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The Mathemati
al formulationState variables Applied �eldu : [0,T ]×[0, L] → R displa
ement ℓ : [0,T ]×[0, L] → R density for
esWe 
onsider the motion of a bar between two obsta
les
L

a a
0L− −A. Petrov Lisboa, 8 September 2009 4 / 15
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The Mathemati
al formulationState variables Applied �eldu : [0,T ]×[0, L] → R displa
ement ℓ : [0,T ]×[0, L] → R density for
esThe weak formulation (VI) is given byFind u ∈ K su
h that for all v ∈ K and for all τ ∈ [0,T ], we have
∫ L0 (ut(v−u))

∣∣τ0 dx −
∫

τ0 ∫ L0 ut(vt−ut)dx dt
+

∫
τ0 ∫ L0 (ux+αuxt)(vx−ux)dx dt ≥ ∫

τ0 ∫ L0 ℓ(v−u)dx dtNotation:K=
{u ∈ H1([0, L]×(0,T )) : uxt ∈ L2([0, L]×(0,T )), u(0, ·) ≥ −a0, u(L, ·) ≥ −aL}A. Petrov Lisboa, 8 September 2009 4 / 15



Existen
e and Uniqueness for the Penalized ProblemPenalized Problem (PP) (here r− = −min(r , 0))uǫtt − uǫxx − αuǫxxt = ℓ, α > 0 damped wave equation
(uǫx+αuǫxt)(0, t) = −(uǫ(0, t)+a0)−/ǫ normal 
omplian
e 
ond.1
(uǫx+αuǫxt)(L, t) = (uǫ(L, t)+aL)−/ǫuǫ(·, 0) = u0 and uǫt (·, 0) = u1 Cau
hy initial data
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Existen
e resultTheorem (Existen
e result)There exists a solution of (VI); this solution 
an be obtained as a limit of asubsequen
e of (PP).Sket
h of the proof: A-priori estimates give us
⊲ uǫ ∈ L∞(0,T ;L2(0, L))

⊲ uǫt ∈ L∞(0,T ;L2(0, L))

⊲ uǫx ∈ L∞(0,T ;L2(0, L))

⊲ uǫxt ∈ L2(0,T ;L2(0, L))

⊲ uǫxx ∈ L∞(0,T ;L2(0, L))Moreover ut ∈ C0([0,T ];L2(0, L)) equipped with the weak topology.A. Petrov Lisboa, 8 September 2009 6 / 15
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Numeri
al resultsFinite-element spa
es Hh ⊂ L2(0, L) and Vh ⊂ H1(0, L), ∆x = LJ+1We 
onsider the following variational formulation (VI)h:Find un+1h ∈ Kh su
h that for all v ∈ Kh we have
〈un+1h −2unh+un−1h

∆t2 , v−un+1h 〉
+ a(un+1h +un−1h2 , v−un+1h )

αa(un+1h −un−1h2∆t , v−un+1h )
≥

〈
ℓnh, v−un+1h 〉Notations:

⊲ Kh = {v ∈ Vh : vxt ∈ Hh, v(0) ≥ −a0, v(L) ≥ −aL}
⊲ a(u, v) =

∫ L0 uxvx dx
⊲ unh def

=
∑J+1i=0 uni wiA. Petrov Lisboa, 8 September 2009 8 / 15



Numeri
al results(VI)h 
an be written in the di�erential in
lusion form:M un+1
−2un+un−1

∆t2 + R un+1+un−12 + αR un+1
−un−12∆t + ∂ψKh(un+1) ∋ F n 3where for all i ∈ [1, J]Mii= 2∆x3 , Mi ,i+1 = Mi ,i−1 = ∆x3 , M00 = MJ+1,J+1 = 2∆x3 ,Rii= 2

∆x , Ri ,i+1 = Ri ,i−1 = − 1
∆x , R00 = RJ+1,J+1 = 2

∆x ,
∂ψKh(u) =





{0} if u ∈ int(Kh),
{w ∈ Kh : 〈w , v−u〉 ≤ 0, ∀v ∈ Kh} if u ∈ ∂Kh,
∅ otherwise.3Brézis. Opérateurs maximaux monotones..., 1973.A. Petrov Lisboa, 8 September 2009 9 / 15
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∆t2 + R un+1+un−12 + αR un+1
−un−12∆t + ∂ψKh(un+1) ∋ F n 3whi
h is equivalent to minimize J(un+1) on Kh,J(un+1) = 12 (un+1)TCun+1 − (F̃ n)Tun+1Notations:

⊲ C = 1
∆t2 M+ 12 R+ α2∆t R
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∆t2 Mun − ( 1
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Theorem (Convergen
e result4)The numeri
al s
heme (VI)h 
onverges to a solution of (DI) when ∆x and
∆t tend to 0.Idea of the proof: Stability and 
onsistan
y

4S
hatzman, Ber
ovier. Math. Comp., 1989.A. Petrov Lisboa, 8 September 2009 11 / 15
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