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The Mathemati
al formulationState variables Applied �eldu : Ω×(0,T ) → R
3 displa
ement ℓ : Ω×(0,T ) → R

3 me
h. load.z : Ω×(0,T ) → R
3×3dev phase indi
ator

θ : Ω×(0,T ) → R temperatureWe 
onsider the problem (Puzθ)
− div(E(e(u)−z)+αθI+Le(u̇)) = ℓ momentum equilibrium equ.
∂Ψ(ż)+Mż−E(e(u)−z)+DzH1(z)+θDzH2(z)−ν∆z∋0 �ow rule
(θ)θ̇− div(κ(e(u), z , θ)∇θ)
= Le(u̇):e(u̇)+θ(αtr(e(u̇))+DzH2(z):ż)+Ψ(ż) + Mż :ż heat equ.u|∂Ω

= 0, ∇z ·η|∂Ω
= 0, κ∇θ·η|∂Ω

= 0 boundary 
ond.u(·, 0) = u0, z(·, 0) = z0, θ(·, 0) = θ0 initial 
ond.A. Petrov Graz, 20 April 2011 6 / 20



The Mathemati
al formulationThe problem 
an be rewritten in terms of enthalpy by employing theso-
alled enthalpy transformation (Puzθ)g(θ) = ϑ
def
=

∫ θ0 
(s)dsDe�nitions:
⊲ ζ(ϑ)
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= 0 otherwise
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The Mathemati
al formulation
⊲ The dissipation potential Ψ(z):

◮ ∃CΨ > 0∀γ ≥ 0 ∀z ∈ R
3×3dev : Ψ(γz) = γΨ(z) and 0 ≤ Ψ(z) ≤ CΨ|z |

◮ ∀z1, z2 ∈ R
3×3dev : Ψ(z1+z2) ≤ Ψ(z1) + Ψ(z2)

⊲ The hardening fun
tionals Hi , i = 1, 2:
◮ ∃
H1 ,CHizz > 0 ∀z ∈ R

3×3dev : H1(z) ≥ 
H1(|z |2−1) and |D2zHi (z)| ≤ CHizz
⊲ The elasti
 tensor E, L and M:

◮ ∃
E > 0 ∀z ∈ L2(Ω) : 
E‖z‖2L2(Ω) ≤
∫
Ω Ez :z dx and E(·),

∂Ei,j (·)
∂xk ∈ L∞(Ω)

◮ ∃
L,CL > 0 ∀z ∈ R
3×3sym : 
L|z |2 ≤ Lz :z ≤ CL|z |2

◮ ∃
M,CM > 0 ∀z ∈ R
3×3dev : 
M|z |2 ≤ Mz :z ≤ CM|z |2

⊲ The external loading ℓ ∈ H1(0,T ;L2(Ω))

⊲ The heat 
apa
ity 
 and the 
ondu
tivity κ
 :
◮ 
 : [0,∞) → [0,∞) is 
ontinuous
◮ β1 ≥ 2 ∃

 > 0 ∀θ ≥ 0 : 

(1+θ)β1−1 ≤ 
(θ)
◮ ∃
κ


,Cκ

> 0 : κ
(e, z , ϑ)v ·v ≥ 
κ


|v |2 and |κ
(e, z , ϑ)| ≤ Cκ
 .A. Petrov Graz, 20 April 2011 8 / 20
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Existen
e, uniqueness and regularity resultsThe momentum equilibrium equation and the �ow rule (Puz)Assumption: θ ∈ Lq(0,T ;Lp(Ω)), q = β1q̄, p ∈ ˆ4,min(β1p̄, 6)˜, q̄ > 4, p̄ = 2
− div(E(e(u)−z)+αθI+Le(u̇)) = ℓ, momentum equilibrium equ.
∂Ψ(ż)+Mż−E(e(u)−z)+DzH1(z)+θDzH2(z)−ν∆z∋0 �ow ruleu(·, 0) = u0 ∈ H1(Ω) and z(·, 0) = z0 ∈ H1(Ω) initial 
ond.u|∂Ω

= 0 and ∇z ·η|∂Ω
= 0 boundary 
ond.De�nitions:

⊲ ∀(u, v) ∈ (H1(Ω))2 : 〈Au, v〉(H1(Ω))′,H1(Ω)
def
=

∫
Ω νM

−1∇u:∇v dx
=⇒ A generates an analyti
 semigroup on L2(Ω), whi
h extends to aC0-semigroup of 
ontra
tions on Lp(Ω). We denote by Ap (resp. A p2 )the realization of its generator in Lp(Ω) (resp. Lp/2(Ω))

⊲ Xq,p(Ω)
def
= (Lp(Ω),D(Ap))1− 2q , q2 ∩ (Lp/2(Ω),D(A p2 ))1− 1q ,qA. Petrov Graz, 20 April 2011 10 / 20
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∂Ψ(ż)+Mż−E(e(u)−z)+DzH1(z)+θDzH2(z)−ν∆z∋0 �ow ruleu(·, 0) = u0 ∈ H1(Ω) and z(·, 0) = z0 ∈ H1(Ω) initial 
ond.u|∂Ω

= 0 and ∇z ·η|∂Ω
= 0 boundary 
ond.Theorem (Existen
e result for (Puz))There exists (u, z)∈H1(0,T ;H10(Ω)×L2(Ω))∩L∞(0,T ;H10(Ω)×H1(Ω)) asolution to (Puz). Moreover if z0 ∈ Xq,p(Ω) then ż ∈ Lq(0,T ;L2(Ω)) andz ∈ Lq(0,T ;H2(Ω)) ∩ C0([0,T ],Xq,p(Ω)).Idea of the proof: Use the Yosida approximation and 
lassi
al results forPDE and ODE.A. Petrov Graz, 20 April 2011 10 / 20



Existen
e, uniqueness and regularity resultsThe uniform 
onvexity of H1 ⇒ ∃h1 ∈ C2(R3×3dev ; R) su
h that
∃CH1 > 0∀z ∈ R

3×3dev : H1(z) def
= CH1 |z |2 + h1(z).Moreover we have

∃C h1 > 0∀z1, z2 ∈ R
3×3dev : |Dzh1(z1)−Dzh1(z2)| ≤ C h1 |z1−z2|.Proposition (Uniqueness result (Puz))The problem (Puz) admits a unique solution.Idea of the proof: The uniqueness result relies on a uniform 
onvexityargument inspired from Mielke&Theil2 
ombined with the Grönwall'slemma.2Mielke, Theil. Nonl. Di�. Eqns. Appl. (NoDEA), 2004.A. Petrov Graz, 20 April 2011 11 / 20



Existen
e, uniqueness and regularity resultsLemmaThe mapping ϑ 7→ (u, z) is 
ontinuous from Lq̄(0,T ;Lp̄(Ω)) intoH1(0,T ;H10(Ω)×L2(Ω))∩L∞(0,T ;H10(Ω)×H1(Ω)).Idea of the proof: On
e again the uniform 
onvexity and the Grönwall'slemma are used.
   A bounded set of Lq̄(0,T ;Lp̄(Ω)) by the mapping ϑ̃ 7→ θ 7→ (u, z) is abounded subset of H1(0,T ;H10(Ω)×L2(Ω)) ∩ L∞(0,T ;H10(Ω)×H1(Ω))AIM: Prove further regularity results for the solutions (u, z).Notations:
⊲ ∀r > 1 : Vr (Ω; R3) def

=
{u ∈ L2(Ω; R3) : ∇u ∈ Lr (Ω; R3×3)}

⊲ ∀r ≥ 2 : Vr0(Ω; R3) def
=

{u ∈ Vr (Ω; R3) : u|∂Ω
= 0}

⊲ ∀u ∈ Vr (Ω; R3) : ‖u‖Vr (Ω)
def
= ‖u‖L2(Ω) + ‖∇u‖Lr (Ω)Assumption: u0 ∈ Vp0(Ω; R3)A. Petrov Graz, 20 April 2011 12 / 20



Existen
e, uniqueness and regularity resultsLemma (Regularity results for u)We have e(u) belonging to W1,q(0,T ;Lp(Ω)) and θ 7→ e(u̇) is 
ontinuousfrom Lq̄(0,T ;Lp(Ω)) into Lq̄(0,T ;Lp(Ω)) and maps any bounded subsetof Lq(0,T ;Lp(Ω)) into a bounded subset of Lq(0,T ;Lp(Ω)).Idea of the proof: We interpret the momentum equilibrium equation in
(Puz) as an ODE for u in an appropriate Bana
h spa
e.Lemma (Regularity results for z)We have ż and ∆z belonging to Lq/2(0,T ;Lp(Ω)) andz ∈ C0([0,T ],Xq,p(Ω)) ∩ Lq(0,T ;H2(Ω)) and θ 7→ (ż ,∆z , z) maps anybounded subset of Lq(0,T ;Lp(Ω)) into a bounded subset of
(Lq/2(0,T ;Lp(Ω))∩Lq(0,T ;Lp/2(Ω)))2×(C0([0,T ];Xq,p(Ω))∩Lq(0,T ;H2(Ω))).Idea of the proof: We use here the embedding theorems and the maximalregularity results for paraboli
 systems3.3Hieber, Rehberg. SIAM J. Math. Anal., 2008.A. Petrov Graz, 20 April 2011 13 / 20



Existen
e, uniqueness and regularity resultsThe enthalpy equation (Pϑ)

ϑ̇− div(κ̃
∇ϑ) = f heat equ.
κ∇θ·η|∂Ω

= 0 boundary 
ond. ϑ(·, 0) = ϑ0 initial 
ond.Assumptions:
⊲ ϑ0 ∈ H1(Ω) and f ∈ L2(0,T ;L2(Ω))
⊲ ∃
κ
Cκ


> 0 ∀v ∈ R
3 : κ̃
 (x , t)v ·v ≥ 
κ


|v |2 and |κ̃
 (x , t)| ≤ Cκ
Theorem (Existen
e and uniqueness for (Pϑ))The problem (Pϑ) possesses ϑ ∈ C0([0,T ];L2(Ω)) ∩ L2(0,T ;H1(Ω)) a uniquesolution su
h that ϑ̇ ∈ L2(0,T ; (H1(Ω)′)) and
‖ϑ(τ)‖2L2(Ω) + 2
κ
 ∫ τ0 ‖∇ϑ(t)‖2L2(Ω)dt ≤ eτ

(
‖ϑ0‖2L2(Ω)+‖f ‖2L2(0,T ;L2(Ω))

).A. Petrov Graz, 20 April 2011 14 / 20



Existen
e, uniqueness and regularity resultsThe enthalpy equation (Pϑ)
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∇ϑ) = f heat equ.
κ∇θ·η|∂Ω

= 0 boundary 
ond. ϑ(·, 0) = ϑ0 initial 
ond.Assumptions:
⊲ ϑ0 ∈ H1(Ω) and f ∈ L2(0,T ;L2(Ω))
⊲ ∃
κ
Cκ


> 0 ∀v ∈ R
3 : κ̃
 (x , t)v ·v ≥ 
κ


|v |2 and |κ̃
 (x , t)| ≤ Cκ
Notations:
⊲ W

def
=

{
ϑ ∈ L2(0,T ;H1(Ω)) ∩ L∞(0,T ;L2(Ω)) : ϑ̇ ∈ L2(0,T ; (H1(Ω)′))

}

⊲ ∀ϑ ∈ W : ‖ϑ‖W
def
= ‖ϑ‖L2(0,T ;H1(Ω)) + ‖ϑ‖L∞(0,T ;L2(Ω)) + ‖ϑ̇‖L2(0,T ;(H1(Ω)′))

=⇒ W is 
ompa
tly embedded in Lq̄(0,T ;Lp̄(Ω))aaSimon. Ann. Mat. Pura Appli
., 1987.A. Petrov Graz, 20 April 2011 14 / 20
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Lo
al existen
e resultAIM: Existen
e result for the problem (Puzθ) by using �xed-point theoremProposition
φτ : ϑ̃ 7→ ϑ is 
ontinuous from Lq̄(0, τ ;Lp̄(Ω)) to Lq̄(0, τ ;Lp̄(Ω)).Idea of the proof: Use the regularity results of u and z .The image of the 
losed ball B̄Lq̄(0,τ ;Lp̄(Ω))(0,Rϑ) by φτ is relatively
ompa
t in Lq̄(0, τ ;Lp̄(Ω)) with ‖ϑ̃‖Lq̄(0,T ;Lp̄(Ω)) ≤ Rϑ.
=⇒ The problem (Puzϑ) possesses a lo
al solution (u, z , ϑ) on [0, τ ].Assumption: g(θ0(x)) = ϑ0(x) > 0 a.e. x ∈ ΩTheorem (Lo
al existen
e result)The problem (Puzθ) admits a solution on [0, τ ], τ ∈ (0,T ].Idea of the proof: Use the Stampa

hia's trun
ation method.A. Petrov Graz, 20 April 2011 16 / 20
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Global existen
e resultProposition (Global energy estimate)For any solution (u, z , ϑ) of problem (Puzθ) de�ned on [0, τ ], τ ∈ (0,T ]:
∃C̃ > 0 ∀τ̃ ∈ [0, τ ] : ‖u(·, τ̃ )‖2H1(Ω) + ‖z(·, τ̃ )‖2H1(Ω) + ‖ϑ(·, τ̃ )‖L1(Ω) ≤ C̃ .Idea of the proof: Use the Grönwall's lemma.Let us de�ne

τ̄
def
= sup{τ ∈ (0,T ] : φτ admits a �xed point in B̄Lq̄(0,τ ;L2(Ω))(0, R̄ϑ)

}
.By a 
ontradi
tion argument τ̄ = T =⇒ the problem (Puzθ) admits aglobal solution.Theorem (Global existen
e result)The problem (Puzθ) admits a global solution (u, z , θ) su
h thatu ∈ W1,q(0,T ;Vp0(Ω)), z ∈ L∞(0,T ;H1(Ω) ∩ Xq,p(Ω)) ∩ H1(0,T ;L2(Ω)),ż , ∆z ∈ Lq/2(0,T ;Lp(Ω)) ∩ Lq(0,T ;Lp/2(Ω)) and θ ∈ W.A. Petrov Graz, 20 April 2011 18 / 20
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