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Shape-Memory Alloys are used today in real life:

WHY? Because their have the following properties:

> shape memory under heating and cooling
> superelastic properties under mechanical loading

> hysteretic behavior for damping of vibrations

AIM: Find good mathematical models (analysis and numerics)
— Souza-Auricchio model for shape-memory alloys®
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4";}‘ Background on the Energetic Formulation

State variables Applied field
u:Q — RY displacement
z:Q — Z phase indicator

Lappl = [0, T] — X' mechanical loading

Energy functional: £(t,u,z) = [ W(Vu,z,Vz)dx — (Cappi(t),u)

Dissipation functional: D(z1,2) = |, D(x, z1(x), z2(x)) dx

2Mielke, Theil. Nonl. Diff. Eqns. Appl., 2004.
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(u,2) : [0, T] — U x Z is called energetic solution?, if
(S) &(t,u(t),z(t)) <E&(t,u,z)+D(z(t),z) for all (u,z) eU x 2
(E) &(t,u(t),z(t)) + Varp(z; [0, t]) = £(0, wo, z0)+ fot 0sE(-,u,z)ds

If D(z1,20) = V(zo—2z1) and E(t,-) : U x Z — R, convex, then

0€ 0,&(t,u,z2) elastic equilibrium
0€0V(z)+ 0,E(t,u,z) flow rule

2Mielke, Theil. Nonl. Diff. Eqns. Appl., 2004.
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Y

State variables Applied field
u:Q—R?  displacement Ly, € C3([0, T], X’) mechanical load

z:Q — RIxd

0.5ym mesoscopic transformation strain

Energy functional: £(t,u,z) = [ W ,2,Vz)dx — (Lappi(t), u)
where W = 1C(e(uv)—z):(e(u)—2z) + HsoAu( )—|—U|Vz|2

Dissipation functional: D(z;,2) = V(z—21) = [, plzo—z1|dx
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‘

State variables Applied field

u:Q—R?  displacement Ly, € C3([0, T], X’) mechanical load
Rdxd

z:Q— 0,sym

mesoscopic transformation strain

Energy functional: £(t,u,z) = [ W ,2,Vz)dx — (Lappi(t), u)

where W = 1C(e(uv)—z):(e(u)—2z) + HsoAu( )—|—U|Vz|2

Dissipation functional: D(z;,2) = V(z—21) = [, plzo—z1|dx
UE{ueH(QURY) :u=00nTp; }, ZZH(QURIS), QZUxZ

> X: Banach spacest. QC X C Q'

> e(u) = 2(Vu+Vu'): infinitesimal strain C: elasticity tensor

stress

> HSoAu(Z) - C1|Z| + %|Z|2 + X{|Z‘§C3}(Z)

» ¢ activation threshold
» ¢, hardening in the martensitic regime
» ¢3: maximal transformation strain
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‘

State variables Applied field

u:Q—R?  displacement Ly, € C3([0, T], X’) mechanical load
Rdxd

z:Q — 0.5ym

mesoscopic transformation strain

Energy functional: £(t,u,z) = [ W(e(u),z,Vz)dx — (Lappi(t), u)
where W = 1C(e(u)—2):(e(u)—z) + Hsoau(z) + o|Vz[?

Dissipation functional: D(z;,2) = V(z—21) = [, plzo—z1|dx

For the regularized version of Hgoay: ,

Hs(z,0) = c1/02+[z2 + 221> + 5((|2] = cs5)+)

Theorem (Existence and uniqueness?)

For all 6 > 0 there exists a solution of (S)&(E).
For 6 > 0 the solutions are unique since & € C3([0, T]; H(Q)).

“Mielke, P. Adv. Math. Sci. Appl., 2007.
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Since £(t,-) - U x Z — R, convex, then

0€0,&(t,u,z2) elastic equilibrium
(S)&(E) — {0 € 0V(z) + 0,&(t,u,z) flow rule

> 0,E(t,u,z) = —div(C(e(u)—2z)) — Lappi(t)
> 0,E(t,u,z) = —C(e(u)—2z) + 0, Hsonu(z) — 0 Az

Then our problem can be rewritten as follows

(D) 0€0V(q)+Ag+ DgHsoau(q) — L(t) a.e. in [0, T]

def

> q= (uz)T,  L(t) = ((t),0)7
> OW(G) = (0,0W(2))T, Hsoau(q) = (0, Hsoau(z)—2|2]?)T

T2

er (—div(Ce())  div(C()) oo
PR < —C(e(1)) C()—oA(-)+2I ) € Lin(Q, Q)

A. Petrov Banff, 2nd September 2010 9 /18



4";}‘ The Souza-Auricchio model for SMAs

Since £(t,-) - U x Z — R, convex, then

0€0,&(t,u,z2) elastic equilibrium
(S)&(E) — {0 € oV(z) + 0,E(t,u,z) flow rule

> 0,E(t,u,z) = —div(C(e(u)—2z)) — Lappi(t)
> 0,E(t,u,z) = —C(e(u)—2z) + 0, Hsonu(z) — 0 Az

Then our problem can be rewritten as follows

(D) 0 €0V(q(t)) +Dg&E(t,q(t)) a.e. in [0, T]

Here (DI) is equivalent to the variational inequality

(Vh) Vv e Q: (Dgé(t, q(t)),v—q(t))o + VW(v) — ¥(4(t)) = 0
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4";}‘ Error estimates for space-time discretizations

Finite-element spaces: U/, C U and Z, C Z with Q) = U, X Z,
Time step: 7 >0

Space-Time Discretization: ¢*, = (v ,,zf ) and G, = (Un, Zh)

(IP)., af € arg min(E(tf, Gn) + V(2 —215"))
dh€Qn
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Finite-element spaces: U/, C U and Z, C Z with Q) = U, X Z,
Time step: 7 >0

Space-Time Discretization: ¢*, = (v ,,zf ) and G, = (Un, Zh)

(IP)., af € arg min(E(tf, Gn) + V(2 —215"))
dh€Qn

> £ :[0, T] x Q@ — R: the energy functional
(E1) EeC¥[0,T];9)
(E2) E(t,-) is K-uniformly convex
(B3) 3Jc,C>0:vgeQ clqliz-C=<&(t,g) < Claly+C

> W:Q — [0,00): the dissipation functional
(D1) ¥y =0,9€ Q:V(yq) =2V(q)
(D2) Vg1, q2€ Q: V(q1+q2) < V(q1) + V(q2)
(D3) 3G >0VYge Q: V(q) < Gul[dlo
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4";}‘ Error estimates for space-time discretizations

Finite-element spaces: U/, C U and Z, C Z with Q) = U, X Z,
Time step: 7 >0

Space-Time Discretization: ¢*, = (v ,,zf ) and G, = (Un, Zh)
- ~ = _k—1
(1P), 4 qs , € arg min(E(tF,Gn) + ¥(Zn—25,"))
qanen
Theorem

For all h > 0, there exists a unique solution gy, : [0, T| — Q) to (DI) and
there exists R > 0 such that ||gx(t)||o < R for all t € [0, T| and
llgn(t)llo < C(R, k) for a.e. t €0, T].

Idea of the proof: Use Mielke& Theil'04.

AIM: evaluate ||g. n(t)—q(t)||o by some polynomial function of 7 and h
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Let Py : Q — Qp sit. Vpp € Qp: (APyq, pp)o = (Aq, pr)o
There exist « € (0,1] Cp > 0s.t. YVh>0Vqg € Q: ||((Pr—1)gllx < Coh%||qllo

E|C>0Vh>OV(t,C_]h)€[O,T]XQ/,VWGQHV/,EQ;,Z
(CO) (Dg&(t,Gn), va—w)o + V(vp—w) < Ch*|w([o

Theorem

There exist C > 0 and o € (0,1] s.t. forall h € [0, hg] and all g5(0) € Sx(0),
vVt € [0, T] v € (0, T] : [larn(t)—a(t)llo < C(h*?++/T+[lan(0)—q(0)l o)
Sh(t) «f {qh € 9y { Van € Qn : E(t, qn) < E(t,ah)+\ll(ah—qh)}: the stable states
Sketch of proof: Let us remark that

larn(t)=a(t)lle < llgrn(t)=an(t)llo  +  |lan(t)=a(t)le
—_——

<C+/7 (cf. Mielke&Theil'04)  <C(h*/2+/g;(0)—q(0)||o)
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Define now

(G1) 7(t) = (Dg&(t, an)~De€(t. q), an—q)0 = kllg—anll}
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Define now
(G1) () = (Dg&(t, an)—DeE(t,q). ah—a) o > kllg—anl?

E(t,-) is k-unif. convex oy S0 2 St @) (DE (1 ). d-a)o+ 5 la-dll}
iarlet’
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4";}‘ Error estimates for space-time discretizations

Define now
(G1) () = (Dg€(t, an)—Dg(t. q), an—a)o > rlla—anll%
By differentiation, we get

A(t) = (9eDgE(t, gn)—0:DgE(t, ), an—a) 0
+(Dg&(t, q)—Dg&(t, qn)+DZE(t, an)lan—al, dn)o
+(Dg€(t, an)—Dg€(t, q)+DZE(t, a)la—anl, 4) 4
+2  (Dg&(t,qn)—DgE(t,q), ah—q)0

L
<

) , (€O ,
(Dg&(t,qn).vi—a)o+¥(va—q) < Ch*||dllo
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4";}‘ Error estimates for space-time discretizations
Define now
(G1) 7(t) = (Dg&(t, an)~Do€(t. ), an—q)0 = kllg—anll?

By differentiation, we get

Thm.
EDE) - wro
S0 % dllo + C+lalo+laslo)la—anld < C(H+20)

~U« Int. + Grénwall
(t) < (eCt/“—l)/{ho‘ + o€t/ ~(0)
——

<Clla(0)~an(0)II%

U (6
P a Ct/k
la(t)—an(t)lIy < (/" —1)h* + €=1q(0)—an(0) 12
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Lemma
There exists C > 0 such that for all h € (0, hg], we have q,(0) € S,(0) and

194 (0)—g(0)llo < Ch*/

Idea of the proof: Since we have D,£(0.¢(0)) € Lin(9, A”) and
1D4€(0,9(0))|l1in(0,x7) < Cu which implies the lemma.

3Mielke, Paoli, P., Stefanelli. SINUM, 2010.
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There exists C > 0 such that for all h € (0, hg], we have q,(0) € S,(0) and

194 (0)—g(0)llo < Ch*/

Idea of the proof: Since we have D,£(0.¢(0)) € Lin(9, A”) and
1D4€(0,9(0))|l1in(0,x7) < Cu which implies the lemma.

Theorem (Error estimates for space-time discretizations®)
There exists C > 0 such that q(0) € S(0), we have
Vh € [0, ho] 3qn(0) € Sp(0) Vt € [0, T] V7T € (0, T] :
lgra()=a(t)lle < C(h*2+/7)

3Mielke, Paoli, P., Stefanelli. SINUM, 2010.
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TN

We have developed a 2D FE simulation tools based on some ideas of
Carstensen et al.*

Stress [MPa]

“Carstensen, Klose. J. Numer. Math., 2002.
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> include rate-dependent effects like a heat equation
(work in progress with A. Mielke and L. Paoli )

> develop the theory to include other multifunctional materials
(ferroelectric materials, magnetostrictive materials)
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> develop the theory to include other multifunctional materials
(ferroelectric materials, magnetostrictive materials)

Thank you for your attention !

Papers on line: http://www.wias-berlin.de/people/petrov
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