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Shape-memory alloysShape-memory alloys are used be
ause of their
⊲ shape memory under heating and 
ooling,
⊲ superelasti
 properties under me
hani
al loading,
⊲ hystereti
 behavior for damping of vibrations.Appli
ations: medi
al, spa
e appli
ations, MEMS...
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Shape-memory alloysAIM: Model that des
ribes the evolution of phase mixturesPure phases 
an be measured experimentally: energy fun
tionalsz ∈ { e1︸︷︷︸mart1, . . . , ek︸︷︷︸martk, . . . , eN︸︷︷︸aust } ⊂ R
N W (E, ej), j = 1, . . . ,NMixtures z ∈ Z = 
onv{e1, . . . , eN} is the Gibbs simplexW (E, z) : R

d×dsym × Z → R is the mixture fun
tion 
alled the free-energy ofmixing by Govindjee, Ha
kl & Heinen'07State variables Applied �eldsu : Ω → R
d displa
ement ℓappl : [0,T ] → F∗ me
hani
al loadingz : Ω → Z phase mixture θappl : [0,T ] × Ω → R temperature givenuDir: the time-dependent Diri
hlet boundary dataGAMM08, 1st April 2008 3 / 9
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Mathemati
al formulationEnergy: E(t,u,z) =
∫
Ω(W (x ,e(u+uDir(t)),z ,θ(t))+σ2 |∇z |2)dx−〈ℓ(t),u〉where e(u) = 12 (∇u+∇uT) is the in�nitesimal strainDissipation distan
e: D(z1, z2) =

∫
Ω ψ(x , z2−z1)dxwhere ψ(x , ·) is 
onvex, l.s.
., positively homogeneous of degree 1
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The existen
e resultAssumptions on W . Let ω : [0,∞) → [0,∞) be a nonde
reasing fun
tionwith limτ→0+ ω(τ) = 0 su
h thatW (·, z , θ) is stri
tly 
onvex,W , ∂θW ∈ C0(Rd×dsym ×Z×[θmin, θmax]; R)

∂eW ∈ C0(Rd×dsym ×Z×[θmin, θmax]; Rd×dsym )
(|e|2+|z |2) − C ≤ W (e, z , θ) ≤ 
(|e|2+|z |2) + C
|∂eW (e, z , θ)|2 + |∂θW (e, z , θ)| ≤ CW1 (W (e, z , θ)+CW0 )
∣∣∂θW (e, z , θ1)−∂θW (e, z , θ2)∣∣ ≤ C θ1 (W (e, z , θ1)+C θ0 )

ω(|θ1−θ2|)
∣∣∂eW (e, z , θ1)−∂eW (e, z , θ2)∣∣2 ≤ C e1 (W (e, z , θ1)+C e0 )

ω(|θ1−θ2|)∣∣∂θW (e1, z1, θ)−∂θW (e2, z2, θ)∣∣ ≤ C θ(|e1−e2|+|z1−z2|)(1+|e1+e2|+|z1+z2|)∣∣∂eW (e1, z1, θ)−∂eW (e2, z2, θ)∣∣ ≤ C e(|e1−e2|+|z1−z2|)Assumption on D. 
1|z1−z2| ≤ D(z1, z2) ≤ 
2|z1−z2|GAMM08, 1st April 2008 5 / 9



The existen
e resultTheorem (The Existen
e result)Under the assumptions on W and ψ given above. Let (u(0), z(0)) satis�es(S). Then there exists (u, z) : [0,T ] → F ×Z satisfying (S)&(E) su
hthat u ∈ L∞([0,T ];H1(Ω; Rd ))z ∈ L∞([0,T ];H1(Ω;Z ))z ∈ BV([0,T ];L1(Ω;Z ))
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Convergen
e of the spa
e-time dis
retizationFinite-element spa
es Fh ⊂ F and Zh ⊂ Z, time step τ > 0Density assumption: (uh, zh)︸ ︷︷ ︸
∈Fh×Zh → (u, z) strongly in F × ZSpa
e-Time Dis
retization(IP)h,τ qh,τk ∈ Argmin

bqh∈Fh×Zh(E(tτk , q̂h) + D(zh,τk−1, ẑh))where qh,τk = (uh,τk , zh,τk ) and q̂h = (ûh, ẑh)
GAMM08, 1st April 2008 7 / 9



Convergen
e of the spa
e-time dis
retizationFinite-element spa
es Fh ⊂ F and Zh ⊂ Z, time step τ > 0Density assumption: (uh, zh)︸ ︷︷ ︸
∈Fh×Zh → (u, z) strongly in F × ZSpa
e-Time Dis
retization(IP)h,τ qh,τk ∈ Argmin
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Convergen
e of the spa
e-time dis
retizationConvergen
e of the spa
e-time dis
retization follows from
⊲ uniform a priori estimates  numeri
al stability
⊲ a

umulation points are solutions  
onsisten
yPrevious works: Mielke'05, Roubí£ek & Mielke'06Theorem (Convergen
e of the spa
e-time dis
retization)Under the assumptions given above. Then there exists a subsequen
eqh,τ = (uh,τ , zh,τ ) whi
h 
onverges to a solution (u, z) of (S)&(E) andu ∈ L∞

(
[0,T ];H1(Ω; Rd )

)z∈ L∞
(
[0,T ]; H1(Ω;Z )

)z∈ BV(
[0,T ];L1(Ω;Z )

)su
h that qhn ,τn(t)→ q(t) strongly in F × Z

E(t, qhn ,τn(t))→ E(t, q(t))VarD(qhn ,τn ; [0, t])→ VarD(q; [0, t])GAMM08, 1st April 2008 8 / 9



Con
lusion
⊲ nothing is known about uniqueness
⊲ understand the limit when σ → 0 (formation of mi
rostru
ture)
⊲ in
lude rate-dependent e�e
ts like a heat equation
⊲ develop the theory to in
lude other multifun
tional materials(ferroele
tri
 materials, magnetostri
tive materials)
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