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4";}‘ The Mathematical formulation

State variables Applied field
u:Qx[0,T] — R displacement 0:Qx[0,T] — R density forces
Notations:

QX [0,00)xRIT  and ¥ {0}xRIT
> x 2 (xq,x') with X' £ (x2,..., xq)

K = {v e HL (Qx[0,00)) : v|(g} a1 >0}
We consider the following problem (DI):

—Au=0,xeQ, t>0 wave equation
0 <u(0,x',t) L —uy(0,x',t) >0 unilateral bdry conditions
u(,0) =up and u(-,0) =wr Cauchy initial data
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4";}‘ The Mathematical formulation

State variables Applied field
u:Qx[0,T] — R displacement 0:Qx[0,T] — R density forces
Notations:

Q= [0,00)xRYT  and T = {0}xRI!
> x 2 (xq,x') with X' £ (x2,..., xq)
{ € HIOC(QX[()? OO)) : V|{0}><Rd*1 > 0}

def

We consider the following problem (DI):

ur —Au=>0 ,xeQ, t>0 wave equation
€H3/2(Qx[0,T])
0 <uw(0,x',t) L —uy(0,x',t) >0 unilateral bdry conditions
u(-,0) = ug and  u:(-,0) =1 Cauchy initial data
—~ —~—
€N (Q)NH3/2(Q) €H/2(Q)
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4";}‘ Existence and Uniqueness results

Theorem (Existence and uniqueness results')

There exists u € L°(0, T; H3/2(Q))NW1>°(0, T; H/2(Q)) a unique
solution to problem (DI), which satisfies the identity, for all T € [0, T],

1 T
—/(\ut\Q—HVUF)dx:/(\u1|2—|—|Vu0|2)dx—|—/ /E-utdxdt.
2 Ja Q 0o Jo

Idea of the proof: The problem (DI) can be reduced to a problem on the
boundary, which involves the operator A defined by

ur —Au=10,xe, t>0,

w=u =0,xe€0

u(0,x',t) =v(x',t), X € T and (Av)(xX',t) = ux(0,x',1)
We can show that A : 1.2((0, T)xR9™1) — L2((0, T)xRI1) is positive

— Existence and uniqueness results

'Lebeau, Schatzman. J. Diff. Equ., 1984.
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4";}‘ The Mathematical formulation

State variables Applied field
u:Qx[0,T] — R displacement 0:Qx[0,T] — R density forces
Notations:

> Q= (o0, 0]xRI!T  and ¥ ¥ {0}xRI!
l>x—(x1, N with X' & (0, ... xq)

“{y € HE (2x[0,00)) : Vi € L2, ([0, 50); L2(Q), ] gyt > 0}
We consider the following problem (DI):

—Au—alAuy =0, a>0,xeQ,t>0 damped wave equation
0 < u(0,x",t) L (tx,+0utn)(0,x',t) >0 unilateral bdry conditions
u(+,0)=wp and u(-,0)=w1 Cauchy initial data
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4";}‘ The Mathematical formulation

State variables Applied field
u:Qx[0,T] — R displacement 0:Qx[0,T] — R density forces
Notations:

> Q= (o0, 0]xRI!T  and ¥ ¥ {0}xRI!
> x—(x17 N with X' & (0, ... xq)

“{y € HE (2x[0,00)) : Vi € L2, ([0, 50); L2(Q), ] gyt > 0}
We consider the following problem (DI):

uge — Au — aAuy = E ,a>0 x€Q t>0 damped wave equation
€L 1206([0,00):12(9))

0 < w(0,x',t) L (ux,+auuy)(0,x',t) >0 unilateral bdry conditions
u(-,0) = ug and  u(-,0) = 1y Cauchy initial data

~— ~—

€EN?(Q) EHL(Q)
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4";}‘ The Mathematical formulation

State variables Applied field
u:Qx[0,T] — R displacement 0:Qx[0,T] — R density forces
Notations:

> Q= (o0, 0]xRI!T  and ¥ ¥ {0}xRI!
> x—(x17 N with X' & (0, ... xq)

“ Ly € HL(Rx[0,5)) £ Vv € L2,([0,00): L2(), Vo) os = 0)
The weak formulation (V1) is given by

Find v € K such that for all v € K and for all 7 € (0,00), we have

/(ut v—u) dx—/ / —up)dxdt
+/ /(Vu—f—aVut)(Vv—Vu)dxdtZ/ /E(v—u)dxdt
0 Q 0 Q
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4";}‘ Existence and Uniqueness for the Penalized Problem

Penalized Problem (PP) (here r % — min(r,0))

uy, — Aut —alAu; =0, o >0x €, t >0 damped wave equation
(ug, +aug )(0,x', t) = (u(0,x', ) /e normal compliance cond.?

u(-,0) =up and uf(-,0) =1 Cauchy initial data

2Martins, Oden. Nonlinear Anal., 1988.
3 Jarugek. Czechoslovak Math. J., 1996.
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4";}‘ Existence and Uniqueness for the Penalized Problem

Penalized Problem (PP) (here r % — min(r,0))

uy, — Aut —alAu; =0, o >0x €, t >0 damped wave equation
(ug, +aug )(0,x', t) = (u(0,x', ) /e normal compliance cond.?

u(-,0) =up and uf(-,0) =1 Cauchy initial data

Theorem (Existence and uniqueness results®)

There exists a unique weak solution u® € Hl (Qx[0,00)) of the problem

loc

(PP) such that Vug € L2 ([0, 00); L2(2)).

loc

Idea of the proof: Use Galerkin method.

2Martins, Oden. Nonlinear Anal., 1988.
3 Jarugek. Czechoslovak Math. J., 1996.
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4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates give us
> ut € L2 ([0, 00) 12(Q)
> uf € L ([0, 00): L2(2))
> Vut € L2 ([0,00); L2(R))

(
> Vus € L2 ([0,00); L2(Q))
> Au € L2 ([0, 00); L?(Q))

Moreover u; € C°([0,00); L2(Q)) equipped with the weak topology.
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4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates enable to pass to the limit in the
variational formulation associated to the penalized problem

/uicp(v—uf)’de— /T/uﬁ(go(v—ue))tdxdt
__// dxdt——// Jmv) dxdt
+/0 /Q(VUE+QVU§)V(<,0(V—UE))dxdt:/0 /Q&p(v—ue)dxdt

where ¢ € C5°(Q x [0,00)) taken its values in [0, 1].
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4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates enable to pass to the limit in the
variational formulation associated to the penalized problem

/ugcp(v—uf)’gdx—/ /uﬁ(go(v—ue))tdxdt

Q JOo JQ

+/ /(Vu6+aVu§)V(<p(v—uf))dxdt>/ /&p(v—ue)dxdt
0 JQ 0 JQ

where ¢ € C5°(Q x [0,00)) taken its values in [0, 1].

Remark: Nothing is known about uniqueness.
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4";}‘ Regularity of the trace

AIM: Characterize the trace spaces

Recall that  u(0,x’,t) € H*?(R9"1x[0, 00)) for (a, b) € R?

loc

i
1£1°5(0, ¢, w) € L2(RY) and |w|Ph(0,¢,w) € L2(RY)

b (&,...,&4)": the dual variable to x’ = (x2,...,xg)"
> w : the dual variable to t
> u(0,&,w) : the Fourier transform of u(0,x', t)

Lemma (Regularity of the trace*)

Let u® be the solution of (PP). Then we may extract a subsequence, still
denoted by u¢ such that

u(0,x",t) — u(0,x',t) weakly in H/***(RI1x[0,00)).

loc
Moreover u is a strong solution of (DI).

4p., Schatzman. SIAM J. Math. Anal., 20009.

A. Petrov Vancouver, 11 July 2011 10 / 18



4";}‘ Regularity of the trace

Sketch of the proof:

> Introduce U solution of (DI) with the Dirichlet boundary conditions
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4";}‘ Regularity of the trace

Sketch of the proof:

> Introduce U solution of (DI) with the Dirichlet boundary conditions

> Let v¢ & e ""(u—1), v > 0, be a solution of
(v4+0:)°ve — (1+a(v+0;)Ave =0, x€Q, t>0
(1+a(v+0r))vs, (0,X', 1) = e g — (v¥(0, X, t)+e 7" 5(0, X', t)) ™ /e
ve(-,0) =0 and v{(-,0)=0
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4";}‘ Regularity of the trace

Sketch of the proof:

> Introduce U solution of (DI) with the Dirichlet boundary conditions

> Let v¢ & e ""(u—1), v > 0, be a solution of
(v4+0:)°ve — (1+a(v+0;)Ave =0, x€Q, t>0
(1+a(v+0r))vs, (0,X', 1) = e g — (v¥(0, X, t)+e 7" 5(0, X', t)) ™ /e
ve(-,0) =0 and v{(-,0)=0

> Use the partial Fourier transform in x" and t

Ui (1. 60) = W7(x, Ew) where 3%\ [ef? 4 LT

X1X1 1+a(v+iw)

~ V(x, & w) = Eeexxl
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4";}‘ Regularity of the trace

Sketch of the proof:

> Introduce U solution of (DI) with the Dirichlet boundary conditions

> Let v¢ & e ""(u—1), v > 0, be a solution of
(v4+0:)°ve — (1+a(v+0;)Ave =0, x€Q, t>0
(1+a(v+0r))vs, (0,X', 1) = e g — (v¥(0, X, t)+e 7" 5(0, X', t)) ™ /e
ve(-,0) =0 and v{(-,0)=0

> Use the partial Fourier transform in x" and t

- 124 N de v+iw)?
V;IXI(Xl,f,w):)\2v5(x1,§,w) where )\g\/\ﬂz—i—%

~ V(x, & w) = Eeexxl
> Use the boundary conditions
(L+a(w400)) v, N0, €, w) = MVE(0, £, w) where A1 = (1+a(v+iw))X

~ Ak ve(0,x', t) = e Vg + (ve(0, X/, t)+e " (0, X', t)) " /e
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4";}‘ The Mathematical formulation

State variables Applied field
u:Qx[0,T] — R3 displacement 0 Qx[0,T] — R® density forces
Notations:

def

> gjj(u) o (Ujx+uix)/2 and a,’-}k, = A"0ii6w + 21" ik 6j for n = 0,1
> K= {ve HY(Q x (0,7)) : Vv, € L2(Q x (0,7)), v(0,-) <0}

We consider the following problem (DI):

pPUt — a,’-}klﬁjsk/(u) — aZ'kIajgk/(Ut) = E, X € Q, t>0
0> u L alyen(u) + atem(us) <0 on X x [0,00)

ek (U) + appen(ue) =0 and  al3en(u) + aysen(ue) =0
u(,0) =vg and u(,0)=w
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4";}‘ The Mathematical formulation

State variables Applied field
u:Qx[0,T] — R3 displacement 0 Qx[0,T] — R® density forces
Notations:

> e(u) & (g tuing)/2  and  afy, & A8k + 21648 for n=0,1
K= {veHY(Qx(0,7): Vv € L%(Q x (0,7)),v(0,-) <0}

The weak formulation (V1) is given by

Find v € K such that for all v € K and for all 7 € (0,00), we have

/ /putt v—u dxdt—i—/ / Uk/E’J Jer(v—u)dxdt
+/ /a,-jk,s,'j(u)ek/(v—u)dxdtz/ /E-(v—u)dxdt
0 Q 0 Q
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4";}‘ Existence and Uniqueness for the Penalized Problem

Penalized Problem (PP) (here r* % max(r,0))

pUs — a,’-}k,aj&‘k/(ue) — agk,ajak,(uﬁ) =l xe€, t>0
a(l)lklgk/(ue) + 3%1k/5k1(”§) = —(uf)*t/e on X x[0,00)
8ok (U) + ajpen(uf) =0 and  aly en(u) + ajgem(uf) =0

u(,0) =vw and wui(-,0)=w

5 Jarusek. Czechoslovak Math. J., 1996.
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4";}‘ Existence and Uniqueness for the Penalized Problem

Penalized Problem (PP) (here r* % max(r,0))

puge — apyOjew(u®) — agyOjen(ug) =€, x€Q, t>0

a0y ek () + atyen(ug) = —(uf)* /e on T x[0,00)
apueki(US) + atpen(uf) =0 and  ady e () + afsyen(uf) =0
u(-,0) =v and wui(-,0)=wn

Theorem (Existence and uniqueness results®)

There exists a unique weak solution u® € H]. ([0,00) x Q) of the problem
(PP) such that Vu¢ € L2 ([0, 00); 1L2(Q)).

loc

Idea of the proof: Use Galerkin method.

5 Jarusek. Czechoslovak Math. J., 1996.
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4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates and Korn's inequality lead to

> u¢ € Lf, ([0, 00); L2(92))
([0, 00); L?(R2))

> Vit € L ([0,00): 12(Q))

> afOien(u) € Lis([0,00); L3 (Q)) for n = 0,1

> Vi € L, ([0,00); 12(Q))

> u; € Ly

loc

Moreover u¢ — u in leor

([0,00); L2(Q)).
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4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates enable to pass to the limit in the
variational formulation associated to the penalized problem

/Qp“?(@(v_”e)mdx—/()T/quﬁ'(cp(v—uf))tdxdt

+f ' Szt )+ gz ()2 (0 i) e

__// u§) )2 pdx' dt + = //ul pvi dx’ dt
—/Tg (p(v—u))dxdt

where ¢ € C5°(Q x [0,00)) taken its values in [0, 1].
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4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates enable to pass to the limit in the
variational formulation associated to the penalized problem

[ istotv=aaax = [ [ put(etv-uideds

/ / 210 ()23 () by (0o () (o (vi— ) dx di
_/ (p(v—u)) dxdt

where ¢ € C5°(Q x [0,00)) taken its values in [0, 1].
Remark: Nothing is known about uniqueness.
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4";}‘ Regularity of the trace

Lemma (Regularity of the trace®)

Let u¢ = (u, us, u)" be the solution of (PP). Then we may extract a
subsequence, still denoted by uj such that

u(0,x',t) — u1(0,x',t) weakly in H1/2’5/4(R°’_1 %[0, 00)).

loc
Moreover u is a strong solution of (DI).

8P., Schatzman. SIAM J. Math. Anal., 2009.
“P., Schatzman. C. R. Math. Acad. Sci., 2002.

A. Petrov Vancouver, 11 July 2011 16 / 18



4";}‘ Regularity of the trace

Lemma (Regularity of the trace®)
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subsequence, still denoted by uj such that

u(0,x',t) — u1(0,x',t) weakly in H1/2’5/4(R°’_1 %[0, 00)).

loc
Moreover u is a strong solution of (DI).

Idea of the proof:

> Introduce U solution of (DI) with the Dirichlet boundary conditions

8P., Schatzman. SIAM J. Math. Anal., 2009.
“P., Schatzman. C. R. Math. Acad. Sci., 2002.
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4";}‘ Regularity of the trace

Lemma (Regularity of the trace®)

Let u¢ = (u, us, u)" be the solution of (PP). Then we may extract a
subsequence, still denoted by uj such that

u(0,x',t) — u1(0,x',t) weakly in H1/2’5/4(R°’_1 %[0, 00)).

loc
Moreover u is a strong solution of (DI).
Idea of the proof:

> Introduce U solution of (DI) with the Dirichlet boundary conditions

> Use the Fourier transform in the tangential variable (x’, t) and a Laplace
transform in xq

8P., Schatzman. SIAM J. Math. Anal., 2009.
“P., Schatzman. C. R. Math. Acad. Sci., 2002.
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4";}‘ Regularity of the trace

Lemma (Regularity of the trace®)

Let u¢ = (u, us, u)" be the solution of (PP). Then we may extract a

subsequence, still denoted by uj such that
u$(0,x",t) — u1(0,x',t) weakly in Hllo/c2’5/4(1Rd*1 x[0, 00)).
Moreover u is a strong solution of (DI).

Idea of the proof:
> Introduce U solution of (DI) with the Dirichlet boundary conditions

> Use the Fourier transform in the tangential variable (x’, t) and a Laplace
transform in xq

Remark: We were unable to prove that the energy loss is purely viscous’

for the damped wave equation and the evolution of a Kelvin-Voigt material.

8P., Schatzman. SIAM J. Math. Anal., 2009.
“P., Schatzman. C. R. Math. Acad. Sci., 2002.
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Thank you for your attention !

Papers on line: http://www.wias-berlin.de/people/petrov

A. Petrov Vancouver, 11 July 2011 18 / 18



	The wave equation
	The damped wave equation
	The evolution of a Kelvin-Voigt material
	Outlook

