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Ba
kgroundShape-memory alloys are used be
ause of their
⊲ memory of shape after a 
y
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hani
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Ba
kground on the Energeti
 FormulationState variables Applied �eldsu : Ω → Rd displa
ement ℓappl : [0,T ] → F∗ me
han. loadingz : Ω → Z phase indi
ator θappl : [0,T ]×Ω → R temperatureEnergy: E(t, u, z) =
∫
Ω
W (∇u, z ,∇z , θappl(t))dx − 〈ℓappl(t), u〉Dissipation distan
e: D(z1, z2) =

∫
Ω
D(x , z1(x), z2(x))dx
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(u, z) : [0,T ] → F×Z is 
alled energeti
 solution, if(S) E(t, u(t), z(t)) ≤ E(t,ũ,z̃) + D(z(t), z̃) for all (ũ, z̃) ∈ F×Z(E) E(t,u(t),z(t))+DissD(z ;[0,t]) = E(0,u0,z0)+∫ t0 ∂sE(·, u, z)dsIf D(z1, z2) = R(z2−z1) and E(t, ·) : F × Z → R∞ 
onvex, then(S)&(E) ⇐⇒

{ 0 ∈ ∂uE(t, u, z) elasti
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ad 1. Souza-Auri

hio modelState variables Applied �eldsu : Ω → Rd displa
ement ℓappl ∈ C1([0,T ],F∗) loadingz : Ω → R
d×d0,sym mesos
opi
 θappl ∈ C1([0,T ];L∞(Ω)) temp.transformation strainEnergy: E(t, u, z) =

∫
Ω
W (E(u), z ,∇z , θappl(t))dx − 〈ℓappl(t), u〉Dissipation distan
e: D(z1, z2) = R(z2−z1) =

∫
Ω

ρ|z2−z1|dxwhere W = 12(E−z):C(θ):(E−z) + HSoAu(z , θ) + σ|∇z |2
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∫
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ρ|z2−z1|dxwhere W = 12(E−z):C(θ):(E−z) + HSoAu(z , θ) + σ|∇z |2
⊲ E(u) = 12(∇u+∇uT): in�nitesimal strain
⊲ HSoAu(z , θ) = 
1(θ)|z | + 
2(θ)2 |z |2 + χ{|z |≤
3(θ)}(z)

◮ 
1(θ): a
tivation threshold
◮ 
2(θ): hardening in the martensiti
 regime
◮ 
3(θ): maximal transformation strain stress
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c (θ)
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3
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ρ|z2−z1|dxwhere W = 12(E−z):C(θ):(E−z) + HSoAu(z , θ) + σ|∇z |2Regularized version of HSoAu:Hδ(z , θ) = 
1(θ)
√

δ2+|z |2 + 
2(θ)2 |z |2 + 1
δ (|z |−
3((θ))+

)3Theorem (Existen
e and uniqueness)For all δ ≥ 0 there exists a solution of (S)&(E).For δ > 0 the solutions are unique sin
e E ∈ C3([0,T ] × H1(Ω)).C18 A. Petrov: Analysis and numeri
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ad 2. Numeri
al AnalysisFinite-element spa
es Fh ⊂ F and Zh ⊂ Z, time step τ > 0Spa
e-Time Dis
retization for general systems
(IMP)h,τ (uh,τk , zh,τk ) ∈ Argmin

(u,z)∈Fh×Zh (
E(kτ , u, z)+D(zh,τk−1, z))Pie
ewise 
onstant interpolants (uh,τ , zh.τ ) : [0,T ] → Fh×Zh
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E(kτ , u, z)+D(zh,τk−1, z))Pie
ewise 
onstant interpolants (uh,τ , zh.τ ) : [0,T ] → Fh×ZhTheorem (Convergen
e of the spa
e-time dis
retization)There exists a subsequen
e (uhn ,τn , zhn ,τn) su
h that this subsequen
e
onverges to a solution (u, z) of (S)&(E).

• Problem: solutions of (S)&(E) are not unique.
• uniform a priori estimates   numeri
al stability
• a

umulation points are solutions   
onsisten
y (no ghost slns.)C18 A. Petrov: Analysis and numeri
s for phase transformations in SMA 7 / 15



ad 2. Numeri
al AnalysisFor the regularized Souza-Auri

hio model (δ > 0) we have
• uniqueness of solutions and
• higher spatial regularity

(u, z) ∈ L∞([0,T ],H2(Ω)) ×W1,∞([0,T ],H1(Ω))by studying the ellipti
 problem



−div (C(θappl(t)):(E(u)−z)) = ℓappl(t) in Ω & bdy. 
ond.
C(θappl(t)):(z−E(u))+DzHδ(z , θappl(t))−σ∆z+ ∂R(ż)︸ ︷︷ ︸

∈L∞(Ω)

∋ 0
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∈L∞(Ω)

∋ 0Theorem (Expli
it 
onvergen
e rates for SoAu model)
∀ δ > 0 ∃C , γ > 0 : ‖(u(tk), z(tk))−(uτ,hk , zτ,hk )‖H1 ≤ C (τ 1/2+hγ/2)where h > 0 is the mesh size of a �nite-element dis
retization.C18 A. Petrov: Analysis and numeri
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Cooperations in/outside MATHEONCooperations within Appli
ation Area C
• C13: study of in
remental minimization problems
 relaxation of non-quasi
onvex problems
 analysis of a
umulated errors in many timesteps

• C17 (just starting): e�
ient solution of nonsmoothminimization problems via semi-smooth Newton methodsCooperations with ICM WarszawaM. Danielewski, M. Gokieli, P. RybkaExternal Cooperations
◮ Mathemati
s: G. Fran
fort (Paris), A. Garroni (Roma),L. Paoli (St. Etienne), T. Roubí£ek (Praha),U. Stefanelli (Pavia), C. Zanini (Trieste),
◮ Engineering: F. Auri

hio (Pavia), S. Govindjee (Züri
h), K. Ha
kl(Bo
hum), P.M. Mariano (Firenze), J.A.C. Martins (Lisboa), Ch.Miehe (Stuttgart), J. Zeman (Praha).C18 A. Petrov: Analysis and numeri
s for phase transformations in SMA 9 / 15



Plans for 2008/2009 and beyondOutlook:
⊲ improve the 
onvergen
e rates O(τα+hγ)

⊲ �nd e�
ient solvers for (IMP)h,τ

 
ollaboration with C13 and C17
⊲ study poly
rystalline and grain-boundary e�e
ts
 
ollaboration with M. Gokieli (ICM)

⊲ understand the limit when σ → 0 (formation of mi
rostru
ture)
 
ollaboration with L. Paoli

⊲ in
lude rate-dependent e�e
ts like a heat equation
 
ollaboration with T. Roubí£ek

⊲ develop the theory to in
lude other multifun
tional materials(ferroele
tri
 materials, magnetostri
tive materials)
⊲ develop a FE simulation tool (2D and 3D)C18 A. Petrov: Analysis and numeri
s for phase transformations in SMA 10 / 15



The End
Thank you for your attention. . . more infos are underwww.wias-berlin.de/resear
h-groups/pde/proje
ts/matheonC18.html
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Statisti
s I: Publi
ations, Talks, et
.Refereed Publi
ations 09/2006-03/2008: 9Submitted Arti
les: 5Book Chapters and Books: 1+1Plenary Le
tures: 3Invited Talks: 7O�ers (Prof. and similar): 0
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Statisti
s II: Additional fundingA. Mielke:Regularizations and relaxations oftime-
ontinuous problems in plasti
ityProje
t within the DFG Resear
h Unit FOR 797�Analysis and 
omputation of mi
rostru
ture in �nite plasti
ity�.(one PostDo
 for 3 years, plus 3 years possible).D. Knees (with Ch. Kraus):Modellierung von S
hädigungsprozessenProje
t in Wettbewerb der Leibniz-Gemeins
haft(two PreDo
s and one PostDo
 for 2009-2011)
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Statisti
s III: Relation to appli
ations a/o industryExternal 
ooperations with partners from Appli
ation Area C. . . with engineering groups as indi
ated aboveIndustry proje
ts asso
iated with proje
t��Patents��
C18 A. Petrov: Analysis and numeri
s for phase transformations in SMA 14 / 15



Statisti
s IV: Visibility
⊲ A. Mielke. Warum sind moderne Materialien s
hlau?MathInside-Mathematik (ni
ht nur) für S
hüler.Urania Berlin, Mar
h 20, 2007.
⊲ A. Mielke. Modeling and analysis of rate-independent pro
essesLips
hitz Le
tures at Hausdor� Center in Bonn,12 hours, January 8�23, 2007.
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