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4";}‘ The Mathematical formulation

The dynamical evolution system for Kelvin-Voigt material is
pugy =Au+Bu +f, xeQ, t>0
The boundary conditions are given by
o7 + (7). =0,
0

Jﬂ + (UI’\BI)t 2

Notations: Let C=Aor C =B

> of: the normal component of the stress vector at the boundary

> 07C-: the tangential component of the stress vector at the boundary

Assumptions: the material is homogeneous and isotropic
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4";}‘ The Mathematical formulation

State variables Applied field

u:[0,T]xQ — R displacement 0:[0,T]xQ — R density forces
Notations:

> Q= (—00,0)

> K={v € Hj,.(2x[0,00)) : vier € L{.([0,00): T2(Q)), v(0,-) = 0}

We consider the following problem (DI):

Ut — Uxx — Qg = £, >0 damped wave equation
0 <u(0,t) L (ux+auk)(0,t) >0 unilateral bdry conditions
u(,0) =wup and wu(-,0) = w1 Cauchy initial data
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4";}‘ The Mathematical formulation

State variables

u:[0,T]xQ — R displacement

Notations:
> Q= (—00,0)
> K:{v € Hlloc(Qx[O,oo)) SVt € Ll20c

We consider the following problem (DI):

Applied field
0:[0,T]xQ — R density forces

([0,00); L2(9)), v(0,-) > 0}

Utt_Uxx_aUxxt:,e,’ a>0
€L ([0,00);L2(R))

0 <u(0,t) L (ux+ouy)(0,t) >0

u(+0)=uy and u(-,0) =y
~— ~—
€H2(Q) cHY(Q)

damped wave equation

unilateral bdry conditions

Cauchy initial data
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4";}‘ The Mathematical formulation

State variables Applied field

u:[0,T]xQ — R displacement 0:[0,T]xQ — R density forces
Notations:

> Q= (—00,0)

> K={v € Hj,.(2x[0,00)) : vier € L{.([0,00): T2(Q)), v(0,-) = 0}

The weak formulation (V1) is given by

Find v € K such that for all v € K and for all 7 € (0,00), we have

/Q(ut(v—U))’gdx_/OT/QUt(Vt_Ut)dth

+/ /(ux—i—auxt)(vx—ux)dxdtz/ /E(v—u)dxdt
0 JQ 0 JQ
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4";}‘ Existence and Uniqueness for the Penalized Problem

Penalized Problem (PP) (here r— = — min(r,0))
up — Uy, —oaug, =4, a>0 damped wave equation
(uS+aug,)(0,t) = %(UE(O, t))” normal compliance conditions!
u(-,0) =up and uf(-,0) =1 Cauchy initial data

Martins, Oden. Nonlinear Anal., 1988.
2 Jarugek. Czechoslovak Math. J., 1996.
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4";}‘ Existence and Uniqueness for the Penalized Problem

Penalized Problem (PP) (here r— = — min(r,0))
u —ul, —aug, =4, a>0 damped wave equation
(uS+aug,)(0,t) = %(UE(O, t))” normal compliance conditions!
u(-,0) =up and uf(-,0) =1 Cauchy initial data

Theorem (Existence and uniqueness results?)

There exists a unique weak solution u® € H! ([0,00)xQ) of the problem

loc

(PP) such that uS, € L2 ([0, 00); L2(Q)).

loc

Idea of the proof: Use Galerkin method.

Martins, Oden. Nonlinear Anal., 1988.
2 Jarugek. Czechoslovak Math. J., 1996.
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4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates give us
> ut € L, ([0,00); T2(Q)
> uf € L ([0, 00); L2(Q
> uS € L2 ([0,00); L2(Q
> U lor([o 00); L?(Q
> uS, € L2 ([0, 00); L2(Q

Ioc

)
)
)
)
Moreover u; € C°([0,00); L2(Q)) equipped with the weak topology.

A. Petrov Karlsruhe, 25 March 2010 8 /17



4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates enable to pass to the limit in the
variational formulation associated to the penalized problem

/ngcp(v—uf)‘odx—/o /Q ug(p(v—u®))dxdt
1 T N 2o de — L (6 (0. N o
L[ (@) a1 [ () e
+ i /Q(uf(—l-ozuit)(tp(vx—ui))dxdt:/0 /Q&p(v—ue)dxdt
where ¢ € C5°(Q x [0,00)) taken its values in [0, 1].

A. Petrov Karlsruhe, 25 March 2010 8 /17



4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates enable to pass to the limit in the
variational formulation associated to the penalized problem

/Ugsp(v_uf)’ng—/ /ug(QO(V—uE))tdxdt

JQ Jo Q

+/ /(Vue—i—au;t)(@(vx—ui))dxdt>/ /&p(v—uf)dxdt
. 0 Q . 0 Q

where ¢ € C5°(Q x [0,00)) taken its values in [0, 1].

Remark: Nothing is known about uniqueness.
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4";}‘ Regularity of the trace

AIM: Characterize the trace spaces

Recall that u(0,t) € HY ([0,00)) for a € R

0

|w]5(0,w) € L*(R)

> w . the dual variable of t

> u(0,w) : the Fourier transform of u(0,t)

Theorem (Regularity of the trace?)
Let u® be the solution of (PP). Then we may extract a subsequence, still
denoted by u€, such that
u(0,t) — u(0,t) weakly in H'*([0,00)).
Moreover u is a strong solution of (DI).

3p., Schatzman. C. R. Math. Acad. Sci., 2002.
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4";}‘ Regularity of the trace

Sketch of the proof:

> Introduce U solution of (DI) with the Dirichlet boundary conditions
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> Introduce U solution of (DI) with the Dirichlet boundary conditions

> Let v¢ = u“—1 be a solution of
vip — (1+adi)vg, =0, x€Q, t>0
(14+ad)vg(0,t) = & + 1(v(0,t))” where g = —(Tx+alix)(0,t)
ve(-,0) =0 and v{(-,0)=0

> Use the Fourier transform in t

?;X(x,w):x2?e(x,w) where /)\\:\/1’;”W

s TV (x,w) = 3N

> Use the boundary conditions
(140 )vi)(0,w) = :\\1V€(O,w) where )\ = (1—|—iaw)X
~ Axve(0,t) = & + L(v(0,£))~
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4";}‘ Energy balance

The energy balance is obtained by multiplying (DI) by v; and integrating
over 2x(0,7), i.e.

Gl taPlpasta [ [ naxat
Q 0 Ja

:/ /Eutdxdt—l—/ (uxtauy)(0, t)ue (0, t)dt
0 Q 0

The energy losses are purely viscous iff [ (st )(0, t)ue (0, t)dt = 0.

> u(0,t) =0 a.e. on supp((ux+aux)(0,t))

> (ux+aug)(0,t) is only a measure

£ [y (uxtoue ) (0, t)ue (0, t)dt =0
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4";}‘ Energy balance

The energy balance is obtained by multiplying (DI) by v; and integrating
over 2x(0,7), i.e.

%/(\u§!2+\u§!2){3dx+a/ /\uit\zdxdt

Q 0 Q

:/ /Euﬁdxdt—i—/ (ug+aug)(0, t)ug (0, t)dt
0 Q 0

The energy losses are purely viscous iff [ (ug+aw,)(0, t)uf(0, t)dt = 0.

1/4
loc

> u(0,t) € Hy/ (0, 00)

> (uE+aug,)(0,t) € H (0, 00)

loc

# [ (uS+aus,)(0, t)uf(0,t)dt =0
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4";}‘ Energy balance

(D1) is reduced to pseudodifferential linear complementarity pb (LCP)

Mxw(t)=g+b, 0<w(t)Lb>0 with w(t)=v(0,t)

Assumptions & Notations: let 0j,7j: 0 <09 <79 <01 <71...

> suppw C J;[oj, 7] and  supp b C |J;[7), 0j11]
b § = pxd, ¢ isameasure, p = (mt)/?

S

> ¢0 = gb and ¢j+1 - 1[0'j+1:00)(¢j + f[ijUjH

with 4 = ¢j1[7jv"j+1) +0(- — Tj)e_Tj/a f[cfjffj) eS/agbj
Then w is given by

> w= with  H: Heaviside function

: ef(»fs)/aw( =01 ) pi(s)

Oj+1—57/0j+1—5S

Wl[oj,Tj] = (H*V*QZ)J) 1[0_1,77_1,]
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4";}‘ Energy balance

We do not know if for a given g = ¢, there is a solution of (LCP) having
a locally finite structure = construction of w" satisfying (ALCP), i.e.

Axw(t)=g"+b", 0<w"(t) Lb">0

A-priori estimates (ALCP) imply that there exists a subsequence s.t.

> w"” — w uniformly on compact sets and w,” — w; in L>°(0, T) weakly =
> b" — bin M'(0, T) weakly *

> w and b satisfy (LCP)

In particular, w; is essentially bounded = b has no atoms.

Theorem

Let N be the set of atoms of ¢, Ni=U; {0}, 7;}, U={t € R: w(t) > 0}.
Then for all t ¢ N U Ny U U, w is differentiable at t with w(t) = 0.

= (w;, b) = 0 = the energy losses are purely viscous.
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> Understand the limit when o« — 0

> Study the same problems with Signorini boundary conditions distributed
over the surface

> Include the friction like a Coulomb friction law

> Include a heat equation

Thank you for your attention !

Papers on line: http://www.wias-berlin.de/people/petrov
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