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I - Des
ription of the problemThe mi
ropolar �uid model aims to des
ribe �uids 
onsisting in randomly oriented (orspheri
al) parti
les suspended in a vis
ous medium, when the deformation of the parti
le isignored.Referen
es:A.C.Eringen, Theory of mi
ropolar �uids, J. Math. Me
h. (1966)G.Lukaszewi
z, Mi
ropolar �uids. Theory and Appli
ations, Birkhäuser (1999).Experimental studies have showned that this model better represents the behaviour of numer-ous �uids (eg blood or industrial �uids su
h as polymers, liquid 
rystals) espe
ially when the
hara
teristi
 dimension of the �ow be
omes small.



The unknowns of the problem are

• u = (u1, u2, u3) velo
ity �eld

• p pressure �eld

• ω = (ω1, ω2, ω3) mi
ro-rotation �eldand the equilibrium of momentum, mass and moment of momentum are given by

ut − (ν + νr)∆u + (u · ∇)u + ∇p = 2νrrotω + f
div(u) = 0
ωt − α∆ω − β∇divω + (u · ∇)ω + 4νrω = 2νrrotu + g

ν is the usual Newtonian vis
osity and νr is the mi
ro-rotation vis
osity.
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We 
onsider a lubri
ation problem, i.e. a �ow in a in�nite journal bearing with small gap.After re
ti�
ation the �uid domain is

Ωε × (−∞,+∞), Ωε =
{
(z1, z2) ∈ R

2; 0 < z1 < L, 0 < z2 < εhε(z1)
}

with hε L-periodi
 with respe
t to z1.We assume that the external ex
itation �elds and the �ow do not depend on z3. Thus

u =
(
u1(t, z), u2(t, z), 0

), ω =
(
0, 0, ω3(t, z)

), f =
(
f1(t, z), f2(t, z), 0

), g =
(
0, 0, g3(t, z)

)and

uεt − (ν + νr)∆u
ε + (uε · ∇)uε + ∇pε = 2νrrotωε + f ε

div(uε) = 0
ωεt − α∆ωε + (uε · ∇)ωε + 4νrω

ε = 2νrrotuε + gεwith uε =
(
uε1(t, z), u

ε
2(t, z)

), ωε = ωε3(t, z) and
rotuε =

∂uε2
∂z1

−
∂uε1
∂z2

, rotωε =

(
∂ωε

∂z2
,−
∂ωε

∂z1

)
.



The boundary and initial 
onditions are given by

uε, ωε, pε are L-periodi
 with respe
t to z1

uε ·nε = 0, τ ε ·σ(uε, pε) ·nε = 0, ωε = 0 on (0, T )×Γε1, Γε1 =
{(
z1, εh

ε(z1)
)
; 0 < z1 < L

}

uε =
(
U0(t), 0

)
, ωε = W0(t) on (0, T ) × Γ0, Γ0 = (0, L) × {0}

uε(z, 0) = uε0(z), ω
ε(z, 0) = ωε0(z) for z ∈ Ωε

where τ ε and nε are respe
tively the tangential and the normal 
omponents of the unit outwardnormal to the boundary and σ(uε, pε) = (σij(u
ε, pε))1≤i,j≤2 is the Cau
hy stress tensor givenby

σij(u
ε, pε) = −pεδij + (ν + νr)

(
∂uεi
∂zj

+
∂uεj
∂zi

)

︸ ︷︷ ︸
=Dij(u)

.



II - Existen
e and uniqueness of a solution for any ε > 0As a �rst step we de�ne an extension of U0 and W0 in order to get homogeneous boundary
onditions.Let U ε = U ε(t, z2) and W ε = W ε(t, z2) be smooth fun
tions su
h that
U ε(t, 0) = U0(t), U

ε(t, εhε(z1)) = 0,
∂U ε

∂z2
(t, εhε(z1)) = 0, (t, z1) ∈ (0, T ) × (0, L),

W ε(t, 0) = W0(t), W
ε(t, εhε(z1)) = 0, (t, z1) ∈ (0, T ) × (0, L).Then we de�ne

vε(t, z) = uε(t, z) − U ε(t, z2)e1, Z
ε(t, z) = ωε(t, z) −W ε(t, z2) in (0, T ) × Ωεand

vε0(z) = uε0(z) − U ε(0, z2)e1, Z
ε
0(z) = ωε0(z) −W ε(0, z2) in Ωε.We may observe that σ(uε, pε) = σ(vε, pε) on (0, T ) × Γε1.



We 
onsider the following fun
tional framework for the velo
ities
Ṽ ε =

{
v ∈ C∞(Ωε)2 : v is L − periodic in z1, v|Γ0

= 0, v · n|Γε1
= 0

}

Hε = closure of Ṽ ε in L2(Ωε) × L2(Ωε),

V ε = closure of Ṽ ε in H1(Ωε) ×H1(Ωε), V ε
div =

{
v ∈ V ε : div v = 0, in Ωε

}

and for the mi
ro-rotations and the pressure
H̃1

ε
=

{
Z ∈ C∞(Ωε) : Z is L − periodic in z1, Z = 0 on Γ0 ∪ Γε1

}

H0,ε = closure of H̃1
ε

in L2(Ωε), H1,ε = closure of H̃1
ε

in H1(Ωε),

L2
0(Ω

ε) =

{
q ∈ L2(Ωε) :

∫

Ωε
q(z)dz = 0

}
.



For all v̄ = (v, Z), ū = (u, w) and Θ = (ϕ, ψ) in V ε ×H1,ε, we de�ne
a(v̄,Θ) = (ν + νr)

(
D(v), D(ϕ)

)
+ α(∇Z,∇ψ),

R(v̄,Θ) = −2νr(rotZ, ϕ) − 2νr(rot v, ψ) + 4νr(Z, ψ),

B(v̄, ū,Θ) = b(v, u, ϕ) + b1(v, w, ψ) =
2∑

i,j=1

∫

Ωε
vi
∂uj
∂zi

ϕjdz +
2∑

i=1

∫

Ωε
vi
∂w

∂zi
ψdz

and for all v̄ = (v, Z) and Θ = (ϕ, ψ) in Hε ×H0,ε,
[v̄,Θ] = (v, ϕ) + (Z, ψ).



The variational formulation of the problem is given byProblem (P ε) Find (vε, Zε, pε) su
h that

v̄ε = (vε, Zε) ∈ C([0, T ];Hε) ∩ L2(0, T ;V ε
div) × C([0, T ];H0,ε) ∩ L2(0, T ;H1,ε),

pε ∈ H−1(0, T ;L2
0(Ω

ε)),and

[
∂v̄ε

∂t
(t),Θ] + a(v̄ε(t),Θ) +B(v̄ε(t), v̄ε(t),Θ) + R(v̄ε(t),Θ)

= (pε(t) , divϕ) + (F(v̄ε(t)),Θ), ∀Θ = (ϕ, ψ) ∈ V ε ×H1,εwith the initial 
ondition

v̄ε(z, 0) = v̄ε0(z) = (vε0(z), Z
ε
0(z)),where

(F(v̄ε(t)),Θ) = −a(ξ̄ε(t),Θ) − B(ξ̄ε(t), v̄ε(t),Θ) −B(v̄ε(t), ξ̄ε(t),Θ) −R(ξ̄ε(t),Θ)

−[
∂ξ̄ε

∂t
(t),Θ] + [f̄ ε(t),Θ], ξ̄ε = (U εe1,W

ε) f̄ ε = (f ε, gε).



Theorem Let f ε ∈ (L2((0, T ) × Ωε))2, gε ∈ L2((0, T ) × Ωε), and (vε0 , Z
ε
0) ∈ Hε ×H0,ε.Then the problem (P ε) admits an unique solution.Sket
h of the proofExisten
e is proved by using the same ideas as in J.L.Lions (1978) i.e. the 
ondition�div(vε) = 0� is 
onsidered as a 
onstraint. Hen
e we introdu
e the penalized problem

[
∂v̄εδ
∂t
,Θ] + a(v̄εδ,Θ) +B(v̄εδ, v̄

ε
δ,Θ) −

1

2

{
(vεδdiv vεδ , ϕ} + (Zε

δdiv vεδ , ψ)
}

=
(
−

1

δ
divvεδ , divϕ

)
+ (F(v̄εδ),Θ) −R(v̄εδ,Θ) ∀Θ = (ϕ, ψ) ∈ V ε ×H1,ε,

with the initial 
ondition v̄εδ(0) = v̄ε0 and we pass to the limit as δ tends to 0.
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(
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1
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divvεδ︸ ︷︷ ︸
=pεδ

, divϕ
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+ (F(v̄εδ),Θ) −R(v̄εδ,Θ) ∀Θ = (ϕ, ψ) ∈ V ε ×H1,ε,

with the initial 
ondition v̄εδ(0) = v̄ε0 and we pass to the limit as δ tends to 0.Uniqueness and 
ontinuity with respe
t to time are obtained as in G.Lukaszewi
z(2001)Referen
es:J.L.Lions, Some problems 
onne
ted with Navier-Stokes equations, Le
tures at the IVthlatin-ameri
an s
hool of mathemati
s, 1978.G.Lukaszewi
z, Long time behaviour of 2D mi
ropolar �uid �ows, Math. Comp. Modelling,2001.



III - Res
aling and a priori estimatesWe assume now some roughness of the outer 
ylinder i.e. hε(z1) = h
(
z1,

z1

ε

) with
h : (z1, η1) 7→ h(z1, η1) is L-periodi
 in z1 and 1-periodi
 in η1,

L

ε
∈ N.

We assume also that h ∈ C1
(
[0, L] × [0, 1]

), ∂h
∂η1

is 1-periodi
 in η1 and we de�ne

0 < hm = min
[0,L]×[0,1]

h(z1, η1) < max
[0,L]×[0,1]

h(z1, η1) = hM .

We res
ale the problem:Let x1 = z1, x2 =
z2

ε

and
Ωε =

{
x = (x1, x2) ∈ R

2 : 0 < x1 < L, 0 < x2 < hε(x1) = h(x1,
x1

ε
)
}
.
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[0,L]×[0,1]

h(z1, η1) < max
[0,L]×[0,1]

h(z1, η1) = hM .

We res
ale the problem in two steps:
• x1 = z1, x2 =

z2

ε

, Ωε =
{
x = (x1, x2) ∈ R

2 : 0 < x1 < L, 0 < x2 < hε(x1) = h(x1,
x1

ε
)
},

• y1 = x1 = z1, y2 =
x2

hε(x1)
=

z2

εhε(z1)

, Ω = (0, L) × (0, 1).



We have

vε(t, z1, z2) = vε(t, y1, εh
ε(y1)y2) ∀(t, z) ∈ (0, T ) × Ωε

:= vε(t, y1, y2) ∀(t, y) ∈ (0, T ) × Ω,and similarly (with some la
k of 
onsisten
y in the notations)
Zε(t, z) := Zε(t, y), pε(t, z) := pε(t, y).

We get

∂

∂z2
=

1

εh

∂

∂y2
,

∂

∂z1
=

∂

∂y1

∂y1

∂z1
+

∂

∂y2

∂y2

∂z1
=

∂

∂y1
+

(
−

y2

hε(y1)

∂hε

∂y1

)
∂

∂y2

=

(
1,−

y2

hε(y1)

∂hε

∂y1

)



∂
∂y1

∂
∂y2


 = bε · ∇



We 
hoose

U ε(t, z2) = U
(z2

ε

)
U0(t) = U (x2)U0(t), W ε(t, z2) = W

(z2

ε

)
W0(t) = W (x2)W0(t)with U,W ∈ D(−∞, hm) and we assume that

f ε(t, z) = f(t, y1), gε(t, z) = g(t, y1) ∀(t, z) ∈ (0, T ) × Ωεwith (f, g) ∈
(
L2

(
(0, T ) × Ω

))2
× L2

(
(0, T ) × Ω

).Proposition There exists a 
onstant C > 0 whi
h does not depends on ε, su
h that, for

0 ≤ i ≤ 2, we have the following estimates
‖(εbε · ∇v

ε
i )‖L2((0,T )×Ω) ≤ C, ‖(εbε · ∇Z

ε)‖L2((0,T )×Ω) ≤ C,

‖
∂vεi
∂y2

‖L2((0,T )×Ω) ≤ C, ‖
∂Zε

∂y2
‖L2((0,T )×Ω) ≤ C,

‖
∂vεi
∂y1

‖L2((0,T )×Ω) ≤
C

ε
, ‖

∂Zε

∂y1
‖L2((0,T )×Ω) ≤

C

ε
,

‖vεi‖L2((0,T )×Ω) ≤ C, ‖Zε‖L2((0,T )×Ω) ≤ C, ε2‖pε‖H−1(0,T ;L2(Ω)) ≤ C.



Sket
h of the proofWith Θ = v̄ε(t) we get:

[
∂v̄ε

∂t
(t), v̄ε] + a(v̄ε(t), v̄ε) +B(v̄ε(t), v̄ε(t), v̄ε)︸ ︷︷ ︸

=0

+R(v̄ε(t), v̄ε)

= (pε(t) , divvε)︸ ︷︷ ︸
=0

−a(ξ̄ε(t), v̄ε) −B(ξ̄ε(t), v̄ε(t), v̄ε)︸ ︷︷ ︸
=0

−B(v̄ε(t), ξ̄ε(t), v̄ε)

−R(ξ̄ε(t), v̄ε) − [
∂ξ̄ε

∂t
(t), v̄ε] + [f̄ ε(t), v̄ε], ξ̄ε = (U εe1,W

ε) f̄ ε = (f ε, gε)

We rewrite all these integrals by using the res
aled variables (y1, y2), we play with Young'sinequality and we use Grönwall's lemma.



IV - Two s
ale 
onvergen
e propertiesWe introdu
e the following notations: Y = [0, 1]2,

C∞
♯ (Y ) =

{
ϕ ∈ C∞(R2) s.t. ϕ is Y -periodi
},

L2
♯(Y ) = closure of C∞

♯ (Y ) in L2(Y ), H1
♯ (Y ) = closure of C∞

♯ (Y ) in H1(Y ).De�nition A sequen
e (wε)ε>0 of L2
(
(0, T ) × Ω

) (resp. H−1
(
0, T ;L2(Ω)

)) two-s
ale
onverges to w0 ∈ L2
(
0, T ;L2(Ω × Y )

) (resp. w0 ∈ H−1
(
0, T ;L2(Ω × Y )

)) if and only if

lim
ε→0

∫ T

0

∫

Ω

wε(t, y)ϕ
(
y,
y

ε

)
θ(t) dydt =

∫ T

0

∫

Ω×Y

w0(t, y, η)ϕ(y, η)θ(t) dηdydt

for all θ ∈ D(0, T ), for all ϕ ∈ D
(
Ω; C∞

♯ (Y )
). In su
h a 
ase we will denote wε →→ w0.
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Theorem Let (wε)ε>0 be a bounded sequen
e of L2
(
(0, T )×Ω

) (resp. of H−1
(
(0, T )×Ω

)).There exists w0 ∈ L2
(
0, T ;L2(Ω × Y )

) (resp. w0 ∈ H−1
(
0, T ;L2(Ω × Y )

)) su
h that,possibly extra
ting a subsequen
e still denoted (wε)ε>0, we have
wε →→ w0.

Sket
h of the proofWe adapt the proof of G.Allaire (1992) to our time-dependent setting.Referen
e:G.Allaire, Homogenization and two-s
ale 
onvergen
e, SIAM J. Math. Anal. (1992).
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Proposition (Two-s
ale limit of the velo
ity) There exist v0 ∈
(
L2

(
0, T ;L2(Ω;H1

♯ (Y ))
))2

su
h that ∂v0

∂y2
∈

(
L2

(
0, T ;L2(Ω×Y )

))2 and v1 ∈
(
L2

(
0, T ;L2

(
Ω× (0, 1);H1

♯ (0, 1)/R)
))2su
h that, for i = 1, 2:

vεi →→ v0
i ,

∂vεi
∂y2

→→
∂v0

i

∂y2
+
∂v1

i

∂η2
,and

ε
∂vεi
∂y1

→→
∂v0

i

∂η1
.Furthermore v0 does not depend on η2, v0 is divergen
e free in the following sense

h(y1, η1)
∂v0

1

∂η1
− y2

∂h

∂η1
(y1, η1)

∂v0
1

∂y2
+
∂v0

2

∂y2
= 0 in Ω × (0, 1) × (0, T ),and

v0 = 0 on Γ0 × (0, 1) × (0, T ), Γ0 = (0, L) × {0},

−v0
1

∂h

∂η1
(y1, η1) + v0

2 = 0 on Γ1 × (0, 1) × (0, T ), Γ1 = (0, L) × {1}.



Sket
h of the proofLet v0
i , ξ0

i and ξ1
i be the two-s
ale limits of (vεi )ε>0, (

∂vεi
∂y2

)

ε>0

and (
ε
∂vεi
∂y1

)

ε>0

respe
tively.We have

lim
ε→0

∫ T

0

∫

Ω

ε
∂vεi
∂y1

(t, y)ϕ
(
y,
y

ε

)
θ(t) dydt =

∫ T

0

∫

Ω×Y

ξ1
i (t, y, η)ϕ(y, η)θ(t) dηdydt

= − lim
ε→0

∫ T

0

∫

Ω

vεi (t, y)

(
ε
∂ϕ

∂y1

(
y,
y

ε

)
+
∂ϕ

∂η1

(
y,
y

ε

))
θ(t) dydt

= −

∫ T

0

∫

Ω×Y

v0
i (t, y, η)

∂ϕ

∂η1
(y, η)θ(t) dηdydt =

∫ T

0

∫

Ω×Y

∂v0
i

∂η1
(t, y, η)ϕ(y, η)θ(t) dηdydtfor all θ ∈ D(0, T ), ϕ ∈ D

(
Ω; C∞

♯ (Y )
). Hen
e

ξ1
i =

∂v0
i

∂η1
∈ L2

(
0, T ;L2(Ω × Y )

)
.



Similarly, we have

lim
ε→0

∫ T

0

∫

Ω

∂vεi
∂y2

(t, y)ϕ
(
y,
y

ε

)
θ(t) dydt =

∫ T

0

∫

Ω×Y

ξ0
i (t, y, η)ϕ(y, η)θ(t) dηdydt

= − lim
ε→0

∫ T

0

∫

Ω

vεi (t, y)

(
∂ϕ

∂y2

(
y,
y

ε

)
+

1

ε

∂ϕ

∂η2

(
y,
y

ε

))
θ(t) dydt.We multiply by ε:

lim
ε→0

∫ T

0

∫

Ω

vεi (t, y)
∂ϕ

∂η2

(
y,
y

ε

)
θ(t) dydt = 0 =

∫ T

0

∫

Ω×Y

v0
i (t, y, η)

∂ϕ

∂η2
(y, η)θ(t) dηdydt

and thus v0
i does not depend on η2. Now we go ba
k to the previous 
omputation and we
hoose ϕ ∈ D(Ω):

∫ T

0

∫

Ω×(0,1)

∂v0
i

∂η1
(t, y, η1)ϕ(y)θ(t) dη1dydt = 0 =

∫ T

0

∫

Ω

(
v0
i (t, y, 1) − v0

i (t, y, 0)
)
ϕ(y)θ(t) dydt

and v0
i ∈ L2

(
0, T ;L2(Ω;H1

♯ (Y ))
).



Next by 
hoosing ϕ ∈ D
(
Ω; C∞

♯ (0, 1)
):

lim
ε→0

∫ T

0

∫

Ω

vεi (t, y)
∂ϕ

∂y2

(
y,
y1

ε

)
θ(t) dydt =

∫ T

0

∫

Ω×Y

v0
i (t, y, η1)

∂ϕ

∂y2
(y, η1)θ(t) dηdydt

= −

∫ T

0

∫

Ω×Y

ξ0
i (t, y, η)ϕ(y, η1)θ(t) dηdydt.It follows that there exists v1

i ∈ L2
(
0, T ;L2

(
Ω × (0, 1);H1

♯ (0, 1)|R
)) su
h that

∂vεi
∂y2

→→ ξ0
i =

∂v0
i

∂y2
+
∂v1

i

∂η2
.



Proposition (Two-s
ale limit of the mi
ro-rotation) There exist Z0 ∈ L2
(
0, T ;L2(Ω;H1

♯ (Ysu
h that ∂Z0

∂y2
∈ L2

(
0, T ;L2(Ω × Y )

) and Z1 ∈ L2
(
0, T ;L2

(
Ω × (0, 1);H1

♯ (0, 1)/R
)) su
hthat

Zε →→ Z0,
∂Zε

∂y2
→→

∂Z0

∂y2
+
∂Z1

∂η2
,and

ε
∂Zε

∂y1
→→

∂Z0

∂η1
.Furthermore Z0 does not depend on η2, and Z0 ≡ 0 on (Γ0 ∪ Γ1) × (0, 1) × (0, T ).Proposition (Two-s
ale limit of the pressure) There exists p0 ∈ H−1

(
0, T ;L2(Ω×Y )

)su
h that, possibly extra
ting a subsequen
e still denoted (pε)ε>0, we have

ε2pε →→ p0.

Moreover p0 depends only on t and y1 and ∫ L

0

p0(t, y1)

(∫ 1

0

h(y1, η1) dη1

)
dy1 = 0 almosteverywhere in (0, T ).



V - The limit problemIt is 
onvenient to de�ne

Ṽ =
{
ϕ ∈

(
C∞(Ω; C∞

♯ (0, 1)
))2

; ϕ is L-periodi
 in y1, ϕ = 0 on Γ0 × (0, 1),
−ϕ1

∂h

∂η1
+ ϕ2 = 0 on Γ1 × (0, 1)

}

Ṽdiv =

{
ϕ ∈ Ṽ ; h

∂ϕ1

∂η1
− y2

∂h

∂η1

∂ϕ1

∂y2
+
∂ϕ2

∂y2
= 0 in Ω × (0, 1)

}

H̃1 =
{
ψ ∈ C∞(Ω; C∞

♯ (0, 1)
)
; ψ is L-periodi
 in y1, ψ = 0 on (Γ0 ∪ Γ1) × (0, 1)

}
,

Vdiv = 
losure of Ṽdiv in (
L2
♯

(
[0, L];H1

(
0, 1;H1

♯ (0, 1)
)))2,

H1
0♯ = 
losure of H̃1 in (

L2
♯

(
[0, L];H1(Ω;H1

♯ (0, 1)
)))2.



Let us re
all that

bε · ∇ =

(
1,−

y2

hε(y1)

∂hε

∂y1
(y1)

)



∂

∂y1

∂

∂y2




With the previous 
onvergen
e results, we get
εbε · ∇v

ε
i = ε

∂vεi
∂y1

(y) −
y2

h
(
y1,

y1
ε

)
(
ε
∂h

∂y1

(
y1,

y1

ε

)
+
∂h

∂η1

(
y1,

y1

ε

))
∂vεi
∂y2

(y)

→→
∂v0

i

∂η1
(y, η1) −

y2

h(y1, η1)

∂h

∂η1
(y1, η1)

(
∂v0

i

∂y2
(y, η1) +

∂v1
i

∂η2
(y, η)

)
= b̄ · ∇v0

i −
y2

h

∂h

∂η1

∂v1
i

∂η2for i = 1, 2 and

bε · ∇Z
ε →→ b̄ · ∇Z0 −

y2

h

∂h

∂η1

∂Z1

∂η2



where b̄ · ∇ is the di�erential operator de�ned by

b̄ · ∇ =

(
1,−

y2

h(y1, η1)

∂h

∂η1
(y1, η1)

)



∂

∂η1

∂

∂y2




Similarly, let φ ∈ C∞
(
Ω; C∞

♯ (0, 1)
) and φε(y1, y2) = φ

(
y1, y2,

y1

ε

) for all (y1, y2) ∈ Ω. Wehave

bε · ∇φ
ε =

∂φε

∂y1
(y) −

y2

h
(
y1,

y1
ε

)
(
∂h

∂y1

(
y1,

y1

ε

)
+

1

ε

∂h

∂η1

(
y1,

y1

ε

))
∂φε

∂y2
(y)

=
∂φ

∂y1

(
y,
y1

ε

)
+

1

ε

∂φ

∂η1

(
y,
y1

ε

)
−

y2

h
(
y1,

y1
ε

)
(
∂h

∂y1

(
y1,

y1

ε

)
+

1

ε

∂h

∂η1

(
y1,

y1

ε

))
∂φ

∂y2

(
y,
y1

ε

)
.

Now let θ ∈ D(0, T ), Θ = (ϕ, ψ) ∈ Ṽdiv × H̃1 and let Θε = (ϕε, ψε) with ϕε(z) =

ϕ

(
z1,

z2

εhε(z1)
,
z1

ε

) and ψε(z) = ψ

(
z1,

z2

εhε(z1)
,
z1

ε

) for all (z1, z2) ∈ Ωε.We have Θε ∈ Ṽ ε× H̃1,ε and we introdu
e this test-fun
tion in (P ε). We rewrite the integralsin terms of (y1, y2), we multiply by ε and we pass to the limit as ε→ 0+.



Theorem The fun
tions v0, Z0 and p0 satisfy the following limit problem:
(ν + νr)

∫ T

0

∫

Ω×(0,1)

2∑

i=1

(
h(b̄ · ∇v0

i )(b̄ · ∇ϕi) +
1

h

∂v0
i

∂y2

∂ϕi
∂y2

)
θ dη1dydt

+α

∫ T

0

∫

Ω×(0,1)

(
h(b̄ · ∇Z0)(b̄ · ∇ψ) +

1

h

∂Z0

∂y2

∂ψ

∂y2

)
θ dη1dydt

−

∫ T

0

∫

Ω×(0,1)

∂p0

∂y1
hϕ1θ dη1dydt

= −(ν + νr)

∫ T

0

∫

Ω×(0,1)

U0

(
h(b̄ · ∇Ū )(b̄ · ∇ϕ1) +

1

h

∂Ū

∂y2

∂ϕ1

∂y2

)
θ dη1dydt

−α

∫ T

0

∫

Ω×(0,1)

W0

(
h(b̄ · ∇W̄ )(b̄ · ∇ψ) +

1

h

∂W̄

∂y2

∂ψ

∂y2

)
θ dη1dydtfor all Θ = (ϕ, ψ) ∈ Vdiv ×H1

0♯ and θ ∈ D(0, T ) where

Ū(y1, y2, η1) = U
(
h(y1, η1)y2

)
, W̄ (y1, y2, η1) = W

(
h(y1, η1)y2

)for all (y1, y2, η1) ∈ Ω × (0, 1).
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∂y2
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Theorem The fun
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(
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1

h

∂Ū

∂y2

∂ϕ1

∂y2

)
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0

∫

Ω×(0,1)

W0

(
h(b̄ · ∇W̄ )(b̄ · ∇ψ) +

1

h

∂W̄

∂y2

∂ψ

∂y2

)
θ dη1dydtfor all Θ = (ϕ, ψ) ∈ Vdiv ×H1

0♯ and θ ∈ D(0, T ) where
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(
h(y1, η1)y2

)
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(
h(y1, η1)y2

)for all (y1, y2, η1) ∈ Ω × (0, 1).



For all y1 ∈ [0, L], we de�ne

ay1(w,ψ) =

∫

Y

(
h(y1, η1)(b̄ · ∇w)(y2, η1)(b̄ · ∇ψ)(y2, η1)

+
1

h(y1, η1)

∂w

∂y2
(y2, η1)

∂ψ

∂y2
(y2, η1)

)
dη1dy2for all (w,ψ) ∈ H1

(
0, 1;H1(0, 1)

)2.The limit mi
ro-rotation �eld is solution of the following problem (PZ0):

Find Z0 ∈ L2(0, T ;H1
0,♯) su
h that

∫ L

0

ay1(Z
0, ψ) dy1 = −W0(t)

∫ L

0

ay1
(
W̄ , ψ

)
dy1 ∀ψ ∈ H1

0,♯, a.e. t ∈ [0, T ]

and we obtain



Proposition The limit mi
ro-rotation �eld Z0 is uniquely given by
Z0(t, y1, y2, η1) = W0(t)Z

0
y1

(y2, η1) a.e. in (0, T ) × Ω × (0, 1).where Z0
y1
∈ H1

0

(
0, 1;H1

♯ (0, 1)
) is su
h that

ay1(Z
0
y1
, ψ) = −ay1

(
W̄ (y1, ·), ψ

)
∀ψ ∈ H1

0

(
0, 1;H1

♯ (0, 1)
)
.

Sket
h of the proofThe mapping y1 7→ Z0
y1

is 
ontinuous on [0, L] with values inH1
0

(
0, 1;H1

♯ (0, 1)
) and L-periodi
in y1. Hen
e Z0 ∈ L2(0, T ;H1

0,♯

) and solves the problem (PZ0). Uniqueness is a 
onsequen
eof the uniform 
oer
ivity of ay1 with respe
t to y1.



Now we 
onsider the limit velo
ity and pressure: they solve the following problemFind v0 ∈ L2(0, T ;Vdiv) and p0 ∈ L2(0, T ;L2(0, L)) su
h that∫ L

0

p0(t, y1)

(∫ 1

0

h(y1, η1) dη1

)
dy1 = 0 a.e. t ∈ [0, T ] and

(ν + νr)

∫ L

0

2∑

i=1

ay1(v
0
i , ϕi) dy1 −

∫ L

0

∂p0

∂y1

(∫ 1

0

h(y1, ·)ϕ1 dη1

)
dy1

= −(ν + νr)U0(t)

∫ L

0

ay1
(
Ū , ϕ1

)
dy1 ∀ϕ ∈ Vdiv, a.e. t ∈ [0, T ]For all y1 ∈ [0, L], let

Ṽy1 =

{
ϕ ∈

(
C∞

(
[0, 1]; C∞

♯ (0, 1)
))2

; ϕ(0, ·) = 0, −ϕ1(1, ·)
∂h

∂y1
(y1, ·) + ϕ2(1, ·) = 0 on (0, 1)

}
,

Ṽy1,div =

{
ϕ ∈ Ṽy1; h(y1, ·)

∂ϕ1

∂η1
− y2

∂h

∂η1
(y1, ·)

∂ϕ1

∂y2
+
∂ϕ2

∂y2
= 0 in Y}

Vy1,div = 
losure of Ṽy1,div in (
H1(0, 1;H1

♯ (0, 1)
))2.



Let

āy1(w,ϕ) = (ν + νr)
2∑

i=1

ay1(wi, ϕi) ∀(w,ϕ) ∈ V 2
y1,divand w1

y1
, w2

y1
∈ Vy1,div be the unique solutions of

āy1(w
1
y1
, ϕ) = −

∫

Y

h(y1, ·)ϕ1 dη1dy2 ∀ϕ ∈ Vy1,divand

āy1(w
2
y1
, ϕ) = −(ν + νr)ay1

(
Ū(y1, ·), ϕ1

)
∀ϕ ∈ Vy1,div.

Proposition The limit velo
ity v0 is uniquely given by
v0(t, y1, y2, η1) =

∂p0

∂y1
(t, y1)w

1
y1

(y2, η1) + U0(t)w
2
y1

(y2, η1) a.e. in (0, T ) × Ω × (0, 1).



Let θ ∈ D(0, T ), ψ ∈ C∞
(
[0, L]

) and ψε(z) = ψ(z1) for all z = (z1, z2) ∈ Ωε. Re
alling that
divzv

ε = 0 in Ωε

0 =
1

ε

∫ T

0

∫

Ωε

(
∂vε1
∂z1

(t, z) +
∂vε2
∂z2

(t, z)

)
ψε(z)θ(t) dzdt

= −
1

ε

∫ T

0

∫

Ωε
vε1(t, z)

∂ψε

∂z1
(z)θ(t) dzdt = −

∫ T

0

∫

Ω

vε1(t, y)(bε · ∇ψ
ε)(y)θ(t) dydt

= −

∫ T

0

∫

Ω

vε1(t, y)
∂ψ

∂y1
(y1)h

(
y1,

y1

ε

)
hε(y)θ(t) dydt.

By passing to the limit as ε tends to zero we get
0 =

∫ T

0

∫

Ω×(0,1)

v0
1(t, y, η1)

∂ψ

∂y1
(y1)h(y1, η1)θ(t) dη1dydt.It follows that

∫ L

0

∂p0

∂y1

∂ψ

∂y1

(∫

Y

w1
y1,1
h(y1, ·) dη1dy2

)

︸ ︷︷ ︸
=−āy1(w1

y1
,w1
y1

)

dy1 +

∫ L

0

U0(t)
∂ψ

∂y1

(∫

Y

w2
y1,1
h(y1, ·) dη1dy2

)

︸ ︷︷ ︸
=−āy1(w1

y1
,w2
y1

)

dy1 = 0.



Proposition We have p0(t, ·) = U0(t)p̄
0(·) where p̄0 is the unique solution in H1(0, L)|R ofthe stationnary Reynolds problem

∫ L

0

∂p̄0

∂y1

∂ψ

∂y1
ā(w1

y1
, w1

y1
) dy1 = −

∫ L

0

∂ψ

∂y1
ā
(
w1
y1
, w2

y1

)
dy1 ∀ψ ∈ H1(0, L)

satisfying ∫ L

0

p̄0

(∫ 1

0

h(·, η1) dη1

)
dy1 = 0.

As a 
onsequen
e of the uniqueness of p0, we 
an state the next result:Theorem The whole sequen
es (ε2pε)ε>0, (vε)ε>0 and (Zε)ε>0 satisfy the following 
onver-gen
e:

εpε →→ p0

vε →→ v0

Zε →→ Z0.
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