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An abstrat spae-time disretization
⊲ Energy funtional: E(t, q)

def
= 12〈Aq, q〉Q + H(q)︸ ︷︷ ︸hardening funt.− 〈 l(t)︸︷︷︸load. funt., q〉(E1) A ∈ Lin(Q,Q′) is a symmetri operatorand there exists κ > 0: 〈Aq̂, q̂〉Q ≥ κ‖q̂‖Q for all q̂ ∈ Q(E2) H ∈ C3(Q,R) is onvex and DqH ∈ C0(Q;X ′)(E3) l ∈ C3([0,T ];X ′)
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An abstrat spae-time disretizationLet Ph : Q → Qh be a linear operator suh that there exist CPi > 0 and αi ,i = 1, 2, 3, suh that for all v ∈ Q and vh ∈ Qh, we have(P1) ‖(Ph−Id)v‖X ≤ CP1 hα1‖v‖Q(P2) ‖(P∗hA−APh)v‖Q′ ≤ CP2 hα2‖v‖Q(P3) ‖(Ph−Id)vh‖Q ≤ CP3 hα3‖vh‖QTheoremAssume that (E1)-(E3), (D1)-(D3) hold. Then there exists C > 0 suhthat for all h ∈ [0, h0] and all qh(0) ∈ Sh(0),
‖qτ,h(t)−q(t)‖Q ≤ C(hα/2+√

τ+‖qh(0)−q(0)‖Q)for all t ∈ [0,T ] and τ ∈ (0,T ].Sketh of proof: Let us remark that
‖qτ,h(t)−q(t)‖Q ≤ ‖qτ,h(t)−qh(t)‖Q︸ ︷︷ ︸

≤C√
τ (f. Mielke&Theil'04) + ‖qh(t)−q(t)‖Q︸ ︷︷ ︸

≤C(hα/2+‖qh(0)−q(0)‖Q)A. Petrov Regensburg, 17 January 2009 9 / 19



An abstrat approximationLemmaAssume that (E1)-(E3), (D1)-(D3) hold. Then we have
|〈Bhq, q〉Q| ≤ CBhα with Bh def

= −
(A(Ph−Id)+(A(Ph−Id))∗

)

〈DqE(t, qh), vh−w〉Q+Ψ(vh−w) ≤ C(hα+‖qh−q‖2Q)
‖w‖Q+〈Bhq,w〉Qwith α = min{α1, 2α2, α3}.Proof: Notie that

〈DqE(t, qh), vh−w〉Q + Ψ(vh−w)

= 〈Aqh+DqH(qh)−l(t), vh−w〉Q + Ψ(vh−w)

≤ 〈A(qh−q), vh−w〉Q + CCP1 hα1‖w‖QTaking vh = Phw , we have
〈A(qh−q), vh−w〉Q = 〈A(qh−q), (Ph−Id)w〉Q︸ ︷︷ ︸

=〈(P∗hA−APh)(qh−q),w〉Q+〈A(Ph−Id)qh ,w〉Q+〈Aq,(Ph−Id)w〉Q+〈Bhq,w〉Q

≤ C(CP2 hα2‖qh−q‖Q+CP3 hα3‖qh‖Q+CP1 hα1)‖w‖Q + 〈Bhq,w〉QA. Petrov Regensburg, 17 January 2009 10 / 19



An abstrat approximationDe�ne now(G1) γ
def
= 〈DqE(t, qh)−DqE(t, q), qh−q〉Q ≥ κ‖qh−q‖2Q

E(t, ·) is κ-unif. onvex =⇒Ciarlet'82 E(t, bq) ≥ E(t, q)+〈DqE(t, q), bq−q〉Q+ κ2 ‖q−bq‖2
Q
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An abstrat approximationDe�ne now(G1) γ
def
= 〈DqE(t, qh)−DqE(t, q), qh−q〉Q ≥ κ‖qh−q‖2QBy di�erentiation, we get

γ̇ = 〈∂tDqE(t, qh)−∂tDqE(t, q), qh−q〉Q
+〈DqE(t, q)−DqE(t, qh)+D2qE(t, qh)[qh−q], q̇h〉Q
+〈DqE(t, qh)−DqE(t, q)+D2qE(t, q)[q−qh], q̇〉Q
+2 〈DqE(t, qh)−DqE(t, q), q̇h−q̇〉Q︸ ︷︷ ︸

(VI)
≤ 〈DqE(t,qh),vh−q̇〉Q+Ψ(vh−q̇)

(CC)

≤ C(hα+‖qh−q‖2
Q
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def
= 〈DqE(t, qh)−DqE(t, q), qh−q〉Q ≥ κ‖qh−q‖2QBy di�erentiation, we get

γ̇
(E1)-(E3)

≤ C(hα‖q̇‖Q +
(
‖q̇‖Q+‖q̇h‖Q)

‖q−qh‖2Q)
+ 2〈Bhq, q̇〉Q
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An abstrat approximationDe�ne now(G1) γ
def
= 〈DqE(t, qh)−DqE(t, q), qh−q〉Q ≥ κ‖qh−q‖2QBy di�erentiation, we get

γ̇

Thm.M&T'04
≤ C(hα+γ

κ

)
+ 2〈Bhq, q̇〉Q

⇓ Mult. by e−Ct/κ + Int.
γ ≤ eCt/κ

(
γ(0)︸︷︷︸

≤C‖qh(0)−q(0)‖2
Q

+(κ+2CB)hα
)

⇓ (G1)
‖qh(t)−q(t)‖2Q ≤ eCt/κ

(C
κ ‖qh(0)−q(0)‖2Q + (κ+2CB)hα

)A. Petrov Regensburg, 17 January 2009 10 / 19



An abstrat spae-time disretizationLemmaAssume that (E1)-(E3), (D1)-(D3) hold. Then there exists C0 > 0 suhthat for all h ∈ (0, h0], we have qh(0) ∈ Sh(0) and
‖qh(0)−q(0)‖Q ≤ C0hα/2 with α = min{α1, 2α2, α3}.Proof: We dedue from E(0, q(0)) + κ2 ‖bq−q(0)‖2

Q
≤ E(0, bq) + Ψ(bq−q(0)) that

κ2‖qh(0)−q(0)‖2Q ≤ E(0,Phq(0)) − E(0, q(0)) + Ψ((Ph−Id)q(0))
≤ 〈DqE(0, q(0)), (Ph−Id)q(0)〉Q + I + Ψ((Ph−Id)q(0))where

I def
=

∫ 10 〈DqE(0, q(0)+s(Ph−Id)q(0))−DqE(0, q(0)), (Ph−Id)q(0)〉Q ds
≤ Cκ

(
‖(Ph−Id)q(0)‖2Q + ‖(Ph−Id)q(0)‖2X )A. Petrov Regensburg, 17 January 2009 11 / 19
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Appliation to a semi-linear aseLemmaAssume that q(0) ∈ S(0), (D1) and (D3) hold. Then we haveDqE(0, q(0)) ∈ Lin(Q,X ′) and ‖DqE(0, q(0))‖Lin(Q,X ′) ≤ CΨ.
κ2‖qh(0)−q(0)‖2Q≤ E(0,Phq(0)) − E(0, q(0)) + Ψ((Ph−Id)q(0))
≤ Cκ‖(Ph−Id)q(0)‖2Q + Cκ(CP1 )2h2α1‖q(0)‖2Q + 2CΨCP1 hα1‖q(0)‖QIt remains to evaluate ‖(Ph−Id)q(0)‖Q

κ2‖(Ph−Id)q(0)‖2Q ≤ C 〈A(Ph−Id)q(0), (Ph−Id)q(0)〉Q︸ ︷︷ ︸
=〈(P∗hA−APh)(Ph−Id)q(0),q(0)〉Q+〈A(Ph−Id)Phq(0),q(0)〉Q−〈A(Ph−Id)q(0),q(0)〉Q

+C‖(Ph−Id)q(0)‖2X + 2CΨ‖(Ph−Id)q(0)‖X(P1)-(P3)
=⇒ ‖(Ph−Id)q(0)‖2Q ≤ C0hα with α = min{α1, 2α2, α3}.A. Petrov Regensburg, 17 January 2009 12 / 19



Appliation to a semi-linear ase
TheoremAssume that (E1)-(E3), (D1)-(D3) hold. Then there exists C∗ > 0 suhthat q(0) ∈ S(0), we have

‖qτ,h(t)−q(t)‖Q ≤ C∗
(hα/2+√

τ
)with α = min{α1, 2α2, α3}.
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Appliation to the isothermal Souza-Aurihio modelState variables Applied �eldu : Ω → R
d displaement ℓappl ∈ C3([0,T ],F∗) mehanial loadz : Ω → R
d×d0,sym mesosopi transformation strainEnergy funtional: E(t, u, z) =

∫
Ω W (e(u), z ,∇z)dx − 〈ℓappl(t), u〉where W (e(u), z ,∇z) = 12C(e(u)−z):(e(u)−z) + HSoAu(z) + ν|∇z |2

⊲ e(u) = 12 (∇u+∇uT): in�nitesimal strain
⊲ C: elastiity tensor
⊲ HSoAu(z) = 1|z | + 22 |z |2 + χ{|z|≤3}(z)

◮ 1: ativation threshold
◮ 2: hardening in the martensiti regime
◮ 3: maximal transformation strain stress

strain

c (θ)
1

c2
(θ)

c
3
(θ)Dissipation distane: Ψ(z2−z1) =

∫
Ω ρ|z2−z1|dxNotations: Q = F × Z and q = (u, z)A. Petrov Regensburg, 17 January 2009 15 / 19



Appliation to the isothermal Souza-Aurihio modelState variables Applied �eldu : Ω → R
d displaement ℓappl ∈ C3([0,T ],F∗) mehanial loadz : Ω → R
d×d0,sym mesosopi transformation strainEnergy funtional: E(t, u, z) =

∫
Ω W (e(u), z ,∇z)dx − 〈ℓappl(t), u〉where W (e(u), z ,∇z) = 12C(e(u)−z):(e(u)−z) + HSoAu(z) + ν|∇z |2Regularized version of HSoAu:Hδ(z) = 1√δ2+|z |2 + 22 |z |2 + 1

δ

(
(|z |−3)+)3Dissipation distane: Ψ(z2−z1) =

∫
Ω ρ|z2−z1|dxTheorem (Existene and uniqueness)For all δ ≥ 0 there exists a solution of (S)&(E).For δ > 0 the solutions are unique sine E ∈ C3([0,T ] ×H1(Ω)).A. Petrov Regensburg, 17 January 2009 16 / 19



Appliation: the isothermal Souza-Aurihio modelSine E(t, ·) : F × Z → R∞ onvex, then (S)&(E) is equivalent to
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Appliation: the isothermal Souza-Aurihio modelSine E(t, ·) : F × Z → R∞ onvex, then (S)&(E) is equivalent to0 ∈ ∂Ψ(q̇) + Aq +DqHSoAu(q) − l(t)
⊲ ∂Ψ(q̇)

def
= (0, ∂Ψ(ż))T

⊲ HSoAu(q)
def
= (0,HSoAu(z)+ 22 |z |2)T

⊲ l(t) def
= (ℓ(t), 0)T

⊲ A def
=

(
−div(Ce(·)) div (C(·))
−C(e(·)) C(·)−ν∆(·)+ 22 Id(·)

)TheoremThere exists CSoAu
∗ > 0 suh that for all h ∈ (0, 1], we have

‖qτ,h(t)−q(t)‖Q ≤ CSoAu
∗

(√h+√
τ
) for all t ∈ [0,T ].A. Petrov Regensburg, 17 January 2009 17 / 19
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Conlusion
⊲ understand the limit when ν → 0 (formation of mirostruture)
⊲ inlude rate-dependent e�ets like a heat equation
⊲ develop the theory to inlude other multifuntional materials(ferroeletri materials, magnetostritive materials)
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