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Des
ription of the dynami
sWe 
onsider a me
hani
al system with a �nite number of degrees of freedom.The un
onstrained dynami
s is given by

M(q)q̈ = g(t, q, q̇).We assume that the system is submitted to unilateral 
onstraints des
ribed by

q(t) ∈ K =
{
q ∈ R

d; fα(q) ≥ 0 ∀α ∈ {1, . . . , ν}
}
, ν ≥ 1.Adding the rea
tion for
e due to the 
onstraints, we obtain

M(q)q̈ = g(t, q, q̇) +R, Supp(R) ⊂
{
t; q(t) ∈ ∂K

}
.



We assume moreover that the 
onstraints are perfe
t, i.e.

• there is no adhesion

∀v ∈ TK(q) : (R, v) ≥ 0,

• 
onta
t is without fri
tion

∀v ∈ TK(q) ∩
(
−TK(q)

)
: (R, v) = 0,with

TK(q) =
{
w ∈ R

d;
(
∇fα(q), w

)
≥ 0 ∀α ∈ J(q)

}
,and

J(q) =
{
α ∈ {1, . . . , ν}; fα(q) ≤ 0

}
.



Using Farkas' lemma we infer that

R =
∑

α∈J(q)

λα∇fα(q), λα ≥ 0.

Moreover the velo
ity may be dis
ontinuous whenever q(t) ∈ ∂K sin
e
q̇+(t) ∈ TK

(
q(t)

)
, q̇−(t) ∈ TK

(
q(t)

)
.So R is a measure and we get the following Measure Di�erential In
lusion

M(q)q̈ − g(t, q, q̇) ∈ −NK(q).It follows that

M
(
q(t)

)(
q̇+(t) − q̇−(t)

)
∈ NK

(
q(t)

) if q(t) ∈ ∂K.



If J(
q(t)

)
= {α} we infer that there exists e ≥ 0 su
h that

q̇+(t) = q̇−(t) − (1 + e)

(
∇fα

(
q(t)

)
, q̇−(t)

)
(
∇fα

(
q(t)

)
,M−1

(
q(t)

)
∇fα

(
q(t)

))whi
h 
an be rewritten as

q̇+(t) = −eq̇−(t) + (1 + e)ProjM(q(t))

(
TK

(
q(t)

)
, q̇−(t)

)

= −eProjM(q(t))

(
M−1

(
q(t)

)
NK

(
q(t)

)
, q̇−(t)

)
+ ProjM(q(t))

(
TK

(
q(t)

)
, q̇−(t)

)
.The kineti
 energy satis�es

E+(t) =
1

2

∣∣q̇+(t)
∣∣2
M(q(t))

=
1

2

(∣∣ProjM(q(t))

(
TK

(
q(t)

)
, q̇−(t)

)∣∣2
M(q(t))

+ e2
∣∣ProjM(q(t))

(
M−1

(
q(t)

)
NK

(
q(t)

)
, q̇−(t)

)∣∣2
M(q(t))

)

and E+(t) ≤ E−(t) if e ∈ [0, 1] (me
hani
al 
onsisten
y).



In the general 
ase, the transmission of the velo
ity at impa
ts is modelled by the Newton'slaw

q̇+(t) = −eProjM(q(t))

(
N ∗
K

(
q(t)

)
, q̇−(t)

)
+ ProjM(q(t))

(
TK

(
q(t)

)
, q̇−(t)

)

with a restitution 
oe�
ient e ∈ [0, 1].Remarks:

• This model is me
hani
ally 
onsistent
• If e = 1, the kineti
 energy is 
onserved at impa
ts (elasti
 sho
ks)
• If e = 0, we have

q̇+(t) = ProjM(q(t))

(
TK

(
q(t)

)
, q̇−(t)

)
= Argminu∈TK(q(t))‖u− q̇−(t)‖M(q(t))(standard inelasti
 sho
ks)

• If Card
(
J
(
q(t)

))
> 1 this is not the only me
hani
ally 
onsistent model.



We 
onsider the following Cau
hy problem:Problem (P) Let (q0, u0) ∈ K × TK(q0) be admissible initial data. Find a fun
tion q :
[0, τ ] → IRd, with τ > 0, s.t.(P1) q ∈ C0

(
[0, τ ]; IRd

), q̇ ∈ BV (0, τ ; IRd),(P2) q(t) ∈ K for all t ∈ [0, τ ],(P3) there exists a non negative measure µ su
h that the Stieltjes measure dq̇ = q̈ and theLebesgue's measure dt admit densities relatively to dµ, denoted respe
tively u′µ and t′µ, and

M
(
q(t)

)
u′µ(t) − g

(
t, q(t), q̇(t)

)
t′µ(t) ∈ −NK

(
q(t)

)
dµ a.e.,

(P4) q(0) = q0, q̇+(0) = u0,(P5) q̇+(t) = −eq̇−(t) + (1 + e)ProjM(q(t))

(
TK

(
q(t)

)
, q̇−(t)

) for all t ∈ (0, τ ).
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Existen
e and approximation of solutionsA lot of results sin
e M.S
hatzman (78).

• Penalty methodM.S
hatzman (78), M.Carriero - E.Pas
ali (80), G.Buttazzo - D.Per
ivale (81, 83),LP - M.S
hatzman (93), M.S
hatzman (01)
• Time-dis
retization at the position levelLP - M.S
hatzman (93), LP - M.S
hatzman (98), LP - M.S
hatzman (02)

• Time-dis
retization at the velo
ity levelJ.J.Moreau (83, 85 ...), M.Monteiro Marques (87, 93), M.Mabrouk (98),R.Dzonou - M.Monteiro Marques - LP (06, 09).Uniqueness is not true in general (A.Bressan 1959)).
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Existen
e and approximation of solutions: multi-
onstraint 
ase (ν > 1)
• Penalty methodM.S
hatzman (78), LP (00),

• Theoreti
al existen
e resultP.Ballard (00)New di�
ulty: 
ontinuity on data does not hold in general but holds if the following "angle
ondition" on the a
tive 
onstraints is satis�ed:
(∇fα(q),M(q)−1∇fβ(q)) ≤ 0 if e = 0
(∇fα(q),M(q)−1∇fβ(q)) = 0 if e 6= 0for all (α, β) ∈ J(q)2 su
h that α 6= β, for all q ∈ ∂K.Referen
es: P.Ballard (00) and LP (05).



A "simple" 
ase: M ≡ Id and K 
onvexThe MDI 
an be rewritten as

q̈ + ∂ψK(q) ∋ g(t, q, q̇)and we propose the following impli
it time-dis
retization
qn+1 − 2qn + qn−1

h2
+ ∂ψK(qn+1) ∋ Gn

whi
h is equivalent to

qn+1 = Proj(K, 2qn − qn−1 + h2Gn)where Gn is an approximate value of g(t, q, q̇) at t = tn = nh.We initialize the algorithm by de�ning
q0 = q0, q1 = Proj

(
K, q0 + hu0 + hz(h)

) with limh→0 z(h) = 0.



Example (boun
ing ball): d = 1, K = IR+, M(q) ≡ 1, g ≡ 0, q0 = 1, u0 = −1.The solution of problem (P) is

q(t) = 1 − t if t ∈ [0, 1], q(t) = 0 if t ≥ 1.Assume that h ∈ (0, 1/2). We obtain q0 = 1, q1 = 1 − h and for all n ≥ 1

qn+1 = Proj(R+, 2qn − qn−1) = max(2qn − qn−1, 0).There exists p ≥ 1 (p = ⌊1/h⌋ − 1) su
h that
p = max

{
k ≥ 0; 2qn − qn−1 ≥ 0 ∀n ∈ {0, . . . , k}

}

and qn = 1 − nh for all n ∈ {0, . . . , p + 1}. Then
qp+2 = 0, 2qp+2 − qp+1 = −qp+1 ≤ 0and qk = 0 for all k ≥ p + 2.



Let us assume(H1) g is a 
ontinuous fun
tion from [0, T ] × IRd × IRd (T > 0) to IRd,(H2) for all α ∈ {1, . . . , ν}, the fun
tion fα belongs to C1(IRd; IR), ∇fα is Lisp
hitz 
ontin-uous and does not vanish in a neighbourhood of {
q ∈ IRd : fα(q) = 0

},(H3) the a
tive 
onstraints along are fun
tionnally independent i.e., for all q ∈ K the ve
tors(
∇fα(q)

)
α∈J(q)

are linearly independent.We de�ne the approximate solution (qh)h>0 by a linear interpolation of the qn's, i.e.

qh(t) = qn + (t− nh)
qn+1 − qn

h
∀t ∈

[
nh, (n + 1)h

]
∩ [0, T ]
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Theorem (LP 2005) Let (q0, u0) ∈ K × TK(q0) be admissible data. Then there exist τ ∈
(0, T ] and a subsequen
e of (qh)h>0, still denoted (qh)h>0, su
h that

qh → q in C0
(
[0, τ ]; IRd

)and q satis�es the properties (P1)-(P2)-(P3)-(P4).If we assume moreover that, for all q̃ ∈ ∂K, we have
(
∇fα(q̃),∇fβ(q̃)

)
≤ 0 for all (α, β) ∈ J(q̃)2 su
h that α 6= β,then the limit fun
tion q satis�es also (P5) with e = 0, i.e.

q̇+(t) = proj
(
TK

(
q(t)

)
, q̇−(t)

)
∀t ∈ (0, τ )and q is a solution of the Cau
hy problem.Furthermore, if g is Lisp
hitz 
ontinuous in its last two arguments, uniformly with respe
t tothe �rst one, the previous 
onvergen
e holds on the whole time interval [0, T ].



Sket
h of the proofStep 1: We establish uniform estimates for the dis
rete velo
ities and a

elerations.Lemma 1: For all n ≥ 1, let V n =
qn+1 − qn

h

. Then
V n−1 − V n + hGn ∈ NK(qn+1), V n ∈ −TK(qn+1).

As a 
onsequen
e

‖V n‖ ≤ ‖V n−1‖ + h‖Gn‖.

Step 2: We de�ne the approximate solutions (qh)h>0 by a linear interpolation of the qn's. Wepass to the limit by using As
oli's and Helly's theorems. Hen
e the limit q satis�es the property(P1) and, by using again lemma 1, we prove that q takes its values in K and satis�es the MDIand the initial 
onditions.



Step 3: We assume now that the "angle 
ondition" holds i.e. for all q̃ ∈ ∂K:
(
∇fα(q̃),∇fβ(q̃)

)
≤ 0 for all (α, β) ∈ J(q̃)2 su
h that α 6= β.

We observe �rst that

q̇+(t) ∈ TK
(
q(t)

)
, q̇−(t) ∈ −TK

(
q(t)

)
, q̇+(t) − q̇−(t) ∈ −NK

(
q(t)

)
.

Hen
e the impa
t law redu
es to (
q̇−(t) − q̇+(t), q̇+(t)

)
= 0 and we have

q̇+(t) − q̇−(t) =
∑

α∈J(q(t))

−µα∇fα
(
q(t)

)
, µα ≤ 0,

(
∇fα

(
q(t)

)
, q̇+(t)

)
≥ 0 ∀α ∈ J

(
q(t)

)
.

Consequently we only need to prove the following 
omplementarity 
ondition

µα
(
∇fα

(
q(t)

)
, q̇+(t)

)
= 0 for all α ∈ J

(
q(t)

)



i.e (
∇fα

(
q(t)

)
, q̇+(t)

)
≤ 0 for all α ∈ J

(
q(t)

) su
h that µα 6= 0.Using again lemma 1, we get

V n−1 − V n + hGn =
∑

β∈J(qn+1)

µnβ∇fβ(q
n+1), µnβ ≤ 0.

We infer that, if µα 6= 0, in any neighbourhood V of the impa
t instant t, there exists at leastone dis
rete impa
t i.e. there exists at least a dis
rete instant tni su
h that fα(qni+1) ≤ 0.It follows that α ∈ J(qni+1) and V ni ∈ −TK(qni+1) thus
(
∇fα(q

ni+1), V ni
)
≤ 0.Finally, by 
onsidering the last dis
rete impa
t tni ∈ V and using the "angle 
ondition" weobtain (

∇fα
(
q(t)

)
, q̇+(t)

)
≤ 0.



Let us 
onsider now e ∈ [0, 1] but still M ≡ Id and K 
onvex. The vibro-impa
t problem isdes
ribed by the MDI

q̈ + ∂ψK(q) ∋ g(t, q, q̇)and the impa
t law

q̇+ = −eq̇− + (1 + e)Proj
(
TK(q), q̇−

)
= −eProj

(
NK(q), q̇−

)
+ Proj

(
TK(q), q̇−

)
.

Starting from the model problem of the boun
ing ball, propose the following algorithm:

qn+1 − 2qn + qn−1

h2
+ ∂ψK

(
qn+1 + eqn−1

1 + e

)
∋ Gn

whi
h 
an be rewritten as
qn+1 = −eqn−1 + (1 + e)Proj

(
K,

2qn − (1 − e)qn−1 + h2Gn

1 + e

)
.



Example (boun
ing ball): d = 1, K = IR+, M(q) ≡ 1, f ≡ 0, q0 = 1, u0 = −1.The solution of problem (P) is

{
q(t) = 1 − t if t ∈ [0, 1],
q(t) = e(t− 1) if t ≥ 1.Assume that h ∈ (0, 1/2). We obtain q0 = 1, q1 = 1 − h and

qn+1 = −eqn−1+(1+e)Proj

(IR+,
2qn − (1 − e)qn−1

1 + e

)
= −eqn−1+max(2qn−(1−e)qn−1, 0).

There exists p ≥ 1 su
h that
p = max

{
k ≥ 0; 2qn − (1 − e)qn−1 ≥ 0 ∀n ∈ {0, . . . , k}

}

and qn = 1 − nh for all n ∈ {0, . . . , p + 1}. Then qp+2 = −eqp.



But

2qp+2 − (1 − e)qp+1 = −2eqp − (1 − e)(2qp − qp−1) = −
(
2qp − (1 − e)qp−1

)
≤ 0

so qp+3 = −eqp+1 and
qk+p+2 = qp+2 + ekh ∀k ≥ 0.



General 
ase: e ∈ [0, 1], M 6≡ Id and /or K not 
onvex

• We extend �rst this de�nition to the 
ase of a non trivial inertia operator but still a 
onvexset K by 
onsidering the proje
tion on K relatively to the kineti
 metri
 at qn instead of theproje
tion relatively to the Eu
lidean metri
.

• In the 
ase of a non 
onvex set K we extend on
e again the de�nition of the algorithm byrepla
ing the proje
tion on K by the Argmin of the distan
e.More pre
isely we propose now the following time-stepping s
heme
q0 = q0, q1 ∈ ArgminZ∈K

∥∥q0 + hu0 + hz(h) − Z
∥∥
M(q0)

, lim
h→0

z(h) = 0and for all n ≥ 1

qn+1 = −eqn−1 + (1 + e)Znwith

Zn ∈ ArgminZ∈K

∥∥∥∥
2qn − (1 − e)qn−1 + h2Gn

1 + e
− Z

∥∥∥∥
M(qn)and Gn is an approximate value of M−1(q)g(t, q, q̇) at t = tn = nh.
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Let us assume(H1) g is a 
ontinuous fun
tion from [0, T ] × IRd × IRd (T > 0) to IRd,(H2) for all α ∈ {1, . . . , ν}, the fun
tion fα belongs to C1(IRd; IR), ∇fα is Lisp
hitz 
ontin-uous and does not vanish in a neighbourhood of {
q ∈ IRd : fα(q) = 0

},(H3) the a
tive 
onstraints along are fun
tionnally independent i.e., for all q ∈ K the ve
tors(
∇fα(q)

)
α∈J(q)

are linearly independent.(H4) M is a mapping of 
lass C1 from IRd to the set of symmetri
 positive de�nite d × dmatri
es.Without further assumptions on M and g, we 
an not expe
t a global existen
e result forproblem (P) on [0, T ].



Indeed, for any solution q de�ned on [0, τ ] (with τ ∈ (0, T ]), we have
E+
k (t) ≤ E+

k (0) +

∫ t

0

(
g
(
s, q(s), q̇(s)

)
, q̇(s)

)
ds

+
1

2

∫ t

0

(
q̇(s),

(
dM

(
q(s)

)
q̇(s)

)
q̇(s)

)
ds ∀t ∈ [0, τ )and �nite time explosion may o

ur. Nevertheless, we 
an establish thatProposition (energy estimate): Let C > ‖u0‖M(q0). Then, there exists τ (C) ∈ (0, T ]s.t., for any solution q of problem (P) de�ned on [0, τ ], we have

‖q(t) − q0‖ ≤ C ∀t ∈
[
0,min

(
τ (C), τ

)]
,

‖q̇(t)‖M(q(t)) ≤ C dt a.e. on [
0,min

(
τ (C), τ

)].

We de�ne on
e again the approximate solutions (qh)h>0 by a linear interpolation of the qn'sand we establish the 
onvergen
e to a solution of the Cau
hy problem on [
0, τ (C)

] for any

C > ‖u0‖M(q0).



First we observe thatLemma 2: For all n ≥ 1

M(qn)(V n−1 − V n + hGn) ∈ NK(Zn).



First we observe thatLemma 2: For all n ≥ 1

M(qn)(V n−1 − V n + hGn) ∈ NK(Zn).

Next we proveLemma 3: For all n ≥ 2 and for all α ∈ J(Zn)

(
∇fα(Z

n), V n + eV n−2
)
≤ O(h)‖V n + eV n−2‖2.



Proof: If α ∈ J(Zn), we have fα(Zn) = 0 and fα(Zn−1) ≥ 0, thus
0 ≤ fα(Z

n−1) − fα(Z
n) =

∫ 1

0

(
∇fα(Z

n + s(Zn−1 − Zn), Zn−1 − Zn
)
ds.

Observing that Zn − Zn−1 =
h

1 + e
(V n + eV n−2), we get

(
∇fα(Z

n), V n + eV n−2
)
≤ −

∫ 1

0

(
∇fα(Z

n + s(Zn−1 − Zn)) −∇fα(Z
n), V n + eV n−2

)
ds

≤ O(h)‖V n + eV n−2‖2.



Case 1: e = 0 With lemma 2 and lemma 3 we infer that

Zn = qn+1 ∈ K, M(qn)(V n−1 − V n + hGn) ∈ NK(qn+1)and (
∇fα(q

n+1), V n
)
≤ O(h)‖V n‖2 ∀α ∈ J(qn+1).

Hen
e −V n does not belong ne
essarily to TK(qn+1). We 
an still reprodu
e the 
onvergen
eproof as in the "simple" 
ase but now we have to deal with some O(h) perturbating terms
oming from the variation of the kineti
 metri
 and the la
k of 
onvexity of K.Case 2: e 6= 0 With lemma 2 and lemma 3 we infer that
Zn =

qn+1 + eqn−1

1 + e
∈ K, M(qn)(V n−1 − V n + hGn) ∈ NK(Zn)and (

∇fα(Z
n), V n + eV n−2

)
≤ O(h)‖V n + eV n−2‖2 ∀α ∈ J(Zn).



Consequently it is mu
h more di�
ult to prove a priori uniform estimates for the dis
retevelo
ities and a

elerations.Indeed, let us assume again that M(q) ≡ Id and K 
onvex, we get
V n + eV n−2 ∈ −TK(Zn)and

(V n−1 − V n + hGn, V n + eV n−2) ≥ 0whi
h yields

(1 − e)‖V n‖2 ≤ (1 + e)‖V n−1‖2 + 2e‖V n−2‖2 + O(h).If K is not 
onvex and/or M(q) 6≡ Id, we obtain the same kind of estimate up to O(h)perturbating terms.Nevertheless, with more te
hni
alities, we 
an still prove that the sequen
e (qh)h>0 is uniformlyLips
hitz 
ontinuous on a non trivial time interval [0, τ ], τ ∈ (0, T ], and the sequen
e (q̇h)h>0is bounded in BV (0, τ ; IRd).



Furthermore it is also more di�
ult to establish that the limit q satis�es the impa
t law
q̇+(t) = −eq̇−(t) + (1 + e)ProjM(q(t))

(
TK

(
q(t)

)
, q̇−(t)

)
. (1)

With (P1), (P2) and (P3) we know that

q̇+(t) ∈ TK
(
q(t)

)
, q̇−(t) ∈ −TK

(
q(t)

)
, M

(
q(t)

)(
q̇+(t) − q̇−(t)

)
∈ −NK

(
q(t)

)
. (2)

It follows that (1) holds if q(t) ∈ Int(K). Otherwise J(
q(t)

)
6= ∅ and

M
(
q(t)

)(
q̇+(t) − q̇−(t)

)
= −

∑

α∈J(q(t))

µα∇fα
(
q(t)

)
, µα ≤ 0.

Hen
e (1) redu
es to
µα

(
∇fα

(
q(t)

)
, q̇+(t) + eq̇−(t)

)
= 0,

(
∇fα

(
q(t)

)
, q̇+(t) + eq̇−(t)

)
≥ 0for all α ∈ J

(
q(t)

).



Re
alling the "angle 
ondition" i.e. for all q̃ ∈ ∂K

(
∇fα(q̃),M

−1(q̃)∇fβ(q̃)
)

= 0 for all (α, β) ∈ J(q̃)2 su
h that α 6= βand using (2), we get

(
∇fα

(
q(t)

)
, q̇+(t)

)
≥ 0,

(
∇fα

(
q(t)

)
, q̇−(t)

)
≤ 0and (

∇fα
(
q(t)

)
, q̇+(t)

)
=

(
∇fα

(
q(t)

)
, q̇−(t)

)
− µα

∥∥∇fα
(
q(t)

)∥∥2

M−1(q(t))
.

If µα = 0 the 
on
lusion follows immediately. Otherwise, we have to prove that

(
∇fα

(
q(t)

)
, q̇+(t) + eq̇−(t)

)
= 0.

By using lemma 2, we 
an prove as in the "simple 
ase" the existen
e of dis
rete impa
ts andusing lemma 3, we �nally get the 
on
lusion.
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