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I - Description of the problem

The micropolar fluid model aims to describe fluids consisting in randomly oriented (or
spherical) particles suspended in a viscous medium, when the deformation of the particle is
ignored.

References:
A.C.Eringen, Theory of micropolar fluids, J. Math. Mech. (1966)
G.Lukaszewicz, Micropolar fluids. Theory and Applications, Birkhduser (1999).

Experimental studies have showned that this model better represents the behaviour of numer-
ous fluids (eg blood or industrial fluids such as polymers, liquid crystals) especially when the
characteristic dimension of the flow becomes small.



The unknowns of the problem are

® u = (uy,us, uz) velocity field
e p pressure field
e w = (w1, wsy, w3) micro-rotation field

and the equilibrium of momentum, mass and moment of momentum are given by

u — (v + 1) Au+ (u - Viu+ Vp = 2v,rotw + f
div(u) =0
wr — aAw — BVdivw + (u - V)w + 4w = 2v,rotu + g

v is the usual Newtonian viscosity and v, is the micro-rotation viscosity.



The unknowns of the problem are

o 1 = (uy, us, u3) velocity field
e p pressure field
e w = (w1, wsy,ws3) micro-rotation field

and the equilibrium of momentum, mass and moment of momentum are given by

u— (v + 1) Au+ (u - V)u + Vp =2y,10tw + f
div(u) =0
wr — aAw — Vdivw + (u - V)w + dr,w=2v,rotu + g

v is the usual Newtonian viscosity and v, is the micro-rotation viscosity.



We consider a lubrication problem, i.e. a flow in a infinite journal bearing with small gap.
After rectification the fluid domain is

()° x (—007—}-00)7 () = {(2172’2) & R2; O0<znn< L, 0< < 8h€(21)}

with h® L-periodic with respect to z;.

We assume that the external excitation fields and the flow do not depend on z3. Thus

U = (ul(t,z),m(t, z),O), W = (0,0,wg(t,z)), f= (fl(t,z),fg(t,z),()), g = (0,0,93(75,2))

and

u; — (v + vp)Au® + (u® - V)u© + Vp© = 2pr0tw” + f°
div(u®) =0
wi — aAw® + (u” - V) + 4dv,w° = 2yr0tu’ + g°

with u® = (ui(t, 2), u5(t, z)), w* = wi(t, z) and

. Ouy  0uj 5 ow®  ow*
rotu” = — ,  rotw = ,— :
Dz 0z Oz 02z




The boundary and initial conditions are given by

u°, w°, p° are L-periodic with respect to z;
u-n® =0, 750w, p°)-n° =0, w*=0o0n (0,T)xI7, I'] = {(zl,shg(zl)); 0< 2 < L}
u® = (Up(t),0), w® = Wy(t) on (0,T) x Ty, Ty =(0,L) x {0}
u(z,0) = ug(z), w(z,0) =wy(z) for z € OF

where 7 and n® are respectively the tangential and the normal components of the unit outward
normal to the boundary and o(u®, p°) = (0i;(u", p°))1<i j<2 is the Cauchy stress tensor given

by
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IT - Existence and uniqueness of a solution for any ¢ > 0

As a first step we define an extension of Uy and W in order to get homogeneous boundary
conditions.

Let U® = U°(t, z9) and W& = W*=(t, z2) be smooth functions such that

oU*

Us(t,0) = Uy(t), Us(t,eh(z1)) =0, P

(t,eh®(z1)) =0, (t,2z1) € (0,T) x (0, L),

WE(E, 0) = Wo(t), WEt, ehi(21)) = 0, (t,21) € (0,T) x (0, L),

Then we define

vE(t, z) = u(t,2) — US(t, z0)er, Z°(t,z) = w(t,z) — We(t, 29) in (0,T) x €°

and

ve(2) = ug(z) — US(0, 29)er, Z5(z) = wy(z) — WE(0, z2) in €.

We may observe that o(u®, p°) = o(v°, p°) on (0,7T) x I'].



We consider the following functional framework for the velocities
Ve = {,U € C®(Q)*: v isL — periodic in 2, Vlp, = 0, v - pe = 0}
H¢ = closure of Ve in L) x L*()),
V¢ = closure of V¢ in Hl(Qg) X Hl(Qg), | {v eV dive=0, in Qg}
and for the micro-rotations and the pressure

U — {ZeC®(¥): Zis L—periodic in z, Z=0 on IyUT]}

€

0 71 72 1€ 7 i 77l
H”" = closure of H' in L*(§2%), H"" = closure of H' in H*(£)°),

L3(¥) = {q c L*(CY) / q(2)dz = o} .
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Forall v = (v, Z), u = (u,w) and © = (p, 1)) in V< x H" we define

a(v,0) = (v+1,)(D(v),D(p)) + a(VZ, V),
R(v,0) = —2u,.(rot Z, ) — 2v,.(rot v, ¢) + 4v,.(Z, 1),

2 2
ou; 0
B(v,u,0) = b(v,u,p) + bi(v,w,y) = Z/ via—?gpjderZ/ viazwdz
! i=1 v !

ij=1

and for all v = (v, Z) and © = (¢, ) in H® x H""

0,0] = (v,9) +(Z,9).



The variational formulation of the problem is given by
Problem (P¢) Find (v°, Z¢, pf) such that
vt = (v7, Z°) € C([0, T]: H7) N L0, T: Viz,,) < C([0, T]; H*) n L*(0, T H'),

p" € HH0,T; Li (X)),

and

[%f (1), O] + a(t(1), ©) + B(v<(t), o%(t), ©) + R(c(t), ©)

= (p°(t), divg) + (F(°(1)),0), VO =(p,9) €VEx H'

with the initial condition

where

(‘;E(v_g(t))? @) - _a(gg(t>7 @> o B(f_g(t), 1}_5(75), @> o B(U_g(t), gg(t)v @) o R(f_‘g(t), @)

),0]+[ft).0, &E=Ue,W) f=(f9)




Theorem Let f° € (L2((0,T) x Q)% ¢° € L*((0,T) x QF), and (v, Z5) € H* x H*",
Then the problem (P¢) admits an unique solution.

Sketch of the proof

Existence is proved by using the same ideas as in J.L.Lions (1978) i.e. the condition
“div(v®) = 0" is considered as a constraint. Hence we introduce the penalized problem

(%‘s _ IS 1 . € €7: €
[857@] —i_a(Uga@) +B(/U§7/U§7@) o 5{(’0§d1\/’l}5, 90} + <Z5d1VU5, W}

1 W Y €
= (=5divej, dive) + (F(v5),0) = R(v5,0) VO = (p,) € VI x H',

with the initial condition v5(0) = v§ and we pass to the limit as ¢ tends to 0.



Sketch of the proof

Existence is proved by using the same ideas as in J.L.Lions (1978) i.e. the condition
“div(v®) = 0" is considered as a constraint and we introduce the penalized problem

av_e ¢ E 1 €1z € €1z €
[ 857 @] + a(vga ®> + B(/Ug?vga @>—§{<’U5dl\/’05 ) 90> + <Z5d1V’U5 ) W}
1 - - £
= (—5dive;, div) + (F(05).0) = R(1;.0) VO = (p,9)) €V x H',
N —’

with the initial condition v5(0) = v§ and we pass to the limit as § tends to 0.

Uniqueness and continuity with respect to time are obtained as in G.Lukaszewicz
(2001)

References:

J.L.Lions, Some problems connected with Navier-Stokes equations, Lectures at the [Vth
latin-american school of mathematics, 1978.

G.Lukaszewicz, Long time behaviour of 2D micropolar fluid flows, Math. Comp. Modelling,
2001.



IIT - Rescaling and a priori estimates

We assume now some roughness of the outer cylinder ie h(z;) = h (zl, —1) with
3

L
h:(z1,m) — h(z1,m) is L-periodic in z; and 1-periodic in n;, — € N.
£

Oh .
We assume also that i € C*([0, L] x [0,1]), = is 1-periodic in 7y and we define

O

0<h,= min h(z.n) < iz ) = hay.
o Al m) < max | hlz1,m) = Ry

We rescale the problem:

<2
Let 1 = 21, 9 = — and
£

(). = {x = (z1,29) ER*: 0 <21 <L, 0 <29 < h(11) = h(xl,%)}.



IIT - Rescaling and a priori estimates

We assume now some roughness of the outer cylinder ie h°(z;) =h (zl, —1) with
£

L
h:(z1,m) — h(z1,m) is L-periodic in z; and 1-periodic in n;, — € N.
£
] oh . T |
We assume also that 1 € C*([0, L] x [0, 1]), o 1S l-periodic in 771 and we define
m

0<h,= min h(z.m) < iz ) = hay.
o Al m) < max | hlz1,m) = ha

We rescale the problem in two steps:

oL =2, Ty = %,ng {:1:: (z1,22) ER*: 0< a1 < L, 0 <29 < h¥(z1) = h(xl,—)},

X2 Z9

he(z1)  ehi(z1)

,Q=1(0,L) x(0,1).

® Y =T1 = 21, Yo =



We have

vg(ta ZlazZ) - vg(taylaghg(yl>y2> \V/(t, Z) = (07T> X {0
= U€<taylay2> \V/<t,y> = <07T> X Qa

and similarly (with some lack of consistency in the notations)

Z°(t,z) = Z°(t,y), p(t,2)=p(ty)

We get
0 _10 9 _ 0oy aayg_i+(_ o c‘?ff) )
0zy €hOyy’ 0z O0y10z  O0ya0z Oy he(y1) Oy1 ) Oyo
9
Yo ahg) dy1
= (1, —b.-V
( he(y1) O 9



We choose
US(t, ) = U (2) Uolt) = Ula)Us(), W¥(t2) = W (
with U, W € D(—o00, h,,) and we assume that
[t z) = f(t,y), g (t.2) =glt,n) V(t 2)€(0,T)x @
with (f,g) € (L2((0,T) x Q))* x L((0,T) x ).

2) Wolt) = W () Wo(t)

E

Proposition There exists a constant C' > 0 which does not depends on &, such that, for
0 <1 <2, we have the following estimates

[(ebe - Vo)l 2omxay < € (€be - VZO)|[ 1201y x0) < C,
o0v; 0z°
HayQHLQ((O,T)xQ) <C, | I I r2(0,1)x0) < C,
e c oz C
HayluLQ((O,T)xQ) < ;» H oy, HL2((O,T)><Q) < ;7

loillzzomxe) €5 2%y C, ElP a0 20y < C-



Sketch of the proof
With © = v°(t) we get:

O 0), )+ i (0),5) + B0, (1), 5) +RAF(D), )
= (p(1) ;divvgl—@(f_g(t)a ve) — B(fg(t)ajg(t)» ve) —B(ve(t), £5(t), v°)
IR - _

—R(fg(t), US) o [ ot (t)v v_g] + [fg(t)v vg]a 55 - (Ugelv Wg) fg - (fga 95)

We rewrite all these integrals by using the rescaled variables (y1,12), we play with Young's
inequality and we use Gronwall's lemma.



IV - Two scale convergence properties

We introduce the following notations: ¥ = [0, 1]*,
CH(Y)= {gp c C*(R?) s.t. pis Y—periodic},
LE(Y) = closure of C;°(Y') in LA(Y), Hﬂl(Y) = closure of C;*(Y') in HY(Y).

Definition A sequence (w®)..o of L*((0,7) x Q) (resp. H (0,7 L*(2))) two-scale
converges to w € L*(0,T; L*(Q2 x Y)) (resp. w’ € H (0,75 L*(2 x Y))) if and only if

lim /OT/Qw%y)so (y g) 0(t) dydt = /OTLwaO<t,y,n>w<y,n>9<t> dndydt

e—0

forall & € D(0,T), for all ¢ € D(Q;CS’O(Y)). In such a case we will denote w® —— w"



IV - Two scale convergence properties

We introduce the following notations: Y = [0, 1]%,

CY)={pe C®(R?) s.t. ¢ is Y-periodic},
LE(Y) = closure of C;°(Y') in LA(Y), Hﬂl(Y) = closure of C;*(Y') in HY(Y).

Definition A sequence (w?).-q of L*((0,7) XQ) (resp. H (0, T; L*(Q2))) two-scale con-
verges to w" € L*(0,T;L*(Q2 x Y)) (resp. w" € H(0,T; L*(Q x Y))) if and only if

T T
lim / / we(t,y)e (y g) 0(t) dydt = / / w'(t,y, )@y, n)0(t) dndydt
=YJo Ja € 0 JOxy

for all & € D(0,T), for all ¢ € D(Q;CS’O(Y)). In such a case we will denote w® —— w"



Theorem Let (w°).~( be a bounded sequence of L?((0,T) x ) (resp. of H'((0,T) x Q)).
There exists w" € L*(0,T;L*(Q2 x Y)) (resp. w” € H 1(0,T;L* x Y))) such that,

possibly extracting a subsequence still denoted (w®).~(, we have

w' —— w.

Sketch of the proof
We adapt the proof of G.Allaire (1992) to our time-dependent setting.

Reference:
G.Allaire, Homogenization and two-scale convergence, SIAM J. Math. Anal. (1992).



Theorem Let (w?).. be a bounded sequence of L*((0,T)x2) (resp. of H~1(0,T; L*(2))).
There exists w” € L*(0, T;L*(Q2xY)) (resp. w’ € H™1(0,T;L*(©2xY"))) such that, possibly

extracting a subsequence still denoted (w®).~(, we have

w' —— w.

Sketch of the proof
We adapt the proof of G.Allaire (1992) to our time-dependent setting.

Reference:
G.Allaire, Homogenization and two-scale convergence, SIAM J. Math. Anal. (1992).



2
Proposition (Two-scale limit of the velocity) There exist vV € (L2 (0, T L*( H (Y ))))
2

such that 0_@0 € (LZ(O T: L*(Q) x Y))) and v! € (L2(O T; L*(92 % (0,1); H (0,1) )))
Iy -
such that, for i =1, 2:
ov; ov) v}

vE —— v, L S :
Z Z Yo Oys Oy
and
ov; vy
e S
oy dm

Furthermore v" does not depend on 1, vV is divergence free in the following sense

oy Oh oY Ovy
h(y1, 771)0_1 - 928 1(y1 771>ay2 o

=0 inQx(0,1)x (0,7,

and

v’ =0 onyx(0,1) % (0,T), [y = (0,L) x {0},

o Oh
_”10 1<y1 ) 409 =0 onTyx(0,1) x (0,7), Ty =(0,L) x {1}.



Sketch of the proof

ovs ovs

Let vY, €Y and & be the two-scale limits of (v7).~o, ( vl) and (8 vl) respectively.
ayQ e>0 ayl e>0

We have

hg(l)/ / “ 1 ) t) dydt = / Qxyé (,y,m)e(y,n)0(t) dndydt
90

be
L 0 L9 (Y
_ _g%/ / (t, y) ( o (0 2) t o (y g)) A(t) dydt

y
ovY
/ / ( n)0(t) dndydt = / o ~(t,y,m)e(y, n)0(t) dndydt
QXY T 0 Oxy 9N
forall 6 € D(0,T), ( ) Hence
¢l = 81}0 (0,T; LA(Q x Y)).

dm



Similarly, we have

T
. Yy 0
lim -~ .
&Lo/ /é‘yz 5) 0(t) dydt / oSty mely, )o() dndydt

. 90 N 1o /oy
— ] “(t _r S (. 2) ) 0(t) dudt.
sli%/o /QUZ 9) (5‘yz v )+€8772 (y€)> ) oy

We multiply by e

hm// ‘. y)@(t)ddt—o—/T/ oty 2 (. n)O() dndydt
lim yam ; y oy gy, me() dndy

and thus v does not depend on 7. Now we go back to the previous computation and we

choose ¢ € D(€):

/ /QX - é‘m t Y, m)e(y)0(t) dmdydt =0 :/o /Q(v?(t,ya 1) —0(t,y,0))(y)0(t) dydt

and o) € L*(0,T; L*(Q; HA(Y))).



Next by choosing ¢ € D(Q;CQ)O(O, 1)):

. 0
g%/ / (t,y)5 - 90 y, 1 t) dydt = / / v (t, g, m) SO(y m)0(t) dndydi
OxY

= —/ 5?(75, y,m)p(y, m)0(t) dndydt.
0 OxY

It follows that there exists v} € L° (O, T: L? (Q x (0,1); Hﬂl(O, 1)|R)> such that

o0v; o Ov) O}
> & = +
Dy Oya Oy



Proposition (Two-scale limit of the micro-rotation) There exist Z' € L?(0,T"; L*(; Hﬁl(Y

ZO
such that %— C LZ(O,T; L*() x Y)) and Z! € LQ(O,T; LQ(Q x (0, 1);Hﬁ1(0, 1)/R)) such
Y2
that
€ 0 1
e ZO, 0/ 0z +aZ |
1o Yo ona
and
0/¢ 07"
3
oy o

Furthermore Z” does not depend on 7y, and Z° =0 on ([yUT'1) x (0,1) x (0,T).

Proposition (Two-scale limit of the pressure) There exists p’ € H (O, T L*(Qx Y))
such that, possibly extracting a subsequence still denoted (p®).~(, we have

52p5 _>_>p().

L 1
Moreover p” depends only on ¢ and ; and / p(t, 1) (/ h(y1,m) dm) dy; = 0 almost
0 0
everywhere in (0,7).



V - The limit problem

It is convenient to define

~

V= {e e (C2@:c(0,1)))* s L-periodic in g1, p =0 on Ty x (0,1),

oh
—Q01—a ‘|—Q02—OOD Fl X (O 1)}
T

. ~ 0y oh 0 0
‘/div:{QOEV h—l— Yo~— gpl‘l—ﬁ:OIHQX(O,l)}

dm o1 Oy DY

— {w c Coo(ﬁ; CEO(O, 1)); Y is L-periodic in y1, ¢ = 0 on (I'y UT) x (0, 1)},

Viip = closure of Vi, in (Lg([(), L], H! (O, I: Hﬁl(O, 1))))2’
2

H{, = closure of H' in (Lg([o,L]; HY(; H(0, 1)))) |



et us recall that

e 0
Yo Oh ) Y1
bV = (1,—
( he(y1) Oy () P

With the previous convergence results, we get

e H P Oh Y1 % Y1 ov;
eb. - Vi = eayl(w () (gﬁyl (yl, 8) o (yl, 8)) (y)

ovY ys  Oh ((%Q v} ) _ Yo Oh OV}
s — ! : — ’ o 7 4 7 :b'VUZQ——— v
o, (y,m) AR (y1,m) s (y,m) o, (1) L 90, 0,

for v =1,2 and

) A
b VI bzt - 2
h Om Oy



where b - V is the differential operator defined by

[0

dm
9
ey,

Similarly, let ¢ € COO(Q; C:(0, 1)) and ¢ (y1,1y2) = ¢ (yl,yg,%) for all (y1,12) € €. We

have

296 = 50— g (G (0 2) + 2o (0 2) ) Gt

Y2 oh
b-V=(1,—
< h(ylﬂh) 8771

(41, m))

Iy
5 08 5 0 () (0 2) 50 2)

Now let § € D(0,T), © = (o,¢) € Vg, x H' and let ©° = (7, ¢°) with ¢°(2) =

Z9 21 29 21
— dy(z) = — | for all QF.
2 (Z176h5<zl>7 5) an w <Z> w (Z1’5h5<21>’ 5) or a <217Z2> S

We have ©F € V¢ x H* and we introduce this test-function in (P¢). We rewrite the integrals
in terms of (y1,42), we multiply by € and we pass to the limit as ¢ — 07




Theorem The functions v", Z° and p" satisfy the following limit problem:

g - . O /7 1 0v) Dip;
v+, h(b-Vv))(b- V) + ——=—-=—) 0 dmydydt
( >/ /Qx 0,1) Z( ( A 2 h0y28y2> e

SRRPELAL Y
—I—Oz/ /me ( (b-VZ°)(b- V) + 6 dndydt

h Oy 0
/ / —hgplﬁ dm dydt
2x(0,1) ayl

10U Oy,
ez bVUbV +———9dddt
vy / /QxOl ( A oy hys Oy ) e
1awa¢)
- bVWbV ———— | O dndydt
&/ /me ( >( %D) h Oya Oyo he

forall © = (p, ) € Vi, X HOﬂ and 0 € D(0,T) where

Uyt yo.m) = U(h(yi,m)y2). Wyt ya.m) = W (h(yr, m)ye)
for all (y17y27771) € () x <O, 1)



Theorem The functions v", Z° and p" satisfy the following limit problem:

g - . O /7 1 0v) Dep;
v+, h(b-Vv))(b-V;) + ——=—-=—) 0 dmydydt
( >/ /Qx 01Z<( A 2 h0y28y2> e

SRRPELAL 1)
—I—Oz/ /me ( (b-VZ°)(b- V) + 6 dndydt

h Oy 0
/ / —hgplﬁ dm dydt
2x(0,1) ayl

10U Oy
ez bVUbV +———9dddt
vy / /QxOl ( A P hOys Oy ) e
1awa¢)
- bVWbV ———— | O dndydt
&/ /me ( >( %D) h Oya Oyo he

forall © = (p, ) € Vi, X HOﬂ and 0 € D(0,T) where

Uyt yo.m) = U(h(yi,m)y2). Wyt ya.m) = W (h(yr, m)ye)
for all (y17y27771> € () x <O, 1)



Theorem The functions v", Z° and p" satisfy the following limit problem:

I ’ _ O /7 10vY 0,
v+, h(b-Vv))(b- V) + ——=—-=—) 0 dmydydt
( >/ /Qx 0,1) Z( ( A 2 h0y28y2> e

+@/‘/‘ (Z>VZ%@‘WM 1@@9ﬂ>&m@wﬁ
2x(0,1)

h Oy 0
/ / —hgplﬁ dm dydt
2x(0,1) ayl

10U Oy,
+ Uy bVUbV + ———— | O dndydt
vy / /QxOl ( A oy hys Oy ) e
1awa¢)
— bVWbV ————— ) O dndydt
&/ /me ( >( ?b) h Oys Oyo he

forall © = (p,¢) € Vi, X HOjj and 0 € D(0,T) where

Uyt yo.m) = U(h(yi,m)y2). Wyt ya.m) = W (h(yr, m)ye)
for all (y17y27771> € () x <O, 1)



For all y; € [0, L], we define

anw) = [ bnm)6 V)b V) o)
1 Ow O
ignm) 0w ™y 771)) iy

for all (w, ) € H'(0,1; H(0, 1))2.

The limit micro-rotation field is solution of the following problem (Pyo):

Find Z" € L*(0,T; H&ﬂ) such that

L L
/ a,,(Z°, 1) dy, = —Wo(t)/ a, (W,¢)dy; Vi € Hy,, ace. t €[0,T]
0 0

and we obtain



Proposition The limit micro-rotation field Z" is uniquely given by

Zo(t,yl,yg,n1> — WQ(t)ZO <y2,771> a.e. 1n (O,T) X () X (O, 1)

Y1

where Z?91 € H} (O, 1; Hﬁl((), 1)) is such that

ay, (Z,) ) = —a, (W(ys,-),v) Vi € Hy(0,1; H(0,1)).

Sketch of the proof

The mapping y; — 281 is continuous on [0, L] with values in H} (O, 1; Hﬁl(O, 1)) and L-periodic
in 7,. Hence Z° € L*(0,T: Hgﬁ) and solves the problem (Pg,). Uniqueness is a consequence
of the uniform coercivity of a,, with respect to ;.



Now we consider the limit velocity and pressure: they solve the following problem

Find v* € L*(0,T; Vy,) and p° € L*(0,T; L*(0, L)) such that
L 1
/ p’(t, ) (/ h(y, m)dnl) dyy =0 ae. t €|0,7T] and

L 0 1
dp
: § 0 0,)d 2 A niy, erdm ) d
V+V/ ay, (v;, i) dyr — /anl(/o (Y1, ) 771) Y1

—(v+ Vr)Uo(t>/ ay, (U, 1) dy1 Ve € Vaiy, ace. t € 0,7
0

For all y; € [0, L], let

‘ZJl — {gp S (COO([Ov 1]7C§O<Ov 1)))27 @(Ov > — Ov _901<17 ')g—:l<yla > + @2(17 > =0 on <07 1)} )

> 1 oh Opr  Opoy |
e {90 € Vin: i >3771 y23771 (1 >8y2 - 0y v

V)y.div = closure of ‘Zﬂ,dw n (Hl(O, 1; Hﬁl(O, 1)))2_



| et

2
C_Lyl (w, QD) = (V + Vr) Z Uy, (wia 901) V(w, Qp) < V;i,div

i=1
and wil,w; € V,,.div be the unique solutions of
iy, (W, p) = — /Y h(yt, - )prdmdys Vo € Vi, din
and

dyl<w§17 90) — _<V + V7">a’?/1 (U<y17 '>7 901) \VIQO € ‘/yl,div-

Proposition The limit velocity v? is uniquely given by

op" .
VY, yo, 1) = a—;(t,yl)w;(yg,m) + Uo(t)wy?l(yg,m) a.e. in (0,7) x Q x (0,1).



Let 0 € D(0,T), ¢ € C=([0,L]) and ¢°(2) = (1) for all 2 = (21, 29) € Q. Recalling that
div.v® =0 in €)°

/ [ (g‘; + S5 >) V(2)0(1) ddt
:‘2/0 /ngm,%zl {) dzdt — / / (t,y) (b - Vo) (y)0(1) dydt
— —/OT/QUT(t,y)g—;Dl(yl)h (%%) he(y)0(t) dydt.

By passing to the limit as € tends to zero we get

T
0
02// v?(t,y,m)a—w(yl)h(yl,m@(t)dmdydt-
0 JOx(0,1) Y1

It follows that

apo EM O
0 Oy 0y (/ wyllh@h.)dmdm) i Jr/o ot >8y1 (/ wy, 1Ay, -)dmdyz) dy, = 0.

7

Ve Ve

:_ayl(w?}yw?h) :_ayl(w?}yw%)



Proposition We have p’(t,-) = Uy(t)p"(-) where p" is the unique solution in H'(0, L) of
the stationnary Reynolds problem

8w<

wwd VEHlOL
anl )yl (0 ( )

o Oy10y; o

As a consequence of the uniqueness of pV, we can state the next result:

Theorem The whole sequences (£°p%).~q, (v°).~0 and (Z°).~¢ satisfy the following conver-
gence:

gpg SN p()

U ——s UO
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Proposition We have p’(t,-) = Uy(t)p"(-) where p" is the unique solution in H'(0, L)k of
the stationnary Reynolds problem

a¢(

w, . w-)d VEHlOL
anl )yl v ( )

o Oy 0y o

As a consequence of the uniqueness of p’, we can state the next result:

Theorem The whole sequences (£°p%).~o, (v°).~0 and (Z°).- satisfy the following conver-
gence:

€p5_>_>p0
U€—>—>UO

7¢ —— 79

Thank you for your attention



