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h that Q ⊂ X ⊂ Q′

⊲ E : [0,T ] ×Q → R: the energy fun
tional
⊲ Ψ : Q → [0,∞): the dissipation fun
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onsider the doubly nonlinear evolution equation
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A. Petrov Lisboa, 17 September 2008 10 / 21



An abstra
t approximationFinite-element spa
es Fh ⊂ F and Zh ⊂ Z with Qh = Fh ×ZhTime step τ > 0Spa
e-Time Dis
retization(IP)τ,h qτ,hk ∈ Argmin
bqh∈Qh (
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Appli
ation to a semi-linear 
aseWe 
onsider now that the energy has the following form
E(t, q̂)

def
=

12〈Aq̂, q̂〉Q + H(q̂)︸ ︷︷ ︸hardening fun
t.− 〈 l(t)︸︷︷︸load. fun
t., q̂〉A ∈ Lin(Q,Q′) is a symmetri
 operator(H1) H ∈ C 3(Q,R) is 
onvex and DqH ∈ C1,Lip(Q;X ′)l ∈ C1([0,T ];X ′)Let Ph : Q → Qh be a linear operator su
h that there exist C (i)P > 0 and
αi , i = 1, 2, 3, su
h that for all v ∈ Q and vh ∈ Qh, we have(P1) ‖(Ph−I)v‖X ≤ C (1)P hα1‖v‖Q(P2) ‖(P∗hA−APh)v‖Q′ ≤ C (2)P hα2‖v‖Q(P3) ‖(Ph−I)vh‖Q ≤ C (3)P hα3‖vh‖QA. Petrov Lisboa, 17 September 2008 14 / 21



Appli
ation to a semi-linear 
aseLemmaAssume that (H1), (E2), (D3) hold. Then (CC) holds with
α=min{α1,α2,α3} i.e. ‖qτ,h(t)−q(t)‖Q ≤ C`hα/2+√

τ+‖qh(0)−q(0)‖Q´Idea of the proof: Use (D3) and (P1)-(P3).On the other hand, we haveLemmaAssume that (H1), (E2), (D1)-(D3) hold. Then there exists C > 0 su
hthat for all h ∈ (0, h0], we have qh(0) ∈ Sh(0) and
‖qh(0)−q(0)‖Q ≤ Chβ/2 with β = min{α1, 2α2, α3}.Idea of the proof: Sin
e we have DqE(0, q(0)) ∈ Lin(Q,X ′) and

‖DqE(0, q(0))‖Lin(Q,X ′) ≤ CΨ whi
h implies the lemma.A. Petrov Lisboa, 17 September 2008 15 / 21



Appli
ation to a semi-linear 
ase
TheoremAssume that (H1), (E2), (D1)-(D3) hold. Then there exists C > 0 su
hthat q(0) ∈ S(0), we have

∀h ∈ [0, h0] ∃qh(0) ∈ Sh(0) ∀t ∈ [0,T ] ∀τ ∈ (0,T ] :

‖qτ,h(t)−q(t)‖Q ≤ C(hα/2+√
τ
) with α = min{α1, α2, α3}
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⊲ e(u) = 12 (∇u+∇uT): in�nitesimal strain
⊲ C: elasti
ity tensor
⊲ HSoAu(z) = 
1|z | + 
22 |z |2 + χ{|z|≤
3}(z)

◮ 
1: a
tivation threshold
◮ 
2: hardening in the martensiti
 regime
◮ 
3: maximal transformation strain stress

strain
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c
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(
(|z |−
3)+)3Theorem (Existen
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Appli
ation: the isothermal Souza-Auri

hio modelSin
e E(t, ·) : F × Z → R∞ 
onvex, then(S)&(E) ⇐⇒
{0 ∈ ∂uE(t, u, z) elast. equil.0 ∈ ∂Ψ(ż) + ∂zE(t, u, z) �ow rulewhere ∂uE(t, q) = −div (C(e(u)−z)) − ℓ(t)

∂zE(t, q) = −C(e(u)−z) + ∂zHSoAu(z) − σ∆zThen our problem 
an be rewritten as followsAq + ∂Ψ(q̇) +DqHSoAu(q) − l(t) ∋ 0where ∂Ψ(q̇)
def
= (0, ∂Ψ(ż))T, HSoAu(q)

def
= (0,HSoAu(z))T, l(t) def

= (ℓ(t), 0)Tand A def
=

(
−div(Ce(·)) div (C(·))
−C(e(·)) C(·) − σ∆(·)

)

=⇒ ‖q(t)−qτ,h(t)‖Q ≤ C (
√h+√

τ)A. Petrov Lisboa, 17 September 2008 19 / 21
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Con
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⊲ We have developed a FE simulation tools (2D and 3D)
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