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The Mathematial formulationState variables Applied �eldu : Ω×[0,T ] → R displaement ℓ : Ω×[0,T ] → R density foresNotations:
⊲ Ω

def
= [0,∞)×R

d−1 and Σ
def
= {0}×R

d−1
⊲ x def

= (x1, x ′) with x ′ def
= (x2, . . . , xd )

⊲ K def
=

{v ∈ H1lo(Ω×[0,∞)) : v |{0}×Rd−1 ≥ 0}We onsider the following problem (DI):utt − ∆u = ℓ, x ∈ Ω, t > 0 wave equation0 ≤ u(0, x ′, t) ⊥ −ux1(0, x ′, t) ≥ 0 unilateral bdry onditionsu(·, 0) = u0 and ut(·, 0) = u1 Cauhy initial dataA. Petrov Vanouver, 11 July 2011 4 / 18
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Existene and Uniqueness resultsTheorem (Existene and uniqueness results1)There exists u ∈ L∞(0,T ;H3/2(Ω))∩W1,∞(0,T ;H1/2(Ω)) a uniquesolution to problem (DI), whih satis�es the identity, for all τ ∈ [0,T ],12 ∫

Ω

(
|ut |2+|∇u|2)dx =

∫

Ω

(
|u1|2+|∇u0|2)dx +

∫ τ0 ∫

Ω
ℓ·ut dx dt.Idea of the proof: The problem (DI) an be redued to a problem on theboundary, whih involves the operator A de�ned byutt − ∆u = ℓ, x ∈ Ω, t > 0,u0 = u1 = 0, x ∈ Ωu(0, x ′, t) = v(x ′, t), x ′ ∈ Σ and (Av)(x ′, t) = ux1(0, x ′, t)We an show that A : L2((0,T )×R

d−1) → L2((0,T )×R
d−1) is positive

=⇒ Existene and uniqueness results1Lebeau, Shatzman. J. Di�. Equ., 1984.A. Petrov Vanouver, 11 July 2011 5 / 18
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Regularity of the traeAIM: Charaterize the trae spaesReall that u(0, x ′, t) ∈ Ha,blo(Rd−1×[0,∞)) for (a, b) ∈ R
2

m
|ξ|aû(0, ξ, ω) ∈ L2(Rd ) and |ω|b û(0, ξ, ω) ∈ L2(Rd )

⊲ ξ
def
= (ξ2, . . . , ξd )T: the dual variable to x ′ = (x2, . . . , xd )T

⊲ ω : the dual variable to t
⊲ û(0, ξ, ω) : the Fourier transform of u(0, x ′, t)Lemma (Regularity of the trae4)Let uǫ be the solution of (PP). Then we may extrat a subsequene, stilldenoted by uǫ suh thatuǫ(0, x ′, t) ⇀ u(0, x ′, t) weakly in H1/2,5/4lo (Rd−1×[0,∞)).Moreover u is a strong solution of (DI).4P., Shatzman. SIAM J. Math. Anal., 2009.A. Petrov Vanouver, 11 July 2011 10 / 18
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The Mathematial formulationState variables Applied �eldu : Ω×[0,T ] → R
3 displaement ℓ : Ω×[0,T ] → R
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Existene resultTheorem (Existene result)There exists a solution of (VI); this solution an be obtained as a limit of asubsequene of (PP).Sketh of the proof: A-priori estimates and Korn's inequality lead to
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Existene resultTheorem (Existene result)There exists a solution of (VI); this solution an be obtained as a limit of asubsequene of (PP).Sketh of the proof: A-priori estimates enable to pass to the limit in thevariational formulation assoiated to the penalized problem
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∫ τ0 ∫
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−
1
ǫ

∫ τ0 ∫

Σ

(
(uǫ1)+)2

ϕdx ′ dt +
1
ǫ

∫ τ0 ∫

Σ
(uǫ1)+ϕv1dx ′ dt

=

∫Qτ

ℓ·
(
ϕ(v−uǫ)

)dx dtwhere ϕ ∈ C∞0 (Ω̄ × [0,∞)) taken its values in [0, 1].A. Petrov Vanouver, 11 July 2011 15 / 18
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