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Introdu
tionPrevious works:
⊲ The model for average of the transformation strain

◮ Souza, Mamiya & Zouain'98, Auri

hio & Petrini'04
◮ Mielke'07, Mielke & P.'07, Auri

hio, Mielke & Stefanelli'08

⊲ The model for ea
h pure phase independently
◮ Mielke, Theil & Levitas'02, Govindjee, Mielke & Hall'02, Kruºík, Mielke &Roubí£ek'05

⊲ The energeti
 formulation theory of rate-independent systems
◮ Mielke & Theil'04, Mielke'05
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Mathemati
al formulationWe 
onsider a body with referen
e 
on�guration Ω ⊂ R
d .

⊲ u : Ω → R
d : the phase transformation and deformations

⊲ z : Ω → Z := 
onv{e1, . . . , eN}: the internal variableThe potential energy has the following form:
E(t, u, z) :=

∫

Ω

(W (e(u), z , θ) +
σ2 |∇z |2)dx − 〈l(t), u〉,

⊲ W : the stored energy density depends on e(u), z , θ
◮ e(u) := 12 (∇u+∇uT): the linearized deformation θ: the temperature

⊲ σ > 0: measures some nonlo
al intera
tion e�e
t for z
⊲ l(t): the applied me
hani
al loadingThe dissipation potential is de�ned by

D(z1, z2) =

∫

Ω

ψ(x , z2 − z1)dx ,
⊲ ψ(x , ·): 
onvex, l.s.
., positively homogeneous of degree 1 for a.e. x ∈ ΩBerlin, 18 Mar
h 2008 6 / 26



Mathemati
al formulationAssumptions
⊲ We do not solve an asso
iated heat equation, i.e. θ = θappl(t, x) is given

◮ This approximation used in engineering models:
◮ the 
hanges of the loading are slow
◮ the body is small in at least one dire
tion
⇒ ex
ess heat 
an be transported very fast to the surfa
e

◮ Examples: the wires
⊲ u = uDir(t) on ΓDir ⊂ ∂ΩNotations: the set Q := F × Z where
⊲ F := {ũ ∈ H1(Ω; Rd ) | ũ|ΓDir = 0}: the set of admissible displa
ements
⊲ Z := {z ∈ H1(Ω; RN) | z(x) ∈ Z a.e. x ∈ Ω}: the set where lies the internalvariableBerlin, 18 Mar
h 2008 7 / 26



Mathemati
al formulationAssumption: Initial data (u(0), z(0)) = (u0, z0) ∈ F × Z are given.Energeti
 formulation: (Theil & Mielke'04, Mielke'05)A fun
tion q := (ũ = u−uDir(t), z) : [0,T ] → Q is an energeti
 solutionof the rate-independent problem asso
iated with E and D if for all
(s, t) ∈ [0,T ]2, the global stability 
ondition (S) and the global energy
onservation (E) are satis�ed, i.e.(S) ∀q = (u, z) ∈ Q : Ẽ(t, q(t)) ≤ Ẽ(t, q) + D(z(t), z),(E) Ẽ(t, q(t)) + VarD(z ; [0, t]) = Ẽ(0, q(0)) +

∫ t0 ∂s Ẽ(s, q(s))ds ,with Ẽ(t, q(t)):= E(t, ũ(t) + uDir(t), z(t), θappl(t)),VarD(z ; [r , s]):= sup{ p∑j=1 D(z(tj−1), z(tj )) ∣∣∣ p ∈ N, r ≤ t0 < . . . < tp ≤ s}.Berlin, 18 Mar
h 2008 8 / 26



Mathemati
al formulation
Remark: (S) is equivalent toq(t) ∈ S(t) :=

{q ∈ Q | ∀q ∈ Q : Ẽ(t, q) ≤ Ẽ(t, q) + D(z , z)}for all t ∈ [0,T ].
Berlin, 18 Mar
h 2008 9 / 26
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Convergen
e of the spa
e-time dis
retizationNotations:
⊲ Fh, Vh: 
losed subspa
es resp. of F and V := H1(Ω; RN)

⊲ Qh := Fh ×Zh and Zh = {zh ∈ Vh | zh(x) ∈ Z a.e. in Ω} := Z ∩ Vh
⊲ Πτ := {0 = tτ0 < tτ1 < . . . < tτkτ = T}: a partition with τ ∈ (0,T ) andtτk − tτk−1 ≤ τ for k = 1, . . . , kτAssumptions:
⊲ ∀q = (ũ, z) ∈ Q ∃(qh)h>0 : qh = (ũh, zh) ∈ Qh and qh → q strongly in Q

⊲ the initial 
ondition q0 is approximated by [q0]h ∈ QhOne has to solve the following in
remental problems:(IP)τ,h {for k = 1, . . . , kτ �ndqτ,hk ∈ Argmin{Ẽ(tτk , q̂h) + D(zτ,hk−1, ẑh) | q̂h ∈ Qh},where qτ,hk := (ũτ,hk , zτ,hk ) and q̂h := (ûh, ẑh).Berlin, 18 Mar
h 2008 11 / 26



Convergen
e of the spa
e-time dis
retizationAssumptions:
⊲ θappl ∈ C1([0,T ];L∞(Ω; [θmin, θmax))), l ∈ C1([0,T ]; (H1(Ω; Rd ))′)

⊲ uDir ∈ C1([0,T ];H1(Ω; Rd ))

⊲ ∀v ∈ R
N0 ∃
ψ,Cψ > 0 : 
ψ|v |1 ≤ ψ(x , v) ≤ Cψ |v |1 with |v |1 :=

∑Nj=1 |vj |
⊲ W ∈ C 0(Rd×dsym ×Z×[θmin, θmax]; R) is stri
ly 
onvex ∀(z , θ) ∈ Z × [θmin, θmax]
⊲ ∀(e, z , θ) ∈ R

d×dsym × Z × [θmin, θmax] ∃
 ,C > 0:
(|e|2+|z |2) − C ≤ W (e, z , θ) ≤ 
(|e|2+|z |2) + CProposition 1. The following properties hold:(i) D is 
ontinuous for the weak topology of H1(Ω)(ii) for all t ∈ [0,T ], Ẽ(t, ·) has weakly 
ompa
t sublevels(iii) ∀(t, q) ∈ [0,T ]×Q ∃C , 
 > 0: C‖q‖2Q−
 ≤ Ẽ(t, q) ≤ C‖q‖2Q+
Berlin, 18 Mar
h 2008 12 / 26



Convergen
e of the spa
e-time dis
retizationThe in
remental problems (IP)h
Π
admit a solution (qτ,hk )1≤k≤kτ , we have

∀qτ,h ∈ Qh : Ẽ(tτk , qτ,hk )≤ Ẽ(tτk , qτ,h) + D(zτ,hk−1, zτ,h) −D(zτ,hk−1, zτ,hk )

≤ Ẽ(tτk , qτ,h) + D(zτ,hk , zτ,h),i.e. qτ,hk ∈ Sh(tτk ) =
{qh ∈ Qh | qh ∈ Qh : Ẽ(t, qh) ≤ Ẽ(t, qh) + D(zh, zh)}.Assumptions:

⊲ ∂θW ∈ C 0(Rd×dsym × Z × [θmin, θmax]; R)

⊲ ∂eW ∈ C 0(Rd×dsym × Z × [θmin, θmax]; Rd×dsym )Then for all 1 ≤ k ≤ kτ (dis
rete upper energy inequality)
Ẽ(tτk , qτ,hk ) − Ẽ(tτk−1, qτ,hk−1) + D(zτ,hk−1, zτ,hk ) ≤

∫ tτktτk−1 ∂t Ẽ(t, qτ,hk−1)dt ,and for all 2 ≤ k ≤ kτ (dis
rete lower energy inequality)
Ẽ(tτk , qτ,hk ) − Ẽ(tτk−1, qτ,hk−1) + D(zτ,hk−1, zτ,hk ) ≥

∫ tτktτk−1 ∂t Ẽ(t, qτ,hk )dt .Berlin, 18 Mar
h 2008 13 / 26



Convergen
e of the spa
e-time dis
retizationWe de�ne now the approximate solution qτ,h : [0,T ] → Q as the right-
ontinuouspie
ewise 
onstant approximation, namelyqτ,h(t) :=

{qτ,hk−1 for tτk−1 ≤ t < tτk , k = 1, . . . , kτ ,qτ,hkτ for t = T .Goal: investigate the asymptoti
s as h → 0 and τ → 0.Assumptions on W : There exist positive 
onstants CW0 , CW1 , C θ, C θ0 , C θ1 , C e ,C e0 , C e1 and a nonde
reasing fun
tion ω : [0,∞) → [0,∞) with limτ→0+ ω(τ) = 0su
h that for all e, e1, e2 ∈ R
d×dsym , z , z1, z2 ∈ Z and θ, θ1, θ2 ∈ [θmin, θmax], wehave

|∂eW (e, z , θ)|2 + |∂θW (e, z , θ)| ≤ CW1 (W (e, z , θ)+CW0 )
,

∣∣∂θW (e, z , θ1)−∂θW (e, z , θ2)∣∣ ≤ C θ1 (W (e, z , θ1)+C θ0 )
ω(|θ1−θ2|),

∣∣∂eW (e, z , θ1)−∂eW (e, z , θ2)∣∣2 ≤ C e1 (W (e, z , θ1)+C e0 )
ω(|θ1−θ2|),∣∣∂θW (e1, z1, θ)−∂θW (e2, z2, θ)∣∣ ≤ C θ(|e1−e2|+|z1−z2|)(1+|e1+e2|+|z1+z2|),∣∣∂eW (e1, z1, θ)−∂eW (e2, z2, θ)∣∣ ≤ C e(|e1−e2|+|z1−z2|).Berlin, 18 Mar
h 2008 14 / 26



Convergen
e of the spa
e-time dis
retizationProposition 2. We have(P1) Let q = (ũ, z) ∈ Q. Then Ẽ(·, q) lies in C1([0,T ]) and
∂t Ẽ(t, q) =

∫

Ω

∂eW (e(u+uDir(t)), z , θappl(t)) e(u̇Dir(t))dx
+

∫

Ω

∂θW (e(u+uDir(t)), z , θappl(t)) θ̇appl(t)dx − 〈l̇(t), u〉.(P2) There exist CE0 ,CE1 > 0 su
h that
∀(t, q) ∈ [0,T ] ×Q : |∂t Ẽ(t, q)| ≤ CE1 (

Ẽ(t, q)+CE0 )
.(P3) For ea
h ε > 0 and E ∈ R there exists δ > 0 su
h that for all

(s, t, q) ∈ [0,T ]2 ×Q with Ẽ(0, q) ≤ E and |s−t| < δ we have
|∂t Ẽ(s, q)−∂t Ẽ(t, q)| ≤ ε.Berlin, 18 Mar
h 2008 15 / 26



Convergen
e of the spa
e-time dis
retizationNotations: For all k ∈ {0, . . . , kτ} and for all t ∈ [0,T ]:
⊲ ητ,h(t) := E(t, qτ,h(t)), ηh0 := E(0, [q0]h) and δτ,h(t) := VarD(zτ,h; [0, t]),
⊲ η

τ,hk := E(tτk , qτ,hk ) and δτ,hk := D(zτ,hk−1, zτ,hk ).Step 1: A priori estimatesLemma 1. ‖qτ,h(t)‖Q, |ητ,h(t)|, |∂t Ẽ(t, qτ,h(t))|, Var(ητ,h; [0, t]) and
|δ
τ,h

(t)| are bounded independently of τ , h and t.
Berlin, 18 Mar
h 2008 16 / 26



Convergen
e of the spa
e-time dis
retizationStep 2. Sele
tion of subsequen
esProposition 3. (Helly's sele
tion prin
iple) Assume that
∀(z , z̃) ∈ Z2, ∀(zh, z̃h) ∈ Z2h :z = limh→0 zh and z̃ = limh→0 z̃h }

⇒ D(z , z̃) ≤ lim infh→0 D(zh, z̃h),
∀z ∈ Z, ∀K ⊂ Z sequentially 
ompa
t , ∀(zn)n∈N ∈ KN :min(D(zn, z),D(z , zn)) → 0 for n → ∞

}
⇒ z = limn→∞

zn.Let (zn)n∈N be a sequen
e su
h that
∃C > 0 ∀n ∈ N : VarD(zn; [0,T ]) ≤ C ,
∃K ⊂ Z sequentially 
ompa
t ∀n ∈ N ∀t ∈ [0,T ] : zn(t) ∈ K .Then, there exists (znj )j∈N, a nonde
reasing fun
tion δ : [0,T ] → R, andz : [0,T ] → Z su
h that for all (s, t) ∈ [0,T ]2 with s ≤ tz(t) = limj→∞

znj (t), δ(t) = limj→∞
VarD(znj ; [0, t]), VarD(z ; [s, t]) ≤ δ(t) − δ(s).Berlin, 18 Mar
h 2008 17 / 26



Convergen
e of the spa
e-time dis
retizationAssumptions on ψ ⇒ D satis�es the properties given in Proposition 1 with Lemma1 ⇒ there exists a subsequen
e (τn, hn)n∈N su
h that for all (s, t) ∈ [0,T ]2, s ≤ t:
ητn,hn (t) → η(t), δτn,hn (t) → δ(t), zτn,hn (t) ⇀ z(t) in Z,VarD(z ; [s, t]) ≤ δ(t) − δ(s), ∂tE(·, qτn ,hn) ⇀ ξ∗ weakly ∗ in L∞([0,T ]).with η ∈ BV([0,T ]; R), δ : [0,T ] → R a non de
reasing fun
tion, z : [0,T ] → Z.Step 3: Stability of the limit pro
ess.Sin
e ‖qτ,h(t)‖Q is bounded independently of τ and h, there exists a subsequen
e

(ntj )j∈N (depending on t) su
h thatqτntj ,hntj (t) ⇀ q(t) weakly in Q,and thus q(t) = (ũ(t), z(t)).Lemma 2. We haveq(t) ∈ S(t) =
{q ∈ Q

∣∣ ∀q ∈ Q : Ẽ(t, q) ≤ Ẽ(t, q) + D(z , z)}.Berlin, 18 Mar
h 2008 18 / 26



Convergen
e of the spa
e-time dis
retizationSket
h of the proof. Let q ∈ Q and de�netj = max{tτntj ,hntjk ≤ t, k = 0, . . . , kτntj }.We have limj→∞ tj = t and qτntj ,hntj (t) ∈ Shntj (tj ).Using (P1), we have
Ẽ(t, qτntj ,hntj (t)) ≤ exp(CE1 |t−tj |)Ẽ(tj , qτntj ,hntj (t)) + CE0 (exp(CE1 |t−tj |)−1)
≤ exp(CE1 |t−tj |)(Ẽ(tj , qhntj )+D(zτntj ,hntj (t), zhntj )) + CE0 (exp(CE1 |t−tj |)−1)for all qhntj ∈ Qhntj . Then, we 
hoose (qhntj )j∈N su
h that qhntj → q in Q and wepass to the limit. As a 
onsequen
e ũ(t) ∈ Argmin{

Ẽ
(t, ũ, z(t)) ∣∣ ũ ∈ F

}.Sin
e Ẽ
(t, ·, z(t)) is stri
tly 
onvex, the whole sequen
e (uτn ,hn(t))n∈N


onvergesweakly in Q.So we have de�ned a limit pro
ess q ∈ L∞
(
[0,T ];Q

) whi
h satis�es the globalstability property.Berlin, 18 Mar
h 2008 19 / 26



Convergen
e of the spa
e-time dis
retizationStep 4: Upper energy estimateWith the dis
rete upper energy estimate and step 1, there exists C > 0 su
h that
ητ,h(t) + δ

τ,h
(t) ≤ ηh0 +

∫ t0 ∂t Ẽ(s, qτ,h(s))ds + C (exp(CE1 τ) − 1)for all t ∈ [0,T ], for all τ and h, whi
h yields at the limit
∀t ∈ [0,T ] : η(t) + VarD(q; [0, t]) ≤ η(t) + δ(t) ≤ η(0) +

∫ t0 ξ∗(s)ds .Lemma 3. For all t ∈ [0,T ]:limn→∞
Ẽ
(t, qτn,hn (t)) = η(t) = Ẽ

(t, q(t)),limn→∞
∂t Ẽ(t, qτn,hn (t)) = ∂t Ẽ(t, q(t)).Berlin, 18 Mar
h 2008 20 / 26



Convergen
e of the spa
e-time dis
retizationSket
h of the proof. Sin
e Ẽ(t, ·) is l.s.
., we have
Ẽ(t, q(t)) ≤ lim infn→∞

Ẽ(t, qτn,hn (t)) = lim infn→∞
ητn,hn (t) = η(t).But qτn,hn (t) ∈ Shn (tj ) and with the same 
omputations as in step 2 withqτn ,hn → q(t) in Q, we get

η(t) = lim supn→∞
Ẽ(t, qτn,hn (t)) ≤ Ẽ(t, q(t)) + D(z(t), z(t)) = Ẽ(t, q(t)),and thus limn→∞ Ẽ(t, qτn ,hn(t)) = η(t) = Ẽ(t, q(t)). Then, using (P2), we �ndlimn→∞

∂t Ẽ(t, qτn,hn (t)) = ∂t Ẽ(t, q(t)).
Berlin, 18 Mar
h 2008 21 / 26



Convergen
e of the spa
e-time dis
retizationStep 5: Lower energy estimate.Notations:
⊲ Πn := {0 = tn0 < tn1 < . . . < tnNn = t}: a sequen
e of partitions of [0, t], su
hthat limn→∞ ∆(Πn) = 0 and

∫ t0 ∂t Ẽ(σ, q(σ))dσ = limn→∞

Nn∑j=1 ∂t Ẽ(tnj , q(tnj ))(tnj − tnj−1).
⊲ µnj :=

∫ tnjtnj−1(∂t Ẽ(s, q(tnj ))−∂t Ẽ(tnj , q(tnj ))
)dsWe have q(tnj−1) ∈ S(tnj−1). Choosing q = (ũ(tnj ), z(tnj )), we obtain

Ẽ(tnj−1, q(tnj )) − Ẽ(tnj−1, q(tnj−1)) + D(q(tnj−1), q(tnj )) ≥

∫ tnjtnj−1 ∂t Ẽ(s, q(tnj ))dsand after summation over j
Ẽ(t, q(t)) − Ẽ(0, q(0)) + VarD(q; [0, t]) ≥ Nn∑j=1 ∂t Ẽ(tnj , q(tnj ))(tnj −tnj−1) +

Nn∑j=1 µnj ,Berlin, 18 Mar
h 2008 22 / 26



Convergen
e of the spa
e-time dis
retizationNoti
e that
|µnj | ≤ (tnj − tnj−1)ωE (∆(Πn))with limρ→0 ωE (ρ) = 0.Then passing to the limit as ∆(Πn) tends to zero, we get

Ẽ(t, q(t)) − Ẽ(0, q(0)) + VarD(q; [0, t]) ≥ ∫ t0 ∂t Ẽ(s, q(s))ds .Finally we have
Ẽ
(0, q(0)) +

∫ t0 ∂t Ẽ(s, q(s))ds
≤ Ẽ(t, q(t)) + VarD(q; [0, t]) ≤ η(t) + δ(t) ≤ Ẽ

(0, q(0)) +

∫ t0 ξ∗(s)ds ,and ξ∗ = ∂t Ẽ(·, q) a.e. in [0,T ]. Hen
e all the inequalities are in fa
t equalities,thus
∀t ∈ [0,T ] : δ(t) = VarD(q; [0, t]).and

∂t Ẽ(·, qτn ,hn ) → ∂t Ẽ(·, q) strongly in L1([0,T ]).Berlin, 18 Mar
h 2008 23 / 26



Convergen
e of the spa
e-time dis
retizationAssumption: Let [q0]h ∈ Qh be su
h that [q0]h → q0 in Q.Theorem 1 (Convergen
e of the approximate solutions). There ex-ist a subsequen
e (τn, hn)n∈N tending to (0, 0) and an energeti
 solutionq = (ũ, z) : [0,T ] → Q of (S) and (E) su
h that q(0) = q0,ũ∈ L∞
(
[0,T ];H1(Ω; Rd )

)
,z∈ L∞

(
[0,T ]; H1(Ω;Z )

)
∩BV(

[0,T ];L1(Ω;Z )
)
,and, for all t ∈ [0,T ], the following 
onvergen
es hold:qτn,hn (t)→ q(t) strongly in Q,

Ẽ(t, qτn,hn (t))→ Ẽ(t, q(t)),VarD(zτn,hn ; [0, t])→ VarD(z ; [0, t]),
∂t Ẽ(·, qτn ,hn)→ ∂t Ẽ(·, q) strongly in L1([0,T ]).Berlin, 18 Mar
h 2008 24 / 26
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Mathemati
al formulationAssumption:
⊲ W is αW -uniformly 
onvex in its �rst two argumentsProposition 3. q is Lips
hitz 
ontinuous.Sket
h of the proof. The uniform 
onvexity of W implies that there exists κ > 0su
h that (t, q1, q2) ∈ [0,T ] × (F × V )2:

κ2 ‖q2 − q1‖2Q ≤ Ẽ(t, q2) − Ẽ(t, q1) − 〈Dq Ẽ(t, q1), q2 − q1〉.On the other hand, (S) implies
(S)lo
 ∀s ∈ [0,T ], ∀v = (ũ, z) ∈ Q : 〈Dq Ẽ(s), v − q(s)〉 + D(z(s), z) ≥ 0.So, with q1 = q(s), q2 = q(t), 0 ≤ s ≤ t ≤ T
κ2 ‖q(t) − q(s)‖2Q ≤ Ẽ(s, q(t)) − Ẽ(s, q(s)) + VarD(z ; s, t)
= −

∫ ts ∂r Ẽ(r , q(t))dr +

∫ ts ∂r Ẽ(r , q(r))dr ≤ C ∫ ts ‖q(r) − q(t)‖Qdr .Then we infer that ‖q(t) − q(s)‖Q ≤
2C
κ

(t − s)Berlin, 18 Mar
h 2008 26 / 26
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