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Shape-Memory Alloys are used today in real life:

WHY? Because their have the following properties:

> shape memory under heating and cooling
> superelastic properties under mechanical loading

> hysteretic behavior for damping of vibrations

AIM: Find good mathematical models (analysis and numerics)
— Souza-Auricchio model for shape-memory alloys®

'Souza, Mamiya, Zouain. Europ. J. Mech., A/Solids, 1998.
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4";}‘ The Mathematical formulation

State variables Applied field
u:Qx(0, T) — R* displacement 0:Qx(0, T) — R? mech. load.
z:Qx(0,T) — R3S phase indicator

0:Q0x(0,T) — R temperature

We consider the problem (Py,)

—div(E(e(u)—z)+abl+Le(u)) = momentum equilibrium equ.
oV(z)+Mz—E(e(u)—z)+D,Hi(z )+9D Hy(z)—vAz30 flow rule
c(0)0— div(k(e(v), z,0)V0)

= Le(u):e(i)+0(atr(e(id))+D Ha(z):2)+WV(2) + Mz:z heat equ.
U,, =0, Vzu,, =0 kVOn,, =0 boundary cond.
u(-,0) =1 z(-,0)=2% 6(,0)=06° initial cond.
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4";}‘ The Mathematical formulation

The problem can be rewritten in terms of enthalpy by employing the
so-called enthalpy transformation (Pyzp)

0
g0)="29 d:d/o c(s)ds

Definitions:

> C(9) = g (W) if 9 >0 and (V) = 0 otherwise

> k(e(v), z,9) & 7“(6(;;)(7(219’%(19))
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4";}‘ The Mathematical formulation

The problem can be rewritten in terms of enthalpy by employing the
so-called enthalpy transformation (Pyzp)

0
g0)="29 d:f/ c(s)ds
0
Definitions:
> C(9) = g (W) if 9 >0 and (V) = 0 otherwise

> kS (e(u), z,0) = HELELD)

—div(E(e(u)—z)+al(9)I+Le(u)) = ¢ momentum equilibrium equ.
oV (z)+Mz—E(e(u)—z)+D,Hi(z)+((9)D,Ha(z)—vAz>0  flow rule
— div(k€(e(u), z,0)VV)

= Le(d):e(d)+C(0)(atr(e(d))+D,Ha(2):2)+V(z) + Mz:z  heat equ.
Uyo =0, Vzun =0 kVin, =0 boundary cond.
u(-,0) =1u® z(-,0)=2% I(-,0)=6° initial cond.
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4":}‘ The Mathematical formulation

> The dissipation potential W(z):
» ACY >0y >0Vz e R>X3 . v

dev

> V21,20 € R3X3: U(z42) <V

dev

vz) =V(z) and 0 < V(z) < CYz|

)
> The hardening functionals H;, i =1,
» IcH CH > 0vz e R3X3: Hy(z) > ™ (|z)>~1) and |D2H;(z)| < CH:

dev

> The elastic tensor [E, I and M:

> 3B > 0¥z € 12(Q) : ¢B[|2]|2aq) < JoEzizdx and E(), 2l e 1(Q)
» I, Ch>0vVz e RIS Mz)? <Lziz < Chzf?

» AM M > 0Vz e RX3: Mz)2 < Mziz < CM|z)?
> The external loading ¢/ € H!(0, T; 1L2(Q))
> The heat capacity ¢ and the conductivity x°:

» c:[0,00) — [0,00) is continuous
> B >23cC>0V0>0: cf(140)%1 < c(6)
» 3¢, C" >0 ke, z,9)v-v > ¢ |v]? and |kS(e,z,0)| < C*°.
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4";}‘ Existence, uniqueness and regularity results

The momentum equilibrium equation and the flow rule (P,,)

Assumption: 0 € L9(0, T;LP(Q)), g = 13, p € [4. min(3:15.6)], G >4, p=2

—div( (e ( )—z)+abl+Le(i)) = ¢, momentum equilibrium equ.
oV(z)+Mz—E(e(u)—z)+D,Hi(z)+6D, H2( )—vAz>0 flow rule
u(-,0)=u® ¢ HY(Q) and z(-,0) =z € HY(Q) initial cond.
U,, =0 and  Vzuy,, =0 boundary cond.
Definitions:

> V(u,v) € (HY(Q)? : (Au,v)m )y m@ o JovM IV u:Vvdx
— A generates an analytic semigroup on [.2(Q), which extends to a
C%-semigroup of contractions on LP(2). We denote by A, (resp. .Ag)

the realization of its generator in LP(Q) (resp. LP/?(Q))
> Xop(Q) £ (1(Q), D)), 2 ¢ 1 (1P2(Q), D(A)), 1,

A. Petrov Graz, 20 April 2011 10 / 20



4";}‘ Existence, uniqueness and regularity results

The momentum equilibrium equation and the flow rule (P,,)

Assumption: 0 € L9(0, T;LP(Q)), g = 13, p € [4. min(3:15.6)], G >4, p=2

—div( (e ( )—z)+abl+Le(i)) = ¢, momentum equilibrium equ.
oV(z)+Mz—E(e(u)—z)+D,Hi(z)+6D, H2( )—vAz>0 flow rule
u(-,0)=u® ¢ HY(Q) and z(-,0) =z € HY(Q) initial cond.
U,, =0 and  Vzuy,, =0 boundary cond.

Theorem (Existence result for (Py;,))

There exists (u, z)€eH(0, T; H} (Q)xL2(Q))NL>(0, T; H(Q)xH(Q)) a
solution to (Py;). Moreover if z° € X, ,(Q) then z € L9(0, T;1.>(Q)) and
z € L9(0, T; H2(Q)) N CO([0, T], X4.,()).

Idea of the proof: Use the Yosida approximation and classical results for
PDE and ODE.

A. Petrov Graz, 20 April 2011 10 / 20
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The uniform convexity of H; = 3h; € C?(R3*% R) such that

dev '

ICH > 0vz e R332 . Hy(2) = CM 22 + by (2).

dev

Moreover we have

HChl > OVzl,zz S R3X3 . |Dzh1(21)—Dz/71(22)| S Ch1|21—22|.

dev

Proposition (Uniqueness result (Py;))
The problem (Py;) admits a unique solution.
Idea of the proof: The uniqueness result relies on a uniform convexity

argument inspired from Mielke& Theil> combined with the Gronwall’s
lemma.

>Mielke, Theil. Nonl. Diff. Eqns. Appl. (NoDEA), 2004.
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4";}‘ Existence, uniqueness and regularity results

Lemma

The mapping ) +— (u, z) is continuous from 1.9(0, T;: LP(Q)) into
H(0, T; H}(Q)xL2(Q))NL>(0, T; Hy () xHY(Q)).

Idea of the proof: Once again the uniform convexity and the Grénwall's
lemma are used.

~» A bounded set of LI(0, 7;L7(Q)) by the mapping 90— (u,z) is a
bounded subset of H!(0, T; H}(Q)xL2(Q)) N L>°(0, T; HY(Q)x H(Q))
AIM: Prove further regularity results for the solutions (u, z).

Notations:

>Vr>1: VI(QR?Y) = {uec L2(QR3): Vue L(QR>?))

> Vr>2: VH(QRY) E {ue VI(QR?): u,, =0}

> Vu e VI(QRY) : lullyr(e) <

Ullrz) + IVullir @)

Assumption: 1° € V{(Q; R?)

A. Petrov Graz, 20 April 2011 12 / 20



4";}‘ Existence, uniqueness and regularity results

Lemma (Regularity results for u)

We have e(u) belonging to W19(0, T;1.P(Q)) and 6 +— e(i) is continuous
from 1L9(0, T; LP(Q)) into L9(0, T;LP(2)) and maps any bounded subset
of L9(0, T;LP(Q2)) into a bounded subset of L9(0, T;LP(Q2)).

Idea of the proof: We interpret the momentum equilibrium equation in
(Pyz) as an ODE for v in an appropriate Banach space.

Lemma (Regularity results for z)

We have > and Az belonging to 1.9/2(0, T;1.°(Q)) and

z € C([0, T],X4.5(Q)) NLI(0, T;H*(Q)) and 0 — (2, Az, z) maps any
bounded subset of L.9(0, T;1.P(Q2)) into a bounded subset of

(L9/2(0, T; LP(Q))NL9(0, T; LP/2(Q)))2 x(C°([0, T]; Xq.,(Q))NLI(0, T; H2(Q))).

Idea of the proof: We use here the embedding theorems and the maximal

regularity results for parabolic systems?.

3Hieber, Rehberg. SIAM J. Math. Anal., 2008.
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The enthalpy equation (Py)

J—div(F°VI) = f  heat equ.
kVO-n,, =0 boundary cond.  ¥(-,0) =¥° initial cond.

Assumptions:
> 90 € HY(Q) and f € 1.2(0, T;1.2(Q))
> 3" C >0 Vv e R?: RE(x, t)v-v > ¢ |v[? and [R(x, t)] < C*°

Theorem (Existence and uniqueness for (Py))

The problem (Py) possesses 9 € C°([0, T|; L2(2)) N L?(0, T; H'(2)) a unique
solution such that 9 € 1.2(0, T; (HY(Q)')) and

1972y +2¢™ o IVI(E)1F 20y dt < ™ (19°1F 2y + I FIIF 20,7122 -

A. Petrov Graz, 20 April 2011 14 / 20
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The enthalpy equation (Py)

O—div(R€VY) = f  heat equ.
kVO-n,, =0 boundary cond.  ¥(-,0) =¥° initial cond.

Assumptions:
> 90 € HY(Q) and f € L2(0, T; L?(Q))
> I CH > 0Vv e R3: BE(x, t)v-v > c™|v|? and [R(x, t)| < C*°

Notations:

> W {9 € L2(0, T;HY(Q)) NL=(0, T;12(Q)) : o € L2(0, T: (H(Q)'))}

>V EeW : |[0llw = [19]li20, 1@ + 191l (o, 7ir2()) + 19llt2(0, 7512 2)))

= WV is compactly embedded in 1.9(0, T; L.P(Q2))2

“Simon. Ann. Mat. Pura Applic., 1987.
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4";}‘ Local existence result

AIM: Existence result for the problem (Py0) by using fixed-point theorem
Proposition

¢, U — ¥ is continuous from L3(0,7; LP(Q)) to LI(0, 7; LP()).

Idea of the proof: Use the regularity results of v and z.

The image of the closed ball BL?J(Oﬂ—;Lﬁ(Q))(O, R") by ¢, is relatively
compact in LI(0,7; L?(Q)) with Hﬁ”{ﬁ(o;";{jz(Q)) < RY.

= The problem (Pyzy9) possesses a local solution (u, z,1)) on [0, 7].

Assumption: g(0°(x)) = ¥%(x) >0 ae. x€Q

Theorem (Local existence result)

The problem (Py,9) admits a solution on [0, 7], 7 € (0, T].

Idea of the proof: Use the Stampacchia’s truncation method.
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4";}‘ Global existence result

Proposition (Global energy estimate)

For any solution (u,z,1)) of problem (Pyz9) defined on [0, 7], 7 (0, T]:
3C> 07 € 0,71 1u(, ) By + 1265 P) gy + 19 Dllrgay < C.

Idea of the proof: Use the Gronwall's lemma.
Let us define

7 sup{7 € (0, T]: ¢- admits a fixed point in BL:’;(Oﬂ_;LQ(Q))(O, f_?ﬂ)}.
By a contradiction argument 7 = T == the problem (P,,p) admits a
global solution.
Theorem (Global existence result)

The problem (Py,9) admits a global solution (u,z,0) such that
ue WH9(0, T; VB(Q)), z € L>°(0, T; H}(Q) N X4.,(2)) N HY(0, T;L2(Q)),
z,Az € L9/2(0, T; LP(Q)) N LI(0, T; LP/2(Q)) and 6 € W.
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