On existence for viscoelastodynamic

problems with unilateral boundary

conditions

Adrien Petrov
WeierstraB-Institute fiir Angewandte Analysis und Stochastik

DFG Research Center MATHEON

Mathematics for key technologies

joint work with M. Schatzman

Gdansk, 10 February 2009

(wl1lals

WeierstraB-Institut fur Angewandte Analysis und Stochastik
<



4":}‘ Outline

e

@ The damped wave equation
© The evolution of a Kelvin-Voigt material
© Outlook

A. Petrov Gdansk, 10 February 2009 2 /15



4":}‘ Outline

e

@ The damped wave equation

A. Petrov Gdansk, 10 February 2009 3 /15



4";}‘ The Mathematical formulation

State variables Applied field
u:[0,T]xQ — R displacement 0:[0,T]xQ — R density forces
Notations:

> Q=(-00,0]xR9! and ¥ = {0}xRI!
> ox = (x1,x") with x' = (x2,..., x4)
> K={v € H}, (2x[0,00)) : Vv € L2 ([0, 00); L?()), V] (o} xRd-1 = 0}

We consider the following problem (DI):

ug — Au—alAu, =4, a>0 damped wave equation
0 < u(0,x",t) L (ux,+auy:)(0,x",t) >0 unilateral bdry conditions
u(,0)=up and wu(-,0) =13 Cauchy initial data
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We consider the following problem (DI):

ugr —Auv—alAuy =40 , a>0 damped wave equation
€1.3,.([0,00):12(Q2))

loc

0 < w(0,x",t) L (ux,+auy)(0,x",t) > 0 unilateral bdry conditions

u(,0) =up  and u(-,0) =y Cauchy initial data
~— ~—
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State variables Applied field
u:[0,T]xQ — R displacement 0:[0,T]xQ — R density forces
Notations:

> Q=(-00,0]xR9! and ¥ = {0}xRI!

> ox = (x1,x") with x' = (x2,..., x4)

> K={v € Hb,(@x[0,00)) : Vvi € L2, ([0, 0); L2(Q), vl g)..z1 = 0}
The weak formulation (V1) is given by

Find v € K such that for all v € K and for all 7 € (0,00), we have

/(ut v—u) dx—/ / —up)dxdt
+/ /(Vu—f—aVut)(Vv—Vu)dxdtZ/ /E(v—u)dxdt
0 Q 0 Q
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4";}‘ Existence and Uniqueness for the Penalized Problem

Penalized Problem (PP) (here r— = — min(r,0))
uy — Aut —alAu; =4, a>0 damped wave equation
(ug, +aug )(0,x', t) = (u(0,x', ) /e normal compliance cond.}
u(-,0) =up and uf(-,0) =1 Cauchy initial data

Martins, Oden. Nonlinear Anal., 1988.
2 Jarugek. Czechoslovak Math. J., 1996.
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uy — Aut —alAu; =4, a>0 damped wave equation
(ug, +aug )(0,x', t) = (u(0,x', ) /e normal compliance cond.}
u(-,0) =up and uf(-,0) =1 Cauchy initial data

Theorem (Existence and uniqueness results?)

There exists a unique weak solution u® € Hl ([0,00)xQ) of the problem

loc

(PP) such that Vug € L2 ([0, 00); L2(2)).

loc

Idea of the proof: Use Galerkin method.

Martins, Oden. Nonlinear Anal., 1988.
2 Jarugek. Czechoslovak Math. J., 1996.
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4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates give us
> ut € L2 ([0, 00) 12(Q)
> uf € L ([0, 00): L2(2))
> Vut € L2 ([0,00); L2(R))

(
> Vus € L2 ([0,00); L2(Q))
> Au € L2 ([0, 00); L?(Q))

Moreover u; € C°([0,00); L2(Q)) equipped with the weak topology.
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4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates enable to pass to the limit in the
variational formulation associated to the penalized problem

/uicp(v—uf)’de— /T/uﬁ(go(v—ue))tdxdt
__// dxdt——// Jmv) dxdt
+/0 /Q(VUE+QVU§)V(<,0(V—UE))dxdt:/0 /Q&p(v—ue)dxdt

where ¢ € C5°(Q x [0,00)) taken its values in [0, 1].
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Sketch of the proof: A-priori estimates enable to pass to the limit in the
variational formulation associated to the penalized problem

/ugcp(v—uf)’gdx—/ /uﬁ(go(v—ue))tdxdt

Q JOo JQ

+/ /(Vu6+aVu§)V(<p(v—uf))dxdt>/ /&p(v—ue)dxdt
0 JQ 0 JQ

where ¢ € C5°(Q x [0,00)) taken its values in [0, 1].

Remark: Nothing is known about uniqueness.
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4";}‘ Regularity of the trace

AIM: Characterize the trace spaces

Recall that  u(0,x',t) € H’(R9"1x[0, 00)) for (a, b) € R?

loc

)
[€1°0(0,&,w) € L*(R?) and [w|*5(0,¢,w) € L2(RY)

> &= (&,...,64)": the dual variable to X' = (xo, ..., x4)"
> w : the dual variable to t
> u(0,&,w) : the Fourier transform of u(0,x', t)

Lemma (Regularity of the trace®)

Let u¢ be the solution of (PP). Then we may extract a subsequence, still
denoted by u such that

u(0,x",t) = u(0,x',t) weakly in H1/2’5/4(Rd_1><[0, 00)).

loc
Moreover u is a strong solution of (DI).

3p., Schatzman. SIAM J. Math. Anal., 2009.
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4";}‘ Regularity of the trace

Sketch of the proof:

> Introduce U solution of (DI) with the Dirichlet boundary conditions
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> Use the partial Fourier transform in x” and t

~¢ T2 ~e N v+iw)?
Ve (31, & w) = A2V(x,{,w)  where )\:\/\5]2—1—%

~ V(x, & w) = Eeexxl

> Use the boundary conditions
(L a(v+8:))vE N0, €, w) = A V(0, £, w) where Ay = (1+a(v+iw))A
o A 5 vE(0,%, 8) = eV1g + (vE(0, X, E)+e "t a(0, X, £)) e
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4";}‘ The Mathematical formulation

State variables Applied field
u:[0,T]xQ — R3 displacement 0:[0,T]xQ — IR® density forces
Notations:

> gjj(u) = (Uj,x;+ui7xj-)/2 and a:r'}'kl = N80k + 2" 0jc 0y forn=0,1
> K={veH(Qx(0,7): Vv €L*Qx(0,7)),v(0,-) <0}

We consider the following problem (DI):

PUt — a,’-}k,@jék/(u) — aZ'k/aj'Ek/(Ut) = g, X € Q, t>0
0> up L alyen(u) + atyen(us) <0 on X x [0,00)

aloeki(U) + appen(ue) =0 and  al3en(u) + ajsen(ue) =0
u(,0) =vg and u(,0)=w
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The weak formulation (V1) is given by

Find u € K such that for all v € K and for all 7 € (0,00), we have
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4";}‘ Existence and Uniqueness for the Penalized Problem

Penalized Problem (PP) (here r™ = max(r,0))

pUs — a,’-}k,aj&‘k/(ue) — agk,ajak,(uﬁ) =l xe€, t>0
a(l)lklgk/(ue) + 3%1k/5k1(”§) = —(uf)*t/e on X x[0,00)
8ok (U) + ajpen(uf) =0 and  aly en(u) + ajgem(uf) =0

u(,0) =vw and wui(-,0)=w
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Penalized Problem (PP) (here r™ = max(r,0))
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a0y ek () + atyen(ug) = —(uf)* /e on T x[0,00)
apueki(US) + atpen(uf) =0 and  ady e () + afsyen(uf) =0
u(-,0) =v and wui(-,0)=wn

Theorem (Existence and uniqueness results*)

There exists a unique weak solution u® € H]. ([0,00) x Q) of the problem
(PP) such that Vu¢ € L2 ([0, 00); 1L2(Q)).
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Idea of the proof: Use Galerkin method.
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4";}‘ Existence result

Theorem (Existence result)

There exists a solution of (V1); this solution can be obtained as a limit of a
subsequence of (PP).

Sketch of the proof: A-priori estimates and Korn's inequality lead to

> u¢ € Lf, ([0, 00); L2(92))
([0, 00); L?(R2))

> Vit € L ([0,00): 12(Q))

> afOien(u) € Lis([0,00); L3 (Q)) for n = 0,1

> Vi € L, ([0,00); 12(Q))

> u; € Ly

loc

Moreover u¢ — u in leor

([0,00); L2(Q)).
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4";}‘ Regularity of the trace

Lemma (Regularity of the trace®)

Let u¢ = (uf, us,u)" be the solution of (PP). Then we may extract a
subsequence, still denoted by u§ such that

(0, %, t) — w (0,x',t) weakly in HYZ**(RI1x[0,0)).

loc
Moreover u is a strong solution of (DI).

5P., Schatzman. SIAM J. Math. Anal., 20009.
8p., Schatzman. C. R. Math. Acad. Sci., 2002.
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subsequence, still denoted by u§ such that

(0, %, t) = up(0,x',t) weakly in H/Z*(RI1x[0, 00)).
Moreover u is a strong solution of (DI).

Idea of the proof:

> Introduce U solution of (DI) with the Dirichlet boundary conditions

> Use the Fourier transform in the tangential variable (x’, t) and a Laplace
transform in xy
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Lemma (Regularity of the trace®)

Let u¢ = (uf, us,u)" be the solution of (PP). Then we may extract a
subsequence, still denoted by u§ such that

(0, %, t) — w (0,x',t) weakly in HYZ**(RI1x[0,0)).

loc
Moreover u is a strong solution of (DI).

Idea of the proof:

> Introduce U solution of (DI) with the Dirichlet boundary conditions
> Use the Fourier transform in the tangential variable (x’, t) and a Laplace

transform in xy

Remark: We were unable to prove that the energy loss is purely viscous®.

5P., Schatzman. SIAM J. Math. Anal., 20009.
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> Study the same problems with Signorini boundary conditions distributed
over the surface
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> Include a heat equation

Thank you for your attention !

Papers on line: http://www.wias-berlin.de/people/petrov
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