
On a 3D model for shape-memory alloysDediated to the memory of M. ShatzmanAdrien PetrovWeierstraÿ-Institute für Angewandte Analysis und Stohastikjoint work with A. Mielke, L. Paoli and U. StefanelliDFG Researh Center MATHEONMathematis for key tehnologies
W e ie rstra ß -In stitu t fü r A n g e w a n d te A n a ly s is u n d S to ch a stikBan�, 2nd September 2010



Outline
1 Bakground of SMAs2 Bakground on the Energeti Formulation3 The Souza-Aurihio model for SMAs4 Error estimates for spae-time disretizations5 Numeris6 Conlusion

A. Petrov Ban�, 2nd September 2010 2 / 18



Outline
1 Bakground of SMAs2 Bakground on the Energeti Formulation3 The Souza-Aurihio model for SMAs4 Error estimates for spae-time disretizations5 Numeris6 Conlusion

A. Petrov Ban�, 2nd September 2010 3 / 18



Shape-memory alloysShape-Memory Alloys are used today in real life:
WHY?

1Souza, Mamiya, Zouain. Europ. J. Meh., A/Solids, 1998.A. Petrov Ban�, 2nd September 2010 4 / 18



Shape-memory alloysShape-Memory Alloys are used today in real life:
WHY? Beause their have the following properties:
⊲ shape memory under heating and ooling
⊲ superelasti properties under mehanial loading
⊲ hystereti behavior for damping of vibrations1Souza, Mamiya, Zouain. Europ. J. Meh., A/Solids, 1998.A. Petrov Ban�, 2nd September 2010 4 / 18



Shape-memory alloysShape-Memory Alloys are used today in real life:
WHY? Beause their have the following properties:
⊲ shape memory under heating and ooling
⊲ superelasti properties under mehanial loading
⊲ hystereti behavior for damping of vibrationsAIM: Find good mathematial models (analysis and numeris)1Souza, Mamiya, Zouain. Europ. J. Meh., A/Solids, 1998.A. Petrov Ban�, 2nd September 2010 4 / 18



Shape-memory alloysShape-Memory Alloys are used today in real life:
WHY? Beause their have the following properties:
⊲ shape memory under heating and ooling
⊲ superelasti properties under mehanial loading
⊲ hystereti behavior for damping of vibrationsAIM: Find good mathematial models (analysis and numeris)
=⇒ Souza-Aurihio model for shape-memory alloys11Souza, Mamiya, Zouain. Europ. J. Meh., A/Solids, 1998.A. Petrov Ban�, 2nd September 2010 4 / 18



Outline
1 Bakground of SMAs2 Bakground on the Energeti Formulation3 The Souza-Aurihio model for SMAs4 Error estimates for spae-time disretizations5 Numeris6 Conlusion

A. Petrov Ban�, 2nd September 2010 5 / 18



Bakground on the Energeti FormulationState variables Applied �eldu : Ω → R
d displaement ℓappl : [0,T ] → X ′ mehanial loadingz : Ω → Z phase indiatorEnergy funtional: E(t, u, z) =

∫
Ω W (∇u, z ,∇z)dx − 〈ℓappl(t),u〉Dissipation funtional: D(z1, z2) =

∫
Ω D(x , z1(x), z2(x))dx
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{0 ∈ ∂uE(t, u, z) elasti equilibrium0 ∈ ∂Ψ(ż) + ∂zE(t, u, z) �ow rule2Mielke, Theil. Nonl. Di�. Eqns. Appl., 2004.A. Petrov Ban�, 2nd September 2010 6 / 18



Outline
1 Bakground of SMAs2 Bakground on the Energeti Formulation3 The Souza-Aurihio model for SMAs4 Error estimates for spae-time disretizations5 Numeris6 Conlusion

A. Petrov Ban�, 2nd September 2010 7 / 18



The Souza-Aurihio model for SMAsState variables Applied �eldu : Ω → R
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Ω W (e(u), z ,∇z)dx − 〈ℓappl(t), u〉where W = 12C(e(u)−z):(e(u)−z) + HSoAu(z) + σ|∇z |2Dissipation funtional: D(z1, z2) = Ψ(z2−z1) =

∫
Ω ρ|z2−z1|dx

⊲ U def
=

{ u ∈ H1(Ω; Rd ) : u = 0 on ΓDir }, Z def
= H1(Ω; Rd×d0,sym), Q def

= U × Z
⊲ X : Banah spae s.t. Q ⊂ X ⊂ Q′

⊲ e(u) = 12 (∇u+∇uT): in�nitesimal strain C: elastiity tensor
⊲ HSoAu(z) = 1|z | + 22 |z |2 + χ{|z|≤3}(z)

◮ 1: ativation threshold
◮ 2: hardening in the martensiti regime
◮ 3: maximal transformation strain stress
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∫
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δ

(
(|z |−3)+)3Theorem (Existene and uniquenessa)For all δ ≥ 0 there exists a solution of (S)&(E).For δ > 0 the solutions are unique sine E ∈ C3([0,T ];H1(Ω)).aMielke, P. Adv. Math. Si. Appl., 2007.A. Petrov Ban�, 2nd September 2010 8 / 18
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⊲ q def
= (u, z)T, L(t) def

= (ℓ(t), 0)T
⊲ ∂Ψ(q̇) def

= (0, ∂Ψ(ż))T, HSoAu(q) def
= (0,HSoAu(z)− 22 |z |2)T

⊲ A def
=

(
−div(Ce(·)) div (C(·))
−C(e(·)) C(·)−σ∆(·)+ 22 I )
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Error estimates for spae-time disretizationsFinite-element spaes: Uh ⊂ U and Zh ⊂ Z with Qh = Uh ×ZhTime step: τ > 0Spae-Time Disretization: qk
τ,h = (uk

τ,h, zkτ,h) and q̂h = (ûh, ẑh)(IP)τ,h qkτ,h ∈ arg min
bqh∈Qh (

E(tkτ , q̂h) + ψ(ẑh−zk−1
τ,h )

)
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τ,h, zkτ,h) and q̂h = (ûh, ẑh)(IP)τ,h qkτ,h ∈ arg min
bqh∈Qh (

E(tkτ , q̂h) + ψ(ẑh−zk−1
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⊲ E : [0,T ] ×Q → R: the energy funtional(E1) E ∈ C3([0,T ];Q)(E2) E(t, ·) is κ-uniformly onvex(E3) ∃ , C > 0 : ∀q̂ ∈ Q ‖q̂‖2Q − C ≤ E(t, q̂) ≤ C‖q̂‖2Q + C
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bqh∈Qh (

E(tkτ , q̂h) + ψ(ẑh−zk−1
τ,h )

)TheoremFor all h ≥ 0, there exists a unique solution qh : [0,T ] → Qh to (DI) andthere exists R > 0 suh that ‖qh(t)‖Q ≤ R for all t ∈ [0,T ] and
‖q̇h(t)‖Q ≤ C (R , κ) for a.e. t ∈ [0,T ].Idea of the proof: Use Mielke&Theil'04.AIM: evaluate ‖qτ,h(t)−q(t)‖Q by some polynomial funtion of τ and hA. Petrov Ban�, 2nd September 2010 11 / 18



Error estimates for spae-time disretizationsLet Ph : Q → Qh s.t. ∀ph ∈ Qh: 〈APhq, ph〉Q = 〈Aq, ph〉QThere exist α ∈ (0, 1] CP > 0 s.t. ∀h > 0 ∀q ∈ Q: ‖(Ph−I)q‖X ≤ CPhα‖q‖Q
∃C > 0 ∀h > 0 ∀(t, q̄h) ∈ [0,T ] ×Qh ∀w ∈ Q ∃vh ∈ Qh :(CC) 〈DqE(t, q̄h), vh−w〉Q + Ψ(vh−w) ≤ Chα‖w‖QTheoremThere exist C > 0 and α ∈ (0, 1] s.t. for all h ∈ [0, h0] and all qh(0) ∈ Sh(0),

∀t ∈ [0,T ] ∀τ ∈ (0,T ] : ‖qτ,h(t)−q(t)‖Q ≤ C(hα/2+√
τ+‖qh(0)−q(0)‖Q)

Sh(t) def
=

{qh ∈ Qh ∣∣ ∀q̂h ∈ Qh : E(t, qh) ≤ E(t, q̂h)+Ψ(q̂h−qh)}: the stable statesSketh of proof: Let us remark that
‖qτ,h(t)−q(t)‖Q ≤ ‖qτ,h(t)−qh(t)‖Q︸ ︷︷ ︸

≤C√
τ (f. Mielke&Theil'04) + ‖qh(t)−q(t)‖Q︸ ︷︷ ︸

≤C(hα/2+‖qh(0)−q(0)‖Q)A. Petrov Ban�, 2nd September 2010 12 / 18
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Q
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Error estimates for spae-time disretizationsDe�ne now(G1) γ(t) def
= 〈DqE(t, qh)−DqE(t, q), qh−q〉Q ≥ κ‖q−qh‖2QBy di�erentiation, we get

γ̇(t) = 〈∂tDqE(t, qh)−∂tDqE(t, q), qh−q〉Q
+〈DqE(t, q)−DqE(t, qh)+D2qE(t, qh)[qh−q], q̇h〉Q
+〈DqE(t, qh)−DqE(t, q)+D2qE(t, q)[q−qh], q̇〉Q
+2 〈DqE(t, qh)−DqE(t, q), q̇h−q̇〉Q︸ ︷︷ ︸

(VI)
≤ 〈DqE(t,qh),vh−q̇〉Q+Ψ(vh−q̇)

(CC)

≤ Chα‖q̇‖Q
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Error estimates for spae-time disretizationsDe�ne now(G1) γ(t) def
= 〈DqE(t, qh)−DqE(t, q), qh−q〉Q ≥ κ‖q−qh‖2QBy di�erentiation, we get

γ̇(t)(E1)-(E3)≤ Chα‖q̇‖Q + C(1+‖q̇‖Q+‖q̇h‖Q)
‖q−qh‖2Q Thm.M&T'04

≤ C(hα+γ(t)
κ

)

⇓ Int. + Grönwall
γ(t) ≤ (eCt/κ−1)κhα + eCt/κ γ(0)︸︷︷︸

≤C‖q(0)−qh(0)‖2Q
⇓ (G1)

‖q(t)−qh(t)‖2Q ≤
(eCt/κ−1)hα + CeCt/κ

κ ‖q(0)−qh(0)‖2QA. Petrov Ban�, 2nd September 2010 13 / 18



Error estimates for spae-time disretizationsLemmaThere exists C > 0 suh that for all h ∈ (0, h0], we have qh(0) ∈ Sh(0) and
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NumerisWe have developed a 2D FE simulation tools based on some ideas ofCarstensen et al.4
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4Carstensen, Klose. J. Numer. Math., 2002.A. Petrov Ban�, 2nd September 2010 16 / 18
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Conlusion
⊲ inlude rate-dependent e�ets like a heat equation(work in progress with A. Mielke and L. Paoli )
⊲ develop the theory to inlude other multifuntional materials(ferroeletri materials, magnetostritive materials)
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