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4";}‘ Introduction

Previous works:
> The model for average of the transformation strain

» Souza, Mamiya & Zouain'98, Auricchio & Petrini'04
» Mielke'07, Mielke & P.’07, Auricchio, Mielke & Stefanelli'08

> The model for each pure phase independently

» Mielke, Theil & Levitas'02, Govindjee, Mielke & Hall'02, Kruzik, Mielke &
Roubicek'05

> The energetic formulation theory of rate-independent systems

» Mielke & Theil'04, Mielke'05

Berlin, 18 March 2008 4 /26



4":}‘ Outline

e

© Mathematical formulation

Berlin, 18 March 2008 5/ 26



4";}‘ Mathematical formulation

We consider a body with reference configuration Q C R9.

> u:Q — RY: the phase transformation and deformations

> z:Q — Z:=conv{ey,...,en}: the internal variable

The potential energy has the following form:

E(t,u,7) = /Q(W(e(u),z,e) + 2192) dx — (1(8),u).

> W: the stored energy density depends on e(u), z, 0
» e(u) := 3(Vu+Vu"): the linearized deformation  6: the temperature
> o > 0: measures some nonlocal interaction effect for z

> I(t): the applied mechanical loading

The dissipation potential is defined by
D(z1,22) = / P(x,zo — z1)dx,
Q

> 1(x,+): convex, |.s.c., positively homogeneous of degree 1 for a.e. x € Q



4";}‘ Mathematical formulation

Assumptions

> We do not solve an associated heat equation, i.e. 8 = 0,,pi(t, x) is given

» This approximation used in engineering models:

> the changes of the loading are slow

> the body is small in at least one direction

= excess heat can be transported very fast to the surface
» Examples: the wires
> u = upir(t) on Mpir C OQ
Notations: the set Q := F x Z where
> F = {u e HY(Q;RY) | Gjr,,, = 0}: the set of admissible displacements
> Z:={z e HY(Q;RV)|z(x) € Z a.e. x € Q}: the set where lies the internal

variable
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4";}‘ Mathematical formulation

Assumption: Initial data (u(0),z(0)) = (uo, 20) € F x Z are given.

Energetic formulation: (Theil & Mielke'04, Mielke'05)

A function g := (0 = u—upix(t),z) : [0, T] — Q is an energetic solution
of the rate-independent problem associated with £ and D if for all
(s,t) €0, T]2, the global stability condition (S) and the global energy
conservation (E) are satisfied, i.e.

(S) Vg =(8,2) € Q: &(t,q(1)) < &(t,9) + D(z(1), 2),

(E) &(t,q(t)) + Varp(z; [0, 1]) = £(0, q(O))+/0t355(5, q(s))ds,

with £(¢, q(£)):= (2, 5(t) + o (£), 2(2), Gappi (1)),
Varp(z;[r, s]) 7sup{§p:D 2(tj-1), z(t))) ‘pGN, r<tg<...<tp gs}.
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4":}‘ Mathematical formulation

e

Remark: (S) is equivalent to
q(t) € S(t) :={qe Q|vge Q: E(t,q) < £(t,9) +D(z,2)}

forall t € [0, T].
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4";}‘ Convergence of the space-time discretization

Notations:
> Fp, Vi closed subspaces resp. of F and V := Hl(Q;RN)
> Qp:=Fnx Zpand Zp={zp € V| za(x) € Z ae. in Q}:=ZNV,

> N7 :={0=1t] <t] <...<t], =T} a partition with 7 € (0, T) and
t] —tf  <tfork=1,... k7

Assumptions:
> Vg=(0,z) € Q 3(qn)r>o0: qn = (Un,zn) € Qn and gn — q strongly in Q
> the initial condition qo is approximated by [qo]" € Qn

One has to solve the following incremental problems:

o for k =1,...,k" find
(IP) 7,h /\h
he Argmm{5 t7,q") +D(z",.2") | g" € Qn},
where ;" := (Nzh,zk ) and g" := (4", z").
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4";}‘ Convergence of the space-time discretization

Assumptions:

> Oappl € CL([0, T]; L°(2; [Oinin, Omax))), | € CL([0, T]; (H(2; R9))")

> upir € CL([0, T]; HY(Q; RY))

> v € R Tey, Cp > 00 cylvls < v(x,v) < Cylvly with [v]y = S |

> W e CORIXI X Z X [Omin, Omax]; R) is stricly convex V(z,0) € Z X [Omin, Omax)

sym

> Y(e,z,0) € R x Z X [fmin, Omax] 3¢, C > 0:

sym

c(le+|z[?) = C < W(e,z,0) < c(le[+|z]*) + C

Proposition 1. The following properties hold:

(i) D is continuous for the weak topology of H(Q)
(i) forall t € [0, T], &(t,-) has weakly compact sublevels

(iii) ¥(t,q) €[0, T]xQ 3C,c>0: Cllgliy—c < E(t,q) < Cllglig+c
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4";}‘ Convergence of the space-time discretization

The incremental problems (IP){-'I admit a solution (q;’h)lgkgw, we have

he Qn: E(tf,qy")< E(tL, T + D(z",Z7") — D(20",, 2]")
< &, 7" + D7),
ie. gp" € Sh(tf) = {q" € On|T" € Qp: E(t,q") < E(t,7") + D(z",2")}.
Assumptions:
> OpW € CORIXI X Z X [Omin, Omax); R)

sym
> W € CORDEE % Z X [Omin, Ouma); REXE)

Then for all 1 < k < k™ (discrete upper energy inequality)

%
S , h = h
g(tk,q; ) g(tk 17qk 1)—|—D(Zk 1721: )S 8,5(t,ql_1)dt,
s
and for all 2 < k < k7 (discrete lower energy inequality)
E(th,ap") — E(t_1,ap"y) + Dzt 2" at ta;"

'r
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4";}‘ Convergence of the space-time discretization

We define now the approximate solution ™" : [0, T] — Q as the right-continuous
piecewise constant approximation, namely

arh(t) = q5 hl for t] (<t<tl,k=1,... k7,
q fort=T.
Goal: investigate the asymptotics as h — 0 and 7 — 0.

Assumptions on W: There exist positive constants C¥, C/V, C%, Cf, Cf, Ce¢,
C¢, C§ and a nondecreasing function w : [0, 00) — [0, 00) with lim, g+ w(7) =0
such that for all e, e, e, € ngfn , 2,721,220 € Z and 0,01,05 € [Omin, Omax], we
have

0. W (e, 2,0)]> + [0gW(e, z,0)| < Y (W(e, z,0)+C"),

|0pW (e, z,01)—0gW (e, z,0,)| < Cf (W(e, z,01)+C) w(|01—02]),

|0 W (e, 7,00)-0:W(e, z,0,)|° < Cf(W(e, z,01)+C§) w(|b1—b2]),

|09 W (e, 21,0)— 8 W (e2, 22, 0)| < CO(ler—es|+|z1—2|)(1+|er +es| |z +22)),
|0eW (€1, z1,0)—0e W (e2, 22, 0)| < C*(ler—ea|+]z1—22])-
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4’;‘ Convergence of the space-time discretization

Proposition 2. We have
(P1) Let g = (7,z) € Q. Then &(-, q) lies in C1([0, T]) and

9:E(t, q) :/Q De W (e(utupic (1)), 2, Oappi (1)) e(itpic (1)) dx

—|—/ 0o W (e(u+upir(t)), Z, Oappi(t)) Oappi () dx — (I(t), u).
Q

(P2) There exist C5, Cf > 0 such that
Y(t,q) € [0, T] x Q: 0:£(t,q)| < Cf (E(t,q)+C5).

(P3) For each & >0 and E € R there exists 5 > 0 such that for all

(s,t,q) € [0, T]> x Q with £(0,q) < E and |s—t| < § we have

|0:£(s, q)—0:E(t, q)| < e.
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4";}‘ Convergence of the space-time discretization

Notations: For all k € {0,...,k"} and for all t € [0, T]:

—=7,h ST
§ ﬁTv"(t) _ E(t,aT’h(t)) nt = £(0,[qo]") and & "(t) := Varp(z h. [0, t]),
> ot = E(t7, g ") and 67" = D(z 20",

Step 1: A priori estimates

Lemma 1. 7)o, [T4(8). 106, T ())], Var(i™*:[0,]) and
157" ()| are bounded independently of 7, h and t.
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4";}‘ Convergence of the space-time discretization

Step 2. Selection of subsequences

Propasition 3. (Helly’s selection principle) Assume that

Y(z,Z) € 22, ¥(z",2") € 22 . }

. = —p +=D(z,Z) < liminf D(z",Z"
z=limp_oz" and Z = limp_ 2" 22)= (2%, 2%),

h—0

Vz € Z, VYK C Z sequentially compact ,V(z,)nen € KN : }:>
min(D(z,,,z),D(z,z,,)) — 0 for n — oo

z= lim z,.
n—oo

Let (zn)nen be a sequence such that

3C > 0Vn e N: Varp(z,; [0, T]) < C,
JK C Z sequentially compact Vn e NVt € [0, T] : z,(t) € K.

Then, there exists (z,,);en, a nondecreasing function 4 : [0, T] — R, and
z:[0, T] — Z such that for all (s,t) € [0, T]> with s < t

z(t) = _[l—l>r20 zq;(t), O(t) = jILrLlo Varp(z,;; [0, t]), Varp(z; [s, t]) < 6(t) — d(s).
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4";}‘ Convergence of the space-time discretization

Assumptions on 1) = D satisfies the properties given in Proposition 1 with Lemma
1 = there exists a subsequence (7,, hn)nen such that for all (s,t) € [0, T]?, s < t:

mha (£) — n(t), 3 (t) — 8(t), T (t) — 2(t) in Z,

Varp(z; [s, t]) < 8(t) — 6(s), 0:£(-, ") — &, weakly  in L>([0, T]).
with n € BV([0, T];R), ¢ : [0, T] — R a non decreasing function, z : [0, T] — Z.
Step 3: Stability of the limit process.

Since ||g7"(t)| o is bounded independently of 7 and h, there exists a subsequence
(n})jen (depending on t) such that

T e,h ¢
q i "i(t) — q(t) weakly in Q,

and thus q(t) = (u(t), z(t)).

Lemma 2. We have

q(t) € S(t) ={q€ Q| Vg€ Q : &(t,q) < &(t,9) + D(z,2)}.

Berlin, 18 March 2008 18 / 26



4";}‘ Convergence of the space-time discretization

Sketch of the proof. Let § € Q and define

Tt hnt
tj:max{tkJ <, k:O,...,kT",}.

i

nt o hnt

We have limj_ o tj = t and qi(t) e Sh  (£)-
Using (P1), we have

h

T.t,h

E(t, g (1)) < exp(CE|t—4])E(t;, T % 7 (1)) + C§ (exp(CE |t—1])—1)
Tut s hpe h

< exp(CE|t—4) (E(tj, a™ )+ D" " (1), 2™)) + G (exp(CF |t —1;1)-1)

h ¢ h ¢ h_¢ .

forall g% € Qp ,. Then, we choose (q " )jen such that ¢ % — G in Q and we
j

pass to the limit. As a consequence u(t) € Argmin{&(t,u,z(t)) |u € F}.

Since £(t,-, z(t)) is strictly convex, the whole sequence (7™ (t)) _. converges

weakly in Q.

So we have defined a limit process g € L°°([0, T]; Q) which satisfies the global

stability property.



4";}‘ Convergence of the space-time discretization

Step 4: Upper energy estimate

With the discrete upper energy estimate and step 1, there exists C > 0 such that

t
ﬁT’h(t) —|—ST’h(t) < 776' —|—/ 8,8(5,67"'(5))(15 + C(exp(CfT) -1)
0

for all t € [0, T], for all 7 and h, which yields at the limit

vt € [0, T]: n(t) + Varp(q; [0, t]) < n(t) + o(t) < n(0) + /Oté“*(S)ds

Lemma 3. Forall t € [0, T]:

lim E(,g™"(2)) = n(t) = £(t,a(t)),
lim 9,€(£,q™™(t)) = 0:£ (£, q(1)).-
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4";}‘ Convergence of the space-time discretization

Sketch of the proof. Since £(t,-) is |.s.c., we have

E(t, q(t)) <liminf E(t, g™ (1)) = liminf 7™ () = n(t).

n—oo n—oo

But g™ (t) € Sh,(t;) and with the same computations as in step 2 with

g q(t) in Q, we get

n(t) = limsup £(£, 7" (1)) < E(t, a(t)) + D(z(1), 2(1)) = E(t, q(1)),

n—oo

and thus lim, ... E(t, ™" (t)) = n(t) = £(t, q(t)). Then, using (P2), we find

lim 8,E(t, ™" (1)) = 0:£(t, q(t)).

n—oo
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4";}‘ Convergence of the space-time discretization

Step 5: Lower energy estimate.
Notations:

> N":={0=tg <t <...<ty =t} asequence of partitions of [0, t], such
that lim,_,oc A([1") = 0 and

t
/ 0:&(0,q(0))do = lim Za, a(th))(tf —t7y).
0 n—oo

> = / (0E (s, (1)) ~0:E(1] . a(t]))) ds

j—1

We have q(t ;) € S(t/";). Choosing g = (u(t]'), z(t]")), we obtain

E(tf 1. a(t])) — E( 1. a(t] 1)) + Da(tf 1), a(t]) at (s, q(e)))ds

J_ n

and after summation over j

E(t,q(t)) — £(0, q(0)) + Varp(q; [0, t]) > Za, At~ 1) + >l
j=1



4";}‘ Convergence of the space-time discretization

Notice that

17| < (& =t )we(A(N"))
with lim,_o we(p) = 0.
Then passing to the limit as A(I") tends to zero, we get

E(t, q(t)) — £(0, q(0)) + Varp(g; [0, t]) > /Ot 9:&(s, q(s)) ds.

Finally we have

g(O, q(0)) + /Ot até“(s, q(s))ds

< &(t.a(e) + Varo(&: 0. 1) < (1) + 6(6) < £(0.4(0)) + | (),

and &, = 8tg(-, g) a.e. in [0, T]. Hence all the inequalities are in fact equalities,
thus
vVt e [0, T]: &(t) = Varp(q; [0, t]).
and N B
OE(, g™ ™) — 0,:(:, q) strongly in L1([0, T]).
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4";}‘ Convergence of the space-time discretization

Assumption: Let [qo]" € Qp be such that [qo]" — qo in Q.

Theorem 1 (Convergence of the approximate solutions). There ex-
ist a subsequence (7,, hp)nen tending to (0,0) and an energetic solution
qg=(u,z):[0, T] — Q of (S) and (E) such that g(0) = qo,

ue L>([o, T]; H' (% RY)),

ze L>([o, T]; HY(Q; Z)) nBV([0, T];LY(Q; 2)),

and, for all t € [0, T], the following convergences hold:

— q(t) strongly in Q,
— &(t,q(1)),

— Varp(z; [0, t]),

")— :&(-, q) strongly in L1([0, T]).
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4";}‘ Mathematical formulation

Assumption:

> W is aw-uniformly convex in its first two arguments

Proposition 3. g is Lipschitz continuous.
Sketch of the proof. The uniform convexity of W implies that there exists xk > 0

such that (t,q1,2) € [0, T] x (F x V)%

quZ —qul|p < E(t.q2) — E(t, q1) — (DgE(t. q1), G2 — au).
On the other hand, (S) implies
(Shoe Vs €[0, T],Vv = (4,2) € Q: (Dy&(s),v — q(s)) + D(z(s), z) > 0.

So, with g1 = q(s), g2 =q(t),0<s<t<T

la(e) = a(s)1s < &(s. (1) — (s, a(s)) + Varp(zis. 1
= [(o&rawar+ [a&e.awnar < c [ a0 - aoloar,

2
Then we infer that ||q(t) — q(s)|lo < ?C(t —s)
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