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The Mathematial formulationThe dynamial evolution system for Kelvin-Voigt material is
ρutt = Au + But + f , x ∈ Ω, t > 0The boundary onditions are given by

σAT + (σBT )t = 0,
σAN + (σBN)t ≥ 0, uN ≥ 0, uN(

σAN + (σBN)t) = 0Notations: Let C = A or C = B
⊲ σCN : the normal omponent of the stress vetor at the boundary
⊲ σCT : the tangential omponent of the stress vetor at the boundaryAssumptions: the material is homogeneous and isotropiA. Petrov Karlsruhe, 25 Marh 2010 4 / 17



The Mathematial formulationState variables Applied �eldu : [0,T ]×Ω → R displaement ℓ : [0,T ]×Ω → R density foresNotations:
⊲ Ω = (−∞, 0)
⊲ K=

{v ∈ H1lo(Ω×[0,∞)) : vxt ∈ L2lo([0,∞);L2(Ω)), v(0, ·) ≥ 0}We onsider the following problem (DI):utt − uxx − αuxt = ℓ, α > 0 damped wave equation0 ≤ u(0, t) ⊥ (ux+αuxt)(0, t) ≥ 0 unilateral bdry onditionsu(·, 0) = u0 and ut(·, 0) = u1 Cauhy initial dataA. Petrov Karlsruhe, 25 Marh 2010 5 / 17
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∈L2lo([0,∞);L2(Ω))

, α > 0 damped wave equation0 ≤ u(0, t) ⊥ (ux+αuxt)(0, t) ≥ 0 unilateral bdry onditionsu(·, 0) = u0︸︷︷︸
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and ut(·, 0) = u1︸︷︷︸
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Cauhy initial dataA. Petrov Karlsruhe, 25 Marh 2010 5 / 17



The Mathematial formulationState variables Applied �eldu : [0,T ]×Ω → R displaement ℓ : [0,T ]×Ω → R density foresNotations:
⊲ Ω = (−∞, 0)
⊲ K=

{v ∈ H1lo(Ω×[0,∞)) : vxt ∈ L2lo([0,∞);L2(Ω)), v(0, ·) ≥ 0}The weak formulation (VI) is given byFind u ∈ K suh that for all v ∈ K and for all τ ∈ (0,∞), we have
∫

Ω
(ut(v−u))

∣∣τ0 dx −

∫ τ0 ∫

Ω
ut(vt−ut)dx dt

+

∫ τ0 ∫

Ω
(ux+αuxt)(vx−ux)dx dt ≥ ∫ τ0 ∫

Ω
ℓ(v−u)dx dtA. Petrov Karlsruhe, 25 Marh 2010 5 / 17
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Existene and Uniqueness for the Penalized ProblemPenalized Problem (PP) (here r− = −min(r , 0))uǫtt − uǫxx − αuǫxxt = ℓ, α > 0 damped wave equation
(uǫx+αuǫxt)(0, t) = 1

ǫ (uǫ(0, t))− normal ompliane onditions1uǫ(·, 0) = u0 and uǫt (·, 0) = u1 Cauhy initial data
1Martins, Oden. Nonlinear Anal., 1988.2Jaru²ek. Czehoslovak Math. J., 1996.A. Petrov Karlsruhe, 25 Marh 2010 7 / 17
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(uǫx+αuǫxt)(0, t) = 1

ǫ (uǫ(0, t))− normal ompliane onditions1uǫ(·, 0) = u0 and uǫt (·, 0) = u1 Cauhy initial dataTheorem (Existene and uniqueness results2)There exists a unique weak solution uǫ ∈ H1lo([0,∞)×Ω) of the problem(PP) suh that uǫxt ∈ L2lo([0,∞);L2(Ω)).Idea of the proof: Use Galerkin method.1Martins, Oden. Nonlinear Anal., 1988.2Jaru²ek. Czehoslovak Math. J., 1996.A. Petrov Karlsruhe, 25 Marh 2010 7 / 17



Existene resultTheorem (Existene result)There exists a solution of (VI); this solution an be obtained as a limit of asubsequene of (PP).Sketh of the proof: A-priori estimates give us
⊲ uǫ ∈ L∞lo([0,∞);L2(Ω))

⊲ uǫt ∈ L∞lo([0,∞);L2(Ω))

⊲ uǫx ∈ L∞lo([0,∞);L2(Ω))

⊲ uǫxt ∈ L2lo([0,∞);L2(Ω))

⊲ uǫxx ∈ L∞lo([0,∞);L2(Ω))Moreover ut ∈ C0([0,∞);L2(Ω)) equipped with the weak topology.A. Petrov Karlsruhe, 25 Marh 2010 8 / 17



Existene resultTheorem (Existene result)There exists a solution of (VI); this solution an be obtained as a limit of asubsequene of (PP).Sketh of the proof: A-priori estimates enable to pass to the limit in thevariational formulation assoiated to the penalized problem
∫

Ω
uǫtϕ(v−uǫ)∣∣τ0 dx −

∫ τ0 ∫

Ω
uǫt (ϕ(v−uǫ))t dx dt

−1
ǫ

∫ τ0 ((
(uǫ(0, ·))−)2

ϕ
)dt − 1

ǫ

∫ τ0 (
(uǫ(0, ·))−ϕv)dt

+

∫ τ0 ∫

Ω
(uǫx+αuǫxt)(ϕ(vx−uǫx))dx dt =

∫ τ0 ∫

Ω
ℓϕ(v−uǫ)dx dtwhere ϕ ∈ C∞0 (Ω̄ × [0,∞)) taken its values in [0, 1].A. Petrov Karlsruhe, 25 Marh 2010 8 / 17



Existene resultTheorem (Existene result)There exists a solution of (VI); this solution an be obtained as a limit of asubsequene of (PP).Sketh of the proof: A-priori estimates enable to pass to the limit in thevariational formulation assoiated to the penalized problem
∫

Ω
uǫtϕ(v−uǫ)∣∣τ0 dx −

∫ τ0 ∫

Ω
uǫt (ϕ(v−uǫ))t dx dt

+

∫ τ0 ∫

Ω
(∇uǫ+αuǫxt)(ϕ(vx−uǫx))dx dt ≥ ∫ τ0 ∫

Ω
ℓϕ(v−uǫ)dx dtwhere ϕ ∈ C∞0 (Ω̄ × [0,∞)) taken its values in [0, 1].Remark: Nothing is known about uniqueness.A. Petrov Karlsruhe, 25 Marh 2010 8 / 17
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Regularity of the traeAIM: Charaterize the trae spaesReall that u(0, t) ∈ Halo([0,∞)) for a ∈ R

m
|ω|aû(0, ω) ∈ L2(R)

⊲ ω : the dual variable of t
⊲ û(0, ω) : the Fourier transform of u(0, t)Theorem (Regularity of the trae3)Let uǫ be the solution of (PP). Then we may extrat a subsequene, stilldenoted by uǫ, suh thatuǫ(0, t) ⇀ u(0, t) weakly in H5/4lo ([0,∞)).Moreover u is a strong solution of (DI).3P., Shatzman. C. R. Math. Aad. Si., 2002.A. Petrov Karlsruhe, 25 Marh 2010 10 / 17
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⊲ Let v ǫ = uǫ−ū be a solution ofv ǫtt − (1+α∂t )v ǫxx = 0, x ∈ Ω, t > 0

(1+α∂t)v ǫx (0, t) = ḡ + 1
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⊲ Use the Fourier transform in tv̂ ǫxx(x , ω) = λ̂2v̂ ǫ(x , ω) where λ̂ = iω√1+iαω
   v̂ ǫ(x , ω) = âǫebλx

⊲ Use the boundary onditions
((1+α∂t)v ǫx )̂(0, ω) = λ̂1v̂ ǫ(0, ω) where λ̂1 = (1+iαω)λ̂

   λ1∗v ǫ(0, t) = ḡ + 1
ǫ (v ǫ(0, t))−A. Petrov Karlsruhe, 25 Marh 2010 11 / 17
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Energy balaneThe energy balane is obtained by multiplying (DI) by ut and integratingover Ω×(0, τ), i.e.12 ∫

Ω
(|ut |2+|ux |2)∣∣τ0 dx + α

∫ τ0 ∫

Ω
|uxt |2dx dt

=

∫ τ0 ∫

Ω
ℓut dx dt+∫ τ0 (ux+αuxt)(0, t)ut (0, t)dtThe energy losses are purely visous i� ∫ τ0 (ux+αuxt)(0, t)ut(0, t)dt = 0.

⊲ ut(0, t) = 0 a.e. on supp((ux+αuxt)(0, t))
⊲ (ux+αuxt)(0, t) is only a measure
6=⇒

∫ τ0 (ux+αuxt)(0, t)ut (0, t)dt = 0A. Petrov Karlsruhe, 25 Marh 2010 13 / 17
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Ω
(|uǫt |2+|uǫx |2)∣∣τ0 dx + α

∫ τ0 ∫

Ω
|uǫxt |2dx dt

=

∫ τ0 ∫

Ω
ℓuǫt dx dt+∫ τ0 (uǫx+αuǫxt)(0, t)uǫt (0, t)dtThe energy losses are purely visous i� ∫ τ0 (uǫx+αuǫxt)(0, t)uǫt (0, t)dt = 0.

⊲ uεt (0, t) ∈ H1/4lo (0,∞)

⊲ (uεx+αuεxt)(0, t) ∈ H−1/4lo (0,∞)

6=⇒
∫ τ0 (uǫx+αuǫxt)(0, t)uǫt (0, t)dt = 0A. Petrov Karlsruhe, 25 Marh 2010 13 / 17



Energy balane(DI) is redued to pseudodi�erential linear omplementarity pb (LCP)
λ1∗w(t) = ḡ + b, 0 ≤ w(t) ⊥ b ≥ 0 with w(t) = v(0, t)Assumptions & Notations: let σj , τj : 0 ≤ σ0 < τ0 < σ1 < τ1 . . .

⊲ suppw ⊂
⋃j [σj , τj ] and supp b ⊂

⋃j [τj , σj+1]
⊲ ḡ = µ∗φ, φ is a measure, µ = (πt)−1/2
⊲ ω = H(t)

π(t+1)√t and ν = H(t)e−t/α

α with H : Heaviside funtion
⊲ φ0 = φ and φj+1 = 1[σj+1,∞)(φj +

∫
[τj ,σj+1) e−(·−s)/αω(

·−σj+1
σj+1−s ) ψj (s)

σj+1−swith ψj = φj1[τj ,σj+1) + δ(· − τj)e−τj/α ∫
[σj ,τj ) es/αφjThen w is given by w1[σj ,τj ] =

(H∗ν∗φj)1[σj ,τj ]A. Petrov Karlsruhe, 25 Marh 2010 14 / 17



Energy balaneWe do not know if for a given ḡ = µ∗φ, there is a solution of (LCP) havinga loally �nite struture ⇒ onstrution of wn satisfying (ALCP), i.e.
λ1∗wn(t) = ḡn + bn, 0 ≤ wn(t) ⊥ bn ≥ 0A-priori estimates (ALCP) imply that there exists a subsequene s.t.

⊲ wn → w uniformly on ompat sets and wnt ⇀ wt in L∞(0,T ) weakly ∗

⊲ bn ⇀ b in M1(0,T ) weakly ∗

⊲ w and b satisfy (LCP)In partiular, wt is essentially bounded ⇒ b has no atoms.TheoremLet N be the set of atoms of φ, N1= ∪j {σj , τj}, U={t ∈ R : w(t) > 0}.Then for all t /∈ N ∪ N1 ∪ U, w is di�erentiable at t with wt(t) = 0.
⇒ 〈wt , b〉 = 0 ⇒ the energy losses are purely visous.A. Petrov Karlsruhe, 25 Marh 2010 15 / 17
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