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4';:‘ Shape-memory alloys

Shape-Memory Alloys (SMA) are used today in real life:
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Shape-Memory Alloys (SMA) are used today in real life:

WHY? Because their have the following properties:

> shape memory under heating and cooling
> superelastic properties under mechanical loading

> hysteretic behavior for damping of vibrations
AIM: Find good mathematical models (analysis and numerics)
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4";}‘ An abstract space-time discretization

> Energy functional: £(t,q) = J(Ag,q)o+ H(a) — (I(t),q)
~—— ~—~
hardening funct. load. funct.

(E1) A € Lin(Q, Q') is a symmetric operator
and there exists k > 0: (Aq,q)o > k[q|lo for all g € O

(E2) H € C3(Q,R) is convex and D,H € CO(Q; A7)
(E3) e C3([o, T]; &)
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(E3) e C3([o, T x")
> Dissipation functional: ¥ : O — [0,0)
(D1)  W(yg) =7V(q)forally>0,g¢cQ
(D2)  V(qi+g2) < V(1) + V(go) forall g1, 90 € Q
(D3)  there exists ¢V > 0: W(q) < cV|[g||x forallge X

Notations:
> X: the Banach space such that O c X ¢ O’
def

> S(t) = {q € QlE(t, q) < E(t,q)+V(g—q) for all g € Q}: the stable set
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4";}‘ An abstract space-time discretization
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def

> Energy functional: £(t,q) = 1(AG,q)o + H(q) — (I(t),q)
> Dissipation functional: V: Q — [0, 0)

We consider the doubly nonlinear evolution equation

(DI) 0 € 0V(q(t)) +DgE(t,q(t)) a.e. in [0, T]

(D1) is equivalent to the variational inequality

(V1) (Dg€(t.q(t)), v—a(t))o + W(v) — W(4(t)) > 0 forall v € Q

(D) is also equivalent to the energetic formulation (cf. Mielke& Theil'04)

(S) &(t,q(t)) <&(t,q) +V(g—q(t)) forall ge Q
(E) &(tq(t)) + [ W(g(s))ds = £(0,q(0))+ [ sE(s, q(s))ds
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4";}‘ An abstract approximation

> Finite-element spaces Q) C O
> Time step 7 > 0

Space-Time Discretization

~h ] N ~ 7,h
(|p)‘r,h a" € AArgnnn(S(tk, a") + ¢(qh_qk71))
gheQy
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h 7h : r ~h__mh
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Theorem (Mielke& Theil'04)
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exists a unique solution gy, : [0, T| — Q) to (DI) and there exists R > 0 s.t.
llgn(t)]lo < R for all t € [0, T] and ||gn(t)|lo < C(R, k) for a.e. t € [0, T].

AIM: evaluate ||g™"(t)—q(t)|o by some polynomial function of 7 and h
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4";}‘ An abstract space-time discretization

Let P, : O — Oy be a linear operator such that there exist C,-P > 0 and «;,
i =1,2,3, such that for all v € Q and v, € 9}, we have

(P1) [(Pa—Id)v]x < CPh*lv]o

(P2) [(P;A—AP,)v|lor < CTh*2lv]g

(P3) [(Pa—Id)villo < CFh3|[vallo
Theorem

Assume that (E1)-(E3), (D1)-(D3) hold. Then there exists C > 0 such
that for all h € [0, ho] and all g5(0) € Sx(0),

larn(t)—a(t)lle < C(h*+v/7+]an(0)—q(0)l)
forall t € [0, T] and T € (0, T].

Sketch of proof: Let us remark that

larn(t)=a(®)lle < llgrn(t)=an(t)llo  +  |lan(t)=a(t)lo
—_——

<C+/7 (cf. Mielke&Theil'04)  <C(h%/2+/g5(0)—4(0)||a)
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4";}‘ An abstract approximation

Lemma

Assume that (E1)-(E3), (D1)-(D3) hold. Then we have
(Brg.q)ol < COH with By — (A(Py—1d)+(A(P,—1d))")

(Dg&(t, qn), vai—w) o +V(vh—w) < C(h*+||gn—al|3) wllo+(Bra, w)o
with o = min{aq, 2an, a3 }.

Proof: Notice that
(Dg&(t, qn), va—w)o + V(vp—w)
= (Agn+DgH(qn)—I(t), vi—w)o + V(vh—w)
< (A(gh—q), vi—w)o + CCT h*[|lw| o
Taking v, = Ppw, we have
(A(gh—4), vi—w)o = (A(gn—q), (Pr—Id)w)g
=((PLA—AP.)(an—q),w)o+(A(Pp—Id)gn,w)o+(Aq,(Pr—ld)w)o+(Bkq,w)o

< C(Gh*(lgn—qllo+C3 h™ |lanllo+CT h*)[lwlg + (Bag, w)o
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4";}‘ An abstract approximation

Define now

(G1) v = (DgE(t, an)—Dg&(t, q), an—a)a > rlan—all%

E(t,-) is r-unif. convex == £(6.4) > £(t.a)+(Dac(t.0).G-a)o+ 5 a-al%
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4";}‘ An abstract approximation

Define now

(G1) v = (DgE(t, an)—Dg&(t, q), an—a)a > rlan—all%
By differentiation, we get

¥ = (0:Dg&(t, gn)—0:DgE(t, q), an—aq) 0
+(Dg&(t, 9)—Dg&(t, an)+D5E(t, an)lan—al, an)o
+(Dg€(t, gn)—DgE(t, q)+DZE(t, g)la—anl, 9) 4
+2 (Dg&(t,qn)—Dq(t,q), an—a)0

(V1) (cc)
< (Dg&(t.qn)va—a)o+¥(vh—a) < C(h+llan—all3)llallo+(Bra.a)o
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4";}‘ An abstract approximation

Define now

(G1) v = (DgE(t, an)—Dg&(t, q), an—a)a > rlan—all%

By differentiation, we get
Thm.
M&T'04

¥ < C(h*+2) +2(Bxg,d)o
~U« Mult. by eicr/n + Int.

v < eCUR(4(0) +(k+2CB)A)
~—~

<Cl|qn(0)—q(0)

U @y
lan(t)—a(t)I[h < /% (£ )1qn(0)—q(0)[1% + (s+2CB)A)

‘ 2
Q
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4";}‘ An abstract space-time discretization

Lemma

Assume that (E1)-(E3), (D1)-(D3) hold. Then there exists Cy > 0 such
that for all h € (0, hg], we have g;(0) € Sp(0) and

llan(0)—q(0)]lo < Goh®?  with « = min{aq,2as, a3}

Proof: We deduce from £(0.4(0)) + 4 [G—q(0)1% < £(0.9) + W(g—q(0)) that

" lan(0)-a(0)]5 < £(0, P1a(0)) — £(0,4(0)) + V((Py-ld)(0)
< (DE(0.9(0)). (Pr—1d)q(0))o +Z + W((P4—Id)q(0))
where
1
T /0 (D4€(0, g(0)-+5(Pr—1d)q(0))—Dg€(0, 4(0)), (Pa—1d)q(0)) ds
< C*(|(Pr—1d)q(0) % + [[(Ph—1d)q(0)]2)
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4";}‘ Application to a semi-linear case

Lemma

Assume that q(0) € S(0), (D1) and (D3) hold. Then we have
DGE(0, 9(0)) € Lin(Q, &) and [DE(0, 4(0))lin(o.7) < CV.
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4";}‘ Application to a semi-linear case

Lemma

Assume that q(0) € S(0), (D1) and (D3) hold. Then we have
DeE(0, 9(0)) € Lin(Q, &) and [DE(0, 4(0))lin(o.7) < CV.

quh(O)—q(O)H"’Qg £(0,Prq(0)) — £(0,4(0)) + W((Ps—Id)q(0))

< CHI(Pa—1d)q(0)IIS + C*(C)*h**[[q(0)lI5 +2CY G h*[|q(0) o
It remains to evaluate ||(P,—Id)q(0)|/o
gl!(Ph—ld)q(O)Hzg < C {(A(Ps—Id)q(0), (Pr—1d)q(0))o

—((P;A—AP})(P4—1d)(0),q(0)) o +(A(P4—1d)P1(0),(0)) o~ (A(P4—1d)(0),a(0)) 0
+ClI(Pa—1d)q(0)]% +2CY[[(Py—1d)q(0)||.x

ELLED | (P1—1d)q(0)[2 < Goh® with a = min{as, 205, a3},
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4";}‘ Application to a semi-linear case

Theorem

Assume that (E1)-(E3), (D1)-(D3) hold. Then there exists C.. > 0 such
that q(0) € S(0), we have
lg-n(t)—a(t)llo < Cu(h*/?++/7)

with o = min{aq, 2an, a3 }.
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Application to the isothermal Souza-Auricchio model

State variables Applied field
u:Q—R?  displacement L., € C3([0, T], F*) mechanical load

z:Q— ]Rg:ydm mesoscopic transformation strain

Energy functional: £(t,u,z) = [ W ,2,Vz)dx — (Lappi(t), u)
where W (e(u),z,Vz) = §(C(e(u)—z):(e(u)—z) + Hsoau(2) +v|VZ|?

> e(u) = 2(Vu+Vu'): infinitesimal strain

> C: elasticity tensor e

> Hsoau(z) = ailz| + ¢ 21 + X{z1<c:) (2)

» ¢;: activation threshold
> ¢o: hardening in the martensitic regime
» c3: maximal transformation strain

Dissipation distance: V(z—z) = [, p|za—z|dx
Notations: O = F x Z and g = (u, z)
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Application to the isothermal Souza-Auricchio model

State variables Applied field
v:Q —R?  displacement £, € C3([0, T], F*) mechanical load

Q- ]Rgf\dm mesoscopic transformation strain

Energy functional: £(t,u,z) = [, W(e(u),z,Vz)dx — (Capp(t), u)
where W(e(u),z,Vz) = E(C(e(u)—z):(e(u)—z) + Hsoau(2) +v|VZ|?
Regularized version of Hgoay:

3
Hs(z) = c1/07+]z? + ¢ 1z” + 5 ((1z]—cs)+)

Dissipation distance: V(z—z) = [, p|zo—z1|dx

Theorem (Existence and uniqueness)

For all 6 > 0 there exists a solution of (S)&(E).
For > 0 the solutions are unique since £ € C3([0, T] x H'(Q)).
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Application: the isothermal Souza-Auricchio model
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Application: the isothermal Souza-Auricchio model

Since £(t,-) : F x Z — R, convex, then (S)&(E) is equivalent to

0 € OV(g) + Aq + DgHsoau(q) — I(t)
> AW(g) = (0,0W(2))T
> Hsoau(q) = (0, Hsonu(2)+%|22)T
> 1(t) = (€(t),0)7
ger [ —div(Ce(-)) div (C(-))
PAT ( —C(e(-)) C()—vA()+31d(-) )

Theorem
There exists C5°*" > 0 such that for all h € (0, 1], we have

larn(t)=a(t)le < CM (Vh+y/T) for all t € [0, T).
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4":}‘ Conclusion

e

> understand the limit when » — 0 (formation of microstructure)
> include rate-dependent effects like a heat equation

> develop the theory to include other multifunctional materials
(ferroelectric materials, magnetostrictive materials)
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> develop the theory to include other multifunctional materials
(ferroelectric materials, magnetostrictive materials)

Thank you for your attention !

Papers on line: http://www.wias-berlin.de/people/petrov
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