivative
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(4.25) and for the drift term (4.27). In this way, we deduce the following chain of inequalities

T
lim lnf/ / 5|v@7'n|p dzdt < lim Sup(‘AP(?Tn)vErn>LP(O,T;X)
0 Q

"o bl
(3.7a) T
= lim sup/ / —(Dr0rn + div(0,Urn )0y, ) da dt
T—0 0 Q
n— oo
g 4.30
< —lim i(I)lf/ / 70710y dr dt — lim mf/ / div(9,,,Urn)0,, dz dt (4.30)
T—
n—oo n—>oo

(4.25),(4.27)
< / /8tggd:1:dt—/ /bgda:dt
0
(4.12)
= (Ap(0), 0) Lr(0,7:%) / / e|VolP dz dt.
Putting together (4.29) and (4.30) yields the strong convergence result (4.1j). O

4.1.2 Limit passage in the momentum balance

In the following we carry out the limit passage in the weak momentum balance (3.7b). For this, we discuss
each of the terms individually. For the viscous stress defined in (3.7e), in view of its weak convergence
(4.1h) in L* (0,T; U*) and the strong convergence PY (P, (v)) — v in L*(0,T;U), we obtain

<Blu v>LS(0,T;U) = .,l—li)l}) <‘A,u(§‘rn7ﬂ7n)v PTILJ(PT(U))>LS(O7T;UH) . (431)

n—oo

For the non-quadratic viscosity, in view of the weak L* (0, T; L* (€2; R%))-convergence from (4.1b) together
with the strong convergence PV (P, (v)) — v in L*(0,T; L*(Q;R?)), we deduce that

/ /g vdzdt =k hm/ /|um\8 Uy - PY(Py(v)) da dt. (4.32)

n—oo
Next, we investigate the convergence of the pressure term, i.e., we aim to show that
T . T
lim / / 2,0 VD,E(0,) - PV (Py(v))dzdt = / / oVD,E&(p) - vdxdt. (4.33)
Q o Ja

T—0
n—oo

Recall that VD,E(D,,) = (Vas + £V0,,) = (Voa +EVe) = VD,E(e) in LP(0,T; LP(Q;RY)) by (4.1c).
Hence, (4.33) will follow from the strong convergence

2.,PY(P:(v)) = ov in L' (0,T; L (2, RY)) . (4.34)

To verify (4.34), in view of assumption (2.2f) on p, s, we apply Holder’s inequality with the exponents
q:=2 =22 forp  and ¢ = =2 for PY(P.(v)) to find
P S ™ 2 n

12,0 Py (Pr(v)) — 00| Lo (0,710 (92,R))

<|[[(@rn — Q)Pn (Pr()ll e (0,7;L7' (2,R4)) T lo(Py (PT(v)) - U)HL?”(O,T;LP/(Q,]Rd))

< ||(§m )||L2(0 T;L2(8)) ||PU(P ( ))HLS(O,T;LS(Q,Rd)) + ||QHL2(O,T;L2(Q))H(Pr?(PT(U)) - U)HLS(O,T;LS(Q,]Rd))
<N@rn — O)llz2(0,122(02)) 1P (Pr ()| = 0,750y + el 220,522 |(PY (Pr(v)) — v)

—0 —0

Ls(0,7;0) »

where the convergence of the above terms follows from PY (P, (v)) — v in L*(0,T; U) and from the strong
L?(0,T; LP(Q2))-convergence (4.1i). Thus, both (4.34) and (4.33) are verified.
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It remains to discuss the convergence of the term stemming from the quadratic, lower order viscosity,
i.e., we show now that also

T7—0
n—oo

lim /0 ' /Q M(B,. Viion - PY(Po(0)) dz dt = /O ! /Q M{o)u-vdadt. (4.35)

By (4.1a) we have %, — u in L*(0,T; L*(2;R¢)). Thus (4.35) will follow from the strong convergence
M(3,,)PY (P:(v)) =+ M(o)v in L* (0,T; L* (2, R?)). (4.36)

To deduce (4.36) we shall apply Lebesgue’s dominated convergence theorem. For this, we observe that,
along a subsequence,

M(3,,)PY(P,(v)) = M(p)v pointwise a.e. in (0,T) x €, (4.37)

by strong convergence in Lebesgue-spaces. Since this limit is obtained for any convergent subsequence,
we conclude that (4.37) holds true even along the whole sequence. Moreover, by the growth properties
(2.2c) of M(-) we see that

|M(3,,,) P (P-(v))] < M22,|PP (P, (v))| ae. in (0,T) x Q, forall 7 >0, n €N,

and we need to show that the obtained sequence of majorants (M @2,,|PY (P;(v))|), satisfies

22, PY(P,(v)) & ¢®v in L¥(0,T; L* (2, R%)) . (4.38)

n

To deduce (4.38), we now establish suitable estimates by applying Holder’s inequality separately in space
and time, again taking into account assumption (2.2f) on the exponents p,s. More precisely, consider
0 € L>=(0,T;L*(Q)), 0 € LP(0,T; WHP(Q)), and v € L*(0,T;U). Then also g € LP(0,T; L>(Q2)) and
v € L%(0,T; LP(£2)), the latter because of (2.2f). In this way we find

T
L (0.7:L% (2,R4)) :/O /Q|@§U|S dzdt
T /7 / !

< (e~ /|@<t>|s o dz) dt

| (10 [ 1201101 az)
W /T , S/2 2/(p+2) 130
<[ (laws / 6(t)? da / (B dx ar (4.39)

(e, ) (], ) )

T
= | (120 ey l20) o 1o Olr )

(2) - S/ ~ 8/ S/
< HQ||LP(O,T;L°°(Q))HQHLW(O,T;LZ(Q))”U”L?(O,T;LP(Q))'

[[ogv]

Above, we applied Holder’s inequality with the exponents ¢; := % and ¢; = % = p—"f to find estimate
(1), and estimate (2) followed by Hélder’s inequality with the exponents go := & and ¢y = pfs, = p;.#.
Using estimate (4.39) we further deduce

122, PY (Pr(v)) — Q2U||LS’(O,T;LS’(Q,R'1))

< H(@?—n - 92)P7?(PT(U))| Ls'(0,T;:L% (,R4)) T ||02(PTILJ(PT(U)) —v)| L' (0,T;L° (Q,R%))

= [|(@r, — 0)(0ry, + Q)PE(PT(U)N L¢' (0,T;L¢' (Q,R4)) T ||QQ(P7?(PT(U)) — )| L5 (0,T;L% (Q,R4))

<N2rn — ollzro,miz00 Q) 11@rn + 0l (0,722 (02)) ”P;J(PT(U))HLQ(O,T;LP(Q)) (4.40)

-0 <c <c

+ llellzeorizoe @ lell L= o.r:22@) 122 (Pr(v)) = vl 20,720 (2)) -

—0
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In (4.40), convergence of the first factor follows from the strong LP(0,T; W1P(Q))-convergence (4.1j)
when taking into account the compact embedding W1P(Q) c C°(Q) thanks to p > d. The boundedness
00 + 0l Lo 0,7:22(0)) < C'is due to the a priori bound (3.9f) which holds for all ¢ € [0, T]. Moreover, the
convergence ||PY (P;(v)) = v||r2(0,1;10(0)) — 0 follows from the strong convergence of the interpolants in
L#(0,T;U) using that L*(0,T;U) C L?(0,T; LP(2)) by the relations (2.2f) for p,s. This proves (4.38)
and hence Lebesgue’s dominated convergence theorem yields (4.36), which allows us to conclude (4.35).

Putting together (4.31), (4.32), (4.33), and (4.35) ultimately results in the weak momentum balance
of the limit system

T T T
<Buvv>L5(OT'U)+/ /M(Q)u-vdxdt-i-m/ /C-vdxdt—i—/ /QVDQS(Q)~vdxdt:O
o 0o Ja 0o Ja 0o Ja (4.41)
for all v € L*(0,T;U).

The identification of (B, v)rs(0,r;u) in terms of the viscous stress of the limit pair (o,u) and of ¢ as
the le—nonlinearity evaluated in the limit u is the topic of Theorem 2.4 whose proof is carried out

subsequently in Section 4.2. O
4.2 Proof of Theorem 2.4: Identification of B, and ¢

In preparation of the proof of Theorem 2.4, we first state the following lemma, which results from the
isomorphism L2((0,T) x Q) = L?(0,T; L?(Q)).

Lemma 4.4. Let m € N and (up)nen C L?(0,T; L2(Q,R™)), u € L*(0,T; L?(Q,R™)) such that u, — u
in L2(0,T; L*(Q,R™)). Then for almost all t € (0,T) there holds u,(t) — u(t) in L?(Q,R™).

Proof. We consider any test function ¢ = ¢y, € L?(0,T;L?(Q,R™)) such that ¢; € L2*(0,T) and
¢ € L?(2,R™), and show that

/OT/Q(u" —u)pdxdt

We proceed by contradiction. Assume, there is a measurable set B C (0,T) with £!(B) > 0 such that

lim
n— oo

=0 = forae. t€(0,7): lim

n—oo

/(un(t) —u(t))s dz| = 0.
Q

for a.a. t € B, for all ¢, € L*(Q,R™):  lim [ (un(t) — u(t))¢dx #0.

n—00 Q

Then there exists some ¢, € L%(£2,R™) and a measurable set B, C B with £*(B,) > 0, such that

fora.a.t€ By: lim [ (un(t) —u(t))gp, dx > 0.

n—oo Q

Let xp, be the characteristic function of the set B;.. Then we use ¢ = ¢, = x5, ¢» € L*(0,T; L*(Q,R™))
as a test function. By Fatou’s lemma, we obtain a contradiction:

0< /OT lim inf (XB+ /Q(un(t) —u(t)) o dx) dt < liminf /()T/Q(un(t) —u(t))XB, ¢z dxdt

n—oo n— oo

= lim /OT /Q(un(t) —u(t))pdxdt = 0.

n—oo
This proves the statement of Lemma 4.4. O

We now turn to the proof of Theorem 2.4, i.e., to the identification of the terms B, and ( appearing
in the weak momentum balance of the limit system (2.5b), resp. (4.41) above. The identification can be
carried out by restricting the set of test functions for (2.5b) to those v € L*(0,T; W2(Q; RY)) supported
in non-cylindrical domains Q9, i.e., to the functions

v e L0, T; WH2(Q;RY))  with supp(v) C Q7. (4.42)
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For the readers’ convenience we here recall the definition of the non-cylindrical domains Q9 first introduced
in (2.7): With the aid of Remark 4.3, based on Aubin-Lions’ theorem and Egorov’s theorem we have

V6 >03I¢ C(0,T) with LY(I§) <§: B, — o uniformly in I5 x Q, where I5 := (0, T)\I5. (4.43a)

For every § > 0 we then define

Q)= [ J{t} x QP(t) € (0,T) x Q,  with (4.43D)
tels

QNP (¢) any Lipschitz-domain such that QXP(t) € Q,(t) and (4.43c)

Q) ={z e, v<ot) < gerit — v} forany v > 0. (4.43d)

Thanks to the uniform convergence of the sequence (@,,)r» on the non-cylindrical domains Q°, it is
possible to find a uniform bound from below for the viscosity (1(@,.,,))-n for all (t,2) € Q% and thus, to
deduce the following result, which will be used to ultimately verify the statements of Theorem 2.4:

Lemma 4.5. Let the assumptions of Theorem 2.4 be valid. For every § > 0, for every v > 0 consider
the non-cylindrical domain Q5 as in (4.43). Then, for every test function v € L*(0,T; W2(Q; R?)) with
supp(v) C QJ there holds:

/OT/Qe(um) ce(v)dedt — /OT/QG(U) ce(v)dadt, (4.44a)
/OT/QMT(Qm)e(um) ce(v)dxdt — /OT/QM(Q)E(U) e(v)dzdt, (4.44Db)

T T
/ / |Trn | 2Ty - vdzdt — / / klu|*"2u - vdadt (4.44c¢)
o Ja o Ja

as T — and n — o0o.

Proof. Consider the sequence (g,.,,, Urn)rn 0f approximating solutions converging to the limit pair (o, u)
in the topologies (4.1). To simplify the arguments, but without loss of generality, for the index 7 > 0 we
fix here a subsequence

T=7(n) >0 asn — oo such that approximation property (4.1) is valid. (4.45)

Since our arguments will be true for any such subsequence (7(n)), with property (4.45), they will hold
true along the original, full sequence. We write (@,,,, Urn)rn also for this subsequence of approximating
solutions, i.e., without indicating this explicitely, we have in mind that 7 = 7(n) as in (4.45).

From now on, for any § > 0 and v > 0 general but fixed, consider the non-cylindrical domain Q¢
defined in (4.43).

Proof of (4.44a): Thanks to the uniform convergence (4.43a) on Q%, we have

14
< Ern(tax) < Qcrit — % - (446)

In(v/2) € N Vn > n(v/2) Y(t,z) € Q° : 5

VNN

In view of the uniform a priori bounds (3.9¢) and (3.9d) this yields
> n/2) Al g + B ()2 g s < C-

Thus, since the spaces L?(Q?; R?) and L?(Q%; R?*?) are reflexive, separable Banach spaces by Lemma 2.5,
according to Remark 2.6 there exists a (not relabelled) subsequence and a limit pair (i, F) € L*(Q?; R%) x
L?(Q?; R?*4) such that

Urp — 4 in L*(Q%;RY), (4.47a)
e(Urm) — E  in L}(Q%;R¥*9). (4.47b)
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By convergence result (4.1a) we already know that @,, — u in L*(0,T; L*(Q2)) and hence we conclude
that @ = u. Verifying that
E=e(u) in L*(Q%;R™*%) (4.48)

will then provide the assertion (4.44a). To deduce (4.48) we now set

| Wpa(t,z)  for (t,x) € QS, [ u(t,z)  for (t,x) € QS,

falt, ) == { 0 otherwise, ft,z) = 0 otherwise, and . (4.49a)
_ [ e(@mn(tz) for (t,2) € Q), _ [ BEltx) for(t,z)€qQ),

en(t, 7) = { 0 otherwise, elt, ) := 0 otherwise. (4.49b)

Then, by (4.47) there holds
fo— f in L*(0,T; L*(;RY)) and e, — e in L*(0,T; L?(Q;R¥*9)) (4.50)
and Lemma 4.4 further implies that
fora.a. t € (0,T):  fo(t) — f(t) in L2 (Q;RY) and e, (t) — e(t) in L2(Q;R¥). (4.51)
In view of (4.49) and the definition of Q9 from (4.43), this is equivalent to
for a.a. t € Is : Trp(t) — u(t) in L2(QXP(#);RY) and e(Tr,(t) — E(t) in L2(Q5P(¢); R¥*9) . (4.52)
Using (4.52) and the fact that weak convergence implies boundedness, we find
for aa. t €15 3C[) >0 [[Urn(t)lyr,2quiv (pypay < C(1). (4.53)

Hence, for a.a. t € Is, there exist a further ¢-dependent subsequence and a limit @(t) € W12 (QLP(¢); RY)
such that

Trp (t) — 4(t) in WH2(QHP(£); RY). (4.54)
In view of (4.52), due to the uniqueness of the weak limit we thus conclude that
for a.a. t € Iy :  a(t) =u(t) in L*(Q;RY) and e(a(t)) = e(u(t)) = E(t) in L*(Q;R>4) . (4.55)

This proves (4.48) and thus finishes the proof of assertion (4.44a).
Proof of (4.44b): By virtue of the uniform bound (4.46) for (g,, ), on Q’ there are constants
v,v > 0, such that

Vo >n(v/2) Y(t,z) € Q0 : v < u(a%,(tx)) <. (4.56)

Moreover, by the continuity of u,, cf. (3.3a), the convergence property (3.3c) of (u-(0))-, and by the
uniform convergence (4.43a) of (3,,,)n on QJ, we have

plo(t,2) = lim 7 (2., (t, @) for all (t,z) € Q). (4.57)
Consider now any test function v € L*(0,T; W12(Q;R?)) c L2(0,T; W2(£; R?)) with the property

(4.42), i.e., such that supp(v) C Q3. Then, in view of (4.57) and (4.56), Lebesgue’s dominated convergence
theorem implies

fr (8rp)e(v) = p(o)e(v) in L (Q); R*?).

Now, exploiting convergence (4.47b) and identification (4.55), we obtain in particular
T
ugeu:evdxdt:lim// tr(0rp)e(Urn) @ e(v) dx dt.
S, o ey amar =t [ [ et et )
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for all v € L*(0,T; W12 (£;R9)) such that supp(v) C Q3. This concludes the proof of assertion (4.44b).

Proof of (4.44c): By Rellich-Kondrachov’s embedding theorem, the space W12(QLP(t);RY) is
compactly imbedded in L*(QLP(¢); R?) for the exponent s as in (2.2f). In view of convergence (4.52) and
identification (4.55) this provides

for a.a. t € Iy : Ty (t) — u(t) in L¥(QLP(1); RY). (4.58)

For every n € N, we introduce the functions

fo i T5 = 0,00), Fult) := | Fen(OF 2rn(t) — ()" 2ut)]| s pin om0 (459)

and for the sequence (f,), we are now going to show that
fa(t) = 0 for a.a. t € Iy, (4.60a)
fo—0in L (Is). (4.60b)

To (4.60a): Making use of the estimate, cf. [Kne04, (A.7)],
for each s > 2 fixed 3¢ > 0VA,BeR?:  |[A|*?A— |B*?B| < c(|A| +|B|)* ?|A—B|, (4.61)

we infer by (4.58) for a.a. t € I that

/
S

Fa(t)* = [[Ben()1*~2en () = L)) [ iy

< [ (Tra(t)] + lu(t)])* 2 trn (t) — u(®)]|

s'(s—2) _ s’
Ls(QYP (¢);R4) HuT’Vl (t) - u(t)HLs(QIJiP(t);Rd) —0

L' (P (t);R4) (4.62)

< [@en @] + u@)l]

as n — oo. This proves (4.60a).

To (4.60b): By [Els18, Satz 5.9] or [AFP06, Thm. 1.35, p. 17], for s’ € (1,00), the weak L*-
convergence of a sequence can be concluded from its convergence pointwise a.e. together with the uniform
boundedness of the L* -norms. In view of (4.60a) it thus remains to show

IC>0VneN: | fal

LS/(I,S) S C (463)

Indeed, setting g, (t) := ||[@rn ()5 2Urn ()]

L+ (@1 (1);ra) 20d using the uniform bound (3.9n), we obtain

grnllLe 15y < C- (4.64)
Moreover, ¢g,,, > 0 for a.a. t € I5. Thanks to (4.60a), we further have

Grnlt) = 9(8) = 0O 2ull o v me) for 2. £ € Is. (4.65)
Hence, in view of (4.64), Fatou’s lemma implies

19111y < liminf [lgoo v 7, < € (4.66)

This yields (4.63), and hence the assertion (4.60b) follows.
It remains to conclude assertion (4.44c) with the aid of weak convergence (4.60b). Indeed, by (4.60b)
we infer for every v € L*(0,T; W12(Q; R?)) with supp(v) C Q) that

‘/I /Qmp(t) (‘ﬂrn(tﬂs_zﬂrn(t) o |u(t)|s—2u(t)) -vdx dt‘ < /I fn(t)”?}(t)‘ Le(QYP (1);R4) dt — 0 (4.67)
s Sy s

as m — oo, since [|v(-)]
is complete. O

Lo (@b (1)ray € L°(Is). This gives assertion (4.44c). Thus, the proof of Lemma 4.5
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Based on Lemma 4.5 we now obtain the identification of the limit objects B, and ¢ in the following

Corollary 4.6 (Identification of B, and (). Let the assumptions of Theorem 2.4 and Lemma 4.5 be
satisfied. Then, for all § > 0, for all v > 0, all non-cylindrical domains Q2, and for every test function
v e L0, T; WH2(Q; RY)) such that supp(v) C QS there holds:

T T
| [ ne@eetun) s @Y Py dsdt [ [ po)etw: e(w)doat. (4.68a)
0 Q 0 Q
T T
/ / KT |2 - PY (P2 (v)) dz dt — / / k=2 - v dz dt (4.68D)
0 Q 0 Q
Hence, for allv € L*(0,T; W2(Q),R?) such that supp(v) C Q7 it is

T
Byt ooz = [ [ ploe) se(wydear, (4.699)
0

T T
/ / k¢ -vdadt = / / Klu|*"2u - vdadt (4.69b)
0o Jo 0o Jo

for the elements B,, € LSI(O,T;WLQ(Q,Rd)*) and ¢ € L¥ (0,T; LS,(Q,Rd)) appearing in the limit mo-
mentum balance (2.5b).

Proof. We shall verify convergences (4.68), then statement (4.69) follows by comparison by the uniqueness
of weak limits.

To (4.68a): With the aid of convergence result (4.44b), the uniform bound (3.9a), and the strong
convergence PY (P, (v)) — v in L*(0,T; W2(Q, R?)) we obtain

‘ /OT /Q (”T@m)e(ﬂm) e(PY(P,(v))) — u(o)e(u) : e(v)) dx dt’
< ‘/OT/Q (1 (@rn)e(@rn) — p(o)e(u)) : e(v) dz dt‘ + ’ /OTAMT(ng)e(uTn) s (e(PY(Pr(v))) — e(v)) dxdt‘
< ‘/OT /Q (1 (Grn)e(Trn) — p(0)e(u)) = e(v) dx dt‘

—0
+ ||\/me(ﬂm)||L2(0,T;L2(Q,Rd)) He(PvILJ(PT(U))) N e(v)HLQ(O,T;L"‘(Q,Rd”)) ’
<C —0

which gives (4.68a).
To (4.68b): Using convergence result (4.44c), the uniform bound (3.9n), and the strong convergence
PY(P;(v)) = v in L*(0,T; WH2(Q,R?)) we find

T
‘ / / (|a‘rn|572ﬂ7’n : PE(PT(U)) — |u|372u . ’U) dx dt‘
0 ;} .
< ‘/ / (Il 2 = [ul*"2u) - vda dt| + }/ / [ l* 2T - (PY (Pr(v)) — v) ddt]
0 Q 0 Q
T
S ‘/ / (‘ﬂ7n|s_2ﬂ7n - |U|S_2U) . vdmdt‘
0 Q

—0

+ || [@rn ")

L (0,751 (,R4)) | Py (Pr(v)) = vl

<C —0

L#(0,T;L5 (Q,R4)) *

This proves (4.68b). O
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We now verify the last statement of Theorem 2.4, i.e., that the identification relations (2.8) and
(2.9) holds true even for all test functions with property (2.10), cf. (4.74). This argument is based on a
more general statement, which will be applied lateron also in a different context. Therefore, we give the
argument in the following remark:

Remark 4.7 (Generalization of the identification result to test functions satisfying (2.10)). 1. The re-
striction of Q,(t) to Lipschitz subdomains QYP(t) C Q,(t) in the construction (4.43) of the non-
cylindrical domains QS is needed for the proof of (4.44c) in order to ensure that Rellich-Kondrachov’s
embedding thorem is available to handle the L®-nonlinearity. Yet, [Vor10, Theorem 1] states that
any open set D in R? is a union of an ascending sequence of bounded domains D,, with analytic
boundary and such that D,, C D. In this way, for any v > 0 it is possible to approzimate U, (t)
from the inside by unions of sets D,, with analytic boundary, which are clearly contained in the
class of sets with Lipschitz boundary. Using a partition of unity of constructed from approzimating,
smooth sets Dy, we obtain that (4.69) holds true even for all test functions

v e L0, T; WH2(Q;R?Y)) such that supp(v) C U {t} x Q,(t) forall 6,v>0. (4.70)
tels

Due to this, we ultimately conclude that (4.69) holds true even for all test functions

v e L0, T; WH2(Q;RY)) such that supp(v) C U {t} x [0 < 0(t) < Ocrit] forallo >0, (4.71)

tels
where we used the notation (2.1).
2. Let us now consider a sequence
0;)jen such that 6; >0 for all j € N and §; — 0 as j — oo 4.72
3 )i j j

It is possible to apply Egorov’s theorem such that the sets I§ C (0,T) with Ll(Igj) < 9, form a
nested descending sequence, i.e., such that Ing C Igj. More precisely, by Egorov’s theorem, for

each 6; > 0 one finds a set I§ C (0,T) such that Ll(Igj) < 0; and such that [[0,, — ollc@) — 0
uniformly on Is,. Subsequently, for 6;11 > 0 one finds by Egorov’s theorem a set Igj+1 C I§j such

that Ll(I§j+1) < dj41 and such that [0, — oll o) — 0 uniformly on Is,,, . In this way one obtains
Is, CIs,,, forallj €N and £'((0,7)\I5,) =0 as j — oo. (4.73)

In view of (4.71) and (4.73) we now conclude that (4.69) holds true even for all test functions
v € L0, T; WH2(Q;RY)) such that supp(v(t)) C [0 < o(t) < 0erit] for a.a. t € (0,T). (4.74)

Based on the ideas of Remark 4.7 we also deduce a uniform L2-bound for \/u(o)e(u) on the set
[0 < 0 < 0ait] C (0,T) x Q and we obtain that e(u) € L3([0 < g]):

Lemma 4.8. Let the assumptions of Theorem 2.4 hold true. Then there exists a constant C > 0, such
that for all 6,v > 0 and for every non-cylindrical domain Q% it is

[V r(o)e(w)]| L2 (qs raxay < C. (4.75)

Consequently, the pair (o,u) also satisfies

IV i(@)e(w)ll L2 (jo<o<oenlmaxsy < C (4.76)
Moreover, there holds
e(u) € L*([v < o]) for allv > 0. (4.77)

This extends the identification result (4.69), resp. (2.9), to hold true even for all test functions

v e L*0,T; W1’2(Q;Rd)) such that supp(v(t)) C [0 < o(t)] for a.a. t € (0,T). (4.78)
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Proof. To (4.75): Consider any fixed non-cylindrical domain Q? as in (4.43). To show (4.75) we repeat
the arguments of (4.46)—(4.55) to find with the aid of the uniform convergence (4.43a) on Q9

In(v/2) € NVn > n(v/2) V(t,z) € Q5 : % <Bon(t1) < Oerit — g : (4.79)
and to find that e(%,,) — e(u) in L?(Q%; R?*?). Then also
_ [ e(@rn) on @2, . ._J ew on Q5 .12 L 72(0). pdxd
en 1= { 0 otheraise e:= 0 otherwise weakly in L=(0,T; L*(Q; R*™)). (4.80)
In addition, we set
5 e Dm0 Qy,
On = { 0  otherwise. (4.81)

Then we also have

s 5.0 omQl, . . 5 o
On — 0:= { 0 othermise uniformly in [0,7] x Q and strongly in LP(0,T; LP(£2)), (4.82)

and 9, 0n € [§, Ocrit — 5]. We further observe that the restricted viscosities pl(y o, —¥) and pr|(z 5. 21,
T = 7(n), are uniformly bounded from above and from below, and continuous, cf. (2.2b) & (3.3a).
Moreover, we find an index n,, > n(v/2) such that for every n > n,, it is 7 = 7(n) < 5. Thus, in view of
the definitions (2.2b) & (3.3a), it is i, (0n) = u(dn) for all n > n,,. Now [Dacl2, Thm. 3.4, p. 74] ensures
that the functional (g, é€) — fOT Jo M2 0ei—x1(0)€ : €dx dt is lower semicontinuous with respect to strong

LP(0,T; LP(Q))-convergence and weak L?(0,7T; L?(£2;R?*4))-convergence. Based on the uniform bound
(3.92) we now conclude by lower semicontinuity that

C > liminf{|\/ir(0r,)e(@rn) || L2(Qsimexay = minf || /pu(on)enl| L2 0,7:22 (@maxay) (453)
> |[vr(0)ell L2012 (oiraxay) = [[Vi(0)e(u) || L2 (s raxay -

To (4.76): To conclude (4.76) we first apply the argument of Remark (4.7), Item 1, to see that
above bound (4.83) also holds true for any noncylindrical domain J,c; {t} x Q.,(t) for all 6, > 0.
Here we also exploit the additivity of the integral to patch together any Lipschitz-sets QLP1(¢) and
QLiIP2(¢) in order to approximate Q,(¢) from inside for any v > 0. Thanks to (4.83) this gives C' >
vE()e(w)l r2(Uyer, (1) x (1);Raxa) for all v, 6 > 0, and thus C = [[\/m(e)e(w)l| 2(Uye s, (£ x[0<0(t) < penie];REX )
Subsequently, we apply the argument of Remark (4.7), Item 2, to observe that the bound remains true
for a sequence 6; — 0 as in (4.72) & (4.73). This yields (4.76).

To (4.77): For every v > 0 we set €, (t) := {z € Q, o(t) > v} and consider any Lipschitz-subdomain
QUP(4). For each § > 0 we have the sets Is C (0,7), where the uniform convergence (4.43a) holds true.
Based on this, we further set Q% := U;es, {t} x Q,(t). By repeating the arguments of (4.46)—(4.55) we
find an index 7(r/2) € N such that for all n > 72(v/2) and for all (t,z) € Q% we have g, (t,z) > v/2.
This provides a weakly convergent subsequence e(u,) — e(u) in L*(Q%;R?*?). Using the notation of
(4.80), now with Q%, we thus also have e, — e in L2(0,T; L?(Q; R**%)). Hence, like in (4.83), the weak
lower semicontinuity of the L2(0,T; L?(Q; R?*¢))-norm in combination with the uniform bound (4.76)
allows us to conclude

C > liminf (0 )e(Ury) © €(Ury) dr dt > lim inf w(v/2)e(Ury) : €(Urp) dadt

n—oo ~ n—oo ~
Q3 Q3

> / p(v/2)e(u) : e(u)drdt forall v > 0.
Q§

v

Invoking Remark 4.7 ultimately yields (4.77).
To (4.78): Here we repeat the steps of the proofs of (4.44b) and (4.44c) as well as (4.68) based on
the non-cylindrical domains Q9. O
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4.3 Proof of Theorem 2.7: Non-negativity & boundedness of p, and refined
identification of B, and ¢

In this section we verify the statements of Theorem 2.7. First, we shall deduce that the density of the
limit system o has the property

0<o(t) < guit  a.e.in Q for all t € [0,7T]. (4.84)

Property (4.84) will be established with the aid of two separate lemmata: In a first step, in Lemma 4.9
we show that the velocity of the limit system satisfies e(u) = 0 on subsets B C (0,7) x §, where g is
strictly negative, i.e., on sets B C [p < 0], or where it reaches or even exceeds the critical value g, i.e.,
on sets B C [0 > Oerit], cf. notation (2.1). This result will be deduced by investigating the convergence of
the approximating velocities (Ury, ) on suitable non-cylindrical domains, where additional information
can be drawn from the a priori bound (3.9a) by exploiting the growth properties (3.3) of the viscosities
(147 (071,))rn. With the aid of the information e(u) = 0 on B and suitably devised test functions for the
limit transport equation (2.5a), it will be shown in a second step in Lemma 4.10 that the sets [o(¢) < 0]
and [o(t) > gerit] are £L%-null sets for all ¢ € [0, T7).

Lemma 4.9. Let the assumptions of Theorem 2.4 be valid and assume that (0, u, B, () is a weak solution
of (1.1) in the sense of Definition 2.2 and Thm. 2.4, obtained by discrete approzimation via scheme (3.2)
and extracted from discrete solutions (0,,, Urn)rn through convergences (4.1). Then, for all v > 0 the
following convergence information hold true

le(@rn)llz2(a,, <—v]iraxe) = 0 as 7= 0, n — oo, (4.85a)

le(@rn) L2 (6., > 0erie+v]iRaxd) — 0 as T — 0, n — oo. (4.85b)
and the velocity u has the property
e(u) =0 a.e on [p<0]Uo> gcrit] - (4.86)

Proof. To (4.85): Keep v > 0 fixed and recall from (3.3a) the definition of p,. Thus, for [g,, < —v] the
a priori estimate (3.9a) yields

— 7(n)* — Ct(n)®
||€(U7-n)||%2([§”L<_V];Rd><d) S (v) || ,Uf‘re(urn)||%2([§”L<_V];Rd><d) S # — 0 as T(TL) — O,

where we again used the notation of (4.45). Similarly, one finds for [g,,, > Ocit + V]

< 7(n)*|gcrit —7| C1(n)* gerit 50

He(ﬂ"’”)”iz([ET,L>gcrac+u];RdXd) 2% H uTe(ﬂTn)H%2([§7n>gcrit+l/];]Rdxd) < 7%

as 7(n) — 0. Hence (4.85) is verified.
To (4.86): For each 6 > 0 and every v > 0, we define the non-cylindrical domains B§, with
ec{—,+} by

By, = | J{t} x () C [0,T] x Q,

tels

where Q, (t) :={x € Q| o(t) < —v} and Qf (t) :== {z € Q| 0(t) > 0crit — v} for suitably small v > 0. By
virtue of a priori estimate (3.9a), we obtain in particular for B§ ,, e € {—, +},

|V 117 (@r) €(@rn) || 12 poganay < C- (4.87)
(B*Rexd)

In the following we work again with a subsequence 7 = 7(n) as defined in (4.45). In this notation, due
to the uniform convergence (4.43a), we have

In(v/2) € N Vn > n(v/2) V(t,z) € By, 0.,(t,2) < —g, (4.88a)

In(v/2) €N Vn = n(v/2) V(t,2) € B, : Brnlt:) > oerit — g . (4.88D)
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In view of the definition (3.3a) of the viscosity 4, estimate (4.87) implies for By,

/ / [0n |V e(Urn) @ €(TUrn) dxdtJr/ / |gm| e(Urn) : €(Trp) da dt
Is (t) chlt

>0 >0
+ / / B e(Urn) : e(Urp)dedt < C. (4.89)
15 Jor ()

>0

Applying (4.88a) to the second term of (4.89) we obtain
_ _ _ _ 4C
/ e(Urn) : €(Urp)dedt = / / e(Urn) @ €(Ury) dzdt < —7°. (4.90)
7'” Is Qi(t v

With similar ideas we now deduce a uniform L2-estimate for e(@,,) on B(;’:V. In view of (4.88b), for all
t € Iy and for all n > n(v/2) the set Q}f (t) can be decomposed as follows:

QJ () = (7 (8) N [2rn(t) = Gerie — 7]) U (45 (£) N [2rn (1) < Qerie — 7))
( (t N [ (t) Z Ocrit — 7_]) U (Qj(t) N [chit - % < @‘rn(t) < Ocrit — 7_]) .
d

Thus, for all n > n(v/2)
estimate (4.87) yields

)
) (4.91)

ecomposition (4.91) together with the definition (3.3a) of the viscosity u, and

C2 [ (@) el s elr,) dod
B+

/ / V|QT"‘ e(Urn) : €(Urp)daedt
15 Jot (1)@, ()2 geris—] T Ocrit — 7|

+// Tﬁe(ﬂm):e(m)dxdt
Is SO ()N[8, 0 (8) > 0erie—T]

(4.92)

Jr/ / Mlja e(Urn) @ €(Urp) da dt
Is JOF (1) [gerie— & <0y (1) <oerio—7] (Ccrit = Orn)

>0

—|—/ / P e(Trp) : €(Trp)dadt .
Is J O ()N [0erie — % <Oy (8) < Qeris—T]

To estimate (4.92) from below we disregard the second and the fourth term on its right-hand side. For the
i 2 T
first term we see that 2=l > ”lg“‘t 7l > Aeer =5 o0 QF N[, (£) > 0eris —7]- For the third term on

T Qcrit—T| T
the right-hand side of (4.92) we have that o r'f*"g(fi‘(yf))a > V‘Q":; 2l on QN [oerit—5 < Orp(t) < Ocrit —T]-
Altogether this gives

/ e(Urn) : e(Urp)dzdt = / / e(Urn) @ €(Urp)dzdt < ﬁ% . (4.93)
Bf, 15 Jai (1) V) 0crit — 5|

Based on the uniform estimates (4.90) and (4.93) we may repeat the arguments of (4.47)—(4.55) in the
proof of Lemma 4.5 in order to extract a (not relabelled) subsequence (Ury,), with the properties

U, —u in L*(B],;RY) and e(tr,) — e(u) in L?(Bj,;R¥Y). (4.94)
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Moreover, in the notation of (4.49b) we have that

. J e onB;§, .o 2
en — €e:= { 0 on ((0.T) x Q)\B},, weakly in L=(0,T; L=(Q)) .

Hence, we find by weak sequential lower semicontinuity of the L?(0,T; L?(©))-norm

lé/;(t)e(u):e(u)dxdt/OT/Qe:edzdt

T
< lim inf/ / en : ey dxdt =lim inf/ / e(Urp) @ €(Urn)drdt < lim L(e)7(n)* =0,
0 JQ Is JQ3(t)

n—oo n—oo n—oo

where for @ € {—,+}, we have L(—) := 2§ and L(+) := ﬁ. This gives e(u) = 0 a.e. on By,
crit — 3 s
for e € {—,+}, for all 6 > 0 and all v > 0. For every § > 0 and all ¢ € Is we further notice that
lo(t) < 0] = U,so Q, (t) and [o(t) > ocrit] = =0 @ (t). Choosing now a sequence (d;);jen such that
6j — 0 as j — oo, as outlined in Remark 4.7, Item 2, we see that [0 < 0] = U;cyU,ep, [o(t) < 0] in
J

Ll-measure as well as [0 > gerit] = Ujen Uter, [0(t) = 0crit] in Ll-measure. In this way we conclude
(4.86). 0

Information (4.85) in particular provides that
| divrp|p2(av, )y — 0  for AY, € {[0,, < —V],[0ry = Qcrit + ]}, for any v > 0. (4.95)

This will be used to ultimately infer the statements of Proposition 2.7. More precisely, we will show in
Lemma 4.10 and Lemma ?? that the sets [o < 0] and [0 > 0c;it] are £91-null sets. This will be achieved
by testing the discrete transport equation (3.7a) with suitably devised test functions and by exploiting
information (4.95) together with the strong LP(0,T; W1P(Q))-convergence (4.1j) of the approximating
sequence (9,,,)rn When letting 7 = 7(n) — 0 and n — oo.

Lemma 4.10. Let the assumptions of Lemma 4.9 be valid. Further assume that the initial datum has
the property
00 € L2(Q) , such that 0 < pg < Ocrit a.e. in . (4.96)

Then, for all t € [0,T), the sets [o(t) < 0] and [o(t) > ocrit] are Lé-null sets, i.e.,

L4[o(t) < 0]) =0 for allt € [0,T], (4.97a)
L([o(t) > gerit]) =0 for all t €[0,T]. (4.97b)

Proof. In order to verify the assertion (4.97) one would like to test the transport equation (2.5a), here

T T
(010, w)Lp(O,T;Wl,p(Q)) — / /2(Qu) -V dxdt —I—/ /QE|Vg|p72VQ -Vipdxdt =0 (4.98)
0 Jg 0

by functions of the type 1 := max{p, a} or ¢ := min{p, a} for a constant a € R and ¢ € LP(0,T; W1P(Q)).
We note that the functions max{-,a} : R — R and min{-,a} : R — R are Lipschitz-continuous func-
tions. Thus [MM79] ensures that their composition with a LP(0,T; W1P(Q))-function again results in a
LP(0,T; WHP(Q))-function. However, to handle the drift term in (4.98) would require an integration by
parts in space, which is not admissible for the limit problem because it is not clear that (ou) € H*(Q;R9)
for all of Q. Therefore we instead resort to the discrete equation (3.7a), where, for all 7 = 7(n) > 0
and n € N fixed u, from (3.3a) provides the needed information (g,,%,,) € H*(Q;R?). Yet, in the
space-discrete setting the above described functions involving the cut-off by max or min, denoted here for
brevity by ¥} (o), are not admissible test functions for the discrete transport equation (3.7a). To make
it admissible, we shall apply the projector Py : LP(0,T;X) — LP(0,T;X;) from (3.6) to such a function
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and then we use the projected function P ¥} (0) as a test function for (3.7a) for any n > 1 € N. For o
a solution of (2.5a), this results in

T
<DTQTna P‘rl(\:[/;* (9))>LP(O,T;XZ) - / / @Tnﬂv'n : VPTZ(\IIQ* (Q)) da dt
0 Ja (4.99)

T
[ ] Vel Ve, VP, (@) dedt =o.
0 Q

Yet, in (4.99) it is neither possible to integrate the first term in time nor to judge about the sign of
the p-Laplacian term. Both steps would be possible if Pr;(¥} (o)) was replaced by ¥} (2,,). Therefore,
we shall add to (4.99) the desired terms and subtract them again for compensation. Morally, we would
test each of the terms in (3.7a) by ¥'(g,,), then add and subtract the resulting terms to (4.99). At
this point, we note that (D07, ¥ (0,,))Lr(0,1:%,) 18 well-defined for all 7 > 0, n € N fixed, since
V' (0,,) € LP(0,T,WLP(Q)). But we cannot obtain any information about the convergence of this term,
because a priori estimate (3.9j) only provides uniform boundedness of (D;0:p)-n in (LP(0,T;X;))* but
not in (LP(0,7T;X))*, where X = WP(Q). Therefore, instead of adding and subtracting to (4.99) the
term (D707, Vi (@:1)) Lr(0,7:X,), We Will use the time-integrated version of it. To be more specific about
this, let us suppose that ¥} (p) has the following properties for all p € LP(0,T; W' (Q)):

¥, (p(t)) =0 a.e. inQ, for all t € (t,,T), for any t, € (0,T) general but fixed, (4.100a)
W, LP(0,T; WhHP(Q)) — LP(0,T; WP(Q))  is continuous, (4.100b)
W, is the derivative of the convex, continuous function ¥y, : R — R, (4.100c¢)
WY (p(t,z)) >0 for all z € A(p(t)) and ¥} (p(t,z)) = 0 otherwise. (4.100d)

Hence, by properties (4.100a) and (4.100¢) we find that
(Dr0rn, U1, (@rn)) 1o 0 1%,y 2 N0 @ (B () | 21(0) = W2 (€rn (0) L2 ()
= [| W+, (0rn(t))llLr @) — Wt (070 (0)]L1(0) »

where we exploited the convexity of ¥;, and used the notation (3.5d). Thanks to the well-preparedness
of the initial data and the strong L?(2)-convergence (4.1g) of (g,,,)r» pointwise for all ¢ € [0, 7] together
with (4.100c¢) we further deduce that

19, @en(EDlzr @) — (2 @rn O (@) = W, (2t — [P (@O 2y (4.102)

as n — oo. In view of this, we will add and subtract to (4.99) directly the limit terms on the right-hand
side of (4.102). In this way, we get

(4.101)

ty
190 (ot ) — e, (2(0)) 2 (s — / / onlirn - VU, (3,,) dadt

t (4.103a)
/ / E|vtgrn|p QVQT’I’L V\I] (Q‘rn) dzdt + Z RJ nl = ’ where
j=1
Ryt 1= (D 0y (W), <g>>>L,7(O,T;X,) (10 o) ey — 19, (0O 21 y) s (4.103b)
ta
Ry pny = / / Ornlrn - V(Pr(¥}_(0)) — ¥} (0,y,)) dzdt, (4.103c)
R3 i = / / e|VOlP V0., - V(P (¥}, (0) — ¥} (0,,)) dzdt. (4.103d)
Q
For the sum of the error terms in (4.103a) we shall verify below that
3

ZRJF”I —0 asn>[0—00. (4.104)

j=1
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We now discuss the treatment of the remaining two terms in (4.103a). In view of (4.100d) and (4.100d)
we readily observe for the p-Laplacian term in (4.103a)

T ta
/ / eIV, " *Ve,, - V¥ _(2,,) dedt = / / £IVG, P2V, - U (8,,)V0,, dzdt
0 Q 0 A2, (1) (4105)

tx
— [ dAve.rule)dearzo.
0 JA(2,, (1)

For the drift term we are now in the position to apply integration by parts in space and with the function
U’(3,,,) precisely tailored to the two cases (4.97a) and (4.97b) it will be the goal to show that

ta
‘— / / QT,Lum~V\If;*(Qm)dxdt‘ < e[l div(@m) 2.y — 0 (4.106)
0 Q

where the convergence ||div(@-y)| 224, )) — 0 follows from information (4.85) for A(g,,) = [0,, < —V]
or A(0,,,) = [0rr, > Ocrit + ] for any v > 0.
Now, putting together (4.103a) and (4.104)—(4.106) leads to the following estimate

3
[, (o)1) < W, (2(0)] 21 () + ‘ ZRj,nz + c||div(@rn) |2 (aca,.,))

j=1

5 (4.107)
= ‘ Z Rl +c ”div(ﬂrn)HL?(A(*Tn)) —0 asn>1—00.
j=1
given that the initial datum satisfies || ¥y, (0(0))]|z1(q) = 0. In the limit we thus have
[, (et ) L1y =0, (4.108)

and for suitably tailored W, this will result in the information (4.97a) and (4.97b).

Proof of the convergence (4.104) of the error terms: We have g, — o strongly in LP(0,T; W1P(Q))
by (4.1j). Since the function W} : LP(0,T; W'P(Q)) — LP(0,T; W'P(€)) is continuous, there also holds
U, (0.,) = ¥, (0) in LP(0,T; WP(Q2)). Furthermore, by the approximation properties of the projector
we then also have P, ¥’ (o) — ¥(p) in LP(0,T; WP(£2)). Then, the subsequent estimates will allow us
to conclude (4.104). We start with R;. For this, we may first repeat the arguments of (4.6)—(4.6¢) and
subsequently apply integration by parts in time to arrive that

T Jim (D,2,,0. B0}, (0))) r(o.rx) = (Oh. W (0)) oo = 1% (0t e — [0e. (2(0)) s sy
n>l

In view of (4.103b) this shows that Ry, — 0 asn > 1 — oo.
For the error term Ry ,; we deduce via Holder’s inequality and with the aid of a priori estimate (3.9d)
together with the strong LP(0,T; W1 (£2))-convergence of P, ¥'(9) — ¥'(g.,,) that

ta
|Rani] = ‘— / / Drnlrn - V(Pry(¥]_(0)) — ¥} (2,y,)) dadt
0 Q

S HETnﬂTnHLz (0, T;L2(;R?)) HV(PTZ(\IIL (Q)) - \IIL (Ern)) HL2(O,T;L2(Q;Rd))
< CIV(Pri(¥. () = Ui, @) 120 on2(may 0 @ =10,

With similar arguments also the convergence of Rg ,,; follows, now exploiting a priori estimate (3.9k),
resp. (3.9g)

Rs il < IV l55 0 0 |V (P (5 (00) = W @0n)) | 1o oo iy
< OV (Pa(¥7, (o) — ¥}, (2,0)) |‘LP(07T;LP(Q;Rd)) —0 asn>0—0.
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Thus, (4.104) is verified.
0 (4.97a): We apply the reasoning (4.99)—(4.108) with the function

W (p(t)) = (p(t))".,. ::{ POD= o S where (p(0)” = min{p(t) + 1,0} (4109

for any v > 0. We note that (p)” , € L?(0,T; W'?(Q)) for any p € LP(0,T; W?(Q)), for all ¢, € [0,T]
and all v > 0. As outlined in (4.99) we test the discrete transport equation (3.7a) by P} _(0) with
0 € LP(0,T; WHP(€)) a solution of (2.5a). Moreover, we carry out the steps (4.99)—(4.108) also with
Ui (071) = (@7s)—.t.- To arrive at (4.108) we have to verify for the function W (p(t)) := (p(t))” 4,
defined in (4.109) that properties (4.100) hold true and that the drift term can be estimated as claimed
n (4.106).

To properties (4.100) for W}  from (4.109): Clearly, by definition (4.109) property (4.100a) is valid.
Moreover, the function (e)” = min{e + v,0} is Lipschitz continuous and thus ¥} : LP(0,T; W?(Q)) —
LP(0,T; WHP(Q)) from (4.109) is continuous, which is (4.100b). We further observe that the primitive
and the derivative of W} are given by

L((p(t))~)? for t € [0,t.],

Ui, (p(t)) == { 5((p( %) for t ¢ Et* }] (4.110a)
1 if p(t) < —v and for t € [0,1.],

Uy (p(t)) ==« 0 if p(t) > —v and for t € [0, ], (4.110b)
0 forte (t.,T].

From (4.110a) we see that W, is continuous for ¢ € [0,¢,]. Moreover (4.110b) yields (4.100d) with
A(p(t)) := [p(t) < —v], which then also provides the convexity of ¥, and thus finishes the proof of
property (4.100c).

To estimate (4.106) for the drift term: For Wi (2,,(t)) := (0,,(t))” ;. from (4.109) the expression
(4.106) can now be handled using integration by parts in space, also exploiting that @, (t) = 0 on 99
for a.a. t € (0,7), i.e.,

‘—/ /gmum VY (0ry dxdt‘ = ‘ —/ /Qmum~ (-0)" dxdt‘
= 7/ /(@Tn+y)ﬂTnv(§rn)li dIEdt+/ /VﬂTﬂv(ETn)idIdt’
t. 3 )2 t.
= / /um- dedt—&—/ /uum-V(gm dxdt)
. — Q-rn — b — — QTn — d—1
/ /dlv(um)idzdtf/ / (um~n)7d9{ dt’ (4.111)
o Ja 2 o Joo 2
te te
+] / / v div(Tion)(3,.,)" dz dt — / / V(T - 7)(@,,)% 430 ]
0o Ja o Joa

by — v\2 Ty
_ ‘ / / div(ﬂm)w dxdt‘+] / / v div (@) (B,)" da:dt‘
0 J[e,.(t)<—v] (@0 (£)<—V]

Hdiv(ﬂm)HL2 Eﬂb(t)<7u])( ||((Qm) ) HL?(OTL?(Q)+V||(Qm)—HL2(0TL2(Q)))
= dlv(um)HLz

IN

IN

([, () <—v]) — 0asn— oo

by information (4.85a) and thanks to the assumptions p > 4 and gy > 0 a.e. in Q by (4.96). This proves
(4.106). Now the validity of properties (4.100) and (4.106) provides (4.108), i.e., that |y, (o(t«))|| L1 (@) =
[l(o(t:))” [ L1 () = 0, which gives (4.97a).

0 (4.97b): Now, we apply the reasoning (4.99)—(4.108) using the function

Uy (p(t) = (0(t)Sriopr, = { (p(t)gzriH ﬁgi i 2 E?t%] where (p(t))criey = max{p(t) — Gerit — v, 0}

(4.112)
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and to arrive at (4.108) we have to show that W, (p(t)) = (o(t))t ¢, satisfies properties (4.100) and
that estimate (4.106) holds true.
To properties (4.100) for ¥,  from (4.112): Here, the primitive and the derivative are given by

Lip))y.,)? fortel0t.],

bty = | JOO T < .
1 if p(t) > 0eris + v and for ¢ € [0,t.],

Uy (p(t) :== ¢ 0 if p(t) < 0erie + v and for t € [0,t,], (4.113b)
0 forte (t.,7T].

Now similar arguments as for (4.109) provide properties (4.100) also for ¥,  from (4.112).
To estimate (4.106) for the drift term: Very similar calculations via integration by parts in space, as
n (4.111), also here result in

L. Ty
N R o e
0 Q 0 Q

ty Ty

= |~ / / (ETTL — Qcrit — V)ETTL ! v(@TTL)ZIit—‘r dzdt — / / (chit + V)HT" ! v(@‘rn)ﬁrit-&- dz dt’
" ((@rn)éries)” "

= / / Uy - ™ 2cr1t+ dadt — / / Ocrit + V)u'rn . v(grn)cr1t+ dz dt‘

ts
/ /le Urp) QT")CHH dz dt — / / Urp - T Mdﬂ{d 1dt’
o0 2

ta
T A P TN NI TRRY [ (PRI T Gt
0 Q 0 o0

by — v 2
‘/ / le(ﬂTn) ((‘QTTL)CI'ltJr) dIdt‘
0 JI3, (> 0eris ] 2

ta
+| / / (st + ) ¥ (7172) (27, ]
0 2 > Qcrit+]

IN

< div(Trn) | 2 (.., 0> oorse +01) (31 (@rn)ie ) 22 0,7522(2)) + V(@) i Il L2(0.7522 (92)))
= (|| diV(UTn)HLz([ETn(t)>chit+V]) —0asn — o0
(4.114)

by information (4.85a) and thanks to gg < gerit a.e. in £ by (4.96). This proves (4.106). Now the validity
of properties (4.100) and (4.106) provides (4.108), i.e., that ||Wy (o(t«))l|z1(0) = [[(0(t«))eieo L1 @) = O,
which yields (4.97b). O
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